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Abstract

Many distributed protocols arising in applications in on-
line load balancing and dynamic resource allocation can
be modeled by dynamic allocation processes related to the
“balls into bin” problems. Traditionally the main focus of
the research on dynamic allocation processes is on verifying
whether a given process is stable, and if so, on analyzing
its behavior in the limit (i.e., after sufficiently many steps).
Once we know that the process is stable and we know its be-
havior in the limit, it is natural to analyze its recovery time,
which is the time needed by the process to recover from any
arbitrarily bad situation and to arrive very closely to a sta-
ble (i.e., a typical) state. This investigation is important to
provide assurance that even if at some stage the process has
reached a highly undesirable state, we can predict with high
confidence its behavior after the estimated recovery time.
In this paper we present a general framework to study the
recovery time of discrete-time dynamic alfocation processes.
We model allocation processes by suitably chosen ergodic
Markov chains. For a given Markov chain we apply path
coupling arguments to bound its convergence rates to the
stationary distribution, which directly yields the estimation
of the recovery time of the corresponding allocation process.
Our coupling approach provides in a relatively simple way
an accurate prediction of the recovery time. In particular,
we show that our method can be applied to significantly im-
prove estimations of the recovery time for various allocation
processes related to allocations of balls into bins, and for the
edge orientation problem studied before by Ajtai et al.
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1 Introduction

Many distributed scheduling protocols arising in applica-
tions in on-line load balancing and dynamic resource alloca-
tion can be modeled by stochastic processes describing the
behavior of the system. In this paper we consider various
such stochastic processes that are related to randomized al-
locating of balls into bins (cf. [1, 5, 6, 11, 15, 16, 21, 22, 24]).

Consider the classical problems of estimating the maxi-
mum load in processes sequentially allocating m balls into n
bins, m > n. If each ball is placed into a bin chosen i.u.r. (in-
dependently and uniformly at random), then it is well-known

that the maximum load in any bin is @(ml—f‘f—lgﬁ + )
w.h.p.!  Azar et al. [5] proposed a modification of this
scheme, that we call ABKU[d], in which each ball is placed
sequentially into the least full of d randomly chosen bins.
They showed that for d > 2, the maximum load drops down
to 122(1 4 0(1)) + ©(2) w.h.p.

In many applications, however, one rather is interested
in dynamic versions of allocation processes. We start with
m balls that are arbitrarily allocated into n bins, and then
repeatedly either remove some ball or allocate a new ball.
Azar et al. [5] analyzed a dynamic version of ABKU[d], that
we call [ 4-ABKU[d], in which we repeatedly remove a ran-
dom bin and then allocate a new bin according to the orig-
inal static rule of ABKU[d]. Using complicated arguments,
they showed that for n = m, d > 2, and independently of
the input configuration of the balls, after O(n®) steps the
maximum load of the bins will be 2122 4 O(1) w.h.p.

Recently Mitzenmacher [18, 22] presented a general frame-
work to study the behavior of related processes, in both,
static and dynamic scenarios. His approach was to first an-
alyze infinite and continuous systems using differential equa-
tions. Then he related the behavior of these systems to finite
discrete-time systems using Kurtz’s work on density depen-
dent jump Markov processes (see [18, 19, 20, 21, 22] for more
details).

Using this framework, Mitzenmacher [18, 21, 22] derived
bounds for the maximum load of ABKU[d] and (in the limit
of) 14-ABKU[d], as well as for many other related processes.
For example, he also analyzed (see Section 4.4.3 in [22]) the
dynamic version of the process of Azar et al. [5], that we
call Ig-ABKU[d], in which we repeatedly remove a ball from
a randomly chosen nonempty bin and then allocate a new

! Throughout the paper term w.h.p., which is the abbreviation of
with high probability, is used to denote that a given event holds with
probability 1 — O(n™!), where n is a parameter measuring the input
size.



ball using the static scheduling rule ABKU[d]. The approach
of Mitzenmacher can be also used to derive bounds for the
expected fairness in the edge orientation problem studied by
Ajtai et al. [2].

Even if the technique of Mitzenmacher is very general
and powerful, and provides (in a relatively simple way) tight
bounds for the maximum load in the limit of many dynamic
allocation processes, it tells nothing about the convergence
rates to the predicted maximum load. For example, us-
ing Mitzenmacher’s method one can show that both, I4-
ABKUId] and 15-ABKU[d], after sufficiently many steps will
achieve maximum load 2122 (1 +0(1)) w.h.p. But this tech-
nique does not tell anything about the number of steps re-
quired to obtain the desired maximum load. How fast can
we predict the behavior of the system after the crash, when
it reaches an undesirable state? How long does it take until
the system recovers?

In this paper we consider dynamic ergodic stochastic
processes on balls and bins in which, independently of the
state at time 7o and for sufficiently large ¢, the process
reaches a typical (predicted) maximum load (or other crit-
ical measure of the system) at time 70 + ¢ w.h.p. Our aim
is to estimate how small the number ¢ can be taken, so that
the desired maximum load (or other critical measure of the
system) is achieved w.h.p. Thus, even if the system reaches
an undesirable state (crashes), we want to bound the num-
ber of steps required by the system to recover and convert
to a typical state.

The main aim of this paper is to provide a general tech-
nique to study the recovery times, i.e., the convergence rates
to the predicted maximum load or other critical measure of
the system. We demonstrate how the path coupling tech-
nique, a recent refinement of the classical coupling method
due to Bubbley and Dyer [7], can be very efficiently used
to estimate the recovery times. Already in [11] we applied
a similar method to show that independently of the initial
distribution of n balls in n bins, after O(nlnn) steps of I4-
ABKU[d] the maximum load in any bin will be 222 4+ O(1)
w.h.p. In this paper we simplify and significantly extend our
analysis from [11]. We demonstrate our method on three
classes of dynamic allocation processes.

We first analyze process I4-ABKU[d] of Azar et al. [5]
and the dynamic version of the adaptive protocols investi-
gated by Czumaj and Stemann [11], which are extensions of
I4-ABKU[d]. We provide tight estimations of the recovery
times of these processes. Our analysis extends and simplifies
the analysis presented in [11] (in that paper a more com-
plicated analysis of 14-ABKU[d] that uses classical coupling
arguments (cf. [3]) has been presented). Further we study
the dynamic process I5-ABKU[d] of Azar et al. [5] and its
extension to adaptive processes. Although one may expect
that the analysis of these processes should be very similar
to that of I4-ABKU[d], we find these two scenarios of re-
moving a ball very different. In particular, the processes in
which in each step a ball removed is chosen at random (as in
I4-ABKUJ[d]) seem to be much simpler to analyze than the
processes in which we are removing balls by picking them
from nonempty bins chosen at random (as in Ig-ABKU[d]).
Then, we apply our technique to estimate the recovery time
of the edge orientation problem of Ajtai et al. [2], and obtain
an almost optimal bound.

We also will briefly discuss possible extensions of our
technique to open processes, in which the number of balls
may vary during the run of the process, and to dynamic
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allocation processes in which relocation of resources (balls)
is allowed (in a limited way) in each step.

All the previously known bounds for the recovery time of
the aforementioned dynamic processes (except the analysis
of I4-ABKU[d] in [11]) were missing the optimal bounds by
superlinear terms. Our approach seems to be arguably sim-
pler than those presented in the previous papers and also
provide much tighter rates. For example, the recovery time
for the edge orientation problem given in [2] was at least
O(n®); we improve it to O(n’Inn) and notice that it is
Q(n?).

Our approach is to analyze dynamic allocation processes
by considering them as suitable ergodic Markov chains. We
define the state space in a way that allows us to follow the
behavior of the Markov chain. Given that, our aim is to
analyze the convergence rate of the Markov chain to its sta-
tionary distribution. Since this convergence is independent
of the initial state, it directly yields the estimation for the
recovery time of the underlying process.

The main technical tool we use in the analysis of Markov
chains is the method of coupling and its recent refinement
path coupling. The coupling arguments were widely used in
applied probability (see, e g., [17]) and have already proved
to be useful in theoretical computer science. Bubbley and
Dyer [7] presented very recently a new, simple approach to
the coupling method, called path coupling, that allowed them
to extend applicability of coupling to many new problems
(cf. [7, 8,9, 10]). In this paper we show how to apply
this technique to estimate the recovery times of dynamic
allocation processes. As far as we know, we are the first
who use coupling in this context.

We emphasize here that our technique cannot be used to
estimate the maximum load (or other similar parameters)
in the stationary distribution. Therefore, we believe that
our technique is especially powerfully when applied together
with the method of Mitzenmacher. His framework would
be used to estimate the maximum load in any bin and our
approach would be used to bound the recovery time and the
number of steps required to achieve the desired maximum
load with high probability.

1.1 Applications

The main motivation of our study was to analyze dynamic
on-line randomized allocation schemes that arise from ap-
plications in on-line load balancing and dynamic resource
allocation problems. We present here briefly two possible
scenarios underlying our protocols.

Dynamic Resource Allocation Consider a non-centralized
parallel dynamic system in which n jobs are assigned to
identical and non-distinguishable n servers (or files stored
in disks, etc.). In each time step one job is finishing and
is removed from the system, and then one new job is to
be assigned on-line. We consider two possible scenarios of
removing the jobs — either one server, chosen i.u.r., has fin-
ished one job, or one job, chosen i.u.r., terminates 2. In order
to assign a new job in the system one possible strategy is to
sample the load of d > 2 servers (chosen i.u.r.) in the system
and then submitting the job to the least loaded server. The

2We believe that in applications to Dynamic Resource Allocation
the first scenario seems to be more appropriated, but there are some
related applications (e.g. in hashing) where the latter scenario could
be applied.



result of Azar et al. [5] (see also [22]) implies that after suffi-
clently many steps the maximum load of the servers in each
of these scenarios is “‘“ll—';" +O(1) w.h.p. Our results provide
more inside into these problems. We can show that, inde-
pendently of the initial assignment of the jobs to the servers,
we can recover from arbitrarily bad distribution of the jobs
and obtain the maximum load of the servers 1—%‘;‘% +0@1)

w.h.p. alrcady after O(nInn) steps in the first scenario,
and after O(nlnn) steps in the second scenario. The first
bound is optimal up to a logarithmic factor and the second
one is tight.

Fair Allocations  Consider a distributed computer network
with a centralized controller and client workstations issuing
jobs. Each time a new job arrives some subset of servers is
available (these might be either idle servers or servers that
can execute given job). A scheduling protocol is seek for de-
termining on which available server the job is to be executed.
The main issue of our concern is to develop protocols that
behaves fair for all the servers to encourage their continued
work. Fagin and William [13] provided a natural definition
of fairness (they consider this problem under the name the
“carpool problem”). Ajtai et al. [2] showed that many prob-
lems in fairness of scheduling can be reduced (at the price of
doubling the expected fairness) to the edge orientation prob-
lem. Therefore, by reduction of Ajtai et al., our analysis of
the recovery time of the expected fairness in the edge ori-
entation problem can be applied to the analysis of the fair
allocation problem when the subset of servers available for
each job has independent and uniform distribution (we refer
to [2] and [13] for more details). In such a model, even if the
system reaches an undesirable (or atypical) state, it recovers
after O(n”In? n) next steps and arrives into a typical state
w.h.p.

2 Random allocation processes

In this section we present the main ideas behind our ap-
proach. We first describe formally processes we analyze and
then provide main ingredients of our analysis.

The first two general classes of allocation processes are
defined as follows:

Scenario A Let mn balls be arbitrarily placed in n bins.
Repeat the following steps:

e Remove a ball chosen i.u.r. among the balls in the
system.

e Place a new ball using given scheduling rule.

Scenario B Let m balls be arbitrarily placed in n bins.
Repeat the following steps:

e Remove one ball from a non-empty bin chosen i.u.r.

e Place a new ball using given scheduling rule.

These two classes of dynamic allocation processes depend
on the scheduling rules allocating new balls. The main mo-
tivation of our investigations was to study dynamic versions
of random allocation processes analyzed by Azar et al. [5]
and by Czumaj and Stemann [11].

Azar et al. [5] analyzed allocation processes governed
by the following static scheduling rule, which we denote by
ABKU[d]. Let d € N, d > 1.

ABKU[d]:
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e Pick d bins i.u.r. (with replacements) and place the ball
into the least full of the chosen bins.

Czumaj and Stemann [11] considered the following extension
of ABKU[d], which we call ADAP(x). Let x = (zo,z1,...) be
any nondecreasing sequence of positive integers.
ADAP(x):
Let M = 1.
repeat
Choose a bin bar i.u.r. from [n].
Let b be the bin of the minimum load among bins
{b1,... ,ba} and let I be the load of 1.
if x; < M, then place the ball into bin b;.
else M = M + 1.
until the ball is placed.

Using the definitions above we can define the dynamic
versions of static processes of Azar et al., and of Czumaj
and Stemann. If we apply the scheduling rule ABKU[d] (or
ApAP(x)) to scenario A, then the obtained protocol will be
called I4-ABKU([d] (or 14-ADAP(x), respectively); if we apply
the scheduling rule ABKU[d] (or ADAP(x)) to scenario B,
then the obtained protocol will be called Iz-ABKU[d] (or
I5-ADAP(x), respectively).

Edge Orientation Problem
The following problem was investigated by Ajtai et al. [2].
Let G be a directed edge-less multigraph on a set of n
vertices. New edges (defined initially as undirected pairs of
distinct vertices) arrive one by one, and each edge is added
to the multigraph by orienting upon its arrival. The goal
is to design a strategy of orienting the edges so that in
every vertex at every moment of time the difference between
the indegree and outdegree is as small as possible. This is
measured by the unfairness at any time, defined to be the
maximum over vertices, of the (absolute value of the) differ-
ence between indegree and outdegree. We are studying the
model in which the edges are arriving with uniform distribu-
tion, i.e., in each step an independently and uniformly cho-
sen undirected edge is arriving. For this model we analyze
the so-called greedy protocol that can be defined formally as
follows:

Let G be a directed edge-less multigraph on a set of n
vertices. Repeat the following step:

o Pick two distinct vertices i.u.r. and add to G an edge be-
tween these two vertices that is oriented from the vertex
with the smaller difference between the outdegree and
indegree to the one with the larger difference.

Azar et al. [2] (see also Section 4.4.6. in [22]) proved that
the greedy protocol behaves very well in this model, and in-
dependently of the current situation, after sufficiently many
steps it achieves the expected unfairness of @(loglogn).

2.1 General approach

In this paper we shall study the recovery times of the afore-
mentioned processes. By recovery time we mean the number
of steps required (w.h.p.) by the process to move from an
arbitrary state to a typical state. We describe each of the
processes above by a suitably defined ergodic Markov chain
(see Section 3.3). For such a Markov chain the recovery time
is exactly the mixing time of the chain. Our main contribu-
tion is the use of path coupling, which is a recent refinement



of the classical coupling arguments (see [3] and Section 3),
to provide in a simple way accurate bounds for the mixing
times of the aforementioned random allocation processes.

In the path coupling technique the main aim is to con-
sider two copies of the Markov chain at hand and “couple”
them so that the copies will be the same after as few steps
as possible. Then the Path Coupling Lemma (see Section 3)
can be used to provide a bound for the mixing time of the
Markov chain.

3 Technical preliminaries

Let N = {0,1,...} and let [k] denote the set {1,...,k}.
For any random variable X its probability distribution is
denoted by £(X). For any real n-vector v = (v1,... ,vn)

we use standard notation ||v||; = Y7 vl

Let 9t = (M)ien be a discrete-time Markov chain with
a finite state space X. It is well known (see, e.g., [23])
that if 9 is ergodic (i.e., irreducible and aperiodic) then
it has a unique stationary distribution 7, ie., for all z € X"
7(z) = lim¢— oo Pr[M; = z| Mo = y] independently of y €
X. One important issue we shall study in this paper is
the rate of convergence of ergodic Markov chains, i.e., how
many steps one has to run 91 so that the distance between
7 and Pr[M; = - |[Mo = y] will be very small (see, e.g.,
(12, 14, 23]).

A standard measure of the separation between two prob-
ability distributions is the variation distance. For any two
random variables X and Y defined jointly on the same space,
the variation distance between £(X) and L£(Y') is defined as

1£(X)

— L(Y)]| = sup [Pr[X € 4] - Pr[Y € 4]| .

The standard measure of the convergence of an ergodic
Markov chain 9 to its stationary distribution is the mixing
time of M, denoted by 7ox(e), which is defined as

Tox(¢) = min{T € N: ¥t > Tmea/%(HE(MdMo =z)-nmi<e} .

The main technical tool we shall use in the paper is the
coupling technique (cf. [3, 12, 17]).

Definition 3.1 Let 9 be a discrete-time Markov chain with
a finite state space X. A coupling (X¢,Y:)ien for M is a
discrete-time Markov chain on X x X such that each of
(X¢)ten, (Yi)ten, considered independently, is a faithful copy
of M, ie.,

i

L(X+)
L(Y1)

L(M:|L(Mo) = L(Xo)) and
LMEIL(Mg) = L(Yo)) -

Path Coupling We shall use a recent refinement of the cou-
pling method due to Bubley and Dyer [7] (cf. also [8, 9]).
The main difficulty in applying coupling lies in analyzing
processes (X¢,Y:):en on the whole product space A x X.
The path coupling method allows to consider a coupling only
for a subset of X' x X.

Lemma 3.1 (Path Coupling Lemma [7]) Let A be an in-
teger valued metric defined on X x X which takes values
in {0,...,D}. Let T be any subset of {{X,Y) € X x A}
Suppose that for every (X,Y) € X x X there exists a se-
quence X = Zo,Z1,... ,Zr—1,2Zr =Y, where (Z;, Z;11) €T
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for all 0 < 4 < 7, and Y770 A(Zi, Ziy1) = A(X,Y). Sup-

pose also that there exists a coupling (X;, Y3 )ten for 90 such

that for some positive real 8 we have E[A(Xi41, Yi41)] <
In(D-e~1)

8- A(X.,Y:) for all (X;,Y:) €T
(1) EH <1, then rome) < [,
(2) If 8 < 1 and PriA(Xey1,Yeq1) # 1] > o for all
(X:,Y:) € T and for some a > 0, then ror(e) <

{Tﬂz] lne1).

We emphasize here that the main power of the use of
path coupling is that we need define the coupling only for
pairs (X:,Y:) €T

3.1 Normalized load vectors

Fix n. For an integer vector v = (v1,... ,vn), let 7y be a
permutation of n elements such that v, ¢y > > Une(2) 27" 2
Upy(n) U1 202 >+ > vy (le. wy may be chosen to be
the identity permutatlon) then we say v is normalized. The
operation of applying 7 to v so that the resulted vector v*
is normalized is called normalization of v. We shall also call
v* the normalized vector of v.

‘We denote by O, the set of all non-negative normalized
n-vectors v satisfying ||v|ly = m and we let Q = |J,_, .y Om

Let e; be the n-vector e; = (ei,1,€i2,--. ,€in) such that
ei; = d0;;, and let 0 = (0,...,0) € Q0. For every 1 € [n],
we write v @ e; to denote the normalized vector of v + e;.
Similarly, v © e; denotes the normalized vector of v — e;.

We shall frequently use the following simple fact.

Fact 3.2 Let v € Q, 7 € [n], j
s = max{t : v: = vi}. Then

min{t : v¢ = v;}, and

vhbe; =v+e; and vOe;=v-—es .
3.2 Probability distributions and right-oriented random
functions

In this paper we shall use three special probability distrib-
utions.

Definition 3.2 For any m € N and any nonnegative integer
n-vector v € {0, we let A(v) be the probability distribution
on [n] such that PriA(v) =] = X for every i € [n].

Definition 3.3 For any n-vector v €  with s = max{i :
v; > 0}, we let B(v) be the probability distribution on [n]
such that Pr[B(v) = i] = 1 for every i € [s].

Throughout the paper we let D denote a random function
from § to [n]. Informally, one may think on D as on the
set of probability distributions with domain [n] defined for
every v € . Formally, we define D as follows. Let RS be an
arbitrary set and let RS be a random function that returns
1s € RS according to some distribution. Let D : Q@ x RS —
[n] be a deterministic function. Then we define D(v)
D(v,RS). Observe that randomness of D depends only on
RS. From now on, when discussing about a random function
D we shall implicitly mean the quadruple (RS, RS, D, D) as
above.

Definition 3.4 We say a random function D = (RS, RS, D, D)
from  to [n] is right-oriented if there exists a permutation
&p : RS — RS such that for everyrs € RS, m € N, 1 € [n],
v,u € Qp:



then v; > u;,
then v; < u;.

if D(v,rs) =i < D(u, &p(1s))
if D(v,rs) > i =D(u,&p(rs))

The following lemma is key for our applications of right-
oriented functions.

Lemma 3.3 Let D = (RS, RS, D, D) be aright-oriented ran-
dom function from Q to [n] and let ®p be the permuta-
tion from Definition 3.4. Let v,u € Q,. Let rs be the
value returned by RS. If we set v° = v @ ep(,. o and
u® = U ep(y- g, then [[v - ully > [[v® — (s

Proof : Fix rs € RS, the value returned by RS. Let A =
min{j : ve = vp(y e} and § = min{j : ur = B 8500}
Then v® = v + ey, u® = u+es, and w° = w + ey — ;.
Therefore A{w®) > A(w) would imply that wx > 0 > ws.
We show that this cannot be the case unless A = é (in which
case w° = w).

We consider five cases.

e If A = ¢ then clearly w® = w, and hence A(w?)
Aw).

o If D(v,rs) = D(u, ®p(rs)) and A < § then vy = v; and
ux > us, and hence wx < ws.

o If D(v,rs) = D(u, ®p(rs)) and A > 4 then vy < vs and
ux = us, and hence wy < ws.

o If D(v,18) < D(u,®p(1s)) then vp(, ) < UH(yre)
because D is right-oriented. Thus vx = vp(, ) <
Uy rs) < Ur, and hence wy < 0.

o IfD(v,1s) > D(u, &p(r5)) then vy 0y (rs)) > YB(u,0p (rs)

because D is right-oriented. Thus vs > V5, ep(s)) >
U (w0 (rs)) = U6, and hence 0 < w;.

Thus in any case A = §, or wy < ws, or wx < 0, or 0 < ws.
0

3.3 Underlying Markov chains

Consider a dynamic allocation process in which a “phase”
consists of removing a ball according to some (usually ran-
domized) protocol and then allocating a new ball according
to a given (usually randomized) scheduling rule. Suppose
that initially m balls are allocated (arbitrarily) in n bins.
We model the state of the system by normalized n-vectors
v € Q. We say we are at state v if there exists a per-
mutation 7 such that v; represents the current load of bin
w(7). Vector v will be called the load vector. Note that a
load vector contains all relevant information about the state
of the algorithm: when we are analyzing the values v;, the
ordering of bins is insignificant.

A dynamic random allocation process will we modeled by
the underlying Markov chain 9 having state space Q0 of
load vectors. The transitions probabilities of 9 are depen-
dent on the scheduling rule used by the allocation process.

Consider for example scenario A for 1 4-ADAP(x) and let
v be the corresponding load vector. Observe that since v is
normalized, we have v1 > vz > -+ > vn.

We first remove from the system a ball chosen i.u.r. This
corresponds to decreasing some v; by one. We can do this as
follows: Choose a number ¢ € [n] independently at random
according to the probability distribution A(v), i.e., such
that Pr[i = j] = 2 for every j € [n]. Then decrease v;
by one and normalize the resulting vector.
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Now we place a new ball to the system according to the
ADAP(x) rule. This corresponds to increasing some value
v; by one in the following way. Let RS be the set of all
sequences (b1, bz, ...) with b; € [n] and let RS be a random
function that returns an element of RS i.ur. For a given
sequence b = (by,bz,...) € RS, let p(b); = max{b; : 1 <
J <1i}. Let D be a random function from © to [n] such that

D(v) = D(v,b) = p(b); with j = min{t € N: z, <t}

p(b):

Now, choose a number j = D(v), increase v; by one, and
normalize the resulting vector.

It is easy to see that this procedure mimics the behavior
of 1 4-ADAP(x). In a similar way we can define protocol Ig-
ADAP(x); the only difference is the use of the probability
distribution B(-) rather than A(-).

In this paper we focus our attention on dynamic processes
following scenarios A or B, in which each new ball added
to the system is allocated using a right-oriented random
function. To show that our analysis can be also applied
to 14-ABKU[d], 14-ADAP(x), Ig-ABKU[d], and Iz-ADAP(x),
we prove now the following lemma.

Lemma 3.4 If D is defined as in formula (1), then D is right-
oriented.

Proof :  We show that D is right-oriented with ®p be-
ing the identity permutation. Let ¢ € [n], m € N, v,u €
Q0m. Suppose that D(v,b) = i < D(u,b) for some b =
(b1,b2,...) € RS. Then let D(v,b) = p(b): = b; < by =
D(u,b), wheret = min{l € N: 2., <1}. Since D(u,b) #
b; and j < s (otherwise it would be p(b): = b,), we get that
Loy, <t< Tuy,, - Since the sequence zo,z1,... is nonde-
creasing, this implies that vy, < us;, what completes the
proof that D is right-oriented. a

Let us notice here that since ABKU[d] is a special case of
ADAP(x), Lemma 3.4 implies that the function D used in the
definition of each of 14-ABKU[d], L4-ADAP(x), I5-ABKU[d],
and Ip-ADAP(x) is right-oriented. Therefore, every claim
about the processes in scenario A (or B, respectively) that
holds for any right-oriented probability distribution for in-
serting new balls, can be directly applied to I4-ABKU[d] and
14-ADAP(x) (Ig-ABKU[d] and I5-ADAP(x), respectively).

4 Recovery times of processes in scenario A

In this section we present a tight estimation of the recovery
time of allocation processes in scenario A that uses right-
oriented functions to allocate new balls. Our analysis in this
section uses the path coupling technique and it significantly
simplifies and extends the arguments used in [11] to bound
the mixing time of 14-ABKU[d].

Throughout this section we assume that D = (RS, RS, D,
is right-oriented. Consider a Markov chain 9 with state
space {1, and transitions v — v°® defined by the following
randomized procedure, which we call T4:

Choose i € [n] at random according to A(v).
Set v =vQe;.

Let rs be the value returned by RS.

Set v° = v" @ epyr -



We apply the Path Coupling Lemma to bound the mixing
time (and thus the recovery time) of M. Let v,u € Qn. We
define the distance between v,u, denoted by A(v,u), as
A(v,u) = fllv -l =3, max{v, — u;,0}. Notice that
A(v,u) < m ~ [m/n] for every v,u € Q. We define also
set I'= {(v,u) € Qm X Qm : A(v,u) = 1}.

Now we define a coupling (v, u) — (v®,u®) for all v and
u with A(v,u) = 1. Let v,u € Qy, such that A(v,u) = 1.
Then v = u + ey — e for some A # §. We assume without
loss of generality that A < 4.

Coupling for v,u € Q,

Let us first pick a number ¢ €

1 Ll AN N A catr a4 o Tas
bution A(V). INOW W€ 5€t 7 < [Tt

e if i # A then j =14
e if i = X then set j = § with probability =
§ = i with the remaining probability 1 — K'

ording to the distri-

n} acc
Py § PR
HLOWDS.

Il

=L

, and set

We set now v = ve; andu* =ude;.

Then we place a new ball using the coupling from Lemma 3.3:

Let ®p be the permutation from Definition 3.4 and let rs

be the value returned by RS. Set v° = v" @ erp(yx 5 and
<

u’ =u’ S epiur ap ()
Analysis of the coupling

It is easy to see that the transitions in the coupling de-
scribed above are performed according to 9, and hence
(v,u) = (v°,u®) is properly defined. The following key
lemma shows how the distance between two vectors can
change after applying the coupling.

Lemma 4.1 For every v,u € Q,, with A(v,u) = 1 we have
A(v®,u®) € A(v,u). Moreover, if i # j in the coupling,
then v® = u®.

Proof: Let o =max{s>i:v; =vi}and 3 =max{s>j:
us = u; }. Then, by Fact 3.2, v* =v ~e, and u” = u-—es.
We consider two cases: i = j and 1 # j.

If i = j and « = 3, then it is easy to see that A(v*,u") =
1. Otherwise, if i = j and o # 8, then either &« = A and
B=MA-1,0r«=48~1and 3 =24. In the first case we have
v* = v—e) = u—e; = u*+ey_;—es, and in the second case
we obtain v* = v—es_; = uteyr—es—es—1 = u +eyx—es_1.
Therefore A(v*,u*) < 1.

Now let us consider the case i # j. Then we must have

= X and j = J. Therefore we obtain v* v O e
v—ey=u—e =ude;=u".

Thus we have shown so far that A(v"7 u”) <1 and that
if i # j in the coupling, then v* = u*. To complete the
proof apply the bound above and observe that A(v®,u®) < <
A(v*,u") by Lemma 3.4.

Lemma 4.1 directly implies the following.

Corollary 4.2 For every v,u € Q,, with A(v,u) = 1 we have
EA(V*,u?)]<1-+.

Now we can apply the Path Coupling Lemma with D =
mand § =1~ —71; to obtain the following theorem.

Theorem 1 For Markov chains 9 defined by protocol 14 we
have Tax(g) = [m - In(m - 7 1)].

One can also show (by considering two vectors v(0) =
m - e; and u(0) with »(0); — u(0), < 1) that under some
natural assumptions concerning the random right-oriented
function D (that are satisfied by ABKU[d] and ADAP(x)), the
bound above is tight up to lower-order terms.
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5 Simple estimations of recovery times of
processes in scenario B

In this section we present a simple scheme that enables a
rough estimation of the recovery times of allocation processes
in scenario B that use right-oriented functions to allocate
new balls. Our analysis in this section uses the path cou-
pling technique.

Throughout this section we assume that D =
is right-oriented. We consider a Markov chain 9t with state
space Qm and transitions v > v° defined by the following
randomized procedure, which we call Iz:

Choose 4 € [n] at random according to B(v).
Set vi =v e

Let rs be the value returned by RS.

Set v¢ = V" D epyr )

Below we present a simple proof of an @O(nm?Ing™?)
bound for the mixing time of 9.

‘We apply the Path Coupling Lemma to bound the mixing
time of zm For any v,u € Qm, let us define the distance
between v and u, denoted by A(v,u), as A(v,u) = 3|lv -
ull; = 30, max{v; — u;,0}. Notice that A(v,u} < m —
[m/n] for every v,u € Q. Let us also define the set I' =
{(v,u) € QU x Qm : A(v,u) =1}

Let v and u be normalized vectors in 0, that are at
distance 1 apart, i.e., there are 1 < A4 < n such that
v = u+e) —es. We assume, without loss of generality, that
A < 4. Our aim is to define a coupling (v,u) = (v°,u®) for
all v and u with A(v,u) = 1 such that E[A(v®,u®)] <1
and Pr[A(v®,u®) #1] > %

Let s1 = max{k : vx > 0} and s, = max{k : ux > 0}.
We first describe the coupling defining v* = v & e; and
u* = uSe;+, such that 4 is uniformly distributed in [s1] and
i* is uniformly distributed in [s2]. We consider separately
two cases depending on whether s; = s» or not.

(l) S1 = 82

§ ifi=A

A ifi=4

i otherwise .
It is easy to see that this is a well defined coupling. The

following simple claim will be used to estimate the mixing

time of 9.

Claim 5.1 If s; = s2 then

We first pick ¢ € [s1]i.u.r. and thenset i* =

0 ifi=A\
Alvoe,ubep) = 2 ifi=$¢
1 otherwise .

Proof :  We consider three cases depending on whether
i=Ai=40,0ri# A9

e Let i = A and i = §. Notice that vy > vx41 and
either § = n or us > us4+1. Therefore v ey = v —e)
and u © e; u — e5. Hence we obtain v & ey =
(ut+ey—es)—eyx=u—e; =ude;s.

o Let i =6 and +* = A\. Let o = min{k : vy = vs} and
B ={k:ur =ux} Then

vEees

V — €q
= (u+te\—es)—ea
(u—eg)+ex+es—e—eq

(usey)+(ex+es—es —eaq) .

(RS,RS,D, D)



e Otherwise, let i =4 # A, 6. Let @ = min{k : vx = vi}
and 8 = {k: ux = u;}. If & = 3, then clearly A(vo
e;,u&e;x) = A(v,u). On the other hand, if a # 8,
then eithera = Aand 8 = A—1,ora=4d-land 8 =4.
In the first case we have vO e; =e—e)y =u—es =
e—ey_1+ey_1—es = (ude;)+ex-_1—es, and in the
second case we obtain v e; = (ube;) + ey —es-1.

a

This clearly implies that E[A(v & e;,u@e;ix)] = 1 and
PriA(voe,udes)#1] > %

(Ii) S1 ?é So
In this case there is s1 = § — 1 and s2 = §. We first pick
i* € [s2] Lur. If " # A, 4, then we set 1 = 1*. If i* = § then
we set i = A. Otherwise i* = ) and we pick ¢ € {s1] i.ur.
Similarly as in the first case, it is easy to see that this
is a properly defined coupling. We also have the following

claim.
Claim 5.2 If s; # s2 then

[0 ifi=MAandi" =4
Avoe,ubep) = 2 ifi" =A#17and v; =ux
1 1 otherwise .

Proof : As for s; = s3, we consider here three cases.

elfi=Xlandi*  =4,thenvOe;=v—-ey=u—e =
uoe;. Hence A(voe;,use;)=0.

e If i* = X\ and i # A, then let us define @ = min{k :
vy = v;} and B = {k : ux = u;}. In this case we have
vOe, =v—e, = (u—eg)+(er+eg—es—eq) = (US
eir)+(ex+es—es—eq). Hence A(voe;,uce;«) =2
unless v; # uy.

o The case ¢ = i* is the same as the third case considered

for 81 = 82.
O
Now, the claim above implies immediately that
Pr[A(veei,udei)=0] = %,
1
PriA(voe,uger) =2 < <-(1- =1)

and hence E[A(vS e, ude;)] < 1and PriA(vOe;,uo
ex) #1235 > 1

Thus we have defined the first step of coupling such that
independently of the values s, and sz, E[A(v*,u")] £ 1 and
Pr[A(v*,u”) #1] > L, where v* = vEe; and u” = ube;-.

Now we define coupling (v*, u*) = (v°, u®) according to
the coupling described in Lemma 3.3. Let ®p be the permu-
tation from Definition 3.4. Pick rs, the value returned by RS.
We define v° = v* @ ep(ys ) and u® = u" @ €5y o5 (rs))-
Now, by Lemma 3.3 we know that A(v®,u®) < A(v™,u*).
This immediately implies that E[A(v®,u®)] < 1 and that
Pr[A(v®,u°) # 1] > L. Thus we can apply the Path Cou-

pling Lemma to conclude with the following claim.

Claim 5.3 For Markov chains 9 defined by protocol Iz we
have Tm(e) = O(n-m? - Ine™').

We can provide a more complicated analysis, which is
deferred to the full version of the paper, that improves this
bound and shows that rax(e) = O(m? - (lngne"l))). We
notice also that one can easily show that 7o (5) = Q(n-m),
and that for sufficiently large m also holds Ton(3) = Q(m?).
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6 Recovery time in the edge orientation prob-
lem

In this section we analyze the recovery time in the edge
orientation problem. One could apply the same approach
as in the proof of Claim 5.3 to show the recovery time
O(n® - loge™") for the edge orientation problem. The main
reason for such a high bound is that the maximum distance
between any two states in the edge orientation problem is
©(n?) rather than ©(m), as in the processes analyzed in Sec-
tion 5. In this section we show another proof that uses path
coupling arguments and improves that bound significantly.

We follow first a similar notation as that used in the
previous sections. We can model the process by integer n-
vectors such that > .- v; = 0. We say we are at state v if
v; represents the current difference between the outdegree
and indegree of the ith vertex in the multigraph. One can
show (see [2, 4]) that if we start with the empty graph,
i.e., if we begin at the state v = 0, then the state space
is a subset of {~[25%],...,[252]}". One could define a
Markov chain based on such a representation of the states
of the edge orientation problem, but we prefer to use another
(but equivalent) representation. We represent each state v
by an integer n-vector x such that z; = #{j : v; = [2*]—
i}. That is, =1 is the number of vertices with the difference
between the outdegree and indegree equal to [ 2521, 2 with
the difference [251] — 1, and so on. Let ¥ be the set of all
states x that are reachable in the edge orientation problem
from the state X with i[n_;_l] =mnand & = 0 for all 1 #

[2£L] (ie., % corresponds to the vector v = 0).

‘We model the behavior of the edge orientation problem
by a Markov chain 90 with state space ¥, initial state X,
and transitions x + x* defined by the following randomized
procedure:

o Pick ¢ and 9, ¢ < o, i.ur. from [n]. (l.e., every pair
¢, v has the same probability ('2‘)_1 of being chosen.)
Set i = max{l: T\ _, z, < ¢}

s=1
Set j =max{l: Y\ _ =z, <9}

Pick a bit b i.u.r.

Ifbthen x* =x—e; +e;+1 —€; +ej_1;
otherwise x* = x.

Remark 1 We have introduced bit b (which is not used in the
original edge orientation problem) to ensure that 901 is ergodic.
It should be clear that the process defined above describes the
edge orientation problem of Azar et al. [2] that may be slow
down roughly by a factor of two (more formally, with very high
probability, after Q(n) steps the slowdown factor will be 2 £
o(1)).

Let us notice also that one could choose i and j using the
following (equivalent) procedure:

Pick at random i such that Pr[i = k] = Z& and then pick

ko if k£
at random j such that Pr[j = k] = { ) lif k f Z
n~1 -

&

We apply the Path Coupling Lemma to the Markov chain
901 for the edge orientation problem. We first describe the
distance metric A(-,-) on ¥ x ¥ used in our construction.

If i > j then exchange i with j.

Definition 6.1 For every x € ¥, let us define &(x) as the set
of all vectors y in ¥ for which thereisa A\, 1 <A <n-2,
such that x =y + ex — 2ex41 + ext2.



To ensure symmetry, let us also define &(x) = &(x) U
(&(x))”". That is, &(x) is the set of all vectors y in ¥
for which there is a A, 1 < XA < n — 2, such that either
x=y-+ey—2ey1 +ext2 Or X =Yy — ey + 2exy1 — exya.

Definition 6.2 For every x € ¥ and & > 1, let us define
3% (x) as the set of all vectors y in ¥ for which there is a A,
1 <X <n—k-1,suchthat x = y+ex—exyi—eryrt+ersrs1
and z; =0 forevery A+ 1 <3< A+k

To ensure symmetry, let us also define 3;(x) = 3x(x) U
(3x(x))”!. That is, 35(x) is the set of all vectors y in ¥
for which there is a A, 1 < A < n — k — 1, such that either
X =y +e\—exrt1 — etk + extisr and z; = 0 for every
A+1<i<it+k,orx=y—ex+extt+exyr — entitl
and y; =0 for every A+1<i<i+ k.

Definition 6.3 For every pair x,y € ¥ let us define the dis-
tance between x and y as follows:

o if x = y then A(x,y) =0,
o if y € 6(x) then A(x,y) =1, and
e otherwise

. k if y € 3x(x)
Ax,y) = mln{ 1+ min, 5., {A(z,y)} otherwise .

Claim 6.1 A(,-) is a metric over ¥ x .

Proof : The definition of A(:,-) immediately implies
that all the conditions for being a metric (nonnegativity,
zero-property, symmetry, and triangle inequality) provided
A(x,y) is well defined (i.e., finite) for every pair x,y € V.
One can further show that A(x,y) is finite for every x,y €
¥, m]

Now we shall define a path coupling (x,y) — (x*,y")
for M with the metric A(:,-) defined on ¥ x ¥ and with I" =
{(x,y) € Ux¥ : either y € &(x) or y € 3x(x) for some k €
N}. Thus let us consider a pair (x,y) € I' such that x =
y+en—exy: — etk +ertrsr forsomel <A<n~-k—1
Notice that since (x,y) € I", we must have either £k = 1 or
Tytr = =Tagk =0
Coupling

Pick ¢ and v, ¢ < ¢, i.u.r. from [n]. Set further

= max{l: El=1 zs < ¢},

= max{l:),_,zs <¥},
* = max{l: Y, _,ys < ¢},

i = max{l: Sy < v}

(Observe that we set i and ¢* such that ¢ = i* unless either
i=Mandi* =A+l,ori=A+k+1landi =A+k
Similarly, j and j* are set such that if j # j* then either
j=Aandj*=X+1l,orj=XA+k+land j"  =A+k)

Finally, pick bit b i.u.r. and set

. _f1-b
r={"

We define coupling (x,y) — (x",y") by setting

=, Ay, =,

fA=8-2,i=\j=A+2,1"=7"=2+1
otherwise .

x* = X—e +e. 1 —et+eji1 if b=1,

- X if =0,
. Y — €+ + €41 —€jr +€5x) if =1,
y = y if =0 .

209

Analysis of the coupling

One can easily verify that this is a properly defined cou-
pling (x,y) — (x*,y¥"). Now we state two key lemmas that
describe the behavior of the distance A(x*,y*) after ap-
plying the coupling. The proofs of these lemmas are quite
simple, though they are rather technical and use the case
analysis.

Lemma 6.2 If A(x,y) = 1, then E[A(x*,y*)] <1~ (;)—1.

Proof :

(HUIEb=0andnot T=XNi"=A4+1=75",j=A+2),
then x* = x and y* = y. Hence A(x",y*) = 1.

2)Ifb=1,:=1",and j = j, then x> = y* + e\ —
2ex41 + exy2. Therefore A(x*,y*) =1.

B)Ifb=1¢i=1" 7= and j° = A+ 1, then x* =
Yy +ex-1—ey—ext1+exy2. Now we consider three
cases:

We consider the following seven cases:

(3.1) If z} > 0, then we may set z = X" —ex +2ex41 —
€xt+2, and since y* = z —ex_1 + 2e) — exy1, we
get z € 6(x) U &(y), and thus A(x",y*) < 2.

(3.2) If 23 = 0 and z3,; > 0, then we may set z =
x* —~ex—1+2ey —ext1, and since y* =z —ey +
2ex+1 — exy2, we obtain z € &(x) U &(y), and
hence A(x*,y*) < 2.

(3.3) If z} = x5y = 0, then clearly x" € 32(y"), and
thus A(x*,y") < 2.

4 Ib=141=2+2i =A+1, and j = j°, then
X" =y* + ey —exy1 —ext2 + erys. Now, as in case
(3), we consider three subcases:

(4.1) If x5y, > 0, thenfor z = x* —exy1+2exi2—€xts
we will have y* = z—e)+2e)+1 —exy2, and hence
7 € 6(x)U G(y), and thus A(x",y*) < 2.

(4.2) If 254, = 0 and x5, > 0, then for z = x" —
ey + 2ex41 — exy2 we obtain y* = z — exy1 +
2ert2 — €43, and thus z € &(x) U &(y), and
hence A(x*,y*) < 2.

(4.3) If 2}, = iy = 0, then clearly x* € 32(y”),
and thus A(x*,y") < 2.

(5) ¥b=1,i=14",j=A+2,andj = A+1, thenx" =y".
(6) fb=1,i=Xi*=A+1,and j = j*, then x" =y".
(7) Hi=Xi"=X+1=j3" 7= X+2, then we have two

possibilities.
e Ifb=1theny" =y and x" =x—ex+2exy1 —
exs2 =Y';
o Ifb=0,theny" =y+ey—2exy1+err2=x=
x*.

Therefore we obtain A(x",y*) = 0 in cases (5)-(7), A(x",y")
< 2 in cases (3)-(4), and A(x",y") < 1 in the remaining
cases. Now one can show that

PN _ _1_ 14+ 2at1 l 1
Pria’,y’) =0 = n n(n—l)‘n+n(n——1) '
owy _ _1_ _ 14+ xas1 }_ _ 1
PriAx’y) =2 = n nn-1) —n nn-1)
Therefore
* * _ 2 (1 + x}x'f'l) _ 2
E[aGy7)] =1 n(n — 1) s1 n(n — 1)



Lemma 6.3 If A(x,y) = kand y € 3x(x), then B[A(x*,y")]
<AGY) - ()7

Proof : Since the proof of Lemma 6.3 is similar to the
proof of Lemma 6.2 (and actually, even more technical), a
sketch of the proof is only presented.

Let A(x,y) = k and y € 3i(x) for some k > 2. We
assume, without loss of generality, that x =y +ey —ex+1—
ex+k +extr+1 for some 1 < A< n-—k—1,and that zyyy
=4k = 0.

Similarly as in the proof of Lemma 6.2, we consider seven
main cases.

(1) If b = 0, then clearly A(x",y") = A(x,y) =k

(2) Ifb=1,¢=1",and j = 57, then the case analysis shows
that A(x*,¥") < A(x,y) = k. Let us notice that
this case is much more complicated that the similar
case in the proof of Lemma 6.2. The main difference
is that if ¢ = Aor j = A4+ k + 1, then must deal
with a nonpleasent situation that y* ¢ 3x(x”). But in
that case we can always either find a z € ¥ such that
z € S(y") and z € 3,_1(x"), or find a pair z,u € ¥
such that z € S(y*), u € &(z), and u € 3_(x").
Thus in either case we obtain A(x*,y") < k.

(3)—(4) f b = 1 and either ¢ = ¢*,j = A, 5" = A+ 1, or
i=A+k+ 1,7 =X+ k,j =3, then A(x*,y") <
A(x,y)+ 1 =k + 1. Here, similarly as in case (2), we
must pay special attention to the case y* & 3541(x").

(5)—(8) Ifb =1 and either i =i*,j = A+ k+1,5° = A+k,
ori =X\ =A+1,5 =75, then A(x",y") < A(x,y)—
1 = k — 1. As above, special care is required for the
case y© & Jit1(x").

(MUb=1i=A+k+1" =A+kj=A+k+1, and
7" = A+k, then x*=y" +erti—erye—exsietentiti.
Therefore we have x} .o = --- = X} 4 = 0, and hence
either x* = y* for k = 2, or y* € 3k-2(x"), and thus
A"y ) <Axy)—-2=k-2for k> 2

The estimation of the expected value of A(x", y") is entirely
the same as in the proof of Lemma 6.2. O

Since these two lemmas imply that for every pair (x,y) €
' we have E[A(x",¥")] < A(x,y) — (’2‘)_1, we may use the
trivial bound A(x,y) < n (notice that this bound holds
only for (x,y) € I') to obtain E[A(x*,y")] < A(x,y)

(1 -3 _1) . Therefore the Path Coupling Lemma yields

the following corollary.

Corallary 6.4 For the Markov chain 90 for the edge orienta-
tion problem we have Tox(e) = O(n*(Inn + Ine™1)).

We can further improve this bound by using some subtle
technical details of the Path Coupling Lemma.

Theorem 2 For the Markov chain 2t for the edge orientation
problem we have ron(L) = O(n® In®n).

Proof : We only sketch the proof of the theorem. OQur main
observation is that if we could provide a better bound for
the distance between any pair of the elements in T', then we
could immediately improve the bound for the mixing time
of M.

We proceed in two steps. First we show that indepen-
dently of the initial distribution of X, € ¥, after another
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7 = O(n?Inn) steps of M the maximum difference between
the outdegree and the indegree in X; 4. will be O(lnn)
w.h.p. Moreover such a bound will hold in the next n® steps
w.h.p.

We define now the coupling (X, Y;)ien of 9 for any
Xo, Yo € ¥ such that in the first 7 = O(n® Inn) steps each
of (X¢)i<r, (Yi)i<- runs independently. Thus we know that
for every t, 7 < t < n®, the maximum difference between the
outdegree and the indegree in each of X; and Y is O(lnn)
w.h.p. From now on we shall condition on that event.

This allows us to apply the Path Coupling Lemma for
(X¢, Y¢),<i<ns such that there always exists a sequence
X¢=2Z0,Z1,...,%e—1,Zr = Yy, where 3720 A(Zi, Ziy1) =
A(X:,Yy), (Zi,Z:41) € T, and moreover A(Z;, Z;+1)
O(lnn) for every 0 < i < r. Given that, we may apply
the Path Coupling Lemma with the bound E[A(x*,y*)] <
A(x,y) - (1 - @(—llm . (’21)_1) obtained from Lemmas 6.2
and 6.3 to obtain the required mixing time. ]

Since it is easy to see that Ton(§) = Q(n?), the bound in
Theorem 2 is almost tight.

7 Conclusions

We have presented a general framework that can be used to
study recovery times of closed discrete-time dynamic processes.
Although we have assumed that in dynamic processes in
each step a random ball is removed, or the load of a ran-
dom non-empty bin is decreased, our techniques can be also
applied to processes in which we remove a ball according to
other probability distributions.

In the paper we have focused exclusively on closed sys-
tems. Our approach can be also used to study open systems,
i.e. systems in which the number of balls may change in
time. However, in such systems our techniques seem to be
more problem-dependent. There are two different classes
of processes to which different variants of our method can
be applied. In the first class one requires the number of
balls to be bounded all the time. The approach used in the
paper can be refined to be applicable to such systems. In
the second class we do not assume any upper bound for the
number of balls existing in the system. (For example, start
with 0 balls and repeatedly, with probability % remove a
random existing ball and with probability —;— allocate a new
ball into a random bin.) In such systems we can use the
coupling approach presented in the paper to estimate the
time until the distributions of the process for any given pair
of input states will be almost the same. (E.g., in the ex-
ample above, we could estimate the time until the process
that starts with 0 balls has almost the same distribution
of balls as the process that starts with m balls arbitrarily
distributed.)

Finally, we defer to the full version analysis of dynamic
processes that allow relocations of the balls.
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