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Abstract
Themin-sumk-clusteringproblem is to partition a metric spacB, d) into k clustersCy,...,Cyx C

P such thatZ‘;:] Zp)qeci d(p, q) is minimized. We show the first efficient construction af@eset
for this problem. Our coreset construction is based on a rdaptave sampling algorithm. With our
construction of coresets we obtain three main algorithesciits.

The first result is a sublinear tim@ + €)-approximation algorithm for the min-suirclustering
problem in metric spaces. The running time of this algoriibr@(n) for any constank ande, and it
is o(n?) for all k = o(logn/loglogn). Since the full description size of the input@n?), this is
sublinearin the input size. The fastest previously knowflogn)-factor approximation algorithm for
k > 2 achieved a running time @®(n*), and no non-triviab(n?)-time algorithm was known before.

Our second result is the firplass-efficient data streaming algorithior min-sumk-clustering in
the distance oracle model, i.e., an algorithm that pedglogn, k) space and makespasses over the
input point set, which arrives in form of a data stream inta#oy order. The algorithm can compute the
distance between two points in constant time when they atedtored in the local memory. It computes
an implicit representation of a clustering (@, d) with cost at most a constant factor larger than that of
an optimal partition. Using one further pass, we can assigh eoint to its corresponding cluster.

Our third result is aublinear-timepolylogarithmic-factor-approximation algorithm for th&n-sum
k-clustering problem for arbitrary values &f possibly very large. This algorithm uses the coresets
developed in this paper and combines them with an efficiegdrdéhm for a weighted variant of the
min-sumk-clustering problem.

To develop the coresets, we introduce the concept-pfeserving metric embeddingsSuch an
embedding satisfies properties that the distance betwaepanof points does not decrease and the
cost of an optimal solution for the considered problem onirip, d’) is within a constant factor of the
optimal solution on inputP, d). In other words, the goal is find a metric embedding into ai¢stirally
simpler) metric space that approximates the original meip to a factor ofx with respect to a given
problem We believe that this concept is an interesting generabzatf coresets.
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1 Introduction

Clustering problemsleal with the task of partitioning an input set of objects into subsets celllesters

In typical applications as they occur in bioinformatics, pattern recognitiata dompression, data mining,
and many other fields (see, e.g., [9, 33, 48]), clustering algorithms aer eisled to find certain patterns
in large data sets or to find a lossy representation of the data that still maintaioganigfeatures of the
original data set. Ideally, objects in the same cluster are “similar” while objediff@ment clusters are not.
To measure similarity between objects one typically defines a metric on the dgjeofso The closer the
objects are in this metric, the more similar they are, i.e., the metric is a measure of distsiraflabjects.
One of the most natural definitions of clustering is to minimize the intra cluster disgiyitd objects.
This problem is known as thain-sumk-clusteringproblem and has received considerably attention in the
past [8, 14, 15, 23, 30, 44, 45]. Min-suknclustering is thelual problemto another well-known clustering
problem, theMax-k-cut problem(see, e.g., [16, 19, 20, 21, 30]), where the goal is to maximize the inter
cluster dissimilarity.

Unlike other classical clustering problems studied frequently in computemcsgidike k-median and
k-means clustering, in min-sukiclustering it is possible that clusters of different densities “overlagé (s
e.g., Figure 1 (b)). This makes the problem significantly different fkemedian anck-means, and com-
binatorially considerably more challenging. In many scenarios the prohertyhe clusters may “overlap”
can lead to a better clustering, for example, it can be used to dmidirs Consider an input instance
containingl well defined clusters and a few outliers (see Figure 1). If one usesumirksclustering with
k = £+ 1, then an optimal solution will contain thieoriginal clusters and one separate cluster for the
outliers. This will happen, if the number of outliers is at most a small fractidghehumber of points in the
smallest cluster. In this case, assigning an outlier to one dfitiigal clusters will be much more expensive
than putting it in the outlier cluster that contains only a few points. This standi&np gontrast tk-median
andk-means clustering, where an optimal solution is always induced by a Mgpartiiion with respect to
the cluster centers, i.e., each point is assigned to the nearest clustel(seateigure 1 (c)).

In typical applications of clustering, the data sets to be clustered tend taypéavwge. Therefore, the
scalabilityto massive data sets is one of the most important requirements a good cluslgoirignm should
satisfy. In this context, the classical definition that a problem can be efigigolved if it has a polynomial
time algorithm does not always apply. Even though polynomial-time algorithms majfibient for small
and medium-sized inputs, they may become impractical for input sizes obseigabytes. For example,
when we consider approximation algorithms for clustering problems in metrisphen they typically
run in time Q(n?), wheren is the number of input points. Clearly, such a running time is not feasible
for massive data sets. Similarly, we do not have several gigabytes of manompavailable and so our
algorithm cannot maintain the entire input in main memory. Since access to segonedmory typically
dominates the running time of an algorithm, we would like to do this access assfastsaible. This is
typically achieved by a data streaming algorithm that passes only few timeshevdata. Our goal is to
develop clustering algorithms that requirear linear (inn) running timeand/orpolylogarithmic spacand
not more than a few passes over the input data.

1.1 Related work

The min-sumk-clusteringproblem was first formulated (for general graphs) by Sahni andz&les [44].

It is known to beANP-hard and there is a-approximation algorithm by Guttman-Beck and Hassin [23]
with running timen® (%), Bartal et al. [8] presented afl(e ' log' "€ n)-approximation algorithm running
in time n?*©(1/¢) and Fernandez de la Vega et al. [15] gave hin- e)-approximation algorithm with the
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Figure 1: For a given set of points on the plane in Figure (a), Figur@r@sents a possible solution to
min-sum3-clustering. Observe that the cluster with the outliengerlaps” the other two clusters. Figure

(c) presents a solution to (discrefejneans; white points represent the three centers. Note that an optimal
solution fork-median ork-means is always induced by a Voronoi diagram of the cluster centers.

running time 01‘(9(713“'2‘9(5kz )). For point sets iflR4, Schulman [45] introduced an algorithm for distance
functionsts, {; and{, that computes a solution that is either witlin+ ¢) of the optimum or that disagrees
with the optimum in at most aa fraction of points. For the basic caselof= 2 (which is complement to the
Max-Cut), Indyk [30] gave aiil + € )-approximation algorithm that runs in ting(2'/¢°""’ n (logn )21,
which is sublinear in the full input description size. In [14], the authodyae the quality of a uniform
random sampling approach for the min-siurslustering problem.

Sublinear time algorithms for other clustering problems. A number of sublinear time algorithms have
been developed for other clustering problems. For radiusefiter) and diameter clustering in Euclidean
spaces, property testing algorithms [2, 13] and tolerant testing algoritizhsid@e been developed. For
the k-median problem (in general metrics), the quality of random sampling hasibeestigated in [14]
and [40]. Other sublinear time algorithms have been developed in [28 n83Pénk) algorithms for the
k-median problem in metric spaces have been presented in [37, 46]. Notbe¢hanning time of these
algorithms is sublinear in the full description size of the metric space. In [gldbéinear time algorithm to
estimate the cost of the facility location problem has been developed.

Data streaming algorithms for other clustering problems. Several data streaming algorithms have been
designed for clustering problems in Euclidean and general metric spaces.

For a data stream of points from tficlideanspaceR< one can compute &1 + €)-approximation
for k-median andk-means clustering in space polynomial in fogk, and e and exponential ird [25].
This result was improved to polynomial dependencd in [12]. In [31] the study of dynamic geometric
data streams was initiated. In this model the input points come from the discee{bp .., A}d and the
stream consists of insert and delete operations. It was shown in [31§ tha+ e)-approximation for the
k-median problem can, in principle, be computed in small space. Howeveurihang time to compute the
approximation from the summary was prohibitively large. Using a differppt@ach, it was shown in [19]
how to quickly get 1+ €)-approximation fok-median k-means and Max-Cut in the dynamic model. For
the facility location problem & (d log? A)-approximation has been given in [31]; see also [18] for a more
recent work on this subject.

For general metric spaceshere are constant factor approximation algorithms foiktventer problem
[10] and thek-median problem [11, 22, 46]. Also variants of facility location problems B8] has been



considered. For more work on data streaming, we refer to the recemelysidue to Muthukrishnan [41].

Coresets for other clustering problems. The concept oforesetgsee, e.g., [3]) has been playing a critical
role in the recent developments of efficient clustering algorithms. Inforfrealtpreset is a small weighted
point set that approximates a larger unweighted point set with respectdédain (clustering) problem.
For somegeometricproblems, likek-center ork-median clustering, coresets with size independent of the
number of points and the dimension of the underlying Euclidean space®xi€tther coreset constructions
for low-dimensional Euclidean spaces have been developed and usagrtive existing approximation
algorithms and develop data streaming clustering algorithms [19, 25, 26].eVeis possible to compute

a coreset for thé&-median clustering problem, whose number of points is independent of thexsione
[12]; the latter construction works for arbitrary metric spaces. Corédsets also been used to obtain fast
algorithm in the context of projective clustering [27] and moving data sédfs [2

To the best of our knowledge, previous approximation techniquek-foeans an&k-median like [5,
35, 36] as well as the combination of the coreset construction from [itR]the bicriteria approximation
from [8] and the analysis of [14] cannot be used to obtain coresetaifesumk-clustering and the related
balanced-median problem (even in the Euclidean case). For further details, sterSg.3.

1.2 New contributions

In this paper we construct small space representations for approxingaiedly/solutions for the min-sum
k-clustering problem and the relatbdlancedk-medianproblem, which is known to be within a factar

of the solution for the min-surk-clustering problem. We apply our constructions to design new efficient
algorithms for these problems. In particular, we develop a new adaptiuplisgg scheme for balanced
k-median. Based on this sampling scheme we obtaix-gmeserving embedding and a coreset for the
balanced-median and min-surk-clustering problem. Our constructions run in near linear time and can be
implemented to use small space. Using the developed tools, we obtain three roaithmlig results.

First, we present aublinear timeconstant factor approximation algorithm for the case ¥t small,
i.e., k = o(logn/loglogn). For this choice ofk, our algorithm runs inO(n - k - (k logn/e)°®)
time and computes & + ¢e)-approximation for the min-surk-clustering problem. Fow(1) < k <
O(logn/loglogn), this is the first constant-factor polynomial-time approximation algorithm for ttabp
lem. Note that the running time of this algorithmsisblinearin the full description size of the metric space,
which is®(n?). Furthermore, we can speed-up the algorithm to run in e k) + (k logn)°® and
still achieve a constant (but a slightly worse one) factor approximation.

Our second result is Z2pass data streaminglgorithm that is a constant-factor approximation for the
min-sumk-clustering problem, i.e., an algorithm that upey(logn, k) space and requires two passes over
the point seP which arrives in an arbitrary order. The output of the algorithm is aiaatecepresentation
of the clustering. One more pass is needed to assign each point to trepooding cluster. This is the first
data streaming algorithm for this problem.

Our third result is alogn)®M-approximation algorithm for the min-suiclustering problem that
runs inO(n - k°M) time; hence, its running time is sublinear even for large valuds @his result almost
matches the approximation guarantee of the best polynomial-time algorithm fprabiem for largek due
to Bartal et al. [8], and at the same time, it significantly improves the runtime.

New concepts and techniques. To obtain our first result we develop a new adaptive random sampling
algorithm RARTITIONING SCHEME. This algorithm computes a s&bof poly(k,logn, 1/¢) points that con-



tainsk centers, which (together with the right partition of points) af2-a e )-approximation to the balanced
k-median problem. Then we use a variation of exhaustive search togéthex modified algorithm for the
minimum cost assignment problem to find the best cente$s ifhe idea to compute a small set of points
that contain good centers has been previously used in the contextneflian clustering [46]. However,
both, our algorithm and its analysis for thalancedk-median are substantially different from previous
work.

To obtain our second and the third algorithmic result, we introduce the cboteppreserving em-
bedding, which we believe is interesting beyond the applications in this papelefine the concept of an
a-preserving embeddindet TT be a minimization problem defined on finite metric spaces such that the cost
of any solution does not decrease when the distances in the metric spaneraased. Given two metric
spacegP, d) and(P, d’), we say thatP, d) has anx-preserving embedding int®, d’), if (i) for every two
pointsp,q € P it holdsd(p, q) < d’(p, q), and(ii) the cost of an optimal solution for instant® d) is
within factor « of the cost of an optimal solution for instant® d’). (For a more detailed discussion on
a-preserving embeddings we refer to Section 5.) We wg®eserving embeddings to develogareset
construction for the balancédmedian and min-surk-clustering problem. Such a coreset can be seen as a
small-space representation of the input metric spp&cé) that changes the cost of an optimal solution by at
most a constant factor and does not improve the cost of other (badipsalsignificantly.

1.3 Comparison with related techniques

In this section we discuss briefly the most relevant techniques and demedgted to our work. We also
discuss why we believe that these techniques are not applicable to mik-slustering.

Clustering and coresets via sampling and pruning. One very successful approach to compute coresets
and to solve clustering problems with a small number of clusters is sampling anichgpr Assume we want

to cluster a point se® of n points. Then the idea behind the sampling and pruning approach is to exploit
the fact that the largest &f clusters must have at least'k points. Hence, a random sample of s k)

will typically contain Q(s) points from the largest cluster. By exhaustive search we can find fluases

and hopefully get from them a good approximation of the cluster centece @e have found the cluster
center, we determine a set of points that certainly belongs to the largestrclts determine these points
we typically make use of special properties of the clustering problem at. hemparticular, in the case

of k-median andk-means clustering, we can exploit the fact that the clusters are inductiak bjoronoi
diagram of its centers. This approach has been used to obtain coneddssbapproximation algorithms
for k-median andc-means clustering problems [5, 35, 36]. The difficulty in extending thisagatr to the
min-sumxk-clustering problem or related balanckdnedian problem lies in the pruning step. Unlike in
k-median ork-means clustering, we cannot easily determine a set of points that nélgdssi@ngs to the
largest cluster.

Coresets via space decomposition.Another successful approach to obtain coresets is via space decom-
position. Here the idea is to compute a clever subdivision of the input specéeim regions. Then each
region of this subdivision is represented by only one or a small numbesinfsp In [25], the space parti-

tion is given byk exponentially growing grids which are centered at a constant factoosipmation to the
k-mediank-means problem (i.e., the grids are finest near the centers and the siggidfcall is roughly
proportional to its distance from the center). Each non-empty grid cell wiltain a single point whose
weight equals the number of points in that cell. The quality can be analyzesldiing the overall move-
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Figure 2: (a) A point sef and (b) its coreset. (c) A point sBtand (d) its coreset. (€) The union AfU B.
(f) The union of the coresets @t and ofB is not the coreset ok U B.

ment of points to the distance to the nearest centers. This waycareset is obtained. In [19], a somewhat
similar decomposition is obtained that does not require to first compute a pbfettor approximation.
Here the idea is to do a quadtree approach. We start with a coarse geid weEhconsider each non-empty
cell and subdivide it, only if the overall movement of its points to the centerefttils exceeds a small
fraction of the optimal cost. To obtain coresets in high dimensional spaces ibden proposed [12] to
subdivide the input space in rings of exponential increasing width @htgithe centers of a constant factor
approximation (that possibly uses more centers than an optimal algorithm).d&ch ring a small number
of points is sampled. It is known that an optimal solution to khmedian problem [40, 14] on a small
sample of points from a space of diameiediffers w.h.p. at most by-e D n from the optimal solution for
the original point set. Since all points in a ring of diamdiehave distance at leaBt/2 to the center of the
constant factor approximation, one can charge this error against shefcan optimal solution and obtain
ane-coreset.

The difficulty with applying space decomposition to the min-skntiustering can be easiest seen by



considering the related balanckdnedian problem. This problem differs frokamedian only because the
distance of each point to its cluster center is weighted by also the numbentd pothe cluster. Therefore,
the cost of moving a point depends not only on the moved distance but thigemwf points in its cluster.

This in turn is something that depends on the current clustering and so ne kioow “how much to charge
for moving a point.” Another difficulty stems from the fact that the union of teoesets is a coreset (for
an example, see Figure 2). This does not allow us to apply grid basedaappes like [19, 25]. Another
tempting approach is to use the approach from [12] with the bicriteria appaton from [8] as a constant
factor approximation and the analysis of uniform sampling for min-&ueolustering, as it is done in [14].

However, we do not know how to analyze this approach. The difficultyifidhe fact that unlike in the

case ofk-median clustering, the error in each ring is not a local property. Agamettor we make by

moving a point by a certain distance is multiplied by the number of points in its clugtérh depends on

the entire point set and not only on the points within the ring. The technigaeéstmduce in this paper are
less sensitive to these problems than previous methods.

2 Preliminaries

Let (P,d) be a finite metric space and lat = [P|. ForS C P andp € P we will defined(p,S) =

minges d(p, q). Themin-sumk-clusteringproblem is to partitiorP into k sets (calleatlusterg Cy, ..., Cx

such thatZ'f:] Zp,qeq d(p, q) is minimized. It is known that this problem is within a factor two approxi-

mation (see, e.g., [8, Claim 1]) of thmlancedk-medianproblem, which is to find a s€t = {c, ..., cx} C

P of k points (centers) and a partition Bfinto setsCy, ..., C that minimizesZ‘f:1 |Cil - Zpeq d(p,ci).
Since min-sunk-clustering and balancddmedian approximate each other to within a facto2 oin

our analysis, we will focus on the latter problem and only state some of tHedmalts for the former one.

For any set ={cy, ..., ck} of k points (centers) i, we define
k
cosi(P = i |- o
k( ’C) partitiorplorl-‘]P into Z |C1| Z d(p, Cl)
CiUCU--UC, =1 PeC;

We will abbreviate the cost of clust€y; with associated center ascos{ C;) = cost (Cy, {ci}).

A balancedk-medianof P is a seC* = {c7, ..., ¢y} of k points (centers) i? that minimizes the value
of cosi(P,C*). We will useOpt, to denote the cost oflaalancedk-medianfor P.

The next two notions, kernels and points close to kernels, play a key rolg @mnalysis.

Definition 1 (Kernels and points close to kernel)LetC* = {c7, ..., cy} be a balancek-median and let
C3, ..., Cy be the corresponding optimal partition Bf We define theernel Kern(C}) of clusterC} as
cost{ Cx
Kern(C}) = {p € Ci : dp,ci) <(1+¢€)- %}
i

We say that a poinp is close to Kern(C7), if

e Opt
d(p,Kern(C¥)) < = .

The next lemma follows easily from the triangle inequality.



Lemma 2 LetC* ={cj,...,c}} be abalancedk-median and leC7, ..., C} be the corresponding optimal
partition of P. LetC = {cy, ..., ci} be any set of points such that eaghs close to KerfC;). Then

cosi(P,C) < (24 2¢)-Opty .
Proof: By the triangle inequality, for every poiptc C;, we have

1+¢€)-cos(C; Opt
d(p»Ci) < d(PaCf)‘Fd(CI»Ci) < d(PaCf)‘F ( e) %2 I( 1) +E% )
(& k |CEl

where the last inequality follows from the fact thais close taKern(C;). Hence, the cost of the partitioning
1,-.., Cy with centersey, . .., ¢y is at most

k
. . (1+e€)-cos(C;) € Opt
Z‘Ci" > <d(p,ci)+ o MR < (2+42¢)-Opt, .
i=1 peCy i i

Furthermore, simple counting arguments show the following.
Lemma 3 For everyi, [Kern(C})| > ﬁ - C3l.

Proof: Any point that is not inkern(C*) contributes taos{C?) at leastC?|- (1 + ¢) - Ccl’zt(‘cz) Any point
in Kern(C?) contributes to the cost of the cluster with at le@&stience, the number of points that are not in

Kern(C;) is upper bounded by

cos{(C}) (S : € i
cos{Cy) ] - _1 S
(1+¢€)- ‘Cﬂl + € + €

O

The balanced-median problem is defined similarly to another standard probleiroedian The
difference is that in th&-median problem, our goal is to find a €&t = {c7, ..., ci} of k centers inP and
a partition ofP into Cy, ..., Cx that minimizezli‘:1 Zpeq d(p, c¢i). We will use the well-known and easy
fact that ifc,neq is the cost of an optimal solution &median forP, thenc,eq < Opt, < [P| - Cineq-

3 New sampling-based partitioning scheme

In this section we develop a partitioning scheme that with high probability fineitSaos sizeO(k logn/e3)
that contains a point close Kern(C;) for every clustelC; of an optimal solution. By Lemma 2, it follows
that these points containcenters that provide a good approximation to a balafkeatedian. In the next
section we will see how to computg 2+ €)-approximation for the balancédmedian from this set.



3.1 The algorithm RANDOMPARTITION

Our partitioning scheme uses an algorithmN®OMPARTITION. This algorithm gets a “guesS/DToTk for

the costOpt, of an optimal solution and a parametemwnhich can be viewed as a “guess” for the cluster
size. Given these parameters, the algorithm selects & setP using a simple adaptive sampling rule.
As we will prove later in Lemma 8, if our “gues@tl for Opt, is good, then for every cluster; of
size(1 —¢€) - £ < |C}| < ¢, setS contains, with high probability, a point that is close taKern(Cy).
RANDOMPARTITION is parameterized by a valsewhich is closely related to the sample size and will be
specified later. (In the algorithm we assume that forjary P we haved(p, ) = +00.)

RANDOMPARTITION (P,s,6§§<,lz)
foreachp € P do

if d(p,S) > ¢ - Opt" then with probability mln{
return S

1} putp into S

e

The running time of algorithm RNDOMPARTITION is O(n - |S|). Therefore, we want to find an upper
bound on the size of the sample Set

Lemma4 Let0 < p < 1 be arbitrary. Let6|5t7< > Opt,/2. Then, fors > —15'62':?“/") we havegS| <
esk + k with probability at leastl — p.

Proof: LetCj, ..., C} be an optimal partition of and letcy, . .., c} be the corresponding optimal centers.

We denote byt = ¢ - % the threshold for the distance to the Saised in thef-statement of algorithm
RANDOMPARTITION. We use the following simple fact, which follows directly from the triangle indiggia

Claim 5 For each centet?, the setS contains at most one poiptwith d(p, c}) < t/2.

Proof: Assume there are two poingsandq in S with d(p, c}), d(q, c}) < t/2. Without loss of generality,
let p be the point considered first in ther each-loop. Slnced(p, ) < d(p,ci) +d(q,ci) < t, we get
thatd(q,S) < t and soq cannot be put ir$. Contradiction. O

It follows immediately that there can be at maspoints inS with distance at most/2 to one of the
cluster centers. We say that a pointe P is anoutlier, if it has distance more thaty2 to every cluster
center. We next analyze the number of outliers.

Claim 6 The number of outliersisat moét { - k/e + k - L.

Proof: Let us call a clustesmall if it has at most points. Otherwise, we call a clustiarge. The overall
number of points in small clusters is at m&st and so the number of outliers in small clusters is at rko&t
Any outlier in a large cluster contributes with at leéstt/2 to the cost of an optimal solution. Therefore,
there can be at moSpt, /(t-{/2) < 2- 6E>f</(t -£/2) =4 - L -k/e outliers in large clusters. The claim
follows by summing up the number of outliers in small and large clusters. O

Algorithm RANDOMPARTITION picks every outlier with probability at most mfns;, 1}. If 5, > 1,
thens > e - £. Since by Claim 5, the cardinality &fis bounded by the number of outliers pluswve get

6-€-{-k 6-s-k

S| < 4-0-k/etk-0+k < 6-0-k/e+k = — T4k <

) ) +k .




Hence, we only have to consider the case wlg?gng 1. Let Outdenote the set of outliers. Far< Y; <
|Out, letY; denote an independed]-random variable withPr[Y; = 1] = ;. We get

|Out|
PrSnout >6-<¥] < Pr[) Yi>6-F] .

i=1

Clearly, the latter probability is maximized by maximizif@ut. LetM =5 - { - k/e. Since by Claim 6,
Out <4-0-k/e+k-{ <M, we havePr[Zlgt'Yi >6- 5] < Priy M vi>6- $¥]. Let us study the
latter probability. We haveE[S" M, Vil = 2, - M = 25X Now we can apply Chernoff bounds. We get

M M M
Pr(Y Yi>65%5] = Pr[Y Yi>(1+1/5E) Y] < e (WVERE NS <
i=1 i=1 i=1

for s > %]f“/p) It follows that

PriSi<6-f+k] > PrlSnout <6-5f] > 1—-p .

The following immediate corollary of Lemma 4 will be useful to understand ourdfr@oceeding.

Corollary 7 Let0 < p < 1 and lets > (1/p) Suppose thaRANDOMPARTITION (P,s,f)?)t/k,(Z)
returns se® with |S| > €% 4 k. Then,Opt, < Opt, /2 with probability at leastl — p. O

e2

15-€2.In
k

Our next key lemma shows that our sampling algorithm ensures that with a roglalplity, every
optimal cluster has at least one point that is close to its kernel and that issanige set.

Lemma 8 Let6[\:)f< <Opt,e <1/2and(1 —¢€)- L <|Ci[ < (L. Then,
Pr[3p € S:pisclose to KerfiCi)] > 1—p fors>4-In(1/p) .
Proof. Letp be an arbitrary point if? that is not close t&ern(C;). By definition, we have in this case

€Optk>€65t1/<

d(p, Kern(C* e R

Now, if no pointinS is close tokern(C}), then for every poinp in Kern(C}) we haved(p,S) > ¢ - %
and hence, every point froidern(C;) was considered for being taken info Therefore, the probability

thatS has no point that is close tern(C?) is upper bounded b?r[zﬁm(q” Y; = 0], where they; are
0—1-random variables witRr[Y; = 1] = . This yields:

IKern(C)l Kern(C*)| et/4
S i S '
- _ _ Vo< 2 < o—s/4
Pr| ]; Yy = 0] (1 e-e) _(1 e~€> < e
where the second last inequality follows from LemmaC3] > (1 — €) { ande < 1/2. Hence, the lemma
follows withs =4 -In(1/p). O



3.2 The partitioning scheme

Now we are ready to present our partitioning scheme. First, we use thth&dhe cost,.q Of an «-
approximation fork-median provides us with a lower bound ©f,.q/« and an upper bound @fcq -
for balanced-median. We apply a@(n k)-time constant-factor approximation algorithm femedian to
compute an approximate solution to this problem (see, e.qg., [22, 28, 46}, We are trying to guess the
right valueaf)ﬂ for Opt,.. We useﬁﬁﬂ< ~ cmed - N as afirst guess for the cost of an optimal solution. Then,
we run RANDOMPARTITION for £ = 1,[(1 + €)],[(1 + €)?],...,n and build the union of the returned
sets. Next, we halve our gue§®pt, for the cost of the optimal solution and proceed in a similar way
until, eventually, RNDOMPARTITION returns a set which is larger than the bound from Lemma 4.idf
sufficiently large then we know at this point that with high probability our«aurlgzjuess/)l\at/k is smaller than
Opt,/2. Therefore, in the previous iteration (for the previous gu@fﬁﬁ of Opty), we hadf)f)f( < Opt, in
which case we can use properties of theSsptoven in Lemma 8.

We give our partitioning scheme in detail below.

PARTITIONING SCHEME(P, s)
Compute cost,.q 0f anx-approximation fokk-median inO(n - k) time
for 1 = [log(a - n)] downto 0 do
Si — @
for j =0to [log, . n]|do
X = RANDOMPARTITION(P, 5,2 - crnea/, [(1 +€)'])
if IX| > 6 £ + k then return Si
Si«S;uX
return Sy

We summarize properties of the partitioning scheme presented in this sectiorfaidhéng theorem.

Theorem 9 Let N = (2 + log(« - 1)) - (2 + log;,. n). Run AlgorithmPARTITIONING SCHEME with
parameters > 4In(2Nk/8) = O(log(k-logn/(6 - €)). Then the algorithm runs in tin@(%) and

finds a sef of O(%‘) points inP such that with probability at leadt — 8, there is a se€ of k points
in S for which costP,C) < (2 + €) - Opt,.

Proof: We first observe that the cost,.q Of an x-approximation of thé&k-median problem provides an
upper bound ot.q - 1 and a lower bound of,.4 On the cost of the balancédmedian.

Clearly, N is an upper bound on the number of calls taN®OMPARTITION in Algorithm PARTI-
TIONINGSCHEME. Let us first assume that in all calls toARDOMPARTITION, if 6}@ > Opt, /2 then
X| < 6- 5% + k. By Lemma 4 and since > 4In(2Nk/§) > 15¢2In(1/e)  this holds with probability at
leastl — N - p. Furthermore, we assume ttfatontains a poinp in the kernel of each cluster; of an
optimal partitionCy, . . ., C;. Lemma 8 ensures that this holds with probability at Idastk - p. Choosing
p = 8/(2N k), all these events hold with probability at ledst- & (what we assume for the rest of the
proof).

Under these assumptions, we will eventually come to the situationl fl2at Opt, < (/)BTk < Opty.
Then, by Lemma 4 the sample will still be smasl;| < O(sk log;, . n/e?) = O(sk logn/e3). Since we
run RANDOMPARTITION with all powers of(1 + €) as values fof, Lemma 8 ensures that for every cluster
Ci sample se$ contains a point close to its kernel. Therefore, Lemma 2 implies that there i€ab&
points inS for whichcos{P,C) < (2 + €) - Opt,.
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If we chooses > 41In(1/p), then the prerequisites of Lemmas 4 and 8 are satisfied. The running time
of algorithm RRTITIONING SCHEME follows from the fact that we maké@(log?n/¢) calls to RANDOM-
PARTITION. Next, we observe that each of these calls requires - [X|) running time. By Lemma 4 we get
that|X| = 0(%). Hence, the overall running time is as stated above. The overall sampfelkizes from
the bound onX| and the fact that our sample set is built frdMlogn/e) calls to RANDOMPARTITION. O

4 Polynomial-time constant factor approximation for smallk

In this section we will show how the result from Theorem 9 can be used#inod polynomial-time constant
factor approximation for balancédmedian for all values ok = O(logn/loglogn). The underlying idea
of our algorithm is that if we have a good guess for a possible set ofdzted for centers, then we can find
an almost optimal partition for this set, which will yield a good approximation féeifieedk-median.

4.1 Finding good partitions for fixed set ofk centers

We consider the problem of finding a constant factor approximation flambadk-median for a given

fixed set ofk centers. LeC = (cq,...,cx) be a sequence & cluster centers and consider an integer
k-tuple (N1, ..., Ny) with Z’le N; = n. Tokuyama and Nakano [47] showed that in tid¢n k) +
O(y/nk?3) one can find a partition of a sétinto k subsetLCy, ..., Cy with |Ci[ = Nj for everyi, that

minimizescost (P,C) = 21 111G Z‘pEC* d(p, ci). (We will use in our analysis an important property that
the algorithm of Tokuyama and Nakano [47] does not require the inptatrios to be metric.) This algorithm
can be used to solve the balanéethedian for a fixed set dé-centers by considering all possible values of
N;. However, the running time of this algorithm would 84n*), which is prohibitively expensive. In this
section, we describe@(1)-approximation algorithm which has a significantly better running time.

Let us fixC = (cq,...,ck). Our goal is to partitior? into k subset<y, ..., Cy for which the cost of
the cIusteringZ‘f:] |Cil Zpeci d(p, cyi) is close tocost (P, C), i.e., to the optimal cost, and which can be
found by applying the algorithm from [47] with the sizes of all clusters to tegrs of(1 + ¢).

Our idea is simple. Instead of calling the algorithm of Tokuyama and Nakafjaih the sizes of all
clustersNy, ..., Ny we do it with the sizes of clustels, . . ., A, such that each; is of the form| (1+¢€)™]
for an integem, andN; < A; < (1 + €) - Ni. The “fake” points of each set (whose numbekis— N; in
each cluster) are to be chosen from a set of additional points, fronetliy $or an appropriate value d@f
Here, for every integet we define sef), to be the set of points such that for every € O, and for every
ci, we haved(u, c;) = 0. Observe that with such a definition of €&¢ (and in particular, the requirement
thatd(u,ci) = 0 for everyu € O, and for everyc;) we will not obtain a metric instance of the problem,
but as mentioned before, the algorithm of Tokuyama and Nakano [47]tillilverk in that case.

The following lemma shows that once we fix the set of centers and theNiges. , Ny, there is always
a partition ofP into k clusters whose sizes are “almost” (except for adding “fake” pointseod zosts)
integer powers of1 + €) and whose cost is upper bounded by at njdst €) times the partition oP into
k clustersCy, ..., Cy with sizesNy, ..., Ny that minimizes the sur[]f:] 13 Zpeq d(p, ci).

Lemma 10 LetC = (cy,...,c) and letNq, ..., Ny be a set of positive integers wiﬁf:] N; = n. Let
C%,...,C% be a partition ofP with [C*| = N; for everyi, that minimizesy_ ¥, |C?| 2 pec: d(p,ci). Let
A1,...,Ax be such that each; is of the form[(1 + €)™] for an integerm and such thafN; < A; <

(1+€) Ny Letr = Z';] (Ai — Ny). LetUy,... Uy be a partition of the seP U O, into k sets such that
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[U;| = A; for everyi, and so that the suril‘:] [LLi] Zueui d(u, ci) is minimized. If we define a patrtition

of P into k clustersCy, ..., Cy by settingC; = Uy N P for everyi then
ZIClIZduc1 < (1+4+¢€) ZIC*IZducl
ueCy ueCy
Proof. Consider a partition oP U O, into k setsC; U Oy, —n;, ..., CLUO) N, .- SinceA; — Nj < € - Ny
and sincdly, .. ., Uy is an optimal partition oP U O, subject to the constraints on the sizes of the clusters,

we have the following bound:

Z|c1|Zduc1 < Z|u|Zduc1 <Z\C*U@>\ N dlwe)

i= ueCy uell uEC?‘U(D;\ —N;
Kk
= Z?\ Zdu,cl <Z +€) \C"‘IZducl
i=1  ueC; uecy

We can use Lemma 10 by considering all possible value;fty obtain the following result.

Lemma 1l LetC = {ci,...,cx} an arbitrary set ofk centers. Then, in iméO(nk) + O(y/nk9)) -
(O(logn/e))* one can find a partition oP into k clustersCy, ..., Cy such that

cosk(P,C) < Z\CJZduq < (1+¢€)-cosk(P,C) .

ueCy

Proof: Since the first inequalitgos (P,C) < Zk:] Z’,; |Cil ZueCi d(u, ¢q) holds for every partition
of P into clustersCy, ..., Cy, we only have to prove the second inequality.

Take the optimal partition oP into k clustersC7, ..., C} that minimizesZE:1 ICi1 2 _ecr dlu, cy).
Let Ny, ..., Ny be such thatC}| = N; for everyi. We observe that among all sequenc¢kes . . .1, Ax) such
that each\; is of the form|(1 + €)™] for an integerm andn < ZL Ai < (1 4+ €)m, there must be a
sequencgAi, ..., Ay) with Ny < AF < (14 €) - N; for everyi. Take such\j, ..., A} and for an optimal
partition of P U O, (with r = Z‘i‘:] (A7 —Ny)) into k clustersUy, ..., Uy of sizesAy, ..., AL and with the
center = {cy,...,ck}, define the partition oP into clustersCy, ..., Cy with C; = U; N P. By Lemma
10, the cost of that partition is upper bounded(bw- €) - cosk (P, C).

Now, we will find such a clustering, or a clustering which is not worse. \Weasier all sequences
(M1,...,Ax) such that each; is of the form|(1 + e€)™] for an integerm andn < ZL A< (T+e)n
This will give us not more than[log,_ . n])* = (O(logn/e))k different problem instances. For each
problem instance, we apply the algorithm of Tokuyama and Nakano [47hdoain optimal partition of

P U O, (with r = Z’f:](?\i — N3;)) into k clustersuy, ..., Uy of sizesAq,...,Ax and with the centers
C ={cy,...,cx}. Then, we take the partition éfinto C;, ..., Cy with C; = U; N P to be associated with
the given instanca;, ..., Ax. Once we found partitions dt associated with all instancas, ..., Ay, the

best of them will have the cost not worse than the partitioR aésociated with the instanag, .. ., Ay, and
hence, its cost will be upper bounded @y+ €) - cost (P, C); we will return this partition.

To complete the proof, we only observe that using the algorithm of TokuyarddNakano [47], for any
given (A1, ..., Ax), we can find an optimal clustering (as described above) in @iek) + (’3(ﬁk2~5).
This yields the promised running time of our algorithm, because we corgtégn/e))* instances. O
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4.2 Constant-factor approximations for balancedk-median and min-sumk-clustering

Now we summarize our discussion in previous sections (Lemmas 10 and d present approximation
algorithms for clustering.

Theorem 12 For everye < 1/8, there is a randomized algorithm for balancednedian that finds &2 +¢)-
approximate solution in timéO(nk) + O(y/nk?>)) - (O(k log?n log(n/e)/e*))*. The algorithm fails
with probability at most /poly(n). It returns also a4 + ¢)-approximation for min-surk-clustering.

Proof: We first apply Theorem 9 to find a s&bf O(k logn log(n/e)/e3) points fromP for which (with
probability at least —1/poly(n)) there is a s of k points inS satisfyingcost{P,Co) < (24¢€)-cosi(P).
Next, we take every subsgtof S of sizek and apply Lemma 11 to find f@r an almost optimak clustering
Cq,...,Ck that satisfies

k
> ICd Y d(u,c)) < (T+e)-cosi(PC) .
k=1

ueCy

This bound together with the result from Theorem 9 implies that our algoritiihfimd (with probability
at leastl — 1/poly(n)) a set ofk clustersC = (cy, ..., ck) and ak-clusteringCy, ..., Cy of P that satisfies
the following:

k
D ICi Y dwe) < (14e€)-cosk(P,Co) < (1+€)-(2+¢€)-cosk(P) ,
k=1 ueCy

what gives a2 + ¢) approximation for the balancédmedian problem by setting= /4.
The running time of the algorithm follows directly from Theorem 9 and Lemma 11. O

Since a solution to balancddmedian is a 2-approximation for min-sukaclustering, we obtain the
following corollary of Theorem 12.

Theorem 13 For everye < 1/16, there is a randomized algorithm for min-suatlustering that finds a
(4 4 ¢)-approximate solution and runs in tinf@®(n k) + O(y/n k22)) - (O(k log?>n log(n/e)/e*))k. The
algorithm fails with probability at most/poly(n). a

Basic calculations lead to the following corollary that highlights the results frbsorems 12 and 13.

Corollary 14 For every positive constamtand for everyk = O(logn/loglogn), there are a polynomial-
time randomized4 + ¢)-approximation algorithm for min-surk-clustering and a randomize@ + ¢)-
approximation algorithm for balanced-median and a polynomial-time. Each of these algorithms fails with
probability at mostl /poly(n).

Furthermore, if in additionk < (}1 —o(1)) - |0'g°%gn, then the running time of these algorithms are
o(n?), that is, are sublinear in the input size. N
Finally, if k is a constant, then the running times &p¢n). O
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Figure 3: Consider a point set consisting of two well separated clusidtsnwtual distance at lea3v
(W large). Moving a point in one cluster by a distanceAiok W may change the cost of the clustering
arbitrarily, but the corresponding embedding has low average distortion.

5 «-preserving embeddings and Coresets

Let TT be any minimization problem on metric spaces thahanotone with respect to distances., if the
distances in the metric space increase then the cost of an optimal solutidrdéms not decrease. We say
that an embedding from a metric spd®ed) into (P, d’) is «-preserving forT, if

(a) the distance between any pair of points does not decrease, and

(b) the cost of an optimal solution &f for (P, d’) is at most anx-factor larger than that fqiP, d).

5.1 Basic properties ofx-preserving embeddings

The concept otx-preserving embeddings can be viewed as a generalization of corBssiall that, intu-
itively, a coreset is a small (weighted) set of objects that approximates la lamger input set with respect
to a given optimization problem. The idea is that for many problems it is possibigptare approximately
the relevant structure of the problem using only few input objects. Thisoagh has been used very suc-
cessfully in the past to obtain a large number of improvements for geometrioxapation problems.

Reduction of the number of input objects is only one possible approachllteadhe complexity of
a problem while still maintaining a good approximation. Arpreserving embedding aims at mapping
a metric space to a “less complex” one, while still preservingxeapproximation for the problem under
consideration. In this context, “less complex” may mean a metric space with nmaigrgoints, i.e., a
coreset. However, “less complex” may also mean to go from an arbitrarycrteethe Euclidean space or to
a (distribution of) tree metric (like in the context of low-distortion embedding#) hope that by making the
embedding dependent on the particular problem, one can achieve stappgeximation guarantees than in
the general case (though, of course, the results only apply to onkeprpb

For example, there is a trividtpreserving embedding for themedian problem from arbitrary metric
spaces in tree metrics. This embedding can be constructed by using onlygibe & the original space
that connect the input points to the nearest center in an optimal solutiongohesarbitrary tree connecting
the centers of an optimal solution. Clearly, this embeddintyfiseserving, but it cannot be computed in
polynomial time. However, this leads to the interesting open question, wheib@oissible to compute
preserving embedding in polynomial time (and hence obt@iapproximation algorithm for thie-median
problem).
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Figure 4: An example describing the constructiori®f- €)-preserving embedding for balancednedian.
Figure (a) presents a set of points on the plane with points marked by aatigsjgonding to the points
from S and points marked by squares corresponding to the poiits, i§. Figure (b) presents the gragh

Applied to the min-sunk-clustering problem, the concept@fpreserving embeddings might seem to be
closely related to embeddings with constant average distortion (see, e4B])[1However, an embedding
with small average distortion does not preserve the clustering cost ofumneglustering up to a constant
factor and hence it is a too weak requirement. This can be easily seem&igeong min-sun2-clustering
for an input of two well-separated clusters (see Figure 3). Let usrasshe distance between the two
clusters is at leastV. SinceW is unrelated to the cost of the clustering, we can midkarbitrarily large
compared to the cost of the clustering. Then it is easy to see that, for exanmlang all points of each
cluster arbitrarily close to each other will not change the average distotiowever, this will change the
cost of the clustering arbitrarily.

5.2 (6 + €)-preserving embedding for balancedk-median

We begin with a(6 + €)-preserving embedding intoshortest path metri¢P, dg) on a graphG = (P, E)
consisting opoly(k, logn, 1/¢) starswhose centers (which we calhchor pointyare connected in a clique.
Let G be the graph whose edges are defined by the following procedurel¢seigure 4):
e Choose the set of anchor points to be theSsedmputed by our algorithmARTITIONING SCHEME.
e Every pair of anchor pointg, q € S is connected by an edge with distance the same as in the metric
space(P, d), i.e.,dg(p,q) = d(p,q).
e Every pointp € P\ S is connected by an edge to the nearest anchor point; the cost of thisetge
same as in the metric spagd@ d).
The next lemma follows essentially from the triangle inequality.

Lemma 15 The embedding df, d) into (P, dg) as described above is(& + €)-preserving embedding for
the balance&k-median problem.

Proof: SinceG is a subgraph of the complete graph describing the metric gpadé, d(p, q) < dg(p, q)
holds for every pair of pointg, g € P. Hence, the property (a) of-preserving embeddings holds.

Now we prove property (b). We first show thdg(p,q) < 3d(p,q) for everyp € S andq € P.
If g € S orqis adjacent tg in G, thendg(p,q) = d(p, q) and hence the inequality trivially holds.
Otherwise, we consider the case thas not adjacent tp in G. Letr € S be the anchor point adjacent to
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g. Sincer is the nearest anchor point g we haved(p, q) > d(q, r). It follows

dg(p,q) = d(p,r)+d(r,q) < dp,q)+d(q,r)+d(r,q) < 3-d(p,q) .

By Theorem 9, the sef returned by RRTITIONINGSCHEME contains a se€ such thatcosi(P,C) <
(2+ €) - Opt,. Since for any pointp € P andq € S we havedg(p,q) < 3 - d(p, q), we immediately get
that the cost of the corresponding optimal partition increases at mos#oyaa 63 when we replacdy(-, -)
by the shortest path metric (. O

5.3 Coresets for balancedk-median

In this section, we will design a coreset for balankemiedian for a given input metric. We use the following
notation of a coreset for the balandednedian problem.

Definition 16 (x-coresets) Let (P, d) be a metric space witl?| = n. LetQ ={q1,..., qs} C P be a set of
poly(logn) points with integer weightsq, ..., ws thatsum up tov. Leto;-a; < o be positive parameters.
We say that the metric spac@, d’) is an «-coreset for (P, d) for the balanceck-median problem, if there
exists a mapping : P — Q with |t~ "(q3)| = w; such that

o for every partition ofP into setsCy, ... Cx and centerg,...,cx € Q we have

k

k
“l]-;ca S dipe) < Y ICd Y @) tled)

peC i=1 peCy

e there exists a partitiorty, ..., Ci of P and centers;, ..., ¢k such that

K
D ICl Y d'(z(p),tled)) < - Opt .

i=1 peCy

The construction. To construct the coreset, we consider the gr@pthefined in Section 5.2, and modify
some of its distances and group some of its vertices together. We begin witlitogi@ constant approxi-
mation to the cost .4 Of thek-median problem and us/lfp'[k = T - Cimed as a rough approximation of the
cost of the balanced-median. Then, we increase all edge distances smallereh@pt, /(cmeq - n°) t0
the value ofe - 6\6tk/(cmed -m3); itis easy to see that this transformation increases the cost of the optimal
solution by not more than a factor 6f + €). Next, letF be the set of edges connecting anchor points to
non-anchor points; = {(u,v) € G:u € Sandv € P\ S}. We round the distances corresponding to these
edges up to the next power off + €). Clearly, this changes the cost of any solution by at nibst €) and
only increases edge weights. Since there can be no eddesith cost more tha©pt,, there are at most
O(log(n/e)/¢€) different edge weights.

Let H denote the graph with these modified distances andiedenote the shortest path metric Hn
We group the points fro\ S incident to the same anchor point S by their edge weights iAl. This way,
we obtainO(log(n/e)/¢€) groupsV].p such that eacly in V]F’ is incident top € S via an edge with cosw;.
Since all points iriV].p have equal distance o we would like to replace them by a single weighted vertex
with Weightlvjpl. The only difficulty stems from the fact that the points\lﬁ have pairwise distance- w;
in H and this distance is reducedtevhen we join them. To reduce this effect, we subdi\m]f’einto groups

V..., V), of size[Vy|/tfort = 32 (k/e)3/? (for simplicity, we assume thav}’|/t is integral). Each
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groupvfe, 1 < < t,isreplaced by a single vertex of weigm’”\/t. Let us define the mappingaccording
to this replacement, i.e., every anchor point is mapped to the correspomdingraoint, every non-anchor
point is mapped by to its replacement. Let us call the resulting new gréaphand letd;y, be the shortest
path metric induced bi’. H” has|S| = O(k logn log(n/e)/e3) anchor pointsQ(|S| t log(n/e)/e) other
points, and?(|S|)2 + O(tk logn log?(n/e)/e*) edges. In particular, if we sét= 32 - (k/e)3/2, thenH’
has® (k2> logn log?(n/e)/e>>) points and?((k? logn log?(n/e)/e®) - (logn + /k/¢€)) edges.

The shortest path metric on the weighted graphtH’ is a coreset. In this section, we will prove Theorem
21, that is, that the shortest path metric on the weighted drHpf a coreset.

We first prove the second condition in Definition 16. By Lemma 15 we knowtttesembedding of
(P,d) into (P, dy) is (6 + €)-preserving. Hence, there exists a sekafenters(cy,...,cx} and a corre-
sponding partitiorCy, . .., Cy such that

K
D ICi- Y dulp,ci) < (64€)-Opty .
i=1 peC

Therefore, the second coreset condition in Definition 16 follows novctyrérom the fact that for any pair
of pointp, g we havedy(p, q) > dn/(t(p), T(q)).

It remains to prove the first condition of Definition 16. This can be donek®s. LetCq,...,Cy be
an arbitrary partition oP and letc, ..., cx € P be the corresponding centers. We only have to prove that
Kk 13 Kk
(1—e)-> ICl ) dlac)<(1—e)- D> ICil Y duld,e) <D |G Y dyeltla),T(ed)) . (1)
i=1 qeC i=1 qeC; i=1 qeC

The first inequality follows immediately from the fact that for any pair of vesdic, g we haved(p, q) <
du(p, q). Therefore, we concentrate on the second inequality. Let us denatenfxy) the contribution of

g € P to the cost (with respect tdy) of the partitioningCy, .. ., Cy with centers, ..., cy, i.e.,con(q) =
|C¢l- dn(q, cg), wherel is the index of the clustet, that containgy. In a similar way, we defineon(q) as
the contribution oft(q) to the clustering(C1), ..., Tt(Cx), i.e.,con:(q) = |C¢| - dn(T(q), T(ce)), wherel

is the index of the cluster, that containgj.

To prove inequality (1), we consider each !a’r%’tseparately and show that when we move frépq ., .)
tody/(.,.), the contribution 01\/].p to the cost of the current solution is reduced by at most a factdr-et),
what will directly yield (1). We assume that’]?\ > t. Otherwise, the distances fro\ﬁ' to all other vertices
are the same id;, anddy-.

Claim 17
> conla) > w; - (IVFI/K)? .

qeVvy

Proof: There exists a clustef; that contains at Iea$‘t/]?9 |/k vertices fromV).p . The center of this cluster
can either be one of these vertices or not. In the first case, wedaaig) = 0 for the cluster center and
con(q) > 2-wj-|Ci| > 2-wj- |V)P|/k for all other vertices frorrv]?D N C;. In the second case, we have

con(q) > w; for everyq € V]P and the claim follows immediately. a

17



Claim 18 LetC; be an arbitrary cluster. It; ¢ V).p then we have

D> cong)= ) condq) .

qé\/JPﬂCi qE\/jmei
Proof: If ¢; ¢ V]P thendn(q, ci) = dnr(T(q), t(cy)) for all verticesq € Vjp. Hence, the claim follows

Claim 19 LetC; be an arbitrary cluster witke; € V]P. If |C;] < 8- k- |V]P|/(e - t) then we have

D conla)— ) con(q) <2-wj- (8 k- |Vfl/(e-1))?

qEVjpﬂC-l qE\/].pﬂCi

Proof: We havedy(q,r) = 2 - w; for every pairq,r € Vj‘D with g # r. In the worst case, this distance is
reduced td. Since|Ci| < 8- k- |V]P\/(e - 1) the claim follows by summing up over ajl € V]P NCi. O

Claim 20 LetC; be an arbitrary cluster witle; € V]P. IfICi| >8-k- |V].p|/(e - t) then we have

D> cong)— Y  condq)< i D conq) .

qev;’mq quj“mCi qeC

Proof: At most\vjp\/t points are mapped to the same pointasFor these points the distance is reduced
from 2 - wj to 0. This means that due to this change of distances the cost of the clustardsdeday at most
2-wj- |VJP|/t -|Cyl, that is,

D cona) — > conlq) < 2w [V]I/t-(Cil .

qe\/].p NCi qe\/}?’mC-l

For all other points € C; we have thatly(r, ci) = dn/ (7, ci) > wj. Hence,

Z conlq) = |Cyl- Z d(q,ci) > |G- Z wj > wj - |Gyl - (ICi = 1)
qeC; qeC; qec;
> wi - [Cil?/2 > 4 kwy - (Gl VP (e 1)
From this the claim follows immediately. O

Our next step is to put these four claims together. We get,

K
Zcon(q) Z Z con(q)

qeP i=1 qeC;
< ) 2w (2 VPI/(er 1) Zcon(q +Z > con(q
)Eclev qEP i=1 qeC;
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by Claims 18-20 and the observation that since the‘cé]Etare disjoint, Claims 19 and 20 are applied at
mostk times. By Claim 17 it then follows,

> 2-wy (8- k- [VPI/(e-t) +— > con(q) +ZZcom

]HCIEVP qeP i=1 qeCy

< 128 k Zcon(q +e- ) conq) +ZZcom

qeP i=1 qeC;

Settingt = 32 - (k/e)3/2 we obtain

(1—e)- ) conlq) <) conq)

qeP qeP

Now, we can conclude with the following theorem.

Theorem 21 The shortest path metric on the weighted graphdefined above is g + €)-coreset Q, d’)
for the balanced-median problem. It can be computed®n -k -In(1/8)/e3) time with probabilityl — 6.
Itis also a(12 + ¢)-coreset( Q, d’) for the min-sunk-clustering problem.

6 Faster constant-factor approximations for clustering problems

In this section, we briefly discuss an application of our coreset coristinuio improve the running time
(and implicitly, space complexity) of the algorithm for balanéethedian from Theorem 12. The price we
pay for the speed-up is a slightly weaker approximation bound; we obtaapitr@ximation ratio 06 + €.

Theorem 22 For everye < ‘ , there is a randomize@ + ¢)- apprOX|mat|on algorithm for balancek-
median that runs in timé)(nk log?>n log(n/e)/e3) + (O(k logn/e))°™. The same result holds for an
(12 + ¢)-approximation for min-surk-clustering. The algorithms fail with probability at makstpoly(n).

Proof: We first build a(6 + €)-coreset for balancek-median, as promised in Theorem 21. The coreset
is represented by a weighted graghof sizepoly(k, logn, 1/¢), in which vertices may represent multiple
points fromP; the multiplicity is specified by the weight of the vertex. For such a graph, aveapply

a modification of the algorithm by Tokuyama and Nakano [47], similar to thatidisd in Section 4, but
this time, we additionally will use the compressed representatid®,af) by the graphH’. In particular,
since this graph has onfyoly(k, logn, 1/¢€) nodes, we can modify the algorithm from Section 4 to run in
time (k logn/e)®¥). Therefore, the total running time is the sum of the time needed to creaté the)-
coreset, which i©)(n -k -log?n - log(n/e)/e3), and the time needed to find an approximate solution using
the modified algorithm from Section 4, which(ie logn/e)°®), O

7 2-pass streaming algorithm for min-sum clustering and balanced-median

In this section, we present an application of our coresets to design thefficeentstreamingalgorithm for
min-sumk-clustering and balancédmedian. Our algorithm uses two passes and polylogarithmic space.
A streaming algorithm for a problem in a metric spd®d) takes as its input sét as a read-only

sequence of pointgy, ..., pn given one-by-one in an arbitrary order. It can evaludte, q) in constant
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time for any two point®, q stored in local memory. The capacity of the local memory is polylogarithmic.
A c-pass streaming algorithm is an algorithm that makgasses over the input sequence. Using our results
from previous sections, we can obtaid-pass data streaming algorithm for the balankededian and the
min-sumk-clustering problems. Our algorithm begins with computing the coreset flio@oEm 21. To

do this, we first observe thatARDOMPARTITION is a data streaming algorithm. We can implemexg&P
TITIONING SCHEME by executing all calls to RNDOMPARTITION in parallel. This way we get a one pass
algorithm to compute the sét During the first pass we can also compute a constant factor approximation
for the cost ok-median using the algorithm from [11]. In a second pass we can compuedty point inP

its distance to the nearest neighbo§iand round it up to the next power Of+ €). From this representation
we can compute our coreset and from the coreset we can compute (aritirepliesentation of) a constant
approximation to min-surk-clustering using a variation of the algorithm used in Theorem 12.

Theorem 23 There is a2-pass,O(1)-approximation algorithm for min-surk-clustering and balanced-
median. The algorithm uses pélggn, k) space. The time to compute the clusterin@i& logn))° ).

8 Sublinear-time polylogarithmic-approximation factor algorithm

In Section 4, we presented a very fast algorithm that fins-a €)-approximation for balancektmedian
and (4 + e)-approximation for min-sunk-clustering. The running time of this algorithm é§n?) (and
hence, sublinear) for all values kfsuch thatk < (411 —o(1))- mgdﬁgﬁ A natural question is if we can
apply similar techniques to obtain good polynomial-time approximation algorithmsrigeriaalues ok,
in particular, fork = w(logn/loglogn). Prior to our work, for values df = w(1), the best polynomial-
time algorithm achieved the approximation ratia®®fc log'*'/¢n) [8], for an arbitraryc > 0; the running
time isQ(n%+°(1/¢)) |n this section, we combine the arguments from [8] with the techniques gmatln
previous sections to obtain an algorithm that has a similar approximation geasithat in [8], but which
at the same time has superior running time: it runs in sublinear time, thatigaf time!

Let us define an extension of the balankeghedian problem: aplittable weighted balancddmedian
problem LetQ be a set oN points in a metric space. Let: Q — N be a function denoting the multiplicity
of every point inQ and letQ* be the multiset defined by taking every poine Q with multiplicity w(q).
Thesplittable weighted balancddmedianproblem forQ is to solve the balancddmedian problem for the
setQ*, i.e., to find a set ok pointscy, ..., cx in Q* and a partition of)* into Q7, ..., Q} that minimizes

K
> Qi ) dlaci) -
i

qeqQf

The intuition behind our use of the splittable weighted balaricededian problem is that it represents a
problem instance of the balanckdnedian problem in which some points may have identical locations, and
that our hope is that it is possible to obtain an algorithm with the running time béurgtion of N, number
of locations of the point, rather thany number of points in the multiset.

Our key result is an extension of the algorithm for balankededian due to Bartal et al. [8] to the
splittable weighted case:

Theorem 24 Let A be an arbitrary positive real. There exists an algorithm for the splittable wegghte

balancedk-median problem that in tim@&(N2+ N - kZ- W'/} approximates the optimal solution to within
O(5 - logN - (logW)°™) factor, whereW = 3~ o w(aq).
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The algorithm in Theorem 24 is an extension of the algorithm for balakeeddian due to Bartal
et al. [8] to the splittable weighted case. Using the approach of Bartal €i8hl.we can reduce the
problem to that of solving the splittable weighted balankededian problem in a-HST (hierarchically
well-separated tree). If we combine their result with the recent algoritimadostructing HSTs in [17],
then aA-approximation algorithm for the splittable weighted balankededian problem in a-HST can be
transformed in a®(N?2)-time into aO(A - o - log, N)-approximation algorithm for the weighted balanced
k-median problem in any metric space. This algorithm is obtained by a rathighstoaward modification
of the techniques used in [8], but for the sake of completeness, wernpriem in Section 9.

Once we have Theorem 24, we can combine it with our construction ofetsréo directly obtain the
following theorem.

Theorem 25 There is a randomizelogn)®("-approximation algorithm for balancekFmedian and min-
sum clustering that runs i@ (n k€M (logn)°) time. The algorithm fails with probability at m%.

9 Approximating the splittable weighted balancedk-median problem

The goal of this section is to prove Theorem 24. Our algorithm is an extenfan algorithm due to Bartal
et al. [8] and it uses many of the ideas developed therein. Before wenwdepd with the details, let us
first define the concept dfierarchical well-separated tregSHSTS) [6, 7, 8, 17] (in this presentation we
tightly follow [8]).

Definition 26 (0-SHST) For o > 1, a o-hierarchical well-separated tree-SHST)(in a special form) is a
metric space defined on the leaves of a weighted rooted teeedescribed below.

Let the level of an internal node in the tree be the number of edges omthégxthe root. LetA denote
the diameter of the resulting metric space. For any nade T, let A(u) denote the diameter of the subtree
rooted atu. Then the tred has the following properties:

e all edges at a particular level are of the same weight (i.e., the same desteomo the root),
¢ all leaves are at the same level, and

e for any internal nodau at leveli, A(u) = A- ot

Notice that in anyo-SHST, ifo > 2, then edge weights in levélareA - (6~ — o~ 1)/2 and the edge
weights at the last levélareA - o—t/2. Furthermore, the distance between two leavese T is equal to
A(LCA(u,v)), whereLCA(u, V) is the least common ancestorwfindv in T.

It is now not difficult to see (see also [6, 7, 8]) that the recent algoritbnconstructing HSTs in
[17] implies that a\-approximation algorithm for the splittable weighted balankededian problem in a
o-HST can be transformed in af(N?)-time into aO(A - o - logN/ log o)-approximation algorithm for
the splittable weighted balancé&dmedian problem in any metric space (this construction is randomized).
Therefore, from now, following the approach of Bartal et al. [8,t®&c3.3], we will focus on the problem
of solving splittable weighted balanc&emedian in SHSTs only.

9.1 Solving splittable weighted balanced-median in SHSTs

Bartal et al. [8, Section 3.3] presented a dynamic programming constaot-fpproximation algorithm
for the balanceck-median problem in a-SHST. The running time of this algorithm wa3(n3k?) -
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nO(loglogn/loge) “\wheren the number of input points. By selecting = O(log€n), the running-time

of this algorithm is polynomial, and leads to an approximation guarantee foataededk-median in arbi-

trary metric to within a factor o()(l€ log'*¢n/loglogn). The bottleneck of the algorithm for balanced
k-media described above is the number of points to be processed. Teetefachieves the running-time of
o(n?) we had to reduce the number of points in the metric space — and this is why weiogthe split-
table weighted balancddmedian problem, in which the number of points to be processed in the reduction
is O(N) only, instead ofo(n). (Notice that with our notation = W.)

9.1.1 Basic dynamic programming for splittable weighted balanced-median in SHSTs

In this section we describe a basic dynamic programming scheme that modetsitters of a constant
approximation for weighted splittable balandednedian in SHSTSs, following closely the algorithm due to
Bartal et al. [8].

We first observe that we can assume that all the weights are in the [mngé?(”, A], whereA is the
diameter of the metrics. (For if not, we could argue than any edge of lengtlestianA/ W) can be
neglected, because its cost and its contribution are negligible in comparittma d¢ost of the solution, see
[8] for more discussion.) With this, we only have to conside8HSTs withO(log, W) levels.

Consider ao-SHST. In order to efficiently run the dynamic programming we transfornirdeinto a
binary tree. We do this by replacing a node at léwglth t children at level 4+ 1 by a logt level binary tree,
introducing dummy nodes in the tree (and the cost of all edges betweendég aidevel + 1 will be zero).
(We will still maintain thelevelsfrom the original SHST, not the binary SHST.) However, unlike in [8], we
do not require that every leaf corresponds to a single input point; thdleeur case every leaf corresponds
to its multiplicity in the problem instance, and additionally, many points can be gluethegduring the
reduction that ensures that all weights are in the rdng&v©(1) A]. We use the notion of kaf-pointto
denote any copy of a leaf in SHST that corresponds to multiple input point.

The dynamic programming will process the binary SHST tree bottom-up. Eoy eode in the tree, in
a bottom-up fashion we will compute all “optimal” solutions for the subtree roatdldat node.

Before we proceed we need yet another notion. We degfgpointu connects to a centen the subtree
T, rooted atv from leveli, if uis located outsidé&,, andi is the highest level (with the smallest index) in the
path fromu to v. Notice that in that case the distance franto any leaf inT,, is exactlyA /ot

Dynamic programming table. Letus take any node in T and let{ be its level. We will set up a dynamic
programming tabl® (u, r, s, ng, n1,...,n¢) such thaD(u, r, s, ng,nq,...,n¢) is the value of the optimal
solution for the subtre&, rooted atu such that

e exactlyr leaf-points are chosen as centers among the leaf-poifitg in

e at mosts leaf-points inT,, are in the clusters with the centers outsigeand are not accounted for in
the cost, and

e for 0 <1 < ¢, there aren; leaf-points outsidd,, that connect to a center iy, from leveli.

Basic case: cost at the leaves.First, let us notice that if. is a leaf with multiplicityw(u) (that is,u
corresponds tov(u) leaf-points), theD (u, r, s, ng, ny,...,ng) can be computed as follows:

e if r > min{k,w(u)}thenD(u,r,s, ng,ni,...,ny) is undefined;
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o if r =0, then

o D(u,r,s,ng,M1,...,ng) =0if s >w(u) and alln; =0, and
o D(u,r,s,ng,n,...,ng) is undefined otherwise;

o if 1 <r <w(u),thenD(u,r, s, ng,ny,...,ne is taking the minimum value of the form

T L 4

Ay A
DO +xy+D Ay Z% ,

v=1 j=0 j=0

over all settings of non-negative integars with 2;21 Ky = maxw(u) —r — s, 0}, and all non-
negative integers, ; with 3"} _; A, ; =n; for every0 <j <.

The expression__, (1 + Ky + Zf’:o Ay,j) Zf:o Ay;-A/o)) corresponds to the situation when
we haver centerscy, ..., c, among the leaf-points at, and for each center, there arex, other
leaf-points atu that are at the cluster ef,, and for eachj, there are exactly, ; leaf-points outside
Ty that connect te., from levelj. In that case, center, has cluster of sizé + k., + Zf:o Ay; and

the sum of the distance of the points in this cluster.tas equal tto:O Ay - A/0); hence, the cost
of this cluster is<1 + Ky + Z?ZO 7\%5) (Zf’:o Ayj- A/cj).

The definition ofs ensures that in order to minimize(u, r, s, ng, nq, ..., n¢), exactly migw(u) —
T, s} leaf-points atu will be assigned to the centers outsiflg and hencé:;:1 Ky = maXw(u) —
r — s, 0} points will be associated with thecenters inl,.

General case: cost at the internal nodes. Next, we claim that the following formula computes the value
D(u,r,s,ng,ny,...,ng) for an internal noder with two childrenv; andv; at level{’ (notice that either
¢ = ¢, in which casau, v, v, have been siblings in the original (non-binary) SHST er ¢/ — 1):

D(u,7,s,ng,...,ng) = min{D(v1,r1,s1,n(()”,...,n(g))~|—D(vz,r2,sz,n(()z),...,ng))} ,

where we minimize over all settings for which these expressions make sahlead to a feasible clustering.
More formally, we minimize over all settings of the values such that:

(1) r=r1+72

(2) r7is not greater than the multiplicity of the leaf-pointsliy) andr; is not greater than the multiplicity
of the leaf-points irl,,,

(3) s1 =812+ S10ub S2 = 52,1 + S2,0ut: S = S1,0ut T S2,0uts néf’ > S21, andné%) > 512, Wheres; >
ands; 7 correspond to the number of leaf-pointsliy) andT,,, respectively, supported by centers in
T, andT,,, respectively, and oyt ands; oyt correspond to the number of leaf-pointsliyy andT,,,
respectively, supported by centers outsige

)
1 b

(4) foreveryi </, n;= ng) +n

(5) if =0 thenny =nl" — s, +nl? —s1,,
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6) if =0/ —1thennl)) =nl? =o.

Identical arguments as those used in [8] can be applied to argue that, s, ng, nq,...,ng) is defined
properly.

If we apply the dynamic programming scheme bottom-up then we could correctipute the value of
the optimal solution for weighted splittable balandechedian in the SHST, and from that we could easily
obtain the clustering and the centers itself. However, this scheme wouldtaegolynomial running time.
Indeed, for every node we have to comput®(u, r, s, ng,ny,...,n¢) for all integersr, s, ng,ny,...,ng
with0 < r < kand0 < s,ng,ny,...,ng < W. Therefore, with each node we will have to compute
wOllods W) yalues. To compute each enfyfu, 1, s, g, 1, . . ., ng) we will needW® (0% W) time. There-
fore, the entire dynamic programming can be solved in tifé(°9% W), which is superpolynomial .

In the next section we will discuss how to significantly improve the running timg.approach is based on
a rather simple modification of the scheme from [8].

9.1.2 Efficient dynamic programming for splittable weighted balancedk-median in SHSTs

Bartal et al. [8] improved the running time of the dynamic programming fronti@e®.1.1 (for balanced
k-median) by observing that by allowing approximationof the optimal value, we can reduce the number
of values computed by the dynamic programming. &et 1 + |og+vv We call an integevalid if it is in

the sef[«'] : 0 < i < B}U{0}, whereB = O(log® W) is such thatx® > W.

Now, we modify the dynamic programming and compute the values of theR8ff, v, s, ng, ..., ng),
where each; is a valid integer and (additionally to the scheme from [8]) the valisevalid as well. In other
words, we assume that the upper bouyrfdr the number of leaf-points if,, that are in the clusters with
the centers outsidg, and are not accounted for in the cost is of the fatinand so are the numbens of

leaf-points outsidd;, that connect to a center iy, from leveli. Our goal is to us®P*(w, r, s, ng,...,ng)

to estimate the value dd(u,r,s,ng, n1,...,ng) for all values ofs andn; such thats < 5 < «s and
n; < 1y < any. To achieve this, we redefine the compututatio®Bf(u, r, s, ng, nq,...,ng) as follows:
PP*(u,r,s,Mp,...,Ng) = min{PP*(v1,r1,s1,né”, .. ,n(g)) + PP*(vz,rz,sz,néz), e ,né%))} ,

where we minimize over all settings of the values such that:
(1) r=71+712

(2) 7 is not greater than the multiplicity of the leavesli) andr; is not greater than the multiplicity of
the leaves if,,,,

1 (1)
(3) s1 = S$1,2 + St0ut S2 = S2,1 + S20uts &(31,out+ S2,out) < s < Stoutt S20un Ny~ = 821, and

2
n(()’/) Z S],Z!

(M (2)

. 1 (2)
(4) foreveryi < (, S (n, +mn,

)Smén?“rni ,

(2)

- 1n(M m 2)
() if ¢ =t'then_(n, +mn,

)<ng+s2it+si2<n, +n,

6) if ¢ =€ —1thenn) =n{? =0,
(

1 2 .
(7) valuessy, s, and all values; ) andn£ ' are valid.
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With such a definition of dynamic programming, one can repeat the analgsis[®, Lemmas 4-7] to
prove that for every node and parameters s, ng, n1, ..., ng, there exist$, ng, n, ..., n that are valid
integers such that

PP*(w,1,5,7ig, 1, ..., 1g) < o«@MW . D(u,1,5,n0,11,...,1¢) )

whereh(u) denotes the height of nodein the binary tree used for dynamic programming (thahiss) is
the longest distance fromn to a leaf descendant in the binary tree).

Once we have set up this dynamic programming, the rest is easy. By ineddalithe value obtained
by the dynamic programming is at most a faatst"¢19"(T) away from the optimal value, where heighj
denotes the height of the binary formBf Since the height of is O(log? W) andoc = 1+ Iog+VV we have
«©(heightT)) — (1), and hence the solution obtained is a constant approximation for balsroedian in
0-SHST. By our discussion at the beginning of Section 9, this yield8@n- log N/ log o)-approximation
algorithm for balancedt-median for arbitrary metric.

Next, let us analyze the running time of this algorithm. First, we observe thft®ythe reduction
to the balanced-median problem ins-SHSTSs require€)(N?) time. Next, to solve the problem ia-
SHSTSs, we have to give the running time for the dynamic programming proeetdibe number of values
to be computed in dynamic programming at any given node in the t@éks: (O (log® W))© (max-levelinT)
where max-level ifT is the maximum level in the originat-SHST, which isO(log, W). Therefore the

computation of each value performed bottom-up will take t{@ék) - (O (log® W))© (max-level i”T))Z. Since
we haveO(N) nodes to be considered, the total running time of this algorithm will be

. 2
O(N) - <O(k) . (O“Og.’)w))O(maX-level mT)) < O(N 'kZ) . (0“093 W))O(Iog(j W)
_ O(N ‘kZ) .W(’)(Iog logW/log o) )

By settingo = ©(log W) we can obtain the total running time to B8N2 4+ N - k2 - W'/2), in which
case the approximation guarante€is} - logN - log®™ W). This yields Theorem 24.
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