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Abstract—We initiate the study of the testability of properties the need to understand how to extract information efficjentl

in arbitrary planar graphs We prove thatbipartitenesscan be  from massive structured or semi-structured data sets using
tested in constant time. The previous bound for this class ofmail random samples

graphs wasO(y/n), and the constant-time testability was only . . . .
known for planar graphs witlbounded degreePreviously used One of the main and most successful directions in prop-

transformations of unbounded-degree sparse graphs intoded-  erty testing is testing graph properties, which was intoeah
degree sparse graphs cannot be used to reduce the problée to in papers of Goldreich et al. [8], [9]. There are two popular

testability of bounded-degree planar graphs. Our appreat#nds  models, which make different assumptions about how the
e grl?rltzs}g;rrirtlmgr};rebeasgéngrs]. random walks. The challenge her(i,nput graph is represented and how it can be accessed,

is to analyze random walks for a class of graphs that has good In the adjacenc_:y_ matrix model, deS|_g_ned typically for
separators, i.e., bad expansion. Standard techniquessbai fast densegraphs [8], it is known that testability of a property
convergence to a uniform distribution do not work in thisecas in constant time is closely related to Szemerédi partitioins
Roughly speaking, our analysis technique self-reducepribiglem  the graph. In fact, one can show that a property is testable

ggllf(ienc(:iigr? g}? C‘;‘i‘ltgert‘gtgn%ﬁ':r i?n ﬁtigrlgggfa%ljgggcgs ;’ysgt in constant time, if and only if it can be reduced to testing
of shorter odd-length cycles, in such a way that when a randorri'mte'y many Szemeredi partitions [1].

walks finds a cycle inG’ with probability p > 0, then it does so The adjacency list model has been designed mostly for
with probability A(p) > 0 in G. This reduction is applied until the sparsegraphs. In the most standard scenario, it comes with
cycles collapse to self-loops that can be easily detected. an additional restriction: the degree of the graph is assume
Keywords-property testing, bipartiteness, planar graphs, minort0 be at most a constant [9]. It is not yet completely
free graphs, constant-time algorithms understood what graph properties are testable in constant
time in this model. Known examples include all hyperfinite
1. INTRODUCTION properties [16] (see also [3] and [12] for previous general

Property testingstudies relaxed decision problems in results), connectivityk-edge-connectivity, the property of
which one wants to distinguish objects that have a giverP€ing Eulerian [9], and the property of having a perfect
property from those that are far from this property (see, e.g matching .[17]..On the other hand, some properues.testgble i
[7]). Informally, an objectX is =-far from a propertyP if constant time in the dense graph model, such as bipartienes

one has to modify at least arfraction of X’s representation and 3-colorability, are known to require a superconstant
to obtain an object with propert, wherec is typically a ~ number of queries [4], [9]. o _
small constant. Given oracle access to the input object, a EVen less is known about efficiently testable properties
typical property tester achieves this goal by inspectinly on for sparse graphs that do not have a degree bound. It turns

a small fraction of the input. Property testing is motivagd Ut the constant degree bound in the adjacency list model
is essential for many of the results mentioned above. All
*Research supported in part by the Centre for Discrete Maitiesnand ~ constant-time testers mentioned above use the fact that in a
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Bipartiteness: The problem of testing bipartiteness has
been a great benchmark of the capabilities of propertynigsti
algorithms in various graph models. It was one of the first
problems studied in detail in both the dense graph model
[8] and the sparse graph model [9], [10]. Bipartiteness ia) (b)

known to be testable iD(1/¢?) time in the dense graph »
model [2], but in the sparse graph model, it requifiés/n) LT 0 SRR B e e e that maintains
queries [9] and is testable i0(,/n - e~9(1)) time [10].  planarity. For the graph in (a), figure (b) depicts the splitthat is invariant
Kaufman et al. [13] show that the property is still testableto being bipartite.
in O(y/n - e~9M)) time in the adjacency list model for
graphs that have constaaveragedegree.

Czumaj et al. [5] show in the bounded-degree model that
if the underlying graph is planar, then any hereditary graph
property, including bipartiteness, is testable in constant
time. This approach can be generalized to any class qf) (b) S = Removed edge
graphs that can be partitioned into constant-size comgenen

; Figure 2. An example showing that the splitting from Figureah reduce
by removing en edges of the graph, for any > 0. the distance from being bipartite. The planar graph in (a)which the

Grap_hs satisfying this property are callegiperfinite and  jth top vertex from the left is connected by an edge to ithetop vertex
they include all bounded-degree minor-free graphs. from the right) hasd(n) edge-disjoint cycles of length and ise-far from

i ; ; bipartite (one has to remove at Ieé%g’—l edges to obtain a bipartite graph).
Hassidim et al. [12] show that in fact, the distance toHowever, after the splitting, the obtained graph can be niglartite just

mOSt _hereditary properties can be approximated ?n Cor_WStarM/ removal of two edges: Figure (b) depicts a bipartite graptained after
time in such graphs. These results are generalized in themoval of one of the two edges at the bottom and the middle &d¢ghe

recent work of Newman and Sohler [16], who show that inSPlit part

hyperfinite graphs, one can approximate the distan@nyo

graph property In particular, this implies thaany graph i _ i

property is testable in hyperfinite graphand therefore, NOW describe simple attempts at reducing our problem to

bounded-degree planar graphs. testing b|pa_rt|teness in other _clas_se.s of graphs. We axplai
The central goal of this paper is to initiate the researchVhY they fail, and we hope this will justify our believe that

on the complexity of testing graph properties in generafl€W techniques are necessary to address the problem.

unbounded degree minor-free graphs. Our main technical ~ Iransforming into a constant-degree planar graph:

contribution is the design and analysis of a constant timd>erhaps the first, and possibly the simplest, approach would

algorithm testing bipartiteness in arbitrary planar gsaphe be to extend a constant-time algorithm for bounded-degree

show that a constant-length random walk from a randon®raphs from [5]. This could be achieved by first transforming

vertex discovers an odd-length cycle in a graph far from@n input planar graply with an arbitrary maximum-degree

bipartite with constant probability. The result easilyends into a planar graphG* with bounded-degree and then

to an arbitrary family of minor-free graphs. running the tester fotz* to determine the property fa.
However, we do not see any transformation that could work
1.1. Techniques and we do not expect any such transformation to exist.

Our approach is based on a new analysis technique for For example, it is known that one can transform any graph
random walks in planar (and minor-free) graphs. We firstinto one with maximum degree at mdsby splitting every
show that a planar graph that is far from bipartiteness has %ertex of degreel greater tharg into d vertices of degree
linear number of edge-disjoint cycles of constant odd4eng 3 It is also easy to ensure that this reduction maintains
Then we show a contraction procedure that preserves uf€ Planarity, and also the property of being bipartite (see
to a constant factor the probability of discovering an odd-Figure 1). However, there are two properties that are not
length cycle by a random walk. We show that after a constanaintained: one is the distance from being bipartite (see
number of contractions we obtain a multigraph in which theFigure 2) and another is that the access to the neighboring

probability of discovering an odd-length cycle is constant hodes requires more than a constant time (though this can
be “fixed” if one allows each vertex to have its adjacency

1.2. What does not work list ordered consistently with some planar embedding). In
Given that bipartitness can be tested in constant time iffarticular, Figure 2 depicts an example of a planar graph

planar graphs of bounded degree [5], it may seem that therbat is e-far from bipartite, but after the transformation it

is a simple extension of this result to arbitrary degrees. wéuffices to remove 2 edges to obtain a bipartite graph.
Substituting high-degree vertices with expandesi-

1A graph property ishereditaryif it is closed under vertex removals. other transformation of the graph is considered by Kaufman



et al. [13]. They replace every high degree vertex with aconstants that are typically smaller thar(e.g.,d;(¢)) and
constant-degree bipartite expander. While they prove thdbwer case Latin letters to denote constants that are ysuall
this construction preserves the distance, it is clear that ilarger thanl (e.g., fi(¢)). All these constants are always
cannot preserve the planarity, since planar graphs are ngbsitive.

expanders. For expanders, testing bipartiteness can take a

much asfy(/n) queries [9]. 2.1. Basic lemmas

2. PRELIMINARIES We begin with a lemma that trivially follows from the

Let G = (V, E) be a simple planar graph with = [V'|.  Klein-Plotkin-Rao decomposition theorem [14].
A graph isbipartite if one can partition its vertex set into | emma 2:Let G = (V,E) be a simple planar graph
two setsA and B such that every edge has one endpointingnd |et§ be a parameter if0,1). There is a set of at
A and one endpoint iB. We will also frequently use the most §|E| edges inG: whose deletion decomposés into
well known fact that a graph is bipartite if and only if it has connected components where the distance (in the original

no odd-length cycle. _ _ graph) between any two nodes in the same component is
We now formally introduce the notion of being far from (1 /42).
bipartitenes$ The notion is parameterized by Lemma 2 leads to the following key property of planar

Definition 1: A planar graphG = (V, E) is e-far from
bipartite if one has to delete more thamn edges fromG to Lemma 3:Let G be a simple planar graph. & is =-far

obtain a bipartite graph. from bipartite, thenG has at Ieast% edge-disjoint odd-

We are interested in finding property testing algorithm B
for bipartiteness in planar graphs, i.e., an algorithm tha{oe?f;;;:ydes of length at mosfq(c) each, wherey(e) =

inspects only a very small part of the input graph, and ac- . .
B Y Y P P drep Proof: We defineg(e) such thay(e) > 6 and}q(c) is a

cepts bipartite planar graphs with probability at Ie%sand X 4 o
reject planar graphs that atefar away from bipartite with _bound on the dlameter _(|n the original graph) of <1:omponents
probability at least, wheree is an additional parameter. " the decomposition given by Lemma 2 with= ge.

Our algorithm always accepts every bipartite graph. Such We find the cycles one by one. Suppose that we have

graphs that are-far from bipartite.

a property tester is said to haeee-sided error already found inG a set oft; edge-disjoint odd-length cycles
The access to the graph is given byaacle We consider ~ ©f length at most;q(e) each, wherd: < ;(_%) We show the
the oracle that allows two types of queries: existence of one more such cycle, which by induction yields

the lemma.

Let G* be the subgraph off obtained by removing the
k edge-disjoint odd-length cycles of length at mdsi(c)
each. Sincek < =%, G* is ¢/2-far from bipartite. Apply

« Degree queriesiFor every vertexv € V, query the
degree ofv.
« Neighbor queriesFor every vertexv € V, query its
i-th neighbor. a(e)’ i
Observe that by first querying the degree of a vertex, we cah®Mma 2 t0G* with § = 3¢ and let] be the resulting

always ensure that thieth neighbor of the vertex exists in d8COmposition. Sincé™ is e/2-far from bipartite,H is not
the second type of query. In fact, in the algorithm that wePiPartite. Let us consider a connected comporéatof H

describe in this paper, the neighbor query can be replacefdt is not bipartite and let be a vertex fromy;. Build a

with a weaker type of queryandom neighbor querywhich BFS tree frpm; in G*. SipceCH is not bipartite, there_ must
returns a random neighbor of a given vertexeach time be two vertices:,; andus in Cy that have the same distance

the neighbor is chosen independently, uniformly at random!©mM v and that are connected by an edgein(otherwise,

Finally, we assume that all the above queries take constatf€¢ could define a bipartition o' /by the parity of the
time. distance fronv in the BFS tree). Let’ be the last common

In the remainder of the paper we use several constant€rtex on the paths from to u, and fromv to u» in the

depending ore. We use lower case Greek letters to denoteBFS trée. The tour that starts &t goes tou, via the BFS
tree edges, then takes the edge conneatingnd u,, and

2The standard definition of beingfar (see for example the definition in ~ finally returns touv’ via the BFS tree edges is a odd-length
[13]) expresses the distance as the fraction of edges thstt Ineumodified 1
in G to obtain a bipartite graph. Compared to our Definition 1tdad CyCIe of Iength at mosgq(a) tls Qq(a). u
of deletingen edges, one can deleten edges, wheren is the number
of edges. For any class of graphs with an excluded minor, timeber of 3. ALGORITHM RANDOM BIPARTITNESSEXPLORATION
edges in the graph is upper bounded ®y- n, whereC' is a constant. ’
Moreover, unless the graph is very sparse (i.e., most of éttices are . . . . .
isolated, in which case even finding a single edge in the graay take a We now give our algorithm for testing bipartiteness of

large amount of time), the number of edges in the graph isaattfe(n).  planar graphs with arbitrary degree and provide an overview

Thus, under the standard assumption that= Q(n), thee in our definition : ; ; :
and thee in the previous definitions remain within a constant factve of its anaIySIS' A detailed prOOf appears Sections 4 and 5.

use our definition of being far for simplicity.



Random Bipartiteness Exploration (G, ¢):
» Repeatf(e) times:

— Pick a random vertex € V

— Simulate a random walk of lengtj(e) from v

— If the random walk found an odd-length cycle, then
reject /

« If none of the random walks found an odd-length
cycle, thenaccept

Theorem 4:There are functiong andg such that

« if G is bipartite then Random Bipartiteness Exploration
(G, ) acceptss, and
« if G is e-far from bipartite then Random Bipartitness
Exploration (G, ¢) rejectsG with probability at least
[§

0.99. Each of the five high degree vertices has degree exféﬁ?ﬂ, and the
Let us first observe that the first claim is obviousdf  edge-disjoint cycles are of length 11 each. Observe th@t’iis any fixed

; ; ; ; ; ; set of 22 edge-disjoint cycles of length 11, then the probabilityt tha
IS blpartlte, then every subgraph Gf is blpartlte as well, single cgnstant-length random walk discovers one of thdesym C° is

and Random Bipartitness Exploration always accepts. Thugglynomially small. Nevertheless, a single random walkesfgth, say, 12
to prove Theorem 4, it suffices to show thatGf is e-far  findsan odd-length cycle with probability at leagt—*!.

from bipartite, then Random Bipartitness Explorationctje
G with probability at least.99.

Therefore, from now on, we assume that the input grapt®riginal graph, and weighted sampling from the vertices
G is e-far from bipartite. Then by Lemma 3, we know is equivalent to uniform sampling in the original graph.
that G has at least;5r; edge-disjoint odd-length cycles Thus, each multigraph represents a possibly contracted set
of length at mosiy(c) each, whereg(e) = O(1/<2). Let of cycles from thg ongmgl graph. We s_how in Section 5 that
us denote by’® any such set of edge-disjoint odd-length for any such multigraph induced by a linear number of odd-
cycles. Thus, to complete the proof, it suffices to show thatendth cycles, we can remove a constant fraction of cycles
Random Bipartitness Exploration findseof the odd-length ~ Such that every remaining cycle can be contracted without
cycles fromC® (with probability at least 0.99). interfering with other cycles. Thls reduces the Igngth efth .

Unfortunately, this approach applied directly cannot work CY¢les by one. Furthermore, if a random walk finds a cycle in
as one can see in Figure 3. Instead, we prove a sufficierif® remaining cycles with probabilify, then it does so with
result that Random Bipartitness Exploration finds a shorProPability n(p) in the original set. Thus, if we apply this

odd-length cycle that is @ombination of the cycles from technique until all cycles are self-loops, we can easilywpro
C® (with probability at least 0.99). that a random walk finds such a self-loop and our reduction

ensures that this happens with constant probability for the
original graph.

L

Figure 3. A planar graple; with 2=5 edge-disjoint odd-length cycles.

Finally, note that it suffices to show that single ran-
dom walk of lengthg(e) finds an odd-length cycle with
probability at leasts/f(¢). This immediately implies that 4. FIRST REDUCTION DEALING WITH GRAPHS INDUCED
f(¢) independent random walks detect at least one odd-"
length cycle with probability at leagt— (1 —5/f())/©) > BY ODD-LENGTH CYCLES

1—e™®>0.99. Let C be a set of cycles on a vertex 9ét We denote by
_ _ G(C) the graph induced bg. That is,G(C) = (V, E¢) with
3.1. Overview of the analysis Ec being the set of the edges from the cycle€in

The proof of Theorem 4 is split into two sections. First, in  Our first lemma states that in order to show that/an
Section 4, we reduce the problem, along the lines describegtep random walk from a random start vertex finds an odd-
above, to that of finding an odd-length cycle in a subgrapHength cycle in a planar grapfi that ise-far from bipartite,
of the original graphG that is induced by a linear num- it suffices to show that the random walk finds an odd-length
ber of edge-disjoint odd-length cycles of constant lengthcycle in a subgraph o€ induced by a linear number of
Once we have this reduction, we next consider weightecdge-disjoint odd-length cycles of constant length.
graphs and multigraphs induced by odd-length cycles. These Lemma 5:Let G = (V, E) be a simple planar graph that
multigraphs result from the original set by cycle removalshas a se€* of at leaston edge-disjoint odd-length cycles in
and certain edge contractions. A vertex with weightin G and letl > 0 be an integer. There thereds= ((l,«) > 0
such a multigraph stands for a set af vertices in the and there is a subsétof C* of size at Ieas%an such that



« if the probability that an-step random walk irG(C)  walk in G(C). Therefore, if the random walk i (C) is
starting from a random vertex finds an odd-length cyclechosen with probabilityy’ then the probability of choosing

in G(C) is p, then the same random walk it¥ is at least(%)" - p’. Summing
« the probability that ai-step random walk starting from up over all sequences éf+ 1 vertices(zg,x1,...,2;) in

a random vertex finds an odd-length cycleGhis at  G(C) with (z;,2;1+1) € E¢, 0 <14 <[ —1, and that contain

least( - p. an odd length cycle, we obtain the claim with= (). =

Proof: To construct the subsé, we first delete some Due to Lemma 5, we now turn our attention only to graphs
cycles fromC*. The process of deleting the cycles is basedand multigraphs induced by odd-length cycles.
on the comparison of the original degree of the vertices with
the current degree ig(C*). To implement this scheme, we
write deg; (v) to denote the degree ofin the original graph

5. SECOND REDUCTION ANALYSIS FOR GRAPHS AND
MULTIGRAPHS INDUCED BY ODD-LENGTH CYCLES

G and we use the tergurrent degreef a vertexv to denote We continue with the assumption that the input grdph
its current degree in the gragh{C*) induced by thecurrent  is planar ande-far from bipartite. By Lemma 3 we know
set of cycleC*. that this graph contains at least/q(c) cycles of length

We repeat the following procedure as long as possiblef(c) := g(¢)/2 for aq(s) = O(1/£?). Let C* be such a set
if there is a vertexo € V' with current degree iG(C*) at ~ of cycles. We use the sét and apply Lemma 5. Lemma 5
most 5o deg; (v), then we delete froni* all cycles going ~ states that, in order to show that a random walk finds (with
throughv in C*. To estimate the number of cycles deleted,constant probability) an odd-length cycled# it is enough
we charge tov the number of deleted cycles in each suchto show that a random walk finds (with constant probability)
operation. an odd-length cycle in the grapf(C) induced by a set

Let C be the remaining set of cycles frafii. Observethat C C C* of a(e)n edge-disjoint odd-length cycles i@,
eachv € V can be processed above at most once. Indeedy(¢) := ¢/(2¢(¢)). Furthermore, by our choice @f* each
oncewv has been used, it becomes isolated and hence it igycle inC has length at mogk(e). Thus, in the following we
not used again. Therefore, at mngz deg.(v) cycles from  assume that a set of cycl€swith such properties is given
C can be charged to any single vertex. This, together wittand we show that with constant probability a random walk
the inequality _ degs(v) < 6n by planarity ofG(C*),  finds a cycle in the grap&(C). By choosing an appropriate
implies that the total number of cycles removed frath ~ function f in algorithm Random Bipartiteness Exploration,

is upper bounded by}, savdegs(v) < fan. Since  this constant can be made arbitrarily close to one.
|C*| > an, we conclude thalC| > |C*| — Lan > jan. To show that a random walk finds a cycle with constant

We have constructed a subsgétof C* of size at least probability, we use a second reduction. We now give some
%om such that for every vertex € V, eitherv is isolated intuition for this second reduction.
in G(C) or its degree is greater thafya deg(v) (i.e., at
least 5 fraction of its original degree irfx). We now use
this property to show that if the probability that &rstep We first observe that, if all vertex degrees @{C) are
random walk starting from a random vertex giC) finds  constant, then a single random walk finds a cycle with con-
an odd-length cycle ig, then an-step random walk starting stant probability. This is because with constant probibili
from a random vertex ir¢ finds an odd-length cycle with the starting vertex is on some cycte of C and in each

probability at leasp-¢, for appropriately chosefi= ((I, «). step we followC' with constant probability. Sinc€' is a

5.1. Overview

This will yield the theorem. cycle of length at most(¢), the observation follows. Thus,
Let us consider a fixed sequence bf+ 1 vertices the hard part is to deal with vertices whose degree is not
(xo,x1,... 2y In G(C*) with (z;,z;41) € Ec, 0 < i < constant. An example that captures many of the difficulties

[ — 1, that contains an odd-length cyaleOur claim is that, of the problem is given in Figure 3. In this example, we
if the probability of this fixed sequence to be chosen as afave many parallel cycles that intersect at several vertice
I-step random walk irG(C) is p’ then it is at least - p’ in ~ of high degree. However, many vertices of the cycles also
G. have constant degree. By the linear bound on the number
Since z, is one of the starting vertices, and sineg  of edges in a planar graph, this is the case for any planar
cannot be isolated i§(C) (becaus&/ (C) has edg€zo,x1)),  graph.
we must havelegg ¢ (7o) > {5 degg (o). Therefore, when Our main idea is now to contract paths of lengtivhose
the random walk inG' chooses a neighbor afy, it chooses middle vertex has constant degree to a single edge. The
x1 with probability at least times the probability that the motivation behind this contraction is that if a random walk
random walk inG(C) choosesr;. The same arguments can takes the first edge of such a path, then with constant
be used to argue that if the random walkGhhas chosen probability it also follows the second edge. Thus, from the
any vertexz;, then it also chooses;; with the probability  point of the analysis of the random walk, we can view this
at least{; times the respective probability for the random path as a single edge. Furthermore, since many cycles must



have at least one subpath whose middle vertex has constantFor the study of bipartiteness, we consider labeled graphs
degree, we can make sure that a constant fraction of cycles multigraphs, where each edge of a graph or a multigraph
has at least one subpath that is contracted. If we only keejs labeled eitheodd or even The intuition is that if an edge
the cycles ofC that have been contracted, we end up withhas label odd (or even), then this edge corresponds to an
a linear-size set’ of cycles with length reduced by at odd-length (or even-length, respectively) path (or a cyide
least 1. Furthermore, since planarity is closed under edgdehe case when the edge is a self-loop) in the original graph.
contraction and edge removal, the gra@iC’) is planar We also define an operation DR on a set of edge labels
again. This allows us to repeatedly apply our reductionlunti£: if the number of label®odd in £ is even then thexor
all cycles collapse to self-loops. Such a repeated apjgitat returns labeleven otherwise, it returns labeddd We call
may be necessary sin€&C’) may still have vertices of high a path or a cycleevenif the number of labelsodd on its
degree. Then since a constant fraction of edges belongs &xlges is even; it is calleddd otherwise.
self-loops, a random walk traverses a self-loop with carista A pair of vertices(z, y) is calledr-parity balanced forC
probability and so, by the properties of our reductionshwit if either all parallel edgegr, y) in G(C) have the same parity
constant probability a random walks finds a cycle in the(that is, all are odd, or all are even), or the ratio between
original graph. odd parallel edgegz,y) and evenparallel edgegz, y) in

In the following, we develop a framework that formalizes G(C) is at leastr and at most%.
our idea. In particular, we need to deal with the following Random walks on multigraphsA random walk in a
technical problems. multigraph selects at each vertex every edge incident to
this vertex with the same probability. The probability that
a single step of a random walk moves franto « equals
the number of edges betweenandw divided by the total
number of edges (with multiplicities) that are incidentito

5.2.1. Contractions of cycles, cycle-minors, and off-
springs: In our analysis, we appla sequence of contrac-
ptions to the graph/multigraph induced by a set of cycles.
K This operation contracts some paths to edges and simplifies
the structure of the graph, as needed in our analysis. We

 The starting vertex of a random walk & = (V, E) is
chosen uniformly at random frofi. Edge contractions
change this probability. We usertex weightgo keep
track of this change in probability.

o We are interested in finding cycles of odd length. Thus,
if we contract a path of length to a single edge, this
changes the parity of all cycles that contain this pat
from odd to even or vice versa. In order to keep trac
of these changes we assigarities to edges (at the >0 o
beginning all parities are odd). If we contract two odd P€9in with definitions used.
edges or two even edges, the resulting edge is even, | C iS @ set of cycles oV, then for everyv € V, we
Otherwise, it is odd. denote byC, the set of cycles irf going throughw.

« We need to remove parallel edges to exploit planarity _ L-OOP Vertices:Let C be any set of cycles on a vertex
in the contracted graphs. For this purpose, we introduc&€tY - We say avertexv € V' is a loop vertexwith respect
edge weights such that theeight of an edgév, u) can to C) if C, # 0 and every cycle irC, is a self-loop aw.

be interpreted as the number of parallel edges between Contractible vertices:Let C be any set of gycles ona
» anduw. vertex setlV’. We say avertexv € V' is contractible(with

respect taC) if C, # ), and there are two verticesy € V
(it is allowed thatr = y), such that every cycle i@, enters
v through vertexe and leaves through vertexy.
We begin with a set of definitions and concepts used later  Cycle contraction at a vertextet C be any set of cycles
in our analysis. on a weighted vertex sdt. Let v be a contractible vertex
In this section we considenultigraphs i.e., graphs with  with respect toC. Let z,y be two vertices inV/, such that
parallel edgesWe also allowself-loops We sometimes rep- every cycle inC, entersv through vertexr and leavesy
resent a multigraph as auge-weighted graplwhose edge through vertex). Modify every cyclec € C, by contracting
weights correspond to the multiplicity of the edges (edgepath(z, v,y) into edge(z, y), such that the label of the new
weighted graphs may have self-loops). We also considegdge is thexor of the labels of edgege, v) and (v, y) from
weighted graphs whose vertices and edges have weights.c. We call the path(z,v,y) the offspring of the obtained

We extend our definition of graphs induced by cyclesnew edge(z, y). LetC; be the resulting set of cycles. Then
(Section 4) to multigraphs. L&t be anymultisetof cycles for a setC of cycles on a weighted vertex séf, cycle
on vertex setl’. We allow the cycles irC to share edges. contractionat a vertexv € V' is the operation of replacing
We denote byG(C) the multigraph induced by, that is, C byC\C,UC, and changing the weight of verticesr, y €
G(C) = (V, Ec) is a multigraph withE: being the set of V by distributing the weight of equally to vertices: and
the edges on the cyclesdh if an edgee appears in multiple y, and then zeroing the weight of (In particular, ifz =y
cycles inC then the same number of copiescoippears in  (i.e., (z,y) is a self-loop) then the weight af increases by
Ee. the weight ofv.)

5.2. The framework



Definition 6 (Cycle-minor):Let C be a set of labeled
cycles on a weighted vertex sét. Any set(’ of labeled
cycles on a weighted vertex séf obtained fromC by

extension of our algorithm Random Bipartitness Exploratio
to multigraphs on weighted vertex sets and with labeled
edges: Algorithm Random Bipartitness Exploration in multi

applying an arbitrary sequence of cycle removals and cyclgraphs (RBEM).

contractions at a vertex is calledcgicle-minorof C.

The following observation will be crucial for our second
reduction. It follows from the fact that planarity is closed
under contraction of edges and removal of edges (an
vertices).

Observation 7:1f C is a collection of cycles such that
G(C) is planar, then for any cycle mino¢’ of C, the

multigraphG(C’) represented as an edge weighted graph ig

planar.

Let us state some further useful properties of vertex

weights in cycle-minors.

Lemma 8 (Vertex-weight Lemmad)et ¢ be an edge-
disjoint set of cycles on a weighted vertex sét with
weight(v) = 1 for everyv € V and such thag(C) is planar.
Then any cycle-mino€’ of C on a weighted vertex sat
satisfies the following:

() 3,y weightw) = |V,

(i) if weight(v) = 0 then vertexv is isolated,

(iii) if every vertex in G(C*) is either isolated or is a loop
vertex, then for every self-loogv,v) in G(C*) with
multiplicity k& > 1, it holds that weighv) > k.

Proof: We first observe that any operation of cycle

deletion does not change the total weight of the vertex set,

which yields the first property. Further, any cycle contiatt
at a vertex decreases the weight of a vertennly if v
becomes isolated; in that case weightbecomes 0, what
yields the second property.

Now we prove the third property. Observe that without
loss of generality, we can obtain the cycle-mir@rof C
on a weighted vertex sét by first deleting some cycles
and then performing only contractions. Let us fix a self-

loop (v,v) and let us consider the sequence of contractions

that lead to the creation df copies of (v, v) (since these

contractions are performed after the cycle deletions, we ca

consider contractions for each self-loop separately).hEac
self-loop(v, v) corresponds to some cyclednand letCy, .,

be the set of thé cycles inC corresponding to thé self-
loops (v,v). Let V, ., be the set of vertices induced by
C(v,0) IN G(C). We observe that the final weight of vertein
the cycle-minoiC’ is equal to the weight oV, .,y in C, and
hence it is equal tdV(, .|. Next, we notice that(C,..,)
has at leas8|C(, )| = 3k edges (because each cycle is o
length at least 3) and all cycles @,,,) are edge-disjoint.
Therefore, planarity 0§ (C,,.)) implies that the number of
edges inG(C(,,,) is at most 3 times the number of vertices
in G(Cv,v), and henceVi, )| > |Cry )| = k. [ |

f

5.3. Random walk invariant

The central notion in our analysis is that of beragdom
walk invariant For that, we begin with the description of an

Algorithm RBEM (e, 1):
« Repeatf(e) times:
— Pick a random vertex with probability propor-
tional to its weight
— Starting fromwv, run a random walk of length
— If the random walk found an odd cycle thegject
« If none of the random walks found an odd cycle th
accept

¢

Similarly to the previous section, we will focus on the ran-
dom walk part of the algorithm. In the following, whenever
we refer to a random walk, we will assume that the starting
vertex is chosen randomly with probability proportional to
its weight.

Definition 9 (Random walk invariant)Let » > 0 be in-
tegral and let > 0 be an arbitrary constant. L€tbe a set
of edge-labeled cycles on a weighted vertex i8eand let
C’ be a cycle-minor of’. C’ is called(r,1,£)-random walk
invariant with respect t@ if
« for everyi-step walk& = (xg,z1,...21) in G(C')

along edges with paritieéay, ..., a;—1), if the prob-

ability that RBEMe, ) invoked onG(C’) chooses’

as its random walk isp, then the probability that

RBEM(e, rl) invoked onG(C) chooses a walle =

(Yo,y1,---yr) in G(C) that containsg’ as a subwalk

(with similar parities) is at least - p. Formally, there

exists a setl = {ig,41,...,4} C {0,1,...,r} such

that (1)z; = y;, for everyj € I, (2) the parity of edge

(zj,xzj41) In G(C') is the same as the parity of the

path (yi,, yi;+1,---,¥i,.,) IN G(C), and (3) for every

j€{0,1,...,4}\ I the weight ofy; is 0.

Observe that the notion of random walk invariance is
related to our claim in Lemma 5. Indeed, in Lemma 5 we
showed that in order to analyze the random walk approach in
the original graplG that ise-far from bipartite, it is enough

to analyze the random walk approach in the subgraph of
G induced by a linear number of short odd-length cycles.
Definition 9 extends this claim and states that in order to
analyze the random walk approachgiC) it is enough to
analyze it in a cycle-minor of that is(r, [, £)-random walk
invariant with respect t@ (r and¢ may depend on).

Furthermore, let us observe the following simple fact.

Observation 10:Let C be a set of edge-labeled cycles on
a weighted vertex set’. If C’ is a cycle-minor ofC that
is (r,7'1,&)-random walk invariant with respect ©, and
if C" is a cycle-minor ofC’ that is (+/, [, ¢')-random walk
invariant with respect t@’, thenC” is (rr’,1,££’)-random
walk invariant with respect t@.



5.4. Outline of the analysis Cycle-shorteningsetC;, of cycles of length< k)

We now give a more detailed and technical outline of the| ~ » Choose an appropriate subgetof C;; such that every)
proof. We initially assign weight 1 to every vertex i, cycle inC* has a vertex that is either a loop vertex
and we assign labeddd to every edge ing(C). Now, we or is contractible.
want to perform the following reduction: In order to show « Perform cycle contraction at an appropriate indepgn-
that Random Bipartitness Exploration finds (with constant dent set of contractible vertices to ensure that epch
probability) an odd-length cycle in a sétof a(c)n edge- cycle inC* other than a self-loop reduces the number
disjoint odd-length cycles inG, each cycle inC having of edges.
length at most/(¢), it is enough to show that for some « ReturnC;_, to be the obtained set of cycles.
r=r(e), Il =1(e) and& = &(e) there is a cycle-mino€* ) )
of C that is(r, [, £)-random walk invariant with respect (The formulation of an “appropriate” subsét ¢, and

such that* has a very simple form: it consists of sufficiently @n “appropriate” independent set of contractible vertises

many odd self-loops only. To conclude the analysis, weused here in a generic sense and the exact choices of these

observe that a 1-step random walk rejects if and only fS€tS are explained in the analysis.)

it finds one of the self-loops. Hence, a 1-step random walk The following is a direct implication of our construction.

rejects with a constant probability if and only if the total ~Observation 11:If we start withC being a set of odd-

weight of the non-isolated vertices (loop vertices)linis ~ length cycles with the length of each cyalec C being

a constant fraction of the total weight of the vertices. Now,at most((¢), then after applying cycle-shortenirge) — 1

finally, by the Vertex-weight Lemma 8, to complete the prooftimes, we obtain a set of edge-labeled cydfgsthat is a

it is enough to ensure that the number of cyclegCinis  cycle-minor ofC and such that each cycle ¢y is anodd

Q(|V]). (Indeed, the Vertex-weight Lemma implies that the S€lf-loop.

total weight of the non-isolated vertices is at least of the For our analysis, we want to have a construction of cycle-

order of the number of cycles if*.) shortening that adglitionally has two central propertibg t
In view of the outline above, the key part of our analysisNumbper of cycles inC; should be not much smaller than

is to find setC* that satisfies the conditions described aboven® number of cycles i@ (smaller only by a constant factor

Let us give the intuition how we find’*: we construct depending ore), and there is an™ = 7*(¢) such thatc,

a sequenc€y,Cn_1,...,C: oOf sets of labeled cycles on 1S (r*,1,&)-random walk invariant with respect 1, for a

weighted vertex set¥” such that for values = r(z),¢ =  value& = &(e) depending only on.

¢(e) that depend only o, the following holds: The following is our central technical lemma.
Lemma 12:Let C, be a set of edge-labeled cycles on

a weighted vertex seV’, where each cycle irC; has
o« Cn =C, N = ((¢), all edges inG(C) are odd, and length at mostk < /(¢) and such that the weighted graph
the weighted vertex sét for Cy has the weight off representation of (C) is planar. One can design a procedure
every vertex equal to 1, Cycle-shorteningCy) with outputCy_, such that there are
» each seC;, consists of cycles of length at makst r,& and ¢ depending only ore, for which the following
« each sety, is a cycle-minor ofC;. 1, and holds:
« eachCy, is (r,r*~1,&)-random walk invariant with « the number of cycle€;,_; is at least times the number
respect tC 1. of cyclesCy, and
o Cp_1is (r,7*=1 &)-random walk invariant with respect
The key part of our analysis now is to transfoéin into to Cy..

its cycle-minorCy,_; that satisfies the properties described \na opserve that by our discussion above, Observation 10

above. We do this by using the process that we call cyclez 4 | emma 12 directly imply Theorem 4, and hence proves

shortening. the main result of the paper. We continue with the following
lemma whose proofs is deferred to the full version.

5.5. Shortening cycles Lemma 13:Let C be a set of edge-labeled cycles on a
vertex setl/, with each cycle inC having length at most

We consider an edge-disjoint set of odd-length cyclesang such that the weighted graph representatio@(6f is
Cn = C on a vertex sel” such that the length of each pjanar. Then there is a subsgt C ¢ and an independent
cyclec € C is at mostl(e). We assign weight 1 to every setQ C V in G(C*) such that(i) every vertex fromQ

vertex in V,_and we a§sign Iabeidd_to every edge irC. is a contractible vertex with respect &, (ii) every cycle
Let us first describe a generic procedure ofcle- ¢ e C* has a contractible vertex fro@ in G(C*), (iii) after
shortening contracting at any vertex & to obtain new edge(Y)z, y),

the pair(z,y) is T-parity balanced for the obtained set of



cycles, (iv) every vertex inG(C*) is either isolated or has
degree at leas? times its degree ir(C), and (v) |C*| >
o|C|, wherer, ¥, o0 are some values depending only bn

With such a lemma, we can proceed with our algorithm:

Cycle-shorteningsetC;, of edge-labeled cycles)

« LetC* be the set of cycles ar@ contractible verticeg
resulting from applying Lemma 13 6
« Perform cycle contraction at contractible vertices

Q

o ReturnC;_; to be the obtained set of cycles

in

We will now move to our final technical lemma that
analyzes properties of the algorith@ycle-shortening

Lemma 14:Let C be a set of edge-labeled cycles on a
weighted vertex set’, with each cycle irC;. having length

setCi—, of edge-labeled cycles on a weighted vertexisget
let weigh{v) to be the weight of vertex € V for C; and
let weight (v) to be the weight of vertex € V for Cj_;.

Notice that for every non-isolated vertexn C;_1 we have:

weight'(v) =

= weight(v) + Z weight(u) +

uGA
Furthermore, for anw € V, let d, be the degree obf
in G(Cx), d be the degree of in G(C*), and D,, be the
degree ofv in G(Cx—1). Observe that by Lemma 13, for
everyv € V, eitherd) = 0 or d} > 9d, for a constant)
that depends oh. Furthermore, ifv € @, thenD,, = 0, and
if D, >0thenD, = d;.
Starting the walk:A necessary condition for RBEM on
G(Cx—1) to visit (xo,x1,...,2;) as a random walk starting

> weight(u)

ueB,

at mostk and such that the weighted graph representatioft zo is thatz, is chosen (at random) as the starting vertex

of G(C) is planar. Then the set of cyclgg,_, obtained
after applyingCycle-shorteningCy;,) satisfies the following
conditions:
e |Ck—1| > o|Ck|, whereo is a constant dependent only
k, and
« there is¢ = ¢(k) such thaCy,_ is (r, 781, &)-random
walk invariant with respect t¢, wherer = 3.
Proof: Let us note that the first part of the lemma
follows directly from Lemma 13 and hence our main focus

is on proving the second part of the lemma. We will be using

the notation from Lemma 13.

Our proof will give§ = £(k, 1) = T

Let us fix an arbitrary walkzg, z1,...,2;) In G(Ck_1).
Our goal is to compare the probability of having RBEM
on G(Ci-1) to choose the walkizg,x1,...,2;) and the
probability that RBEM ongG(Cy,) will choose a walk with a
prefix of the form(?, zg, ?, x1, 7, 22, ..., 21-1, 7, 2;), Wwhere
we use the mark ? to denote either a vertex fr@mor
nothing, and we require that for any < i < r, both
(zi,xi41) and(x;, 7, x; 1) will have the same parity. (And
so, for example(?, o, 7, z1) denotes one of the following:
path (zg, 1), or path (v, zo,21) with an arbitrary vertex
v € Q, or path{zy,u,z1) with an arbitrary vertex: € Q,
or path (v,zo,u,z1) with an arbitrary pair of vertices
v,u € Q.) Such a prefix has length at madt+ 1 < r/ and
therefore it may occur as the prefix of afrstep random
walk.

Let us introduce some notation. We will u§é to denote
the set obtained by applying Lemma 13 6p. For any
vertexv € V, let ¥,, be the set of contractible vertices in
@ that are adjacent to in G(C*), let A, be the subset of

T

192l+1

U, that consists of vertices that have two distinct neighborg: = ZUGQ k;

in G(C*), and letB, be the subset o¥, that consists of
vertices that have a (one) unique neighbogiig*). Clearly,
A, and B, form a partition of¥,,. We consider the set
of edge-labeled cycles on a weighted vertex i8eénd the

of one of the random walks. Let us fix a single random walk.

We will couple this event with one of the corresponding
events for RBEM orG(Cy):

() xo is chosen as the starting vertex of the fixed random

walk by RBEM onG(Cy),

(ii) avertexu € ¥, is chosen as the starting vertex of the
fixed random walk by RBEM or§7(C;,) and then the
random walk starts at and moves tar, in a single
step.

Observe that the first event will happen with the probabil-
ity proportional to weightv) and the second type of events
will happen with the probability‘—‘l,| > uew, Weight(u) .
multipiety of edge (u.v) I G(Ck)  Next, we observe that for any
u € Az, the mult|pI|C|ty of edge(u, v) is equal to2 *,and
for any u € B,, the multiplicity of edge(u,v) is equal to
d}. Therefore, since Lemma 13 ensures tiat> vd,,, we
can show that the probability that the event will happen for
RBEM on G(C) is lower bounded b)}M

Therefore, to summarize, the probat)lhty that RBEM on
G(Cr—1) will start at = is at most greater than the
probability that RBEM onG(Cy,) will reach 2o in zero or
one step.

Continuing the walk:Next, we assume that the walk
reached vertex:; in both RBEM onG(C;_1) and RBEM
on G(Cx), and we compare the probability that RBEM on
G(Cr—1) will take edge(z;, ;1) with label x; (x; is either
odd or evern) vs. the probability that RBEM o (Cy) will
take (x;?, x;41) with label x;.

Letm,; be the number of edges (multiplicity of};, x;+1)
in G(C*) with label x;. For anyv € @, let kﬁ”> be the
number of pathsx;,v,x;1) in G(C*) with label x;. Let
). Note thatm; + k; is exactly equal to the
multiplicity of edge (z;, x;11) In G(Cr—1) with label y;.

Let us first consider RBEM o (Ci—_1). We observe that
if it starts atz;, then it chooses edge:;, z;+1) with label
xi With probability 25




Next, let us consider RBEM og(Cy). If it starts atz;,
then one way to proceed is if it will choose edgs, ;1)
with label y;; this will happen with probability at Ieasg“—
(because every edge frofit is also present ii;, with the
same label, and so there are at leastedges(z;, x;+1) in
G(Cx) with label x;). If it starts atx;, then we can also take
a path(x;, v, z;41) with label x; and withv € Q; this will

happen with the probability at Iea%t—

that d, > 0). Therefore, the probablhty ‘that when starting

at x;, RBEM on G(Cy) will take (x;?,xiv1) with label y;
(v)

mi k k1,
is at leasty™™ + > cq g z0 4 " a0

Now, by Lemma 13, we know thdb,, = d;, > 9d,, and
thatd; > vd, for everyv € Q. Furthermore since the pair
<xz,xz+1> is T- parlty balanced, for every € @, we either

haved; = > 1= Therefore we obtain that the
probability that When starting at;, RBEM on G(Cy) will

take (z;?,x;41) with label y; can be shown to be lower [6] A. Czumaj and C. Sohler.

bounded as follows:
m; SN - 92 (m; + k)

N 1+7 D,

Therefore, conditioned on the walk starting at vertex
the probability that RBEM orgG(C) will take (x;? ,x1+1>
with label y; is at Ieast% which is at Ieas
times the probability that RBEM 06 (Cr—1) will take edge
(xiaxi-t—l) with label Xi-

[5] A. Czumaj, A. Shapira, and C. Sohler.
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