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The class of combinatorially piecewise linear (cpl) maps was first introduced to solve a
geometric problem concerning the representability of piecewise linear functions as pointwise
maxima of minima of linear functions. Such maps correspond in a canonical fashion to
monotone boolean functions. This paper describes how a monotone boolean function in n
variables whose prime implicants and prime clauses are non-trivial defines a partition of the
symmetric group on n symbols into a set of "singular cycles" representing relations between
transpositions of adjacent symbols. Several possible approaches to the classification of such
cycles are described, and some characteristic properties of singular cycles are identified. The
potential computational significance of singular cycles is indicated with reference to new
combinatorial models for monotone boolean formulae and circuits that arise directly form the
appropriate theory of computational equivalence and replaceability. The prospects for
application to monotone boolean complexity are briefly examined. A catalogue of known
relations is included as an Appendix.
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Monotone boolean functions as combinatorially piecewise linear maps

Introduction

This paper is concerned with an unusual model for monotone boolean functions. The original
motivation for introducing this model [1] was the proof of a geometric theorem concerning the
representability of piecewise linear functions as pointwise maxima of minima of linear functions.
The main motivation for subsequent research has been a search for combinatorial structure of
monotone boolean functions that has computational significance. The results so far obtained are for
the most part quite elementary, but are indicative of a rich combinatorial context for examining
monotone boolean functions in which the algebraic structure of the free distributive lattice FDL(n)

and the combinatorial geometry of a standard presentation I'_of the symmetric group S_ are central
ingredients. It will be shown in particular that monotone boolean functions are naturally associated
with a special class of relations inI"_, and that there is a canonical partition of the symmetric group

associated with almost every monotone boolean function. A full understanding of the nature and
significance of these partitions has so far proved elusive, and the principal purpose of this paper is
to organise concepts and minor results that have been derived in the search for a formal
classification. For the present, in view of the lack of an adequate theoretical understanding, little
work has been done on potential applications. The research into computational equivalence for
monotone boolean functions reported in [2] originated with the study of cpl maps, and some
connections will be described (cf §8 Proposition 9 below). Some of the longer term objectives of
this research are indicated in the final section of the paper; applications to monotone boolean
function complexity, computational geometry and possibly concurrent program design may be
anticipated.

The paper is divided into 10 sections. §1 defines the class of combinatorially piecewise linear
(cpl) maps S, —{1,2,...,n}, and outlines its close connection with FDL(n), the lattice of monotone

boolean functions in n variables. Throughout the paper, a standard presentation I'_ of the symmetric

group S, is interpreted geometrically as a Cayley diagram, and the concept of singular edges inT"|

associated with a cpl map is introduced. §2 outlines a duality for cpl maps that relates "value" and
"rank". §3 explores the geometry of singular edges, establishing the presence of singular chains

and cycles that have a special geometric form, and that in general define a partition of I' . §4

indicates how the disposition of singular edges can be described with reference to the disjunctive
and conjunctive normal forms of a monotone boolean function. §5 considers the structure of
singular cycles from a group theoretic perspective, and introduces a useful notation that assists
informal classification. 86 examines the prospects for generating singular cycles as group relations,
and hence deriving monotone boolean functions with interesting computational characteristics. This
motivates the consideration in §7 of a class of monotone boolean functions of a particularly simple
kind defined by alternating sums and products. §8 describes a new perspective on boolean
formulae and circuits that arises directly from the theory of computational equivalence and
replaceability developed in [2], and indicates how the presence of particular singular cycles
potentially has computational significance. In particular, a correspondence between singular cycles
and configurations of prime implicants and prime clauses is described. §9 develops this theme
further, and describes how the geometry of singular cycles is affected by basic circuit building
operations. §10 identifies some key unresolved issues, and includes some speculation on future
developments and applications.

In the interests of brevity and readability, many proofs are left to the reader: most of the
propositions are simply intended to summarise observations that require little proof. To assist the
reader, a large number of illustrative diagrams and examples is included. In one sense, the problem
of classification of singular cycles is a central subject of the paper, and a catalogue of known cycles
is included in an Appendix.



§1 Combinatorially piecewise-linear (cpl) maps

Let S_ denote the symmetric group of permutations of {1,2,...,n}. S_ has a standard

presentation relative to the generating set consisting of the n-1 transpositions T, T,, ..., T_,, where

n-1’

T, interchanges i and i+1. The explicit set of relations which defines this presentation is:
1712:1 (1<isn-1); (T, 'ci+1)3=1 (1<isn-2); (T, rj)2=1 (2<i+1<j<n-1).

The Cayley diagram associated with this presentation is then an (n-1)-edge-coloured combinatorial

graph I'_in which the vertices are in 1-1 correspondence with permutations in S_ and there is a

bidirected edge of colour i from p to ¢ if and only if 6=T. p (using the convention whereby "t. p"

denotes "T, followed by p"). Figure 1 depicts the Cayley diagram I',. Departing from the
conventions defined in [1] (to avoid overloading the term "vertex"), a subset S of {1,2,..,n} is
said to be a prefix of the permutation Gin S| if S={1l.0,2.0,.., ISLc}.

A map S ~{1,2,...,n} (of degree n) is combinatorially piecewise-linear (cpl) if it
corresponds to an n-vertex-colouring of I'_in which vertices p and ¢ that are adjacent via an i

coloured edge either have the same colour or have colours selected from the set {i.c, (i+1).0}=

{i.p, (i+1).p}. The class of maps was introduced in [1] in connection with the study of
representation of piecewise-linear functions as pointwise maxima of minima of linear functions.
There is a 1-1 correspondence between cpl maps of degree n and elements of FDL(n), the finite
distributive lattice freely generated by n generators x;, X,,..., X,. In one direction, this

correspondence is defined by associating with the cpl map F the function from the lattice of subsets

of {1,2,...,n} to {0,1} which maps S to 1 if and only if F(c)e S whenever S is a prefix of ¢ (cf
[1]). The inverse is then defined by mapping the monotone boolean function f in FDL(n) to the cpl

map F such that F(c)=r.0, where
f({1.0, 2.0,..., (r-1).6})=0 and f({1.0, 2.0,...,1.G })=1.
Figure 2 depicts the vertex colouring of the Cayley diagram I, which is associated with the

monotone boolean function X;X,+X,XsX,+x;X, in FDL(4).

Given a cpl map F, an edge (0,0'=t_0) is singular for F if F(o) — and necessarily also
F(0’) - is in the set {1.0,(r+1).0}. Three types of singular edge can be distinguished:
(1) a positive (+) singularity, when F(c)=rt.0, F(o’)= (r+1).0,
or equivalently F(¢")=r.0", F(c)=(r+1).0’
(2) anegative (-) singularity, when F(c)=(r+1).0, F(o)=r.c,
or equivalently F(¢")= (r+1).0’, F(c)=r.0’
(3) a zero (0) singularity, when F(¢")=F(0).

If F is a cpl map such that F(G)=r.0, then r is the rank of F at . The positive and negative
singular edges for F can then be characterised as those edges across which F changes in value but
not rank, and the zero singular edges as those across which F changes in rank but not in value
(Figure 3). The brief digression on dual cpl maps that follows gives another perspective on this
concept of singularity.



§2 Dual cpl maps

There are two Cayley diagrams associated with the presentation of S| defined above; I" , in
which adjacency of vertices is defined by multiplication by a transposition T, on the left, and a dual
graph Fn*, in which adjacency is defined via multiplication by a transposition T, on the right. (Note

that different pairs of permutations are adjacent in I"_ and Fn*.) A map S ~»{1,2,...,n} (of degree n)
is dual combinatorially piecewise-linear (dual cpl) if it corresponds to an
n-vertex-colouring of Fn* in which vertices p and o that are adjacent via an i coloured edge either
have the same colour or have colours selected from the set {i, i+1}. As is the case for cpl maps,
there is a 1-1 correspondence between elements of FDL(n) and dual cpl maps. Given fe FDL(n),
there is an associated dual cpl map F*: S~ { 1,2,...,n} defined as follows:

Let T be the total ordering T of {1,2,...,n} defined by 1>2>...>n, and let F*(c) be the
element to which fe FDL(n) is mapped by the canonical lattice homomorphism HG:FDL(n)—>T

(induced by freeness) under which i.¢ is the image of the generator x, of FDL(n). It follows that

Lemma 1: F* is a dual cpl map. Moreover, if F is the cpl map associated with fe FDL(n), then
F'(c)=F(c™). o

Proof:
Suppose that ce S_. The free generators X;, X,,..., X, can be viewed as inputs to a monotone
boolean circuit computing f. Suppose that all the inputs are initially assigned 0, and that they are

systematically assigned 1 ("switched on") in such a way that x, ; becomes 1 at time t. F(o) is then
the index 5., where the output f is first 1 at time s. To prove Lemma 1, it will suffice to prove that
F*(0) is the fime at which the output f is switched on if the inputs are switched on in the order 6.

Let 7, be the map T-{0,1} defined by .()=1 iff j<i. Consider the parametrised family of
composite maps of the form

niHG: FDL(n)-{0,1}

where € S, and i ranges from 1 to n. It is evident that F*(c) is the least i such that niHG(f) is 1.
On the other hand, nil'I G(f) can also be interpreted as

f(ocl, Oleces an), where aj e€{0,1}, and ozj=1 iff j=r.c and r<i

ie as the time at which f is switched on when switching on the inputs x;, X,,..., X, in the order
prescribed by oL

It remains to show that F* is a dual cpl map. To this end, consider vertices p and ¢ of Fn*
that are adjacent via an i coloured edge. Note first that F'(p)e {i,i+1}iff F*(o)e {i,i+1}. To see
this, observe that F*(p) = K(t, 6™') .0T,, 50 that

F*(p)e (i,i+1} iff F(t,07)e (o7l (i+1).071} iff F(o™He (i.o7, (i+1).07")

since F is a cpl map. Since F'(0) = F(c).o, the latter condition is equivalent to F'(c)e {i,i+1}.
Similarly, if F*(0)¢ {i,i+1}, then F(o™ )¢ (i.67%, (i+1).6™"}, so that F(t, c™)=F(c™), and

F*(p) = F(t, ¢ ").01, = F(6™).0 = F'(0).



Corollary 1.1: F and F* also satisfy the dual relationship F(c) = F(o).o

Figure 4 depicts the dual cpl map associated with the monotone boolean function X;X,+X,X3X4+X ;X4

in FDL(4), which can be compared with Figure 2. In pictorial terms, Lemma 1 and Corollary 1.1
express the fact that if Figures 2 and 4 are superimposed, then at each vertex the value of the
function specified in the one diagram is the rank of the function specified in the other. If the concept

of a singular edge for the dual cpl map F*in Fn* is defined (by analogy with that for cpl maps) by
adjacent vertices at which either the rank or the value of F* changes, the 1-1 correspondence
between I'_ and Fn* that matches ¢ and 6™ respects adjacency, and defines a 1-1 correspondence

between the singular edges of F and those of F*. In this correspondence: zero singular edges for F
correspond to edges at which the value F* changes but the rank remains the same: positive and
negative singular edges for F to edges at which the rank of F* changes but the value remains the
same. Moreover, a positive (respectively negative) singular edge for F corresponds to an edge

(0,T0) in Fn* at which the value of F* is the greater (respectively smaller) of the indices in the

transposition T under the ordering T.

$3 Chains and cycles of singular edges
As Figure 2 illustrates, the singular edges of a cpl map are generally associated with a cycle,
consisting of a simple circuitinI”_ representing a relation in the symmetric group S_. In fact, if F is

the cpl map corresponding to an element fe FDL(n) which is non-comparable with an input

generator, the singular edges for F are disposed in disjoint cycles which partition I . The

"1-dimensional structure” defined by singular edges is the central subject of this paper; though this
appears to offer scope for interesting and challenging analyses, and there are some indications of
computational significance, it will become clear that this structure cannot in itself characterise the
computational complexity of a monotone boolean function.

To describe singular cycles formally, it is convenient to consider subgroups of S, viz:
K,=<1,1> where Ir-sl > 1 and 1<r,s<n-1,and T,=<7T_;, T> where 2<r<n-1.
Given a permutation o of S_, the cosets K ( © and T, o are cycles of edges in I ,as depicted in
Figure 5, in which =T, T=7_, and v’=1_. Note that T, ¢ is the set of permutations obtainable from

c by permuting
(r-1).0, 1.0, (r+1).0
whilst K_ o is the set of permutations obtainable from ¢ by permuting

1.0, (r+1).0 and 5.0, (s+1).0
independently. The geometrical relationships between cosets of this type is then as follows:

Lemma 2: Either two cycles are edge and vertex disjoint, or they correspond to cosets having a
common element o. In the latter case, the possible intersections up to symmetry are
T.oNnT,o={c}ifs#r+ 1; T,onT,,0={c, ’Cr(S}
TrcnKijcz{o} ifizr andj#r1 ; Trchrjc={o, T.C}

Kiijchz {o}if (i,j}N{r,s}=D ; KermKrs<’= {o,t otifj#s

Proof: Exercise to the reader.



Proposition 3:
Letfbeacplmap I’ - {1,2,....,n}. Then
() f has two singular edges at those vertices & for which 1<rk(f(c))<n, and one singular
edge at those vertices ¢ for which rk(f(c)) is 1 or n
(ii) f is either non-singular on a K ( ¢ or has singularities of the same type (positive,
negative or zero) on precisely one pair of opposite edges

(iii) f is either non-singular on a T_© or has singularities following the same pattern as a
cpl map of degree 3 (see Figure 6 for details of these patterns)

Proof: Exercise to the reader.
Corollary 3.1:

The singular edges of a cpl map f can be represented as a disjoint union of simple circuits
exclusively visiting vertices o at which 1<rk(f(c))<n, and simple paths that originate and terminate

at vertices o such that rk(f(c))=1 or rk(f(c))=n. On such paths and circqits, occurrences of positive
and negative singular edges must alternate.

The paths and circuits referred to in Corollary 3.1 will respectively be called the singular
chains and singular cycles of f. With the exception of the trivial cpl maps defined by the free
generators of FDL(n), there are no cpl maps for which there exist permutations ¢ and p such that

k(f(c))=1 and rk(f(p))=n. Monotone functions incomparable with the free generators have only
singular cycles, and these define a partition of S . For any monotone function, the minimal rank of

the associated cpl map is determined by the size of the shortest prime implicant, and dually. As a
further consequence of Proposition 3, it may be seen that knowledge of the set of singular chains
and cycles of a cpl map is sufficient to characterise the map completely.

§4 Normal forms and the disposition of singular edges
The nature and disposition of the singular edges can be viewed from another perspective. For
the cpl map defined by the boolean function f=g+h in FDL(n), there are three regionsin I :
Rg>h - the set of vertices ¢ at which rk(f(c))=rk(g(c))>rk(h(0)):
Rh>g - the set of vertices ¢ at which rk(f(c))=rk(h(c))>rk(g(0)):

Rgzh - the set of vertices ¢ at which rk(f(c))=rk(g(c))=rk(h(0)).

The singular edges introduced when performing the computational step f=g-+h then lie on edges
connecting these regions, and consist of positive or zero singularities. In the simplest cases, as
when Rg>h and R, _, are connected, and Rg=h is empty, the new singular edges form a cutset of

positive singular edges (though the geometry is in general more complex). As an illustration of this,
the geometry of singular edges can be directly related to the standard normal forms for the
monotone boolean function f.

If S is a subset of {1,2,...,n}, then Fn(S) will denote the set of permutations which have S
as prefix. If ¢ is such a permutation, then I (S) is the connected component that contains & after all

edges associated with a transposition of type T, have been deleted.



Lemma 4:
Let p be the cpl map of degree n determined by the monotone boolean function

Xy Xg oo Xp
and let S denote the subset {1,2,...,r} of {1,2,...,n}. Then p has precisely one negative singular

edge at each of the r!(n-r)! vertices of Fn(S), and thus defines a matching on I‘n(S).
If  is a permutation with prefix S, then p behaves as the function X, ) X1y X5 00 Ty 4 O,

as x onK, ,0,and asx ;on Tj(S and Kijc for j=r-1.

(r—1).0'xr.c
Proposition 5:

Suppose that p and S are as in Lemma 4, and that f is a monotone boolean function with p as
a prime implicant. Then f behaves aspon I (S).

The set of permutations at which f and p have the same value defines a connected subgraph
of I'_ that contains no positive singularity: every permutation G such that f(6)=p(c) is connected to

[ (S) by a path consisting of zero or non-singular edges.

An edge (0,0"), where f(6)=p(c) and f(c”)# p(c”), is either a positive or zero singular edge.

Proof: Exercise to the reader.

Proposition 5 is illustrated in Figure 7, which depicts the connected subgraphs of the form
Fn(S) for the functions threshold, and X, x,+X, X, +X ;X4 in FDL(4). (Figure 7 hints at a relationship

between formulae for f in FDL(n), and partitions of I'_ defined by cutsets of singular edges: cf §8
Proposition 9 below.)

It is known that a monotone boolean function g is zero replaceable for the purposes of
computing f if and only if no prime implicant for f is an implicant for g. This condition may be
interpreted as asserting: if p is a prime implicant for f, and p and S are related as in Lemma 4, then

the rank of g is greater than the rank of f at all permutations in I (S). Note that this condition is in
general weaker than requiring that the rank of g exceeds that of f at all permutations in I . For the

Jatter condition to hold, it is necessary that, for every prime implicant p” of g, the sets of indices
associated with prime implicants of f that are also implicants of p’ should have empty intersection.

$5 Cycles of singular edges and relations in S,

Every cycle of singular edges corresponds to a relation in S| defined by a product of

transpositions in which each consecutive pair has adjacent indices. For instance, the monotone
boolean function x;X,+X,X3X,+x,x, in FDL(4) gives rise to a cpl map in which there are two
cycles, one of length 6 corresponding to the relation:
— 3_
. Tl’Cz’Cl’Cz’Cl. , = () =1
and one of length 18 corresponding to the relation:

t11213121112131:21312111:2111:213r21312 =1.

It can be shown that the relations which correspond to singular cycles have a special form: they can
be expressed as concatenations of products of transpositions in which increasing and decreasing
sequences of indices alternate (cf Figure 8). Explicitly, if

a<b<c<..<x<y<z @
is a increasing chain of indices, there is an associated product of transpositions

sk
Ty = Tt = Tplhen 'cy*cy_l e T e BTy e o T &)
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which can be expressed in the form T nt_. The relations associated with singular cycles are then
concatenations of alternating sequences of the form 'taTE’CmKR, where T 7T has the form (%),

and 7R denotes the reversal of the segment 7. The special notation [az by ¢ x ... ] is adopted for
the alternating sequence derived from the chain ($) in this fashion. Using this notation, the
specimen relations defined above can be represented as

[12]3 and [13][132][12][132]
respectively. There are then simple ways to calculate the length of a cycle and the number of local
maxima (points at which the sequence of indices changes direction from increasing to decreasing on
the cycle): the total length of the cycle is the sum of the lengths of its constituent alternating
sequences, where

lengthof [a; a,..a]=2.% la.-a. !

I<i<n-1""1 “i+l17
and each alternating sequence [a; a, ... a ] contributes n-1 to the number of local maxima. These

characteristics of a cycle - its length and alternation index - are useful as a means of partial
classification; it will be convenient to refer to the specimen cycles above as the 6; and 18¢ cycles

respectively, for example. This distinguishes the singular cycle of length 18 above from the 18
cycle [1 3 2][1 4 2 3] which corresponds to a 5 variable function. (It is of incidental interest to
observe that the number of variables required, the length and the alternation index of a cycle can be
the same for different cycles cf the two 60, cycles catalogued in the Appendix.)

No necessary and sufficient conditions for a relation in I_ to correspond to a singular cycle

have yet been derived. By duality, any such cyclic relation must be expressible both as a
concatenation of alternating sequences, and as a concatenation of dual alternating sequences,
defined in a manner very similar to that described above from a decreasing chain of indices

a>b>c>..>x>y>z
(The specimen relations above admit representations [2 1? and [3 1][3 2][3 1 2][3 2][3 1] of this
form - cf Figure 8.) This restriction on relations - the W-M condition - eliminates many possible
products of transpositions from consideration, but is not sufficient to characterise those associated
with singular cycles. For instance, the cyclic relation

((142][1423)[14]° =1
- which can also be represented as ([4 1][4 2 3][4 1124 2])° = 1, and thus necessarily satisfies the
W-M condition - corresponds to no cycle of singular edges. In fact, there is a unique 5 variable cpl
map for which the sequence [142][1423] occurs in a singular cycle, viz:

Xy Xy + Xg Xg X4+ Xy X3 X + Xy X3 X5

which has the singular 364 cycle [142][1423][143][132] at the permutation 12345. (A simpler
similar example is provided by the relation ([1 3][1 3 2% =1)

It is evident that the sequence of transpositions described in abbreviated form by
[azbycx...]ta

is palindromic, so that singular cycles are built up from palindromic segments. Many singular
cycles may also be identified as palindromes; for instance, the 18, cycle introduced above is

palindromic, as may be seen from its dual representation as [3 1]{3 2][3 1 2][3 2][3 1]. Not all
singular cycles are palindromes however: see the 364 cycle above (cf the discussion of circuit

building and the structure of singular cycles in §9 below).

From the abbreviated notation for singular cycles described above, it is easy to identify some
features of the behaviour of the associated cpl map on the cycle. Every local maximum corresponds
to a positive singularity and dually; all other edges are zero singularities. If the abbreviated
expression for a singular cycle contains n distinct indices, the behaviour of the cpl map on this
particular singular cycle depends only upon n+1 variables. If m and M respectively denote the
minimum and maximum indices which appear in the relation, the behaviour of the cpl map of
degree N on the singular cycle is unaltered by setting m-1 variables to 1, and N-M-1 variables to 0
(viz those variables whose indices have fixed rank < m or >M throughout the cycle). There may
also be variables whose indices have rank lying within the range [m,M] throughout the cycle which
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at no point designate the value of the cpl map: these can be detected as corresponding to indices in
the range [m,M] which do not appear in the abbreviated notation. The singular cycles which arise in
this way are essentially trivial variants of smaller cycles, associated with cpl maps of lower degree.
For instance, the relation [1 33 = 1, which gives rise to a singular cycle of length 12 and alternation
index 3 is essentially a trivial variant of the 65 cycle [1 213 into which 6 zero singular edges have

been interpolated. Such variants are of little interest, and do not merit independent consideration.

A simple example will be used to illustrate the above discussion. For the 5 input monotone
boolean function f=x;X,+X,X,+X;X4+X X3 X5, the associated cpl map has a set of singular cycles

which can be classified as follows:
a) Singular cycles which incorporate a permutation ending in 3 or 5

All permutations in such cycles have the same final index. For this reason, the behaviour
of f on such cycles is the same as that of the threshold function x; x,+x,x,+x,X, which is the result

of setting the variable x, or X5 to 0. The permutations 12435, 31245, 12453 and 51243 in which
the indices 1, 2 and 4 appear contiguously lie on distinct singular 6, cycles, and the permutations
12345 and 12543 lie on distinct singular 12, cycles which are trivial variants of the 64 cycles.

b) Singular cycles which contain a permutation beginning with 3 or 5

All permutations in such cycles have the same initial index. For this reason, the behaviour of
f on such cycles is the same (up to symmetry) as that of the function x;Xy+X,X,+X,X,+X;X3 which is

the result of setting the variable x. to 1. The permutation 51234 lies on an 18 cycle

[13](1 2][1 3 2][1 2](1 3]
as also (by symmetry) does the permutation 31254.

¢) All permutations not beginning or ending in 3 or 5 form a singular 364 cycle.

(For another perspective on this classification, see the discussion following §8 Proposition 9.)

A catalogue of relations which has been discovered so far is given in an Appendix; this is not
intended to be an exhaustive list of small relations, though it probably contains many of these. It is
clear that each relation has a dual obtained by expressing the relation as a concatenation of dual
alternating sequences, and relabelling the sequence of indices 1,2,...,n as n,n-1,...,1. Under this
duality the cycle 64 is self dual, whilst the 18¢ cycle

[13][132][12][132]=[31][32]{312]{32][31]
has as dual [1 3][1 2]{1 3 2][1 2][1 3], which is associated with the dual of the monotone boolean
function X;X,+X XX, +X Xy » Viz: X Xy, XK Xy HK X3 The configuration (see §8 below)
associated with the dual of a relation is derived by transposing rows and columns.

§6 Elementary group theoretic properties of alternating sequences and associated relations

Methods for recognising and synthesising the relations corresponding to singular cycles
would potentially be of interest. Though it is relatively easy to discover new relations by
serendipity, or by performing simple transformations on monotone boolean functions (see §8
below), more systematic procedures for generation and analysis are probably needed in order to
determine the computational relevance of singular cycles for monotone boolean function
complexity. What is the asymptotic length and alternation index of the most complicated singular
cycle which can be realised with n variables, for instance? In this section, alternating sequences are
viewed from a group theoretic perspective as defining explicit permutations, and some elementary
properties are observed. One motivating idea is the development of group theoretic methods for
constructing singular cycles which would lead directly to the synthesis of monotone boolean
functions with interesting computational characteristics.
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Lemma 6:

The permutation represented by the alternating sequence [1 a b ...y z] is (1 2)(y+1 z+1).
Equivalently:

the permutation represented by the alternating sequence [1 k] (k=2) is the 3-cycle (1 k+1 2),
and the permutation represented by the alternating sequence [1 a; a, ... a, a ;] (n22) is the double

transposition (1 2) (a_+1 a_,,+1).

Proof: Exercise to the reader.

Lemma 6 shows that alternating sequences necessarily represent even permutations. In fact, it can
be shown that the subgroup of S_ generated by alternating sequences is the alternating group A .
Indeed, for n>3, A_ is generated by the alternating sequences of the form [1 k]. To see this,

observe that
(1a2)(1b2)? =(1ab) and (1ab)(lca)=(abc)
and the set of 3-cycles is known to generate A_ (see eg Hall [6] p61).

For n=4, the relations satisfied by products of alternating sequences can conveniently be
determined from Figure 9: the Cayley diagram for A, as generated by the basic alternating

sequences [1 2] and [1 3]. As depicted in Figure 9, the alternating sequence [1 3 2] is represented
by the permutation of order 2 that corresponds to the two products:

[1 2121 3][1 2]%=[1 2][1 3J*[1 2].
The non-trivial relations that arise as singular cycles of monotone boolean functions in 4 variables

are:
12,  [132]?-dual of ({1 3][12])

18, [131(132][12][132]-dualof [12][1 3131 2][1 3 2]
24, ([132][12][1 3])? - self-dual
24 ([12][132])3- self-dual

As remarked above, not all the group-theoretic relations between [1 2],[1 3] and [1 3 2] are
associated with singular cycles: the relation ([1 3][1 3 21)?, for instance, traces a circuit of I’ 4 which

is not simple; it in fact incorporates the 12, cycle [1 3 2]2.

Conjecture: The relations between alternating sequences which correspond to singular cycles are
precisely those which satisfy the WM-condition and define simple circuits of I .

It is of some interest to determine generic classes of relations that arise as singular cycles.
Lemma 6 provides the basis for identifying such classes. A simple example of such a class is
defined by the sequence

12,:[132]2 24,:[1423], 405:[15243)%, 60,,:[16253 4] ....
of singular cycles for monotone functions in 4, 5, 6, 7, ... variables, of which the generic instance
has length 2(n-1)(n-2) and alternation index 2(n-2). Singular cycles of each type arise in connection
with functions lying within specified intervals, but a natural choice for a representative function
with the singular cycle 2(n-1)(n-2)2(n_2) is alty(X;, X3, Xgoeees X q)-alE5 (X5, X3, Xg5eess X,.1), Where

alt is the alternating sum function to be defined in §7 below.
For the present, it is hard to establish generic relations of the above type; more effective

proof techniques are required to justify the association of relations and singular cycles rigorously. It
seems probable that there are many such classes however.
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Conjecture 1:
If r denotes the integer part of n/2, then the relations
((1r][1n-12n-2... rr+1])2 (nodd) and ([1r][1n-12n-2.... 1+l 1])? (n even)

of type 3n(n-2), 1, can be realised as singular cycles of functions in FDL(n). For n=4,6.8,...
appropriate functions of a generic form are:

Xo(X X3 +X )+ X X3Xy

xz(x6+x3(x1+x4+x5))+ X1X4X5

Xo(Xgt X3(X7+ X4 (X, HX5 X))+ X X5Xg

..................................................

Conjecture 2:
Every relation of the form [1 ...y z][1 ...y z] or [1 ...y z][1 ... z y] can be realised as a singular
cycle. An appropriate generic form for functions to realise these cycles is:

alty(...).alty(...), or dually: alt(...)+altp(...)
for suitably chosen alternating sums or products in which selected variables have been assigned to
0 or 1. For instance, the relations:
185:[132][1423],
28, :[143][15243],
38,:[143][162534],
524:[154][1726354],

..................................

form a generic class of relations of type ((n- D(n-2)+2(r+1)),, for which a suitable representation as
a sum of alternating products is

Ko (X HX (Xg+X ) 1 (Xgte) + XXX .
The rationale for viewing the latter term above as the result of setting variables is best appreciated
by referring to the first example of a generic class given above.

It does not appear to be easy to determine the maximum length of the singular cycle that can
be obtained using n generators. It would be of interest to know whether there are generic classes of
cycles whose length grows faster than quadratically with n for instance. The elementary
observations that follow indicate some of the features which constrain the potential length of cycles.

On any singular cycle (without redundancy) on the inputs {1,2,...,n}, there are permutations
at which the rank of the associated cpl map is 2 and n-1. Such a map necessarily corresponds to a
monotone boolean function f which has at least one prime implicant and at least one prime clause of
length 2. Let P, and Q, respectively denote the set of the prime implicants and prime clauses of f of

Jength 2. It will be convenient to represent P, and Q, as sets of edges of a graph on the vertex set
{1,2,...,n}. In view of the characteristic properties of prime implicants and clauses, every edge of
P, is incident with every edge of Q,. Since these implicants appear on a singular cycle, the
subgraphs P and Q of the complete graph on the vertex set { 1,2,...,n} respectively defined by the
edge sets P, and Q, are connected.

From the above observations, it can be seen that a Hamiltonian singular cycle occurs only if
n<4. To prove this: consider a singular cycle (without redundancy) on the inputs {1,2,...,n}, let P
and Q be as defined above, and suppose (wlog) that g=<1,2> is an edge in Q. All edges in P are
then incident with 1 or 2, and there must be edges p,=<1,i> and p,=<2,j> in P, where 1<i<j<n. If
n>4, i and j can clearly be chosen to be distinct indices. Moreover, if n>4, there must also be an
index k distinct from 1,2,i and j, and - by connectivity of P - it can be assumed that (relabelling
vertices 1 and 2 if necessary) p;=<1,k> is also in P. Any edge in Qs incident with both p, and p;,

and necessarily has 1 as a vertex, since <i,k> is disjoint from p,. There can therefore be no edge of

Q incident with i or k, from which it follows that no permutation & such that n.c = i or k appears
on the singular cycle.
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§7 Alternating sums and products

The existence of a particular singular cycle indicates that a monotone boolean function
specialises to a function of a particular form under an appropriate assignment of boolean variables
to selected variables. Ideally, it would be desirable to find a classification of singular cycles, and to
characterise the interval of monotone boolean functions associated with each singular cycle. If this
proved possible, a further objective might be to interpret the set of singular cycles associated with a
particular monotone boolean function as representing a canonical decomposition of some kind. In
view of the omnipresence of alternating sequences in singular cycles, it seems probable that a
particularly simple class of monotone boolean functions - the alternating sums and products - will
be of direct relevance in making connections between singular cycles and monotone boolean
functions (cf the examples of generic cycles in §6).

The alternating sum alts(X{, X5, X35 Xg5.-) x,,) denotes the monotone boolean function
Xpt Xy, (X3 + X4 (X5 + .0 ).l)
and the alternating product alty(X, Xy, X3, Xg5..1 X,) the dual function
X; - (Xp + X3 (X4 + s (o )e).

Lemma 7:
The alternating sum alts(x;, X,, X3, X45-- X,) has the conjunctive normal form:
(X; + X9)u(Xq + X3+ Xy). ... (X F Xzt +X gt X,) (n even)
Xy + X)-(Xy + X3+ X oo (X FXg+ oo X5+ X )-(X +XgF X o+ X)) (n odd)
and the disjunctive normal form:
Xy + X X3 + X X Xs e+ Ky Ky oo Xy 9. Xy g F XXy o Xp o Xy (n even)
Xy + Xy Xg + Xp. X4 X5 F oo+ XK Kge o Xy Xy (n odd)

(A dual result - derived by interchanging '+ and ' - applies to the alternating product.)

Proof: Induction on n - exercise to the reader.

Alternating sums and products are naturally associated with alternating sequences of products of
transpositions. To describe the correspondence between them, it will be convenient to adopt a
notation that distinguishes between an alternating sequence occurring as a segment within a singular
cycle, and an alternating sequence occurring as a singular chain. The rationale for this is that the
(extremal) rank attained by a cpl map on a singular chain differs from that on a singular cycle;
moreover there is a need for an appropriate notation to reflect the occurrence of sequences such as
[13][12][13]
as singular chains. The solution is to introduce the symbols 0 and n to designate the points at which
the a cpl map of degree n attains extremal rank on a singular chain. With this convention, the above
sequence - that otherwise appears anomalous - is denoted by [0132].

Lemma 8: The singular chain [0 a b ¢ .... z] appears at the permutation 12 ... N for the cpl map
altE(Xl’ Xa+1 Xpr1 el Xz+1)

Proof: Exercise to the reader.

Lemmas 6 and 8 together make it possible to find boolean functions that exhibit a specific
singular cycle (given as products of transpositions defining an appropriate relation inS)) ata given
permutation. For instance: a monotone boolean function that gives rise to the 18, cycle [132]{1423]
at the permutation 12345 can be identifed as

X (X + X4X3) + X1 (Xg + Xs5.(X4 + X3)).
(To derive this, observe that the required cycle can be expressed as

11(1213121:312)11(12131 (0T T T T,T 41'312)11,
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with the result that an appropriate function traces a [021] cycle in the context x,=1 at the
permutation 21345, and a [0312] cycle in the context x,=1 at the permutation 12435.)

The above observations suggest that the decomposition into singular cycles associated with a
cpl map can be interpreted as representing the corresponding boolean function in terms of
alternating sums involving the generators. In this connection, it is of incidental interest to note that
the functions of the form altg(X; o Xy g X3 g+ Xp) @A Altp(Xy 5, X 65 X3 5oeees X )> WheTE ©
ranges over S , generate all functions in FDL(n) bar the free generators. (To see this, observe that
the product of all alternating sums of the form

altp(X) 6> Xy 00 X302 Xn.o)
where 1.0=i is the unique element that covers x; in FDL(n). This element can play the role of x; in
any non-trivial disjunction in which the element x, enters a computation, and dually.)

$8 Singular cycles and configurations of prime implicants and clauses

The theory of computational equivalence for monotone boolean functions shows that the
computational usefulness of a monotone boolean function g for the purpose of computing a given
function f depends entirely upon its relation to the prime implicants and clauses of f. The following
proposition is a consequence:

Proposition 9:
Suppose that fe FDL(n), and let R; be the rectangular array whose rows are indexed by the

prime implicants of f, whose columns are indexed by the prime clauses, and whose (i,j)-th entry is
the set of indices of generators appearing in the intersection of the i-th prime implicant and the j-th

prime clause.
Then
(i) a formula that represents f corresponds to a partition of R; into blocks, each of which

is a generalised subrectangle in which all entries have an index in common, having the property that
R; can be built up from its constituent blocks by repeatedly gluing together blocks having

representatives in identical rows or columns. The number of blocks in such a partition is the
number of inputs to the formula.
(i) a circuit for f corresponds to a sequence of operations on R; each of which selects a

pair of indices (x,y) appearing in the same row (respectively column) of R and adjoins a new index
to every entry containing x or y in that row (respectively column) until such time as all entries in R
have an index in common. The number of such operations required is the size of the circuit.

Proof:
(i) A formula for the boolean function f can be interpreted as a circuit in the form of a tree
whose leaves are labelled by input variables, and whose internal nodes correspond to and and or

gates. Following the notation of [2], let P; (respectively Q;) denote the set of prime implicants
(respectively clauses) of f. To each node 7y of this tree, attach a code <a.,3>, where a (resp. B)isa
binary string of length [P{ (resp. IQ) such that o, (resp. Bi) is 1 if and only if the function
computed by Y has o, as an implicant (resp. Bi as a clause).

To derive a partition of Ry, a simple procedure is first applied to each node in the tree on a
top-down, breadth first basis. The effect is in general to systematically alter the codes for all nodes

with the exception of the root. Suppose that all ancestors of the gate Y have been processed, and
that v is an and gate with the modified code <o’,”>. All 1's in &’ must be common to both gates
that are direct inputs to 7, the codes of both these input gates are altered to take the form <a’,*>.

Each 1 that appears in B’ must appear in at least one of the input gates to ; select a representative
for each such 1 from one of the gates only, and modify the codes for the input gates to the form
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<o, B>, where the only 1's in B are representatives for 1's in v.
The blocks of the required partition are then defined by the generalised rectangles in R¢

whose rows and columns are respectively indexed by o and BL, where <o, BL> is the code

allocated to the leaf node associated with input gate 1.

(ii) The computational equivalence class of ge FDL(n) relative to f is entirely determined by
its relationship to the prime clauses and prime implicants of f. The effect of the procedure described
in (ii) is simply to introduce a new index to represent this computational equivalence class explicitly
in the array R;. For instance, if g=h.k, and p and q respectively represent a prime clause and a
prime implicant of f, then p<g iff p<h and p<k, whilst g<q iff h<q or k<q. Introducing g then
corresponds to adjoining the new index representing g to each entry in R; in which at least one of h
or k is represented, and such that both h and k are represented within the corresponding row. The
function f is uniquely represented by an index that appears in all entries of the array Ry.

¢

Proposition 9 indicates a strong connection between configurations of prime implicants and
clauses and the computational characteristics of a monotone boolean function; a theme to be
developed elsewhere [3]. It can be shown, for instance, that the array R consists exclusively of

singletons if and only if f can be expressed as a formula without duplication of the inputs. (For
simple illustrative examples of Proposition 9, see Figure 10.)

For non-trivial functions f, analysis of the array R; appears to be difficult, but it can be
shown that the presence of particular singular cycles is connected with features of R;. A necessary

and sufficient condition for fe FDL(n) to possess a particular singular cycle at a given permutation
is that it should belong to a particular interval in FDL(n). In fact, the form of the singular cycle is a
guarantee that f possesses a particular set of implicants and clauses. These sets can be determined
by examining the permutations on the cycle at which the rank of f attains its extremal values; on
each such permutation the set of inputs whose rank is at most the rank of f determines a required
implicant, and the set of inputs whose rank is at least the rank of f a required clause. To express
this condition in terms of the array Ry, it is necessary to identify the minimal elements in the

required sets of implicants and clauses; their presence then corresponds to the existence of a
particular pattern of incidence within the array R;.

To illustrate this, consider the necessary and sufficient conditions for a monotone boolean
function f in FDL(5) to have the 18, singular cycle [132][1423] at the permutation 12345. Tracing

the singular cycle, monitoring the implicants and clauses required to ensure the appropriate extremal
points occur, shows that f has the implicants: XX, , XoX3X, , X1X3Xs , X1X4X5 , and the clauses:
(X +X4H+Xg) , (X FXgH+Xs) , (XpHXs) (x,+x4+%,). The pattern of intersection between required

implicants and clauses then defines the 4x4 array:

1 1 2 2

4 3 2 234

15 135 5 3

145 15 5 4
that does not of course correspond directly to a pattern of intersection between prime implicants and
prime clauses exhibited by any single function f in the specified interval. An appropriate way to
describe the possible configurations of intersections associated with such functions f is to extract
from each row (respectively column) any indices which do not appear as singletons, and to record
these separately in an additional column (respectively row). These extra row (respectively column)
entries correspond to variables that may or may not appear in the implicant (respectively clause)
associated with the row (respectively column) - depending on the choice of f. Since the form of the
non-singleton entries in the array is dependent on the choice of function f, and is uniquely
determined by which of the optional variables appear in prime implicants and prime clauses of f, it
is then convenient to omit these entries from the array. With this convention, the pattern of
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intersection that is associated with the 185 singular cycle [132](1423] at the permutation 12345 is
represented by the configuration:

1 1 2 2
4 3 2 %
1 * * 5 3
1 * * 5 4
5 5

Note that for the particular monotone boolean function
Xp.(X + x4.x3? +x.(x, + 'x5.(x4. +X3)) o
that was derived above, a specific form of this configuration arises from the prime implicants
X Xp» XgX3Xy, X X3Xs, X1 X4Xs
and the prime clauses (x,+X,), (X;+X3), (X;+Xs) and (x,+x5+Xy), viz:
1 2

¥ o=
—_ %
(U RV, IS S

*
1 3
1 4
The classification of configurations is a variant of the problem of classifying intervals of

monotone boolean functions associated with singular cycles referred to above (cf Figure 11, which
depicts the lattice interval in FDL(5) associated with the presence of a 20, singular cycle). It is easy

to see that any array that defines such a configuration contains at least two distinct indices in every
row and column. Specialisation of a function by setting an input x; appearing within a configuration
to O (respectively 1) can be interpreted as "deleting all rows (respectively columns) containing index
i". If the effect of such an operation is to produce a subconfiguration ie an array with at least two
distinct indices in every row and column, this indicates the presence of additional singular cycles.
For instance, the 36, cycle ([132][14]%)? has the characteristic configuration:

2 2 1 *

4 4 *x 1
* %4 2
305 1 1

that yields subconfigurations on the assignments x,=0, xs=0, x;=1, x5=1. By referring to the

catalogue in the Appendix, the complete classification of singular cycles for the function
' . X Xy FXpX +X X X Xg Xs
- as specified in detail in a previous section - can be derived.

Reference to the catalogue in the Appendix shows that interdependence of singular cycles is a
common occurrence. By the arguments above, the presence of the 28 cycle ([142][13])?

guarantees the presence of a 20, cycle ([143][12])?, for instance. Figure 12 shows how this

relationship between cycles can be interpreted in the Cayley diagram I,

§9 Singular cycles and the complexity of monotone boolean functions

Monotone boolean function complexity provided the original motivation for the study of
singular cycles. It might be hoped that functions with large circuit size would necessarily possess
singular cycles of a particularly complicated form. Such a hope is confounded by slice functions,
most of which are known to require large circuits by counting arguments [9], but that can have
singular cycles associated only with cpl maps of degree at most 4. Nor is the number of singular
cycles an appropriate indication of complexity, since threshold functions and slice functions have
very similar characteristics. It would be interesting to find bounds on the length and alternation
indices of singular cycles associated with cpl maps of degree n, and on the complexity of the
functions needed to realise these particular cycles, but it is not clear at present whether this can offer
a method for constructively demonstrating non-trivial lower bounds on circuit size. Perhaps it is
more reasonable to expect that the complexity of realising an individual singular cycle will prove to
be small in general, and that the complexity of a function is associated with "simultaneously
realising many different cycles", as must be the case for slice functions. Such arguments would
necessarily have to consider not only the form of the singular cycles associated with a given cpl
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map, but how inputs must be assigned in order to realise these cycles.

Attempts to apply the above theory to proving lower bounds on circuit complexity have yet to
produce interesting concrete results. One possible approach is to consider the implications for
circuit size of computing a function that can be specialised to yield many different alternating sums
and products (cf [5]). It is easy to see that an alternating sum or product of input variables admits
one optimal computation, and that the order in which inputs are introduced in this computation is
completely determined. Informally, it seems plausible that functions that could be specialised to
yield alternating sums and products associated with many different variable orderings should be
hard to realise. The work on computational equivalence and replaceability described in [2] was
originally motivated by the study of such issues.

A standard technique, first introduced by Schnorr [8], but yet to be successfully applied to
proving non-trivial lower bounds for monotone boolean functions, aims to find invariants that can
be shown to attain large values for certain functions, but that cannot increase very greatly under the
operations that correspond to the construction of a boolean circuit or formula. For the reasons
explained above, simple invariants associated with single cycles can only have limited significance
here, but consideration of how circuit building operations can affect the geometry of singular cycles
has some intrinsic interest. One attraction of exploring boolean circuit building operations in the
context of cpl maps is that the and-or duality takes a very simple form, and the geometry of
singular cycles respects this duality. (Schnorr's unsuccessful attempts to extend the arguments in
[8] to monotone boolean functions were based upon combinatorial features of the prime

implicants.) It is thus enough to consider two types of operation: the mapping FDL(n) -» FDL(n+1)
defined by replacing the input x| by x_.x . ,, and the mapping FDL(n+1) - FDL(n) defined by
identifying the inputs x_and x_, ;.

Operation 1. replacing the input x_ by x_.x_,
Suppose that fe FDL(n), that Fe FDL(n+1), and that
F(X15 Xgs oes X X 1) = T(Xq5 Xo ey X 10 XX 1)
It will be convenient to assume that f - and thus F - is incomparable with any generator x;. (The

derivation of similar results for singular chains is left as an exercise to the reader.) The singular
cycles of F can then be inferred from those for f. Suppose that C is a cycle for F. There are
essentially two possible cases to consider:

Case 1: C contains no edge on which the indices n and n+1 are transposed

In this case, the order in which n and n+1 appears in permutations on C is fixed. For each ce C, let
o’ be the permutation of {1,2,...,n} obtained by deleting 1.0 from ¢, where 1 is the smaller of the

two indices for which 1.6 = n or n+1. The result of this operation is to transform C into a cycle ¢
for f; moreover C is essentially equivalent to the singular cycle c: it is either identical in form, or
differs by the interpolation of zero singular edges. In effect, ¢ is derived from C by eliminating the

variable x, ,, where the behaviour of F on C is independent of x; .

Case 2: C contains an edge on which the indices n and n+1 are transposed

In this case, C contains permutations o, ¢’ = T.0 representable (as sequence of indices) as:
c=oann+ljPB and 6'= aan+lnjf
where o and B are sequences of indices, o has length r-1, and rk(F(0))=rk(F(c")) = r+1. Let p and
p’ be the permutations of {1,2,...,n} defined by the sequences:
p=oanjp and p’=oajnp.
Necessarily f(p) = n, and the edge (p,p’) is either zero-singular or positive singular for f. Let ¢ be
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the singular cycle of f that contains (p,p”). Consider a traversal of the cycle c that begins at p and
proceeds in the direction (p,p”), and let
PP PP ses Py o
be the sequence of permutations encountered. Suppose that t is the smallest positive index such that
f(pt) =n and rk(f(pt)) =T.

Such a t necessarily exists, since the permutation that directly precedes p,, on the cycle ¢ necessarily

has the index n at rank <. For the very same reason, p,#p,. The form of the cycle C is now
readily described. In effect, C has a traversal

0,=0, (51=0',..., o,

that mimics the traversal p,=p, p1=p’,..., p, exactly on those edges (p,, p,,,) at which a pair of

indices < n is transposed, and interpolates a zero singular edge to transpose a pair of indices of th
form (n+1,k) whenever this is required. To be more explicit, "mimicing the traversal"

Py Py Py
at 0;=0 may lead to a permutation in which the index n+1 separates the two indices (j,k) that are

transposed at the next edge of the cycle ¢, at which point transposition of k and n+1 is required to
make j and k adjacent. Because of the nature of the functional dependence of F upon the variable
X.,1» this variable is essentially redundant throughout the entire traversal
G =0, cl=c’,..., G,

so that the rank of the index n+1 is either constant or oscillates between r and r-1. In particular, the
index atrank -1 in ©, is necessarily n+1. Because of the symmetry between n and n+1, it then
follows that C is a singular cycle of the form

Gy Op--ss Oy OpTienss 0T, O(T, O
for which the corresponding relation in S, is palindromic. (See Figure 13 for an illustration of how
the 18, cycle associated with the function x;X,+X X3+X;X4+X,X, is transformed into 40,, and 20;

cycles via the replacement of x, by x,.x5.)

1,0

Operation 2. identifying the inputs x  and x_,
Suppose that Fe FDL(n+1), that fe FDL(n), and that
f(X15 Xgy o X)) = F(Xq, Xg, 0y X 15 X Xp)-

Within the Cayley diagram I ,,, consider the set H of permutations in which the indices n and n+1
are adjacent. There is a 2-1 correspondence x: H- I, under which 1 and 1’ have the same
representative in I‘n when n and n+1 are identified. Note also that each pair (n,n’) such that
x(M)=x(M") defines an edge of I'_ . Suppose that (N,n") and (y,y) are two such edges, and that

x (M) and  (y) are adjacent in I‘n. There are then two possible cases to consider:
Case 1: the four permutations 1,m",ys and y’ define a coset of the form K

In this case - without loss of generality - (n,y) and (n’,y) are edges of I" T and both necessarily
have the same characteristic with respect to F: they are either both non-singular, both zero singular,

both positive singular or both negative singular. It is then easy to verify that the edge (x(M),x(¥))
in T also has the same characteristic with respect to f.
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Case 2: the four permutations n,n’,y and W’ appear in a coset of the form T,

In this case - without loss of generality - there are then relations

n=tn’, p=t_ N=tW, y=t ,y and p’=t n'=ty’,
where (W,p"), (p”,¥"), (N,p) and (p,y) are edges of " ;. If F is non-singular on all these edges,
then f is non-singular on the edge (x(n),x(W)) in I'_. The singularities of F on these edges

otherwise conform to one of the patterns depicted in Figure 6. InT"__,, assign the code +1 to a
positive singular edge, -1 to a negative singular edge, and O to other edges. A trivial analysis of all
possible cases then shows that the sum of the encodings of the edges (1,p) and (p,y) is the same

as that of (",p”) and (p’,y"). Furthermore, the edge (x(M),x(y)) in I' N is positive singular, negative
singular or zero singular according as this sum is +1, -1 or 0.

It may be seen that the effect of identifying inputs on the form of singular cycles depends on
the entire disposition of singular edges for the original function; for this reason, it is hard to predict.
The possible forms of singular cycles that can arise by replacing an input by an and or an or of
inputs, on the other hand, can be determined from knowledge of the singular cycles originally
present. (Contrast Figure 13 with Figure 14, in which the synthesis of a singular 304 cycle upon

identification of the inputs x5 and x, in the function x;X,X,+X;X3X5+X,X3Xc+X,XsX 18 illustrated.)
§10 Future developments and potential applications

Future development of the ideas set out above has two aspects: further theoretical
investigation and the identification of applications.

From a theoretical perspective, the most significant problem is the classification of singular
cycles, since this seems likely to lead to new insights into the form of monotone boolean functions.
A number of different approaches to this problem of classification have been suggested in this
paper: for instance, an appropriate characterisation of singular cycles might be expressed in terms

of relations in I , or in terms of intervals in FDL(n). From a group theoretic perspective,

connections with research into Bruhat orderings of Coxeter groups (cf [4]) seem plausible, since
these in particular relate the structure of relations in symmetric groups to abstract simplicial
complexes, and these can in turn be related to the theory of distributive lattices [2]. (No direct links
have yet been established.) From a lattice theoretic perspective, it should be stressed that the
structure of free distributive lattices is by no means fully understood; as a trivial indication, the
computation of the size of FDL(n) has only been achieved for n<7. It may be conjectured that the

partition of I associated with a monotone boolean function in FDL(n) corresponds in some way to

a normal form whose components are determined by the singular cycles. The potential significance
of possessing particular singular cycles still requires clarification, however. The geometric content
of singular cycles is perhaps best viewed intuitively as reflecting the 1-dimensional structure of a
monotone boolean function; perhaps it will be necessary to not only to understand this structure but
to find techniques for higher dimensional analysis (cf Figure 14).

The successful identification of applications might be useful in suggesting directions for
further theoretical development. The issues raised by complexity analysis have already been
discussed in §9, but there are other potential applications to explore. Computational geometry is
one area in which the geometric model of monotone boolean functions may be relevant (cf [1]). It is
clear for instance that cpl maps could be useful as a way of abstractly representing continous
geometric structures other than piecewise linear maps. Combinatorial abstraction of this kind can be
useful as a basis for subsequent analysis: it would be interesting to see whether (for example) the
work of Sharir and others on bounding the number of components in the lower envelope of a set of
functions [7] can profitably be reinterpreted in the above context. There are more tenuous
connections with issues raised by concurrent programming. A cpl map can be viewed as recording
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the index of the input variable that causes a monotone boolean function to be switched on when the
input variables are themselves switched on in a specified order (cf the proof of Lemma 1 in §2).
The consideration of such behaviour of a function may be relevant in a context where the function
serves as a guard, and the input variables are under the control of independent processes operating
concurrently. There may also be prospects for efficient testing of logical circuits based upon the
patterns of behaviour observed on singular cycles, though such methods would require a better
understanding of the significance of the singular cycle structure.
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Figure 1: The Cayley diagram P4
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Figure 3: The classification of singular edges
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Figure 5. The form of the two basic cosets
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Figure 6: Patterns of singular edges for functions in FDL(3)



Figure 7a: The regions defined by the prime implicants
of threshold 2 in FDL(4)



Figure 7b: The regions defined by the prime implicants
of the function x,x, + X,X; + XX,



Figure 8: The dual singular cycles of length 18 and alternation index 6

[13] [132] [12] [132]

[13] [12] [132] [12] [13]

Figure 11: A lattice interval in FDL(5) and its associated configuration




Figure 9: The alternating group as generated by [12] and [13]



Figure 10a: A boolean formula, and an associated partition
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Figure 10b: A simple circuit, and the associated labelling

1 2 12
3 23 2
13 3 1

1acdef 2acef 12acdef
3bcdef 23bcef 2bcdf
13def 3ef 1df




Figure 12: Two nested singular cycles




Figure 13: The effect of input substitution on singular cycles
[132] [12] [13] [13] [12]

3142
2431 1432
[143] [13] [£42] [13] [143] [132]
[132] (121 [131 [13] [12]

3241 2341

[12] [E43] [12] [143]




Figure 14: Synthesising a cycle by identification of inputs
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[2534][243]
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[[35][34][35][34

-----------------------
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Appendix

Some examples of relations arising as singular cycles:

6, [127? 1 2 *
3 0% 2
* 31
12, [132)? 2 3 4 * B
([121(13])? 1 1 2 2
1 * * 3 4
185 [132][1423] 2 2 1 1
2 * 4 3
1 5 4 *
I 5 3 *
55
18 [13][132][12](132] * 4 02 2
[13][12][132][12][13] 4 * 1 3
2 1 * 2
20 ([143][12])2 3.1 1
2 1 1
23 * 5 4
45
24, [1423]% 2 % * 5 4
([14)[132])? 2 * % 53
2 2 1 1
1 5 4 *
I 5 3 * *
24, ([121[13][132])2 1 2 2
3 % 2
3 3 4
244 ([12][132]) 1 2 2 *
3.2 * 2
4 * 2 2
* 4 3 1
28, ([142][13])2 4 4 1 1
2 2 1 1
2 * x 53
4 * * 5 3
3 5
28, [143][15243] 3 5 4 2 *
[1523][1423] 1 1 2 2 2
1 * * 6 3 3
1 * * 6 4 5
6 6




304 [142][132][143](132] 2 2 2 1 1
[1423][12]{1423][13] 3 0% 4 1 *
5 4 % * 1
3 5
32, ([132][154])? 134 6 * *
([12][1534]) 2 2 1 1
2 2 3 4
56 56
324 [143][132][143][142] 5 3 * x 1
[13][14][12][1423][12][14] 2 2 1 1 1
2 % * 3 5 4
34, [15243][1534] 2 4 5 6 * *
[15][1423][15][132] 3 3 6 2 *
1 1 1 2 2
I3 * * % 5 6
I3 % * % 4 6
364 ([132][14]%)? 5 5 2 *
([141[1423]) 1 1 * 2
% %k 1 5
3 4 2 2
364 [12][14][132][14][13][1423] ¥ 1 2 2
[143][132][142][1423] * 3 k)
3 % 3 5
1 * 4 5
2 5
404 [152431? 2 4 5 6 * * *
([15][1423])? 5 3 3 6 % * %
1 11 2 2 2
] x * % 3 3 6
] * * % 4 5 6
40,, [132][143][13][142][13][143] 5 5 % 2 2
[12][142][13][142][12]{1423] 1 1 2 2 2
4 3 2 * *
* kx5 4 3
42,, ([12][1423])° 4 2 * * 2
([143][132))3 3 0% 2 % 2
1 * % 2 2
* 3 4 * 5
¥ % 1 3 5
¥ 1 * 4 5
5
44, ([143][152]) ] * * 6 3 * x
([1523][14])2 11 2 2 11
6 4 5 * 2 * *
3 % % 2 * 45
3 3 6 6



44, ([1645][132]) 234 7 5 * %
234 7 6 * *
1 1 2 2
1 1 3 4
567 567
48,0 ([1423][165])> 53456 1 %+
([16354][12])2 2 2 1 1
2 2 5 3
2 2 5 4
67 67
48,, ([1423][12]{14][13]) * 1 4
([142][143][132]) 1 1 2
355
4 5 *
48,5 [143](132][143][1423][143]{132] 1 11 2 2
[1423][12][14][132][14][12]{1423][12] * x 1 4 3
* 1 % 5 3
2 3 4 5 * %
52, [14][12](142][13][142][12][14][1423] 2 2 1
[142][131143][14][132][141[143][13] 2 * 5
3 55
4 5 5
5214 ([143][132][143][13]) * 11 1 2 2
([12](142][121[1423]) 1 * 1 1 4 4
1 1 * * 53
2 4 3 5 * *
5415 [13][143][14][132][14][142][12][1423] 5 1 4 *
[14][12][142][132][143][13][14][1423] 2 2 * 4
2 * 2 1
5 1 3 1
5610 [152][143][152][15243] 1 1 2 2 2
[14][15][1423][15][14][1523] 1 * * 3 3 6
¥ 1 5 4 6
6610 ([162534])? 1 4 6 7 * * *
([16][15243]) I 5 6 7 * * %
1 3 3 7 * * %
2 2 2 1 11
2 * * % 7 33
2 * * * 7 65
2 *x x * 7 6 4
60,  (I1635][142)? 5 % %7 4 %
2 21 1 2 2
3 51 1 5 3
25 * * 7 6 * *
47 47 67 67



60,, [16354][132][162541[132] ¥ % 1 4 3
[1645][1523][1645][1423] 1 1 1 2 2
2 4 4 7 *
23 5 6 1 * *
567 567
72,5 [1523][142][1534][132][1524][142] 11 2 2
[1523][142][1534][132][1524][143] 1 4 4 5
2 6 4 * %
2 6 3 * *
6 6
725 ([131[15243])° 2 * 2 2 1
([153](1423])° 2 2 * 2 4
2 2 2 * 5
/1 6 * 3 3
4 6 3 * 3 *
5 6 3 3 % *
6 1 4 5 *
6
88,7 [153][142][153][132][152][143][152][1423] 2 4 6 * * %
[15243][14][1523][14](1534][13][1524][13] 1 1 2 2 2
1 1 3 55
* 1 4 5 *
6 4
9618 [132][15][14][1534][13][15][142][15][13][1534][14][15] ¥ k6 1
[1534][152][132][1531[1524][153][132][152] 6 6 6 5
4 3 2 2
1 1 2 *
100,,  [1541[142][1534][132][153][1523](1534][1524] 6 3 * 1 *
[12][15](142][15][132](151(143][15](13)[1534][132][1524] 6 5 1 * *
2 2 1 1 1
2 % * 4 56
2 % * 3 56
11420 [15243][14][154][15][142][15][1534][15][132][15][153][13] 1 1 * 4 1
[153][13][15][1534][15][132][15][1524][15][12][152][1423] 1 11 2 *
6 5 4 * 2
6 3 3 2 2
132,, [16243][152][1645][142][16253][142][1645][152] * % 1 6 3
[1625][132][1635][1524][1635][132][1625][1534] 1112 2
2 3 371 *
2 4 5 7 * *
7 7
144, ((141[1726354])° 2 2 % 2 2 1
([174](162534])° 2 2 2 * 25
2 2 2 2 * 6
/1 8 3 * 3 3 *
5 8 3 3 * 3 *
6 8 3 3 3 * *
1 8 7 * 4 4 *
5 8 7 4 * 4 %
6 8 7 4 4 * *
g8 7 1 5 6 *
78



