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Abstract

This paper discusses and illustrates the application of Empirical Modelling (EM), as developed by the
author and his collaborators, to computer programming. The discussion centres on the perspective EM
gives on procedural and experiential vs. declarative and logical approaches to knowledge representation.
The illustration focuses on demonstrating the potential for pedagogical use of EM in teaching algorithms.
It is based on a family of practical models that have been devel oped to teach the principles of heapsort.

1. Introduction

Handling state is a magor theme in computer programming. The basic theoretical model of computation -
the Turing machine - is procedural in nature; it describes algorithms in terms of sequences of changes to the
cells of atape. Despite this, the problems of interpreting and reasoning about procedural methods have
prompted declarative approaches (such as functional [6] and logic programming [8]) based on stateless
mathematical abstractions. In practice, these have failed to compete with procedural paradigms in most
applications, and have embraced uncomfortable compromises with procedural elements.

Conceptually, the challenge is not so much to eliminate state from programming representations as to
represent computational state in a comprehensible fashion. Consideration of state is essential in the detailed
exposition of algorithms, and in the analysis of their complexity. For instance, in the process of sorting an
array, the sequence of intermediate states defined by inspecting the array as it is progressively sorted is
conceptually very significant. The use of abstract data structures, as illustrated by a method such as
heapsort, offers one means to address this problem. It enables the algorithm designer to think in terms of
state-based models that are more easily apprehended and interpreted. For instance, the array of valuesin
Figure 1 is conceived as the heap depicted in Figure 2, where elements are associated with nodes, and
significant order relationships between elements are recorded visualy in the edges of atree. To understand
heapsort it is essential to appreciate the significance of the pattern of state changes that takes place in the
tree representation as the array is sorted. In a conventional implementation of heapsort, the actual state
changing activity exhibited by the program is more complex, and involves intermediate states that have no
interpretation in the abstract view. For instance, when two values have been exchanged, a procedure will
typically have to be invoked in order to update the status of the heap structure. The intermediate state that
exists prior to this update is an artefact of the implementation that has no counterpart in the abstract
description of heapsort.

The aim of this paper is to explore some aspects of the relationship between conventional computer
programming and Empirical Modelling (EM) methods, as initiated through the development of the
definitive ("definition-based") notation ARCA by the author in 1982. There are two sections to the paper:
the first concerned with the significance of the Empirical Modelling Project in relation to paradigms for
programming; the second with illustrating how our present EM tools and techniques can potentially be
useful in teaching traditional programming topics.

2. Empirical Modelling and Programming Paradigms

The Empirical Modelling Project began with the design of the ARCA notation for interactive graphics. The
initial motivation for designing ARCA was to seek an alternative to procedural and declarative methods of
programming that combined the merits of explicit state representation with techniques to retain conceptual
control over state. The definitive notations (spreadsheet-like notations with graphics) that stemmed from



this researchthough introducedwith this in mind, emergedas better oriented towards modelling than
programming. A key conceptin using suchnotationsis exploiting the computerto constructcognitive
artefactghatmetaphoricallyrepresenbbservable# the externalworld, andreflecttheway in which these
observablesire boundtogetherthroughdependencyelationswhen state-changin@ctionsare performed.
In this context, it is significant that

- definitive scripts primarily serve to represerstate, rather than to represent a behaviour

- the situatednature of thesescriptsis centralto their interpretationas representation®f state and

potential behaviour.

(Considerthe way in which the spreadsheetapturesa state, but the possible statesencounteredn
spreadsheatse- especiallyif we admitthe possibility of extensiorandrefinementhroughadditionof new
cellsanddefinitions- areuncircumscribed.)Prima facie, it seemghat definitive scriptsdo not providean
alternativeparadigmfor computerprogrammingput servea totally differentfunction, primarily concerned
with human-computer interaction in connection with design and experimental activity.

When combinedwith agent-orientednodelling conceptsdefinitive scriptsprovide a basisfor concurrent
systemsmodelling and simulation. The fundamentaklementsn this approachto modelling are agency,
dependencyand observation. A most important characteristicof the modelswe constructusing these
principlesis that the primary way to introducebehaviouris to directly simulatethe interventionsof the

agentswithin the system. Thatis to say,the modellerexplicitly decideswhat agentactionsto selectin a

givenstatein orderto makeanappropriatdéransitionof the system. In principle, this allowsthe modellerto

designsystembehaviours.experimentingwith potentialagentinteractions,and subsequenthautomating
agentactionwherecircumscribedatternsof statechangecanbeidentified. It is onthis basisthattheterm

Empirical Modelling (EM) was adopted.

As our understandingf the significanceof EM hasdevelopedthe notion of observablehasevolvedto an
unanticipateddegreeof sophistication. Initially mostof the observablesntroducedin our modelswere
visual features(like corners,doorsand walls in rooms). It was apparentthat quantitiesthat were not
directly observablesuchasphysicalattributesof objects(weight,length)andother”scientific observables”,
that cannotbe directly experiencedvoltages,currents)were requiredto representhe interactionbetween
agentswithin themodel. It alsoemergedhattherole of humanagentan our modelshadin generako refer
to whatmight be describecasconceptual observablege.g."the trainis readyto depart”,"the cricketmatch

has been won", "being in credit").

The whole idea of a conceptualobservableis paradoxical. From a traditional empiricist perspective,
observables might be identified asthe mostprimitive elementdor experience.For instance one possible
characterisatiofor these(cf. [5]) is as"discretesensoryparticulars". In contrast,concepts areseenfrom a
traditional empiricist perspectiveo be derivedfrom the primitive elementsof experienceandto involve
more sophisticatedcognitive processes. An empiricist perspectivethat better suits our modelling
frameworkappeardo be that of William Jameswhose"RadicalEmpiricism"[7] adoptsa different stance
on what is empirically given. For James,the givens are more than discrete sensoryparticulars;they
embraceconjunctiverelationsthat in particular accountfor direct apprehensiorof identities ("this is a

different value of the sameobservable""this is still the samecricket match"), and for knowledgeas
represented by relationships between experiences.

One of the key themesin JamesWwork is that thereis a profounddistinction betweenthe realm of 'pure
experienceand the conceptualframework within which knowledgeof preconceivedeliable patternsof
behaviouris specifiedandcommunicated.The directandopenrepresentationsf stateassociatedvith EM
(and likewise with spreadsheetsjre similar in characterto Jamesworld of pure experience. They are
naturallyassociateavith the uncertain possiblypersonabndparticularworld with which empiricalactivity
engages. In contrast,both proceduraland declarativeprogrammingparadigmsrely upon preconceived
knowledgeof behaviour. Proceduraprogrammingnvolvesthe circumscriptionof agency. Functionaland
logic programs are specified by making assertionsabout the relationshipsbetween statesin these



circumscribedcontexts. ThoughEM operatesn a different contextfrom either proceduralor functional
programmingmethods,t neverthelesgan supply significantconnectiondetweenthe two paradigmghat
areotherwiseobscure. The fact thatthe mentalmodelsof computemprogramssuchasheapsorareframed
in terms of highly abstractobservablesof just the kind that have already arisenin modelling human
interaction in an EM framework is one indication of this.

It is now clearwhy it hastakenso long to re-engagewith the agendahat motivatedthe first researcton
EM. To beableto relateproceduraindfunctionalprogrammingn a unified framework,it wasnecessary
to first discoverandrecognisdhe significanceof conceptuabbservables Whatis more,the naturalhabitat
for these observablesis quite different from the circumscribed state-basedwvorlds of conventional
programming. In point of fact, EM principlesand conceptuabbservabletiavemuchmoreto do with the
cognitiveprocessethat precedeconventionabrogramconstructiorthanwith programmingastraditionally
practised (cf [4]). This theme will be illustrated in the next section of the paper.

2. Heapsort from an EM Perspective

The potential role of Empirical Modelling in developing computer programs can be illustrated by
consideringthe heapsortlgorithm. For brevity, somefamiliarity with the basictechniquesf EM will be
assumedthe EM websiteat http://www.dcs.warwick.ac.uk/pub/research/modellzan be consultedfor
morebackground).In particular,statesof a systemaremodelledby definitive scripts,in which observables
and dependencyrelations are respectivelyrepresentedoy variablesand their definitions. For similar
reasonsthe detailsof heapsorwill be omittedfrom this exposition(thesecanbefoundin any standardext
ondatastructuressuchas[1]). Theaim of our modellingexercisds to showthatthe conceptsnvolvedin
learning heapsortcan be capturedin an EM framework, and representedn sucha way that a heapsort
program can be derived from the model constructed to convey these concepts.

Three stages in the heapsort process are to be investigated using EM:
(1) constructinga visual model of a heapwith which the usercanexperimentin orderto understandhe
heap concept;
(2) constructingstate-basednodelsto representhe stagesin the heapsortprocessallowing the userto
trace the steps involved in heap-building and sort extraction through a sequence of manual operation
(3) introducing automatic mechanisms to carry out the appropriate sequence of steps.

It would be possibleto give an accountof the modelconstructionthat dealtwith issues(1), (2) and(3) in
sequencebut this is not the mostappropriateorganisationto adopt. From the EM perspectivethe most
effective way to presentthe model constructionis to systematicallyintroducethe underlyingconceptsas
they might havebeenencounteredn the discoveryof the heapsortalgorithm. (Comparethe way in which
thedevelopmenbf OXO modelsis describedn [3].) Forinstancea suitableaccountof heapsoraddresses
the following concepts in turn:

- using a complete binary tree on 7 elements to represent a 7-element array;

- identifying techniques for establishing the heap condition at every node of the tree;

- generalising the heap representation to associate array intervals with tree segments;

- identifying the pattern of heap transformation that is characteristic of heapsort.
Theremainingsectionsof the paperoutline the constructiorof modelsto addressachof theseissues. The
resultis afamily of modelsthatcanbe usedto illustratea variety of aspect®of heapsortasanenvironment
for testinga student'sunderstandingf the conceptof a heap,andof the proceduresisedin heapsortasa
visualisationaid for the expositionof the heapsortalgorithm; as a prototypefor the implementationof
heapsorin a conventionalprogrammingparadigm;asa platform for investigatingvariantsof the heapsort
algorithm. Eachmodelis definedby a particularorganisationof scriptsand agents. The descriptionof
thesemodelsasgiven belowis closelybasedon a realisationconstructedwvith the tkedeninterpreteri2,4],
but makesuseof aninformal idealisedsyntaxfor definitionsandagentshatcanbe morereadilyunderstood
by a reader unfamiliar with the notations used in practice.



2.1. Constructing a Visual Model of aHeap on 7 Elements

A student of heapsort who inspects Figures 1 and 2 has first to understand the relationship between the
disposition of elementsin the array in Figure 1 and the geometry of the associated treein Figure 2. That is
to say, the first element of the array is represented by the root of the tree, and the elements indexed by 2i
and 2i+1 in the array are represented as the L and R children of the node represents the array element
indexed by i. To make this correspondence accessible to the user, a dependency is established between the
values of the array and the elements of the tree, so that changing the value of an array element
simultaneously changes the value of the corresponding node. For instance:

val[root_of tree] = array[1]

val[R_child_of root] = array[3] etc.
In this simple environment, the relationship between array values and tree values can be investigated
experimentally, so that the student can gain knowledge empirically through operating on the array elements,
and observing the effect on the tree. (The issue of generalising the model constructed in the context of
Figures 1 and 2, where there are only 7 elementsin the array, to deal with arrays of arbitrary size, is beyond
the scope of our immediate concern. One possible approach involves the concept of higher-order definition,
but the primary function of the models we consider here is pedagogical, and the consideration of very large
arraysisinfeasible.)

In the tree, the basic observables are nodes and edges that metaphorically represent array elements and
order relations between array elements that are significant in determining whether the tree satisfies the heap
condition. A richer level of observation involves examining the values that are associated with the nodesin
the tree, and the nature of the order relationships (<, =, >). In deciding whether the tree is a heap, it is
further necessary to consider whether the heap condition is satisfied at each node - that is to say, whether
the value associated with each nodeis at |east as great as that associated with each of its children.

To model observation of this nature in a definitive script requires variables to represent the index and value
of each node, to record the order relation that pertains on each edge of the tree, and to register whether the
heap condition holds at each node. The index and value of a node are defined by explicit values, whilst the
order relation and heap condition variables have values that depend on these. For instance, for the node
with index i, the heap condition variable would be defined by:

HC[i] = (va[i]>=va[2*i]) and (val[i]>=val[2*i+1])
(subject to a suitable convention to deal with nodes with fewer than 2 children). Likewise, an order relation
variable for the edge that joins the nodes indexed by i and 2*i would be defined by:

ORYi,2*i] = if (val[i]>val[2*i]) then 1 else (if (val[i]<val[2*i]) then (-1) else 0).
In our EM modelling environment, additional dependencies can readily be introduced to establish suitable
visual conventions for representing these abstract conditions. For instance, the circle that represents a node
and the edges between nodes can be coloured so as to reflect whether or not the heap condition is satisfied
at anode, and to reflect the nature of the order relation associated with an edge:

colour_of circle at_nodg[i] = if HC[i] then black else white

colour_of edgeli,2*i] = if OR[i,2*i] >=0 then black else white.

The virtue of such a model is that it allows the user to experiment with the assignment of values to nodes,
and register visually the status of just those observables that are significant in understanding the heap
concept. For instance, Figure 1 represents a heap if and only if al the nodes of the tree are coloured black.
Such a condition can be independently monitored by attaching another high-level observable, defined by
is_heap = HC[1] and HC[2] and HC[3] and ... and HC[7].

In effect, the computer model developed in this way serves a similar function to the animation that a
lecturer might sketch when informally explaining the heap concept. For instance, it is usual to demonstrate
how the heap condition is affected by changing the value at a node, or exchanging the values at adjacent
nodes. (Compare the EM development process described in [3].)



2.2. Establishing the Heap Condition: Control and Agency

Becauseauserinteractionwith the modelis unrestrictedjt addressessuesbroaderthanthoseencountered
in anarrowstudyof the heapsorprocedure.For example the operationgerformedin heapsorserveonly
to rearrangehe elementdn theinitial array,andindeedonly involve the transpositiorof pairsof elements
in the array,whereaghe usercanintroducenew valuesat nodesin an arbitrarymanner. A studentwho is
unfamiliarwith the heapconcepwill find thefreedomto assignarbitraryvalueshelpful in exploringwhatit
meandor atreeto beaheap. A studentwho wishesto understandeapsortasto be ableto identify more
restrictedpatternsof interactionwith the tree modelthat canbe reliably usedto establishand maintainthe
heap condition at all nodes.

A simpletechniquethat canbe usedto establishthe heapconditionat everynodeis: repeatedlyexchange
the value at a nodewith that of a child that hasgreatervalue, until no suchexchangecanbe made. To
provethatthis techniquas effectiveis anexercisan inductionthatis significantin formal understandingf
the heapsorprinciple. An obviousoptimisationinvolves exchanginghe value at a nodewith that of the
child whosevalue most exceedshe value at the node. To modelthis, it is necessaryo introducenew
observables to record the index of the child with greater value at each node i:

ICGV[i] = if val[2*i] > val[2*i+1] then 2*i else 2*i+1.

The introductionof observablesuchasICGV]i] is associatedvith issuesof control and agencythat are
complementaryo the simplestatemodel. ICGV]i] is concernedvith a particulargoal for manipulationof

the tree model - viz. establishingthe heapcondition at nodei. The role of such observablesan be
developedn differentways. One possibility is to introducea dependencyelation, so that the nodewith

indexICGV][i] is distinguishedvisually in Figurel. By suchvisualisationtechniquesthe studentcan'learn’
how to establisha heapby following a setof abstractulesbasedsolely on the perceivedcoloursof nodes
andedgedn thediagram. Notethatthis automationodeof rule-basedxecutiondoesnot demandanydeep
insightinto the significanceof the procesf heapcreation. A studentwho executedhe heapsoralgorithm
with the aid of suchvisual cueswould be actingno moreintelligently thana cardriver who droveoff on a
greenlight eventhoughthe roadwasobstructed.ObservablesuchasICGV[i] areneverthelessignificant
both asa way of drawinga student'sattentionto whatis to be understoodandin monitoringautomatically
whether such understanding has been gained.

In themodellingenvironmenturrentlyusedfor EM, it is possibleto introducetriggeredprocedureshatare
invokedwhenthe valuesof variablesare changed. Thesecanbe usedto simulatethe actionsof agentsin
responseo changesn the valuesof observablesBy suchmeansit is easyto connectuserselectionof tree
nodesvia the mousewith operationson the associatedalues. It is alsopossibleto attachan agentto each
nodeof the treein sucha way thatit performsan appropriateexchangeof valuesat nodesi andICGV]i]
whenevetthe heapconditionHCJi] atnodei is violated. The useof thesesimplecontroldevicesin various
combinationssuppliesnumerousvaysto give insightinto the processof heapconstruction. For instance,
the model can be setup to establishthe heapcondition automaticallywhenevera value on the array is
changedeitherin sucha way that all the necessaryexchangest all nodesare performedwithout user
interventionandwithout visualisationof the intermediatestatespr in sucha way thatoneexchangeoccurs
eachtime the userclicks the mouse. Underone control regime,the selectionof the next nodeat which to
performan exchangas madeby the user,who neednot be constrainedo selectan appropriatenode(viz.
one at which the heap condition was violated). Alternatively, the choice of node might be non-
deterministicaccordingto which of severalappropriatenodeswasselectedor carryingout anexchangeof
values at each step.

The constructionof thesedifferentcontrol modelsis significanteventhoughthe ultimate patternof control
in heapsortis automatic,relatively simple and deterministic. The different control regimesillustrate
important observations that help to inform the control mechanisms adopted in the heapsort algorithm.



2.3. Heap Generalisation: Associating Tree Segments with Array Intervals

To refine the model for applicationin the heapsortprocess,it is necessaryto introduceboundson the

segmentof the array within which the heapconditionis assessed.This can be modelledby addingnew
observabledirst_of heapandlast_of heapo the script describedabove,and modifying the definitions of

the currentobservablego take accountof whetherthe indicesof nodesreferencedie betweenthesetwo

limits. A useful refinementof the visualisationto accompanythis eliminatesfrom the tree thoseedges
incidentwith a nodeoutsidethe rangeof the heap. The constructionof sucha modelinvolvesa systematic
revision and extension of the previous script.

The primary modificationof the modelof the 7 elementheapis the adjunctionof newobservableso record
whether an index is currently in range:
in_heapli] = (first_of _heap <=i <= last_of _heap).
The definitionsof the heapcondition,and of the index of the child with greatervalueat nodei haveto be
revised. For instance, the new heap condition is defined by
HCJi] = not in_heap]i]

or (

in_heapli]

and ( (not in_heap[2*i] )or (in_heap[2*i]and ORJ[i,2*] >=0) )

and ( ( not in_heap[2*i+1] )or (in_heap[2*i+1]and OR[i,2*i+1] >=0))
).

The attributes of edges and nodes are likewise modified to reflect membership of the heap:
colour_of_circle_at_node[i] # in_heapli]then (if HCJi] then blackelse white) else invisible
colour_of_edge[i,2*i] |f in_heapli]then (if OR[i,2*i] >=0 then blackelse white) else invisible

The alternativedefinitions for HC[i], ICGV[i], colour_of_edgeli,2*iJetc neededo changethe boundsof

the heapcan be storedas files of dependenciebetweenobservables.By including different files, it is

possibleto transformbetweensimple and more complexmodels. This is especiallyusefulwhentrying to
trace errors in scripts, making it possible to carry out experiments in two different contexts.

From a pedagogicalviewpoint, one of the advantage®f the constructivenatureof EM is that it allows
experimentatiorwith a wide variety of objectives. It is possibleto explorethe effectof changingthe range
of heapandthe valuesat nodesboth in orderto testthat the correctdefinition of the heapcondition has
beendeveloped,andin orderto confirm that the conceptof restrictingthe heapto an array interval is
correctlyunderstood.In this context,thereis a strongparallelbetweeridebugginghe model'andsettingup
a scientific instrument. As in developinginstrumentsexperimentations significantwhen checkingthat
observables and dependencies have been correctly identified, and are being appropriately registered.

EM alsoresembleshe experimentamethodin sciencean otherrespects.Thereareanaloguegor principles
suchasisolatingdifferentexperimentaparametersattachingadditionalinstrumentationandexplorationof
state beyond the range of interaction eventually found to be of practical interest:

- particular subsetsof observablesan be extractedfor independenexperimentation. This allows a
separationof concerns,so that (for instance)the window layout, tree layout and visualisation
conventions can be examined independently;

- scriptfragmentsandadditionalagentscanbe attachedo the modelto monitor particularaspectsof its
stateandbehaviour for instanceto flag the occurrenceof anintermediatestatein which a particular
sequencef arrayelementsoccursin sortedorder,or to recordhow manytimesthe heapconditionis
violated at a particular node;

- the valuesof parameterghat are introducedto the modelin orderto gain insight are not necessarily
required in subsequengpplication of the model. For instance,the values of first_of heapand
last_of heaganbe setto satisfyl < first_of heap<=last_of heap< 7, eventhoughthis conditionis
never realised during the execution of heapsort.



2.4. Constructing State-based Models of the Heapsorting Process

Once the model of the heap described above has been constructed, it becomes possible to trace the stepsin
the heapsort algorithm. Thisis a two stage process. an initial process of progressively constructing a heap
on the range [first_of heap,7], where the first_of heap ranges downwards from 4 to 1, followed by a
process of sorted sequence extraction, where a heap is maintained on the interval [1, last_of heap] and
last_of heap ranges from 7 down to 0. The extraction of an element from the heap is performed by
decrementing the last_of heap index, and exchanging the value formerly indexed by the last_of _heap with
the value at the root. Heap construction and maintenance is performed using a sequence of operations that
defines the heapsift procedure. The key concept in heapsift is that, when necessary, the heap condition can
be established at a node by exchanging the value at the node with that of the child node whose value is the
greater. The model of the heap admits al the transformations that the user needs in order to simulate the
heapsort algorithm by a systematic process of exchanging values at nodes following a predetermined
protocol, and changing the range of indices in the heap under consideration.

When the heapsort algorithm has been identified in this fashion as a deterministic process that can be
automated, the observation of the heap is no longer confined to examining the local effects of changing a
single value or modifying the range of the heap. In effect, the process of tracing the algorithm manually
corresponds to identifying a new regime of observation of the heap, in which the pattern of state changesis
viewed as a whole, as a computational behaviour that can be prescribed to follow explicit rules. Once this
regime has been identified, the user has understood heapsort as an algorithmic process, and is in a position
to automate the pattern of state changes in accordance with suitable protocols for redefinition. For instance,
in the phase of the algorithm that builds the heap, there is a pattern of state change defined (4 >= k >= 2) by:

if is_heap[k,7] then first_of heap = k-1

at all nodesi in therange[k-I, 7]:

if not HCJi] then exchange val[i] with val[index_of_greater_child[i]].

The idea behind patterns of state change as sophisticated observables is well illustrated by considering the
observation that distinguishes an expert Rubik cube solver from a novice. The expert who inspects a
configuration of the cube can directly apprehend a sequence of operations that can be used to transform the
current state of the cube towards the solution state. For the novice, only the latent primitive operations
upon the cube are self-evident. The experimental process by which Rubik cube expertise is developed
resembles the process by which the user of the heap model is led to discover the heapsift procedure. A
simple experimental context that might be used to introduce a student to heapsift would involve substituting
new values for the root element in a7 element heap, and inviting the student to restore the heap. There are
many ways in which the restoration could be carried out, but none more simple and generic than heapsift,
whereby the value at a node i that violates the heap condition is successively exchanged with the value
indexed by ICGVJ[i]. It is characteristic of this process that the primitive exchange step for heap
maintenance is invoked in a systematic way, at a sequence of nodes on a path emanating from the root. In
this respect, it is an algorithmic process quite different in character from the parallel non-deterministic
invocation of agents that perform primitive exchanges at arbitrary nodes at which the heap condition is
violated. Analysis of this kind is necessary to expose the empirical processes that operate in developing
both the control and the state aspects of an algorithm. It also highlights hidden assumptions upon which an
algorithm such as heapsort relies. for instance, the fact that the values attached to nodes are not subject to
change through independent influences, such as the passage of time.

The distinction between local observation of heap state, and the state of the heap as viewed in the context of
executing the heapsort algorithm can also be illustrated by the addition of a new observable to the heap:

is sorted = (val[1] <=val[2]) and (val[2] <=val[3]) and ... and (val[6] <= val[7]).
By establishing a dependency relation between the label of Figure 1 and the observable is sorted, it is
possible to arrange for the annotation of Figure 1 to read "Sorted array of elements’ whenever the array



elementsarein sortedorder. Logical asthis seemsijt is not appropriateto label the array as sortedin all
circumstancesFor instancewhenanarrayof valuesthatis coincidentallysortedis submittedasaninputto
heapsortthe executionof the algorithmperturbsthe sortedorder. The two modesof observationnvoked
heredistinguishbetweentwo semanticallydistinct assertions''the arrayis coincidentallyin sortedorder"
and "the array has been sorted through the execution of the heapsort algorithm.

3. Concluding Remarks

As presentedhere the maininterestin the applicationof EM is pedagogicatatherthanpractical. Thatis to
say, the EM processconstructsan animationthat servesa useful purposein demonstratinghe heapsort
principle, but doesnot directly provide an executablevariant of the algorithmfor generaluseon a large
inputarray. Thoughit is beyondthe scopeof this paperto examinepracticalityissuesn moredetail, there
hasbeenrelevantresearchn this direction. Oncethe patternof interactioninvolvedin updatingthe model
hasbeenappropriatelycircumscribedi.e. the visualisationrequirements discountedandthe scopefor the
userto performexperiments asin departingfrom the prescribedstepsof the algorithm, or redefiningthe
heapcondition- is eliminated)therearetechniquedor analysingdependencyndagencythat canbe used
to derive conventionalproceduralprogramssemi-automaticallyj2]. A promisingalternativeapproachto
efficientimplementatiorinvolvesimplementatiorof the dependencieat a muchlower level of abstraction.
This is possibleusing the architectureof the Definitive AssemblerMachine(DAM), wheredependencies
betweenmachine words can be establishedand maintained. This implementationstrategy involves
techniguesuchascompiling dependencyelationsbetweenintegersand booleandnto families of simpler
dependenciethat usesimple low-level operatorgo establishdefinitive relationshipshetweenthe contents
of machinewords. An interestingfeatureof such compilationis that it generatedow-level code, but
nonethelesgeneratesnachinestatesandtransitionsin executionthatare conceptuallyisomorphicto those
that are introduced at the highest level of abstraction.

The researcidescribedhereis alsoof interestasa first experimentn collaborativeuseof a development
environmentbasedon running a client-servernetwork of tkedeninterpreters. In this respect,it shows
promise both as a way of sharing knowledge of EM principles, and of studying and teaching heapsort.
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