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Network CongestiorGames

e Givena directedgrath = (V;E) with delay functions
de:f1;:::;ng! N,e2E.

o Playeri wantsto allocate a path of minimal delay betweena
sources and a target t;.
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Network CongestiorGames

e Givena directedgrath = (V;E) with delay functions
de:f1;:::;ng! N,e2E.

o Playeri wantsto allocate a path of minimal delay betweena
sources and a target t;.

o Gameis calledsymmetricif all playershavethe same
source/target pair.
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Congestiorlcames generalDe nition

Congestiongameis atuple G = (N ;R;( i)ian ;(dr)r2r ) with

o ;i 2M strategyspaceof player i

For anystate S= (Sg;:::;Sn) 2 1 n
@ n, = number of playerswith r 2 §;
e dr(n;) = dela of resourcer
® 55 di(nr) = deley of player i

S is Nashequilitrium if no player can unilaterallydecreasets delay.
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The transitiongraph

The transition graph of a congestiongame containsa node for
everystate S and a directededge(S; S9 if S° can be reachedfrom
S by the improvementstep of a singleplayer.
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The transitiongraph

The transition graph of a congestiongame containsa node for
everystate S and a directededge(S; S9 if S° can be reachedfrom
S by the improvementstep of a singleplayer.

The sinksof the transition graph are the Nashequilitria of G.

Nashequilitria are local optima wrt Rosenthal'spotential function

X XS
(S) = dr (i) :
r2rR i=1
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Complexiy of computingequilitria

Known Results

\ | matroid games| network games| generalgames|

symmetric O(n?m?) polynomial

asymmetric|  O(n’m?)

matroid gameresultsby [Ackermann,Reglin, V. 2006]
all other resultsby [Fakrikant, Papadimitriou, Talwar 2004]
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Complexiy of computingequilitria

Known Results

\ | matroid games| network games| generalgames|

symmetric O(n?m?) polynomial | PLS-complete

asymmetric|  O(n’m?) PLS-complete| PLS-complete

matroid gameresultsby [Ackermann,Reglin, V. 2006]
all other resultsby [Fakrikant, Papadimitriou, Talwar 2004]
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The complexiy classPLS

PLS (Polynomial Local Seach)

PLS containsoptimization problemswith a speci ed neightorhood
relationship. It isrequiredthat thereis a poly-time algaithm that,
givenany solution S,

@ either computesa solutionin ( S) with better objectivevalue
@ or certies that S is a local optimum.

Examples: FLIP (circuit evaluationwith Flip-neightorhood)
Max-Satwith Flip-neightorhood

Max-Cut with Flip-neightorhood

TSP with 2-Opt-neighlorhood

Congestiongameswrt improvementsteps

e © ¢ ¢ ¢
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The complexiy classPLS

PLS reductions

Giventwo PLS problems ; and > nd a mappingfrom the in-
stancesof 1 to the instancesof , suchthat

o the mappingcan be computedin polynomialtime,
o the local optima of ; are mappedto local optimaof 5, and

@ givenany local optimum of ,, onecan constructa local
optimum of 1 in polynomialtime.

Examples for PLS-complete problem:
@ FLIP (via a masterreduction)
@ Max-Satand POS-NAE-SA
o Max-Cut
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Approximation of local seach problems

Considerany local seach problem . Let > 1. An

-approximation for an instanceof is a state S with the property
that everystatein ( S) hasa valueof at most times better than
the valueof S.
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Approximation of local seach problems

Considerany local seach problem . Let > 1. An

-approximation for an instanceof is a state S with the property
that everystatein ( S) hasa valueof at most times better than
the valueof S.

Orlin, Punnen,Abraham, Schulz2004

There is a fully polynomial time approximation schemefor every
problemin PLS.
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Approximation of congestiorgames

An -appoximate equilitium, for > 1, is a state S with the
property that noneof the players canimproveits delay by a factor
of more than
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Approximation of congestiorgames

An -appoximate equilitium, for > 1, is a state S with the
property that noneof the players canimproveits delay by a factor
of mare than

Chien& Sinclair2007

In any symmetricnetwork congestiongamein whichall edgessatisfy
the -boundedjump condition,i.e., de(i + 1) de(i) for alli 2 N,
thereis a sequencef improvementstepsconvergingin

o(n  ‘log(nD))

steps,whereD is an upper bound on the maximumdelay.
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NEVIESS

o For any poly-time computable > 1, nding an
-approximate Nashequilirium in generalcongestiongames
with positive and increasingdelay functionsis PLS -hard.
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NEVIESS

o For any poly-time computable > 1, nding an
-approximate Nashequilirium in generalcongestiongames
with positive and increasingdelay functionsis PLS -hard.

e For everyn 2 N, thereis a congestiongamewith n players
havinga state with the property that everysequencef
improvementstepsleadingfrom this state to an appoximate
equilirium hasexponentiallengthin n.
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NEVIESS

o For any poly-time computable > 1, nding an
-approximate Nashequilirium in generalcongestiongames
with positive and increasingdelay functionsis PLS -hard.

e For everyn 2 N, thereis a congestiongamewith n players
havinga state with the property that everysequencef
improvementstepsleadingfrom this state to an appoximate
equilirium hasexponentiallengthin n.

o It is PSPACE-hard to computean -equilitrium reachable
from a givenstate in a givencongestiongames.
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Sketch of the analysis

We do a PLS-Reductionfrom FLIP.

De nition (FLIP)

An instanceof the problemFLIP consistsof a Booleancircuit C

neighorhood N(x) of solutionx is set of bit vectas x°that di er
from x in onebit and c(x9 < c(x).

@ We transfam C into a congestiongameG(C) suchthat Nash
equilitria of G(C) carespnd to a local optimum of f¢.
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Sketch of the analysis

We do a PLS-Reductionfrom FLIP.

De nition (FLIP)

An instanceof the problemFLIP consistsof a Booleancircuit C

neighorhood N(x) of solutionx is set of bit vectas x°that di er
from x in onebit and c(x9 < c(x).

@ We transfam C into a congestiongameG(C) suchthat Nash
equilitria of G(C) carespnd to a local optimum of f¢.

o Delays of di erent strategiesof any player in G(C) deviateat
leastby a factor of

o Thus all equilitria are -approximate equilitria.
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Repesentingeircuits by congestiorgames

W.l.o.g. the circuit consistsonly of NAND-Gates. Sat the gatesin
reversetopologicalorder. Designof i-th gate:

input player a input player b
1 [ )
Q O "zero strategies
Ofa? Ofa?

"one strategies”

output player
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Repesentingeircuits by congestiorgames

W.l.o.g. the circuit consistsonly of NAND-Gates. Sat the gatesin
reversetopologicalorder. Designof i-th gate:

input player a input player b
1 [ )
Q O "zero strategies
Ofa? Ofa?

"one strategies”

output player

Input players\trigger" the output player becauseof the reverse
topologicalorder of the gates.
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The feedbackoroblem

A simpleldeathat doesnot work out ...

@ Constructa circuit S with n input and n output bits that, for
x 2 f0;1g" not beinga local optimum, computesx®2 f0; 1g"
with fc(x9  fe(x).

Q RepesentS by a congestiongameG(S).
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A simpleldeathat doesnot work out ...

@ Constructa circuit S with n input and n output bits that, for
x 2 f0;1g" not beinga local optimum, computesx®2 f0; 1g"
with fc(x9  fe(x).

Q RepesentS by a congestiongameG(S).

© Additionally, ensurethat the output bits in G(S) trigger the
input bits suchthat the circuit is in an equilitrium only when
input and output bits are identical.
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Q RepesentS by a congestiongameG(S).

© Additionally, ensurethat the output bits in G(S) trigger the
input bits suchthat the circuit is in an equilitrium only when
input and output bits are identical.

If this constructionwould be possiblethen Nashequilitria
caresmpnd to local optimal.
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The feedbackoroblem

A simpleldeathat doesnot work out ...

@ Constructa circuit S with n input and n output bits that, for
x 2 f0;1g" not beinga local optimum, computesx®2 f0; 1g"
with fc(x9  fe(x).

Q RepesentS by a congestiongameG(S).

© Additionally, ensurethat the output bits in G(S) trigger the
input bits suchthat the circuit is in an equilitrium only when
input and output bits are identical.

If this constructionwould be possiblethen Nashequilitria
caresmpnd to local optimal.

Problem: output players havemuch smallerdelay di erencesthan
input players
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PLS Reduction{ High LevelDescription

Idea: Constructa congestiongamesimulatinga processo

The players

@ gate playersfor severalcircuits
o the controller
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PLS Reduction{ High LevelDescription

Idea: Constructa congestiongamesimulatinga processo

The players

@ gate playersfor severalcircuits
o the controller

Two kinds of states

Let M be a verylarge integer.

o In the expensivestatesat leastone player hasa delay of at
leastM.

o In the inexpensivestatesall playershavea delay signi cantly
smallerthan M.
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PLS-Reductiod High LevelDescription

The expensivestatesdo not contain Nashequilitria. Sowe only
haveto considerthe inexpensivestates.
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PLS-Reductiod High LevelDescription

The expensivestatesdo not contain Nashequilitria. Sowe only
haveto considerthe inexpensivestates.

In the inexpensivestates...

o the controllertogetherwith the circuits guaranteethe
property z  fc(x) (upper bound condition)

o this ensureghat the clock can only stop becauseat cannot
trigger an improvementstep
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PLS-Reductiod High LevelDescription

The expensivestatesdo not contain Nashequilitria. Sowe only
haveto considerthe inexpensivestates.

In the inexpensivestates...

o the clock playersZ,;:::;Zy count downwerd

@ while countingdownward they trigger improvementsteps

o the controllertogetherwith the circuits guaranteethe
property z  fc(x) (upper bound condition)

o this ensureghat the clock can only stop becauseat cannot
trigger an improvementstep

@ consequentlyeveryNashequililrium caresmpndsto a local
optimum of C
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Network CongestiorGames
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Network CongestiorGames

For any poly-time computable > 1, nding an -appoximate
Nashequilitium in network congestiongameswith positive and
increasingdelay functionsis PLS-had.
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Network CongestiorGames

For any poly-time computable > 1, nding an -appoximate
Nashequilitium in network congestiongameswith positive and
increasingdelay functionsis PLS-had.

Let ; > 1 be appopriate constants.For everyn 2 N, thereis an
n-player gamewith O(n) resourcesand -jump boundeddelay
function suchthat there is a state that hasdistanceexponentialin
nto all -Nashequililria.
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Open problems

o Isthere a setof reasonableassumptionson the delay functions
suchthat

s computingan approximate Nashequilitrium has polynomial
complexiy?

@ improvementsequenceseachan approximate Nashequilikrium
after polynomiallymany steps?
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Open problems

o Isthere a setof reasonableassumptionson the delay functions
suchthat
s computingan approximate Nashequilitrium has polynomial
complexiy?
@ improvementsequenceseachan approximate Nashequilikrium
after polynomiallymany steps?

o What about other games?{ e.g. the party a liation game
(Max-Cut)?
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