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The �rst semanti
 de�nition of data independen
e whi
h a

ommodates thevariants with or without equality, 
onstants and predi
ates was given in [15℄.The semanti
 entities used are families of labelled transition systems (LTSs),whi
h 
onsist of an LTS per instantiation of a signature. A signature is a setof type variables and a term 
ontext. Logi
al relations [20℄ are used to de�newhen a family of LTSs is parametri
, and the de�nition of data independen
e isthe spe
ial 
ase when the term 
ontext of the signature 
onsists of only equalitypredi
ates, 
onstants and unary predi
ates. It is shown in [15℄ that the semanti
sof any synta
ti
ally data independent UNITY program [4℄ is a data independentfamily of LTSs. The same paper also proves a theorem based on the seman-ti
 de�nition whi
h enables the problem of model 
he
king a data independentsystem for all instantiations of X to be redu
ed to model 
he
king for a �nitenumber of �nite instantiations. Sin
e it is proved from the semanti
 de�nition,the theorem applies to any formalism whi
h 
an be given semanti
s by LTSs inwhi
h transition labels re
ord values of transition parameters.Although the de�nition in [15℄ was suÆ
iently restri
tive to prove the par-ti
ular redu
tion theorem, it was not known whether that was an a

ident. Inother words, it was not known whether the 
olle
tion of all data independentfamilies of LTSs was equal to or stri
tly larger than the 
olle
tion of those whi
harise as semanti
s of synta
ti
ally data independent systems. In this paper, weshow that it is equal.More pre
isely, we show that, in the absen
e of indu
tive types, any paramet-ri
 family of LTSs whose signature 
onsists of equality predi
ates, uninterpretedpredi
ates of arbitrary arity, and uninterpreted 
onstants, and whose types ofstates and transition labels do not 
ontain fun
tions, is de�nable by a sym-boli
 LTS with the same signature. Data independen
e as in [15℄ is the spe
ial
ase when the uninterpreted predi
ates are only unary. Indu
tive types are not
onsidered for simpli
ity, be
ause they are orthogonal to de�nability of families
onstrained by logi
al relations, whi
h is the topi
 of the paper. Fun
tions withinstates or transition labels are also ex
luded in the redu
tion theorems in [15℄.Symboli
 LTSs are a basi
 formalism whi
h 
ombines simply typed �-
al
ulusand nondeterminism. They 
an be seen as a graphi
al variant of UNITY, andare a generalisation of �rst-order Kripke stru
tures [2℄.Compared with the literature on de�nability in models based on logi
al rela-tions (e.g. [17, 13, 1, 7℄), we 
onsider only �rst-order 
omputation whi
h 
an useequality testing and predi
ates of arbitrary arity, but the novelty in our resultis that it applies to nondeterministi
 
omputation.Se
tion 2 is devoted to preliminaries. In Se
tion 3, we de�ne families of val-ues, sets, and LTSs, and spe
ify what it means for su
h families to be parametri
.In Se
tion 4, we de�ne symboli
 LTSs, and observe that their semanti
s is para-metri
. Se
tion 5 is devoted to the de�nability result. In Se
tion 6, we 
on
ludeand remark about future work.



2 PreliminariesWe �x notation for the syntax and set-theoreti
 semanti
s of the simply typed�-
al
ulus with produ
t and sum types, for binary logi
al relations, and forLTSs. Terms of the �-
al
ulus will be used to form symboli
 LTSs. In additionto typing the terms, types will be used to stru
ture the semanti
 entities weshall 
onsider, su
h as families of LTSs. Logi
al relations will serve to 
onstrainfamilies indexed by signature instantiations, su
h as in the semanti
 de�nitionof data independen
e.�-
al
ulus syntax. We assume TypeV ars is an in�nite set of names for typevariables.The syntax of types T is as follows:T ::= X 2 TypeV ars j T1 � � � � � Tn j T1 + � � �+ Tn j T1 ! T2where n ranges over nonnegative integers.For any type T , we write Free(T ) for the set of free type variables of T .We assume TermV ars is an in�nite set of names for term variables.A type 
ontext � is a sequen
e of the formhx1 : T1; : : : ; xn : Tniwhere the xi are distin
t term variables.We write � (x) for the type asso
iated to the term variable x in � . The type
ontext � nx is obtained by removing x : � (x) from � if x 2 Dom(� ), otherwiseit is � . The type 
ontext �� 0 is the 
on
atenation of � and � 0, provided theirdomains are disjoint.A signature is an ordered pair (�; � ), where{ � is a �nite subset of TypeV ars, and{ � is a type 
ontext su
h that Free(� (x)) � � for ea
h x 2 Dom(� ).Terms-in-
ontext �; � ` t : T are built in the standard well-typed fash-ion from term variables, tuple formation, proje
tion, inje
tion, mat
hing, �-



abstra
tion, and appli
ation.�; � ` x : T if � (x) = T�; � ` ti : Ti for i = 1; : : : ; n�; � ` ht1; : : : ; tni : T1 � � � � � Tn�; � ` t : T1 � � � � � Tn�; � ` �i(t) : Ti for i = 1; : : : ; n�; � ` t : Ti�; � ` inT1+���+Tni (t) : T1 + � � �+ Tn for i = 1; : : : ; n�; � ` t : T1 + � � �+ Tn�; (� n x)hx : Tii ` ti : T for i = 1; : : : ; n�; � ` mat
h t w ith in1(x)) t1 8 � � � 8 inn(x)) tn : T�; (� n x)hx : T1i ` t : T2�; � ` �x : T1:t : T1 ! T2�; � ` t1 : T1 ! T2 �; � ` t2 : T1�; � ` t1 t2 : T2We write Free(t) for the set of free term variables of t.�-
al
ulus semanti
s. A set map is a partial map from TypeV ars to sets, whosedomain is �nite.For any type T , and any set map Æ su
h that Free(T ) � Dom(Æ), we writeJT KÆ for the denotational semanti
s of T with respe
t to Æ:JXKÆ = ÆJXKJT1 � � � � � TnKÆ = JT1KÆ � � � � � JTnKÆJT1 + � � �+ TnKÆ = f1g � JT1KÆ [ � � � [ fng � JTnKÆJT1 ! T2KÆ = JT1KÆ �! JT2KÆA value map is a map whose domain is a �nite subset of TermV ars.We write �[x 7! v℄ for the value map whose domain is Dom(�) [ fxg, andwhi
h is de�ned by �[x 7! v℄JxK = v and �[x 7! v℄JyK = �JyK if y 6= x.Given a type 
ontext � and a set map Æ su
h that Free(� (x)) � Dom(Æ)for ea
h x 2 Dom(� ), we say that a value map � is with respe
t to � and Æ i�{ Dom(�) = Dom(� ), and{ �JxK 2 J� (x)KÆ for ea
h x 2 Dom(� ).An instantiation of a signature (�; � ) is an ordered pair (Æ; �) su
h that{ Æ is a set map whose domain is � , and



{ � is a value map with respe
t to � and Æ.For any term �; � ` t : T and any instantiation (Æ; �), we write J�; � ` t : T K(Æ;�)for the denotational semanti
s of �; � ` t : T with respe
t to (Æ; �). This is de-�ned byJ�; � ` x : T K(Æ;�) = �JxKJ�; � ` ht1; : : : tni : T1 � � � � � TnK(Æ;�) =(J�; � ` t1 : T1K(Æ;�); : : : ; J�; � ` tn : TnK(Æ;�))J�; � ` �i(t) : T K(Æ;�) = vi if J�; � ` t : T K(Æ;�) = (v1; : : : ; vn)J�; � ` inT1+���+Tni (t) : T1 + � � �+ TnK(Æ;�) = (i; J�; � ` t : TiK(Æ;�))J�; � ` mat
h t w ith in1(x) ) t1 8 � � � 8 inn(x)) tn : T K(Æ;�)) =J�; (� n x)hx : Tii ` ti : T K(Æ;�[x 7!v℄)if J�; � ` t : T1 + � � �+ TnK(Æ;�) = (i; v)J�; � ` �x : T1:t : T1 ! T2K(Æ;�) = f wheref(v) = J�; (� n x)hx : T1i ` t : T2K(Æ;�[x 7!v℄)J�; � ` t1 t2 : T2K(Æ;�) = J�; � ` t1 : T1 ! T2K(Æ;�)(J�; � ` t2 : T1K(Æ;�))Some abbreviations. We de�ne some standard types:Unit = the empty produ
t typeBool = Unit+UnitEnumk = Unit+ � � �+Unit| {z }kWe also de�ne terms and values:f alse = inBool1 (hi) true = inBool2 (hi)f alse = (1; ()) true = (2; ())so that we have:JBoolKfg = ff alse; trueg JEnumkKfg = f(1; ()); : : : ; (k; ())gLogi
al relations. A relation map is a triple (�; Æ; Æ0) su
h that{ � is a partial map from TypeV ars to relations, whose domain is �nite,{ Æ and Æ0 are set maps with the same domain as �, and{ �JXK is a relation between ÆJXK and Æ0JXK, for ea
h X 2 Dom(�).



A relation map (�; Æ; Æ0) determines a logi
al relation [20℄ indexed by thetypes T su
h that Free(T ) � Dom(�). For any su
h type T , we write JT K(�;Æ;Æ0)for the 
omponent at T of the logi
al relation. This is a relation between thesets JT KÆ and JT KÆ0 , and is de�ned byJXK(�;Æ;Æ0) = �JXKJT1 � � � � � TnK(�;Æ;Æ0) = f(a; a0) j 8i 2 f1; : : : ; ng:�i(a)JTiK(�;Æ;Æ0)�i(a0)gJT1 + � � �+ TnK(�;Æ;Æ0) = f((i; a); (i0; a0)) j i = i0 ^ aJTiK(�;Æ;Æ0)a0gJT1 ! T2K(�;Æ;Æ0) = f(f; f 0) j 8a; a0:aJT1K(�;Æ;Æ0)a0 ) f(a)JT2K(�;Æ;Æ0)f 0(a0)gLabelled transition systems. An LTS is a tuple S = (A;B; I;�!) su
h that Aand B are sets, I � A and �! � A�B �A.We say that A is the set of states, B is the set of transition labels, I is theset of initial states, and �! is the transition relation. We write a1 b�! a2 for(a1; b; a2) 2�!.3 Parametri
 FamiliesIf (�; � ) is a signature, then the semanti
s of a term or programwhi
h uses (�; � ),with respe
t to a 
lass I of instantiations of (�; � ), 
an be seen as a family ofsemanti
 elements whi
h is indexed by I. We now de�ne three kinds of su
hfamilies, namely those of values, sets and LTSs. In the �rst two 
ases, there is atype T su
h that the family member whose index is (Æ; �) is an element/subsetof JT KÆ . In the 
ase of LTSs, there are two types T and U whi
h determine thesets of states and transition labels of family members.De�nition 1 (families). A family of values, sets, or LTSs (respe
tively) is ofthe form (�; �; T; I; v), (�; �; T; I; N), or (�; �; T; U; I; S).(�; � ) is a signature, T and U are types su
h that Free(T ) � � and Free(U) �� , and I is a 
lass of instantiations of (�; � ).The ve
tors v, N and S are indexed by elements of I. For ea
h (Æ; �) 2 I,we have v(Æ;�) 2 JT KÆ, N(Æ;�) � JT KÆ, and S(Æ;�) is an LTS with set of states JT KÆand set of transition labels JUKÆ. utLogi
al relations 
an be used as follows to de�ne when a family is parametri
.We shall see below that families arising as semanti
s of �-
al
ulus terms or ofsymboli
 LTSs have this property.The details are as in [15℄, ex
ept that here we treat families of values andsets expli
itly, be
ause they will be used later in the paper. The de�nitions ofwhen two sets/LTSs are related 
an be seen as liftings of logi
al relations topowerset/LTS types, although we do not give su
h types �rst-
lass status. Amore general treatment of su
h liftings of logi
al relations 
an be found in [8℄.De�nition 2 (related sets). Suppose:{ P is a relation between N and N 0;



{ M � N and M 0 � N 0.We say that P relates M and M 0 i�8x 2M � 9x0 2M 0 � (x; x0) 2 P8x0 2M 0 � 9x 2M � (x; x0) 2 P utDe�nition 3 (universal partial R-bisimulation). Suppose:{ P is a relation between A and A0;{ R is a relation between B and B0;{ S = (A;B; I;�!) and S0 = (A0; B0; I 0;�!0) are LTSs.We say that P is a universal partial R-bisimulation between S and S0 i�(i) whenever aPa0 then a 2 I i� a0 2 I 0, and(ii) whenever a1Pa01 and bRb0, then P relates fa2 j a1 b�! a2g andfa02 j a01 b0�!0 a02g. utDe�nition 4 (parametri
 families). A family (�; �; T; I; v), (�; �; T; I; N),or (�; �; T; U; I; S) (respe
tively) is parametri
 i�, for any (Æ; �); (Æ0; �0) 2 I, andany relation map (�; Æ; Æ0) su
h that8x 2 Dom(� ) � �JxKJ� (x)K(�;Æ;Æ0)�0JxKwe have{ v(Æ;�)JT K(�;Æ;Æ0)v(Æ0;�0),{ JT K(�;Æ;Æ0) relates N(Æ;�) and N(Æ0;�0), or{ JT K(�;Æ;Æ0) is a universal partial JUK(�;Æ;Æ0)-bisimulation between S(Æ;�) andS(Æ0;�0). utWe 
an now state the Basi
 Lemma of logi
al relations [20℄ in the followingway.Proposition 1. For any term �; � ` t : T and 
lass I of instantiations of(�; � ), the family (�; �; T; I; JtK) is parametri
. utSignatures whi
h 
onsist of equality predi
ates, uninterpreted predi
ates, anduninterpreted 
onstants will be important later in the paper, as will types whi
hare sums of produ
ts of type variables, and 
lasses of instantiations whose onlyrestri
tion is that equality predi
ates are interpreted as expe
ted. These willdetermine the kind of parametri
 families of LTSs whi
h our main result appliesto.Terminology 1. We say that a signature (�; � ) is EPC i� � is of the form�E�P�C su
h that{ any �E(e) is of the form (X �X)! Bool,



{ any �P (p) is of the form T ! Enumk where T is a produ
t of type variables,and{ any �C(
) is a produ
t of type variables.A type T is SP i� it is a sum of produ
ts of type variables.The full 
lass of instantiations of an EPC-signature (�; � ) 
onsists of all (Æ; �)su
h that �JeK is the equality predi
ate on ÆJXK for any e : ((X �X) ! Bool)in �E . utData independen
e was de�ned semanti
ally in [15℄ as parametri
ity of fami-lies of LTSs whose signatures are EPC with only unary uninterpreted predi
ates,and whose 
lasses of instantiations are full.Example 1. Consider a family of LTSs de�ned as follows. The signature� = fXg� = hp : X ! Bool; q : (X �X)! Booli
onsists of type variable X , unary uninterpreted predi
ate p on X , and binaryuninterpreted predi
ate q on X .The type of states T = X + (X �X) 
an be seen as two 
ontrol states, the�rst with one data item of type X , the se
ond with two data items of type X .The type of transition labels U = X means that any transition has a parameterof type X .I 
onsists of all instantiations of (�; � ), and any S(Æ;�) is su
h that{ a state is initial i� it is the �rst 
ontrol state together with data u whi
hsatis�es p, and{ a transition is from the �rst 
ontrol state to the se
ond provided either theparameter w satis�es p and the two target data items v1 and v2 are set tow and the sour
e data u, or (u;w) satis�es q and v1, v2 are set to u, w.More formally: I(Æ;�) = f(1; u) j �JpK(u)g�!(Æ;�) = f((1; u); w; (2; (v1; v2))) j(�JpK(w) ^ v1 = w ^ v2 = u) _(�JqK(u;w) ^ v1 = u ^ v2 = w)gIt is straightforward to 
he
k that this family is parametri
. In fa
t, as weshall see in Example 2, it is the semanti
s of a symboli
 LTS.Let ÆJXK = f�;|g and Æ0JXK = f};~;4g. Let � and �0 be su
h that �JpKholds only on �, �0JpK holds on } and ~, and �JqK and �0JqK hold on all pairs.De�ne �JXK by ��JXK} and ��JXK~. Then JT K(�;Æ;Æ0) is a universal partialJUK(�;Æ;Æ0) bisimulation between S(Æ;�) and S(Æ;�), and the following �gure is asimple illustration.
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� ut4 Symboli
 Labelled Transition SystemsThe notion of SLTSs we de�ne below is a formalism for expressing nondetermin-isti
 rea
tive systems, whi
h is based on the simply typed �-
al
ulus introdu
edin Se
tion 2.An SLTS S 
omputes on types built from type variables from � , using op-erations from � , where (�; � ) is a signature. S has a set A of symboli
 states,and a set B of symboli
 labels. The elements of A and B have asso
iated type
ontexts �(a) and 	(b). Symboli
 states 
an be thought of as 
ontrol states,where �(a) are data variables at a. Similarly, symboli
 labels 
an be thought ofas kinds of transitions, so that 	(b) are parameters for transitions of kind b.The initial states of S are given as a set of pairs (a; t), where t is a �-
al
ulusterm of type Bool whi
h spe
i�es whi
h data values asso
iated with the symboli
state a form initial states.The transitions of S are given by symboli
 transitions. A symboli
 transitionhas sour
e and target symboli
 states, a symboli
 label, a guard, and an assign-ment. The guard is a �-
al
ulus term of type Bool whi
h determines when thesymboli
 transition is enabled, in whi
h 
ase the a
tion of the symboli
 transi-tion is to set ea
h data variable at the target symboli
 state a

ording to theassignment. In parti
ular, the lifetime of data variables and transition param-eters is one transition. Nondeterminism is present when S has more than onesymboli
 transition with the same sour
e symboli
 state and the same symboli
label.The fa
t that SLTSs allow di�erent sets of data variables at di�erent symboli
states 
an be used e.g. to model data whi
h is lo
al to a part of the system.Observe also that a portion of data in a system (su
h as data whi
h is nottreated in a data independent manner) 
an be modelled non-symboli
ally byregarding it as part of 
ontrol.SLTSs are similar to a number of formalisms in the literature, e.g. [9, 2, 3℄.They 
an also be seen as a graphi
al variant of UNITY [4℄.



De�nition 5 (SLTS). S is an SLTS i� it is a tuple(�; �;A; �;B; 	; I;R)su
h that:{ (�; � ) is a signature.{ A and B are sets. We 
all elements of A symboli
 states, and elements ofB symboli
 labels.{ � and 	 are su
h that, for any a 2 A and b 2 B, we have that (�; �(a)) and(�; 	(b)) are signatures, and that Dom(�(a)) and Dom(	(b)) are disjointfrom Dom(� ).{ I is a set of ordered pairs (a; t), where a 2 A and �; ��(a) ` t : Bool isa term. We say that t is an initial 
ondition, and that elements of I aresymboli
 initial states.{ R is a set of tuples of the form (a1;b; g; E; a2) where a1; a2 2 A, b 2 B,Dom(�(a1)) and Dom(	(b)) are disjoint, �; ��(a1)	(b) ` g : Bool is aterm, and E is su
h that, for any x 2 Dom(�(a2)), �; ��(a1)	(b) ` E(x) :�(a2)(x) is a term. We say that a1 is the symboli
 sour
e state, a2 is thesymboli
 target state, g is the guard, E is the assignment, R is the symboli
transition relation and its elements are symboli
 transitions. We write a1 [b :g ,! EiR a2 for (a1;b; g; E; a2) 2 R. utExample 2. The following SLTS is illustrated in the �gure.{ � = fXg;{ � = hp : X ! Bool; q : (X �X)! Booli;{ A = fa1; a2g;{ �(a1) = hx : Xi, �(a2) = hy1 : X; y2 : Xi;{ B = fbg;{ 	(b) = hz : Xi;{ I = f(a1; p x)g;{ a1 [b : p z ,! fy1 7! z; y2 7! xgi a2 and a1 [b : q x z ,! fy1 7! x; y2 7! zgi a2are the symboli
 transitions.



a2hy1 : X; y2 : Xi
bhz : Xip z ,! y1; y2:=z; x
bhz : Xiq x z ,! y1; y2:=x; z

a1hx : Xi
utGiven an SLTS S and an instantiation (Æ; �) of its signature (�; � ), we willde�ne a 
on
rete LTS JSK(Æ;�). Provided the sets of symboli
 states and symboli
labels of S are �nite, and given a 
lass of instantiations of (�; � ), the 
on
reteLTSs JSK(Æ;�) will form a parametri
 family.Notation 1. Given a signature (�;�), where � = hx1 : T1; : : : ; xn : Tni, and aset map Æ su
h that � � Dom(Æ), let J�KÆ be de�ned byJ�KÆ = f(v1; : : : ; vn) j 8i � vi 2 JTiKÆgGiven a type 
ontext � = hx1 : T1; : : : ; xn : Tni, a value map � su
h thatDom(�) \ Dom(�) = fg, and a tuple v = (v1; : : : ; vn), let � �� v be the map �extended by xi 7! vi for all xi 2 Dom(�). utDe�nition 6 (semanti
s of SLTSs). Given an SLTSS = (�; �;A; �;B; 	; I;R)and an instantiation (Æ; �) of (�; � ), let JSK(Æ;�) be the LTS (A;B; I;�!) de�nedas follows:{ A = f(a; v) j a 2 A ^ v 2 J�(a)KÆg.{ B = f(b; w) j b 2 B ^ w 2 J	(b)KÆg.{ I = S(a;t)2I J(a; t)K(Æ;�) whereJ(a; t)K(Æ;�) = f(a; v) 2 A j J�; ��(a) ` t : BoolK(Æ;���(a)v) = trueg:{ The transition relation �! is the set of triples((a1; v1); (b; w); (a2; v2)) 2 A�B �Asu
h that for some g and E we have



� (a1;b; g; E; a2) 2 R,� J�; ��(a1)	(b) ` g : BoolK(Æ;(���(a1)v1)�	(b)w) = true, and� for all xi 2 Dom(�(a2)),J�; ��(a1)	(b) ` E(xi) : �(a2)(xi)K(Æ;(���(a1)v1)�	(b)w) = v2iwhere xi is the ith 
omponent of Dom(�(a2)). utProposition 2. Suppose S = (�; �;A; �;B; 	; I;R) is an SLTS su
h that A =f1; : : : ; ng and B = f1; : : : ;mg. LetT = nXi=1 Yx2�(a)�(a)(x)U = mXj=1 Yy2	(b)	(b)(y)For any 
lass I of instantiations of (�; � ), we have that (�; �; T; U; I; JSK) is aparametri
 family of LTSs. utWhen restri
ted to EPC signatures with only unary uninterpreted predi
atesand to full 
lasses of instantiations, Proposition 2 states that the semanti
s ofany synta
ti
ally data independent SLTS is data independent a

ording to thesemanti
 de�nition in [15℄.Example 3. The SLTS in Example 2 yields (up to isomorphism) the parametri
family of LTSs in Example 1, for the 
lass of all instantiations. ut5 De�nabilityThis se
tion 
ontains the main result of the paper, namely that any parametri
family of LTSs whose signature is EPC, whose types of states and transitionlabels are SP, and whose 
lass of instantiations is full, is de�nable by an SLTS.In parti
ular, this shows that the semanti
 de�nition of data independen
e in[15℄ is suÆ
iently strong. The SP assumption is equivalent to assuming absen
eof the fun
tion-type 
onstru
t, whi
h is done in the redu
tion theorems in [15℄.Before the theorem, we present a proposition and a lemma whi
h are used inits proof.Proposition 3. For any parametri
 family of values(�; �; T; I; v)su
h that (�; � ) is EPC, T is SP, and I is full, there exists a term�; � ` s : Tsu
h that, for any (Æ; �) 2 I, JsK(Æ;�) = v(Æ;�), and su
h that s is of the formmat
h h w ith 8Hi=1 ini(x) ) inTRi(ri)where H 2 N, �; � ` h : EnumH is a term, T = Pni=1 Ti, and for ea
h i,Ri 2 f1; : : : ; ng and �; �C ` ri : TRi is a term.



Proof outline. The 
lass I 
an be split into �nitely many sub
lasses a

ordingto the results of all possible appli
ations of the equality predi
ates and the un-interpreted predi
ates to the uninterpreted 
onstants. The sub
lasses have theproperty that two instantiations 
an be related by a relation map i� they belongto the same sub
lass.The term s 
an be de�ned by letting H be the number of sub
lasses. Ea
hRi and ri are de�ned by 
onsidering an instantiation from the 
orrespondingsub
lass whi
h, for any X 2 � without an equality predi
ate in �E , instantiatesany two uninterpreted 
onstant 
omponents of type X by distin
t values. utExample 4. This example (due to Plotkin) shows that Proposition 3 
annot beextended straightforwardly to signatures whi
h 
ontain types su
h as X ! X .It is a parametri
 family of values whi
h is not de�nable.The signature 
onsists of one type variable X , predi
ate p : X ! Bool,operation s : X ! X , and 
onstant z : X . The type of the family is Bool,and for any instantiation (Æ; �) of the signature, the member v(Æ;�) is de�ned tobe true i�, for all n 2 N, the result of applying n times �JsK to �JzK satis�es�JpK. utTerminology 2. We say that a family of sets is deterministi
 i� ea
h set of thefamily is either the empty set or a singleton. utNotation 2. We write (�; �; T; I; N) v (� 0; � 0; T 0; I 0; N 0) i� we have � = � 0,� = � 0, T = T 0, I = I 0, and N(Æ;�) � N 0(Æ;�) for all (Æ; �) 2 I.We write (�; �; T; I; N)t (�; �; T; I; N 0) for the family of sets (�; �; T; I;M )where, for any (Æ; �) 2 I, M(Æ;�) = N(Æ;�) [N 0(Æ;�). utLemma 1. Given any parametri
 family of setsN = (�; �; T; I; N )su
h that (�; � ) is EPC, T is SP, and I is full, there are parametri
 families ofsets M1, . . . , Mm su
h that:(i) Mi v N for ea
h i;(ii) Mi is deterministi
 for ea
h i;(iii) given any parametri
 family of sets M0 su
h that M0 v N and M0 isdeterministi
, it is equal to Mi for some i;(iv) Fmi=1Mi = N . utThe proof of Lemma 1 has similar stru
ture to the proof of Proposition 3,whi
h means that the de�nability of families of sets 
an be shown somewhatmore dire
tly than by 
ombining the two results. However, Lemma 1 is of widerinterest, sin
e it shows that de�nability of parametri
 nondeterministi
 families
an be redu
ed to de�nability of �nitely many parametri
 deterministi
 families.Example 5. Re
all the SLTS in Example 2 and its semanti
s (up to isomorphism)in Example 1.



Take N to be the family of sets 
orresponding to the nondeterministi
 
om-putation at symboli
 state a1 and symboli
 label b. Its signature is � = fXgand � = hp : X ! Bool; q : (X �X)! Bool; x : X; z : XiThe type of N is X � X , and the 
lass 
onsists of all instantiations of (�; � ).For any (Æ; �), N(Æ;�) is the set of all out
omes of the two symboli
 transitionswhen p, q, x and z have the values given by �. If neither symboli
 transition isenabled, N(Æ;�) = fg.Similarly, we 
an let M1 and M2 be families of sets 
orresponding to thetwo symboli
 transitions respe
tively.Parametri
ity of these families of sets follows from parametri
ity of the familyof LTSs. Also, M1 and M2 are deterministi
, and M1 tM2 = N . Therefore,M1 and M2 are two of the families 
orresponding to N in the statement ofLemma 1. There are others, e.g. the empty family. utTheorem 1. For any parametri
 family of LTSs (�; �; T; U; I; S) su
h that (�; � )is EPC, T and U are SP, and I is full, there exists a �nite SLTS S with thesame signature and su
h that, for any (Æ; �) 2 I, JSK(Æ;�) = S(Æ;�).Proof outline. Symboli
 states and symboli
 labels of S are de�ned to 
orrespondto the sum 
omponents of T and U .For ea
h symboli
 state a, the sets of initial states of S(Æ;�) restri
ted to aform a parametri
 family of predi
ates, so that Proposition 3 
an be applied toobtain the initial 
ondition at a.For ea
h symboli
 state a and symboli
 label a, the transitions of the 
on
reteLTSs S(Æ;�) form a parametri
 family of sets whose type is T . Lemma 1 
an beapplied to this family to yield a �nite number of deterministi
 families. Symboli
transitions of S are then obtained by applying Proposition 3 to families of valueswhi
h 
orrespond to the deterministi
 families of sets. utExample 6. Theorem 1 applies to the family of LTSs in Example 1. We alreadysaw that this family is de�nable (up to isomorphism) by the SLTS in Example 2.ut6 Con
lusionsThis paper answers negatively the question of whether there are any data inde-pendent families of LTSs [15℄ whi
h do not arise as semanti
s of any synta
ti
allydata independent system. Thus we 
on�rm that the semanti
 de�nition of dataindependen
e is suitable for reasoning about data independent systems withoutbeing tied to a parti
ular syntax.More pre
isely, we showed that any parametri
 family of LTSs whose signa-ture 
onsists of equality predi
ates, uninterpreted predi
ates of arbitrary arity,and uninterpreted 
onstants, and whose types of states and transition labels donot 
ontain fun
tions, is de�nable by a symboli
 LTS. Data independen
e is thespe
ial 
ase with only unary uninterpreted predi
ates.



From another point of view, we demonstrated that when binary logi
al rela-tions are extended to nondeterministi
 
omputation by means of bisimulation,they 
an be used to ensure that any parametri
 family is de�nable.Future work should investigate de�nability of parametri
 families in settingswhere powerset types have �rst-
lass status [16, 11, 8℄.A
knowledgementsWe are grateful to Samson Abramsky, Brian Dunphy, Andrew Pitts, GordonPlotkin, Uday Reddy, Bill Ros
oe and Alex Simpson for useful dis
ussions, andto the anonymous referees for their helpful 
omments.Referen
es1. M. Alimohamed. A 
hara
terization of lambda de�nability in 
ategori
al modelsof impli
it polymorphism. Theoreti
al Computer S
ien
e, 146:5{23, 1995.2. J. Bohn, W. Damm, O. Grumberg, H. Hungar, and K. Laster. First-order-CTLmodel 
he
king. In Foundations of Software Te
hnology and Theoreti
al ComputerS
ien
e (FST&TCS'98), volume 1530 of Le
ture Notes in Computer S
ien
e, pages283{294. Springer-Verlag, 1998.3. M. Calder and C. Shankland. A symboli
 semanti
s and bisimulation for fullLOTOS. In International Conferen
e on Formal Des
ription Te
hniques for Net-worked and Distributed Systems (FORTE'01), pages 184{200. Kluwer A
ademi
Publishers, 2001.4. K. M. Chandy and J. Misra. Parallel Program Design: A Foundation. Addison-Wesley, 1988.5. E. M. Clarke, O. Grumberg, and D. A. Peled. Model Che
king. MIT Press, 1999.6. D. Dill, R. Hojati, and R.K. Brayton. Verifying linear temporal properties of dataintensive 
ontrollers using �nite instantiations. In Hardware Des
ription Languagesand their Appli
ations (CHDL '97). Chapman and Hall, 1997.7. M. Fiore and A. Simpson. Lambda de�nability with sums via Grothendie
k logi
alrelations. In Pro
eedings of the 4th International Conferen
e on Typed LambdaCal
uli and Appli
ations (TLCA'99), volume 1581 of Le
ture Notes in ComputerS
ien
e, pages 147{161. Springer-Verlag, 1999.8. J. Goubault-Larre
q, S. Lasota, and D. Nowak. Logi
al relations for monadi
types. In Pro
eedings of the 11th Annual Conferen
e of the European Asso
iationfor Computer S
ien
e Logi
 (CSL'02), volume 2471 of Le
ture Notes in ComputerS
ien
e, pages 553{568. Springer-Verlag, 2002.9. M. Hennessy and H. Lin. Symboli
 bisimulations. Theoreti
al Computer S
ien
e,138(2):353{389, 1995.10. C. N. Ip and D. L. Dill. Better veri�
ation through symmetry. Formal Methods inSystem Design: An International Journal, 9(1/2):41{75, 1996.11. A. Je�rey. A fully abstra
t semanti
s for a higher-order fun
tional language withnondeterministi
 
omputation. Theoreti
al Computer S
ien
e, 228:105{150, 1999.12. B. Jonsson and J. Parrow. De
iding bisimulation equivalen
es for a 
lass of non-�nite-state programs. Information and Computation, 107(2):272{302, 1993.



13. A. Jung and J. Tiuryn. A new 
hara
terization of lambda de�nability. In Pro
eed-ings of the 1st International Conferen
e on Typed Lambda Cal
uli and Appli
ations(TLCA'93), volume 664 of Le
ture Notes in Computer S
ien
e, pages 245{257.Springer-Verlag, 1993.14. R. Lazi�
. A Semanti
 Study of Data Independen
e with Appli
ations to ModelChe
king. DPhil thesis, Oxford University Computing Laboratory, 1999.15. R. Lazi�
 and D. Nowak. A unifying approa
h to data-independen
e. In Pro-
eedings of the 11th International Conferen
e on Con
urren
y Theory (CONCUR2000), volume 1877 of Le
ture Notes in Computer S
ien
e, pages 581{595. Springer-Verlag, 2000.16. T. Nipkow. Non-deterministi
 data types: models and implementations. A
taInformati
a, 22(6):629{661, 1986.17. G. D. Plotkin. Lambda-de�nability in the full type hierar
hy. In To H. B. Curry:Essays on Combinatory Logi
, Lambda Cal
ulus and Formalism, pages 363{373.A
ademi
 Press, 1980.18. S. Qadeer. Verifying sequential 
onsisten
y on shared-memory multipro
essors bymodel 
he
king. Resear
h Report 176, Compaq, 2001.19. R. Hojati and R. K. Brayton. Automati
 datapath abstra
tion in hardware sys-tems. In Pro
eedings of the 7th International Conferen
e On Computer Aided Veri-�
ation, volume 939 of Le
ture Notes in Computer S
ien
e, pages 98{113. SpringerVerlag, 1995.20. J. C. Reynolds. Types, abstra
tion and parametri
 polymorphism. In Pro
eed-ings of the 9th IFIP World Computer Congress (IFIP'83), pages 513{523. North-Holland, 1983.21. A. W. Ros
oe and P. J. Broadfoot. Proving se
urity proto
ols with model 
he
kersby data independen
e te
hniques. Journal of Computer Se
urity, Spe
ial Issueon the 11th IEEE Computer Se
urity Foundations Workshop (CSFW11), pages147{190, 1999.22. P. Wolper. Expressing interesting properties of programs in propositional temporallogi
. In Conferen
e Re
ord of the 13th Annual ACM Symposium on Prin
iples ofProgramming Languages, pages 184{193. ACM, 1986.A ProofsProof (Proposition 2). Suppose{ (Æ; �) and (Æ0; �0) are two instantiations from I,{ (�; Æ; Æ0) is a relation map su
h that8x 2 Dom(� ) � �JxKJ� (x)K(�;Æ;Æ0)�0JxK{ S(Æ;�) = (A;B; I;�!) and S(Æ0;�0) = (A0; B0; I 0;�!0).In order to prove that (�; �; T; U; I; JSK) is parametri
, we have to prove thatJT K(�;Æ;Æ0) is a universal partial JUK(�;Æ;Æ0)-bisimulation between S(Æ;�) and S(Æ0;�0):{ Let (i; v) 2 A and (i0; v0) 2 A0 be states related by JT K(�;Æ;Æ0). Then i = i0.



Suppose (i; v) 2 I . By De�nition 6, there exists an initial 
ondition t su
hthat (i; t) 2 I and J�; ��(i) ` t : BoolK(Æ;���(i)v) = trueBy Proposition 1, we haveJ�; ��(i) ` t : BoolK(Æ0;�0��(i)v0) = trueso that (i; v0) 2 I 0.In the same way, (i; v0) 2 I 0 implies (i; v) 2 I .{ Let (i1; v1) 2 A and (i01; v01) 2 A0 be states related by JT K(�;Æ;Æ0), and let(j; w) 2 B and (j0; w0) 2 B0 be transition labels related by JUK(�;Æ;Æ0). Theni1 = i01 and j = j0.Suppose (i1; v1) (j;w)�! (i2; v2). By De�nition 6, there exist a guard g and anassignment E su
h that (i1; j; g; E; i2) 2 R andJ�; ��(i1)	(j) ` g : BoolK(Æ;(���(i1)v1)�	(j)w) = trueand, for any xk 2 Dom(�(i2)),J�; ��(i1)	(j) ` E(xk) : �(i2)(xk)K(Æ;(���(i1)v1)�	(j)w) = v2kwhere xk is the kth 
omponent of Dom(�(i2)). Letting v02 be the tuplede�ned byJ�; ��(i1)	(j) ` E(xk) : �(i2)(xk)K(Æ0;(�0��(i1)v01)�	(j)w0) = v02kit follows by Proposition 1 that (i2; v2)JT K(�;Æ;Æ0)(i2; v02) and (i1; v01) (j;w0)�!0(i2; v02).In the same way, whenever (i1; v01) (j;w0)�!0 (i02; v02), there exists v2 su
h that(i02; v2)JT K(�;Æ;Æ0)(i02; v02) and (i1; v1) (j;w)�! (i02; v2). utProof (Proposition 3). Without loss of generality, we 
an assume �C is of theform h
ij : Zi j i = 1; : : : ; l ^ j = 1; : : : ; l0iiwhere the Zi are mutually distin
t and � = fZ1; : : : ; Zlg.Let us say that two instantiations (Æ; �) and (Æ0; �0) in I are related by R i�they are related by some relation map (�; Æ; Æ0). It is straightforward to 
he
kthat R is an equivalen
e relation.Let I be the set of all (Æ; �) 2 I su
h that:{ if there is an equality predi
ate on Zi in �E , then ÆJZiK is the set of equiva-len
e 
lasses of an equivalen
e relation on f
ij j j = 1; : : : ; l0ig;



{ otherwise, ÆJZiK = ff
ijg j j = 1; : : : ; l0ig;{ for any p 2 Dom(�P ), �JpK is arbitrary;{ �J
ijK is the equivalen
e 
lass of 
ij .It is routine to show that any equivalen
e 
lass ofR 
ontains exa
tly one memberof I .Sin
e I is a �nite set, let H be its 
ardinality, and let f be a bije
tion fromf1; : : : ; Hg to I . It is straightforward to de�ne a term�; � ` h : EnumHsu
h that, for any (Æ; �) 2 I and i 2 f1; : : : ; Hg,JhK(Æ;�) = (i; ()) , (Æ; �)Rf(i)For any i 2 f1; : : : ; Hg, let(Ri; (wi1; : : : ; win0Ri )) = vf(i)and de�ne ri as (di1; : : : ; din0Ri ), where dij 2 wij for all j.We have now de�ned H , h, and for ea
h i 2 f1; : : : ; Hg, Ri and ri, whi
hprovides a de�nition of s. Given (Æ; �)inI, by 
onsidering i 2 f1; : : : ; Hg su
hthat (Æ; �)Rf(i), it follows that JsK(Æ;�) = v(Æ;�). utProof (Lemma 1). Let us �x notation for 
omponents of T byT = nXi=1 n0iYj=1Xi;jWe use the same assumption about �C as in the proof of Proposition 3,without loss of generality.We de�ne R, I , H and f as in the proof of Proposition 3.For any i 2 f1; : : : ; Hg, Nf(i) is of the formf(Ri;j ; (wi;j1 ; : : : ; wi;jn0Ri;j )) j j 2 f1; : : : ; H 0iggLet G be the set of all maps g on f1; : : : ; Hg su
h that, for any i, g(i) 2f0; 1; : : : ; H 0ig.We de�ne m as the 
ardinality of G, and for any g 2 G, we de�ne Mg asfollows. Suppose (Æ; �) 2 I, let i 2 f1; : : : ; Hg be su
h that (Æ; �)Rf(i), and let�JXK = f(�J
K; �0J
K) j (
 : X) 2 �Cgwhere (Æ0; �0) = f(i). Then (Æ; �) and (Æ0; �0) are related by (�; Æ; Æ0). We de�neMg(Æ;�) = (fg; if g(i) = 0f(Ri;g(i); (ui;g(i)1 ; : : : ; ui;g(i)n0Ri;g(i) ))g; if g(i) 6= 0where the ui;g(i)k are uniquely determined by ui;g(i)k �JXRi;g(i) ;kKwi;g(i)k .It is straightforward to 
he
k that ea
hMg = (�; �; T; I;Mg) is a parametri
family of sets, and that (i){(iv) in the statement of the lemma hold. ut



Proof (Theorem 1). Let us �rst �x some notation:T = nXi=1 n0iYj=1Xi;jU = mXi=1 m0iYj=1 Yi;jS(Æ;�) = (JT K(Æ;�); JUK(Æ;�); I(Æ;�);�!(Æ;�))We de�ne an SLTS S = (�; �;A; �;B; 	; I;R)as follows. A = f1; : : : ; ng�(i) = hxi;j : Xi;j j j = 1; : : : ; n0iiB = f1; : : : ;mg	(i) = hyi;j : Yi;j j j = 1; : : : ;m0iiwhere the xi;j and yi;j do not appear in � .Suppose i 2 A. Let V = (�; ��(i);Bool;J ; v)be the family of values su
h that J is full andv(Æ;�) = � true; if (i; � � �(i)) 2 I(Æ;��� )f alse; otherwiseThen V is parametri
, so Proposition 3 gives us a term �; ��(i) ` ti : Bool su
hthat JtiK(Æ;�) = v(Æ;�) for all (Æ; �) 2 J .We de�ne I = f(i; ti) j i 2 Ag.Suppose i 2 A and j 2 B. LetN = (�; ��(i)	(j); T;K; N )be the family of sets su
h that K is full andN(Æ;�) = fa j (i; � � �(i)) (j;��	(j))�! (Æ;��� ) agThen N is parametri
, so we 
an apply Lemma 1 to obtain M1, . . . , MG.Consider k 2 f1; : : : ; Gg. LetW = (�; ��(i)	(j); T +Unit;K; w)



be the family of values su
h thatw(Æ;�) = (a; if Mk(Æ;�) = fag(n+ 1; ()); if Mk(Æ;�) = fgW is parametri
 by parametri
ity of Mk, so Proposition 3 gives us a term�; ��(i)	(j) ` s : T +Unitwhi
h de�nes W and whi
h is of the formmat
h h w ith 8Hl=1 inl(x) ) inT+UnitRl (rl)For any l 2 f1; : : : ; Hg su
h that Rl 2 f1; : : : ; ng, letgi;j;k;l = if h = l then true else f alseEi;j;k;l(xRl;j0) = �j0(rl)i0i;j;k;l = RlR is de�ned to be the set of all (i; j; gi;j;k;l; Ei;j;k;l; i0i;j;k;l) as above.It is routine to 
he
k that, for any (Æ; �) 2 I, JSK(Æ;�) = S(Æ;�). ut


