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Abstract

What is the difference between the efferent spike train of a neuron with a large soma
versus that of a neuron with a small soma? For both the two-compartment integrate-
and-fire (IF) model and the Pinsky-Rinzel (PR) model, we use a method we call the
decoupling approach, to show that the smaller the soma is, the faster and the more
irregularly the neuron fires. Two limiting cases: the soma is much smaller than the
dendrite or vise versa, are theoretically investigated. We further conclude, in terms
of numerical simulations, that cells falling in between the two limiting cases form a
continuum with respect to their firing properties (mean firing time and coefficient of
variation of inter-spike intervals). As an application of our approach, we also find that
when the soma is small, two-compartment models can be employed as slope detectors.
Novel and rigorous results for the calculations of mean first exit time and bursting

frequency are also included.

1 Introduction

It is well documented in the literature that the geometrical structure of a neuron consid-

erably contributes to its information processing capacity [25]. However, a fully detailed



model is usually hard to study theoretically and, most profoundly, the nonhomogeneous
distribution of ionic channels along dendritic trees prevents such an investigation. In
order to achieve a better understanding of the function of neuronal morphology, we
consider two-compartment neuron models which reflect the minimal geometry of a

neuron.

We first present a theoretical approach for how the somatic size affects neuronal
output when it receives stochastic inputs from the dendritic compartment. In [32,
30], the authors have addressed a similar problem using numerical simulations where
the model receives constant and deterministic input. Here we consider the case that
neurons receive random, rather than deterministic inputs. The stochastic part of an
input signal might play a functional role in processing information, see for example
[5, 16, 20, 35, 24] and references therein. Moreover, studies in [32, 30] are confined to a
specific model and numerical simulations, whereas some of our conclusions are obtained
for generic two-compartment models using theoretical studies. We find that when
the somatic compartment is small, the model tends to burst and the bursting length
is totally determined by the activity of dendritic compartment. When the somatic
compartment is large, the model can be reduced to a single compartment. Furthermore,
we also consider the model with nonconstant, deterministic inputs and find that in this

case, the model employs bursting activity to detect the slope of incoming signals.

Here are a few words about our approach what we call a decoupling approach.
Using the elimination method, we could rewrite the two-compartment IF model as a
linear, second order ODE, which is a special case of Kramer’s equation [34]. From
the well known theory of Kramer, we could estimate the first exit time [19]. However,
there are two shortcomings to this approach. Firstly it is very difficulty to generalize
the conclusions above to more generic two-compartment models such as the Pinsky-
Rinzel model. Therefore we still lack a general picture about the behaviour of two
compartment models. Secondly, the theory of Kramer is an approximation theory and
we have to resort to numerical simulations for checking its validity. Another possible
approach (see Lemma 1 in Appendix A) which has the same shortcomings as above

is the theory of correlated noise [23]. Due to the reasons above, we propose a novel



approach for studying the behavior of two-compartment models. We first consider the
two extreme cases of a very large soma and a very small soma. We can easily understand
the behaviour for these two cases. With a large soma, the two-compartment model is
reduced to a one-compartment model; with a small soma the two-compartment model
exhibits bursting behaviour. Bursting has recently been proposed as a possible way
of processing information in the cortex [28, 22] and is widely observed in experiments.
The results above allow us to develop a rigorous theory about the two-compartment

IF model and to calculate the mean firing time and bursting frequency.

2 Models

Let us assume that a neuron is composed of two compartments: a somatic compartment
and dendritic compartment. Suppose that a cell receives EPSPs at qp excitatory
synapses and IPSPs at g7 inhibitory synapses and that V,(t) is the membrane potential
of the dendritic compartment at time ¢. When the somatic membrane potential V(#)

is between the resting potential V,.s; and the threshold Vi,

dvy(t) = —l(VS(t) Vst )dt + gcwdt

1 Vi(t) Ty, (t) i gyn (t) (2.1)
dVd(t) - __(Vd(t) - ‘/Yrest)dt + ge & d dt + syn
v I—p 1—0p

where 1/ is the decay rate and p is the ratio between the membrane area of the
somatic compartment and the whole cell. g. > 0 is a constant, and the synaptic input
is

() = a3 dEi(t) = b dIj (1)
i=1 j=1

where Fj;(t), I;(t) are Poisson processes with rates Ag and A7 respectively and a,b are
the magnitudes of each EPSP and IPSP. After Vi(t) crosses Vip,. from below, a spike
is generated and V(t) is reset to Vyes. This model is called the two-compartment

integrate-and-fire model. The interspike interval of efferent spikes is

T(p) = inf{t : Vs(t) > Vthre}



for 1 > p > 0. It is well known that Poisson input can be approximated by
Toyn(t) = pt + 0By

where B; is the standard Brownian motion, g = agqgAg — bgrA; and o =

Va2qe g + b%qr ;. Thus, Eq. (2.1) now becomes

1 Vi(t) — Vi(t
dvs(t) = 7;(Vs(t) W’est)dt‘i‘gc%dt )
2.2
1 Vi(t) — Va(t dlgyn(t
dVd(t) = 7_(Vd(t) *West)dt‘i‘gc ( ) d( )dt—l- Y ( )

In the following, we consider the two-compartment IF model to be the model defined
by Eq. (2.2).

We also consider a simplified, two-compartment biophysical model, proposed by
Pinsky and Rinzel [32]. They have demonstrated that the model mimics a full, very
detailed Traub model quite well.

The Pinsky-Rinzel model is defined by

( Va(t) — Vi(t
CmdValt) = Traa(Va)dt — Ina(Vas h)dt — T p(Vaym)dit + g, 20 = Va®) gy
CndVy(t) = —Irear(Va)dt — Ica(Va, s)dt — Ik anp(Va, q)dt — Ik —c(Va, Ca,c)dt

dlsyn s(t) — t
+ Sy“i‘cV() Vd()dt
1—p 1—p
\ Cad = -0.002Ic, — 0.0125Ca
(2.3)

In our calculations, all parameters and equations are identical to those used in [32]

except for the parameters of the calcium equation which are from [38].

3 Analytical Results

In this section we consider two limiting cases—soma of infinitely small size, and the
limit of small dendrite. For these two cases analytical results are derived that give
the mean interspike intervals as well as the variance and the CV (defined below). The
analysis implies that neurones with small soma fires more irregularly than neurones
with a large soma. Also small soma models show intermittent bursting, the inter-burst

intervals and burst lengths are calculated.



Without loss of generality, we assume that g. = 1 in this section. For the two-
compartment IF model, it is trivial to determine the mean and standard variation of
the membrane potential of the somatic compartment. However, these values provide
insight for understanding the behaviour of the model.

A detailed calculation of the mean and variance of the membrane potential is pre-
sented in Appendix A. After omitting all terms of o(t), we conclude from Eq. (7.3)
and (7.4) that

By
V) = ——""7—— 3.1
Va) p(1—p)+7v (3.1)
and
o2y
(Vs = (Vi)?) = (3.2)
B 2[p(1 —p) +9l[2p(1 — p) +1]
When p = 0.5, both the mean and variance of the membrane potential of the

somatic compartment reach their minimal values. One might thus conclude that the
mean and variance of efferent interspike intervals, or at least the mean, should exhibit
similar behaviour: i.e. attain their minimal value when p = 0.5. However, that is not

the case due to the memory in the model (see next section)!.

Let us now consider a generic two-compartment model defined by

Wi(t) = F(V Va4 =V

P
Vat) = Va(t) ., dlsyn(t)
I—p I—p

dt
(3.3)

dVd(t) = g(Vg’Vd)dt_i_

where f,g are two functions. Eq. (3.3) certainly includes the Pinsky-Rinzel model as
a special case.

Consider the case where p — 0. Multiplying both sides of the equation for the
somatic compartment by p and taking p — 0, we see that V; = V (for the existence
of the limit, we refer the reader to Appendix B. At the same time the equation for the

dendritic compartment becomes

dVy = g(Vs, Vd)dt + dfsyn(t) = g(Vd, Vd)dt + dISyn(t) (3.4)

In Appendix A, we assume that Vy|;—g = Vy|t—o = 0



since p — 0 and V; = V;. Similarly for the case where p — 1. Multiplying both sides
of the equation for the dendritic compartment by 1 — p and taking p — 1, we see that

Vi — Vs = Igy,. At the same time the equation for the somatic compartment becomes
dVe — f(‘/sa ‘/s + Isyn)dt + dIsyn (f) (35)

Therefore we have the following two cases

e When p — 1, Vy is defined by the following equation

dVs = f(V57 Vs + Isyn)dt + dlsyn(t) (3'6)
e When p — 0, V; = V; and Vj is given by the following equation

dVy = g(Vg, Vg)dt + dIsyn(t) (3.7)

We emphasize that the derivation of Eq. (3.6) and Eq. (3.7) is independent of the
concrete form of synaptic inputs. Hence the conclusions hold true for neuromudulator

based inputs, such as AMPA, NMDA, GABA 4 and GABAp [6].

When Eq. (3.3) is the two-compartment IF model and ¢ is large enough, we then
conclude that? V(t) for p = 1 is equal to V,(t) for p = 0 since Eq. (3.6) is identical to
Eq. (3.7). We note that in Eq. (7.3) and Eq. (7.4), both the mean and the variance
are equal for p = 0 and p = 1. Thus the results of Eq. (3.6) and (3.7) are agree with

the conclusions of Lemma 1 in Appendix A.

The conclusion of Eq. (3.6) and (3.7) is very illuminating. Consider, for example,

the two-compartment IF model.

e When p — 1, according to Eq. (3.6) and (3.7), we conclude that the two-
compartment model behavior is the same as the behavior of the conventional
IF model which is well studied in the literature [3, 4, 10, 11, 14, 15, 17, 18].

When vy > Vip,e, the output spike trains are generally regular with a coefficient

2We use p = 1 and p = 0 for lim,_,; and lim,_,q



of variation (CV) smaller than 0.5. In this case, instances where the threshold is
crossed are mainly due to deterministic forces. When yu < Vipe then the output
spike trains are irregular with a coefficient of variation (CV) greater than 0.5. In

this case threshold crossings are primarily due to random fluctuations.

e When p — 0, the somatic membrane potential is identical to that of the dendritic
compartment. Suppose that Vy(t) > Vip,e for ¢t € [tg,t1]. Then V() will fire
very fast during [tg,¢1]. In theory, it fires with an infinite frequency. This can
not happen as a real neuron which has a refractory period. On the other hand,
if Vi(t) < Vipge for t € [to, t1], then Vi(t) = Vi < Vipyre, and the neuron is silent.
The analyses above for p = 0 give rise to bursting behaviour. During the interval
[to,t1], when Vg > Vyppe, the cell fires with a very high frequency; while, when

[to, 1] with the property that Vy < Vip,e, the cell is completely silent.

Similar arguments can be applied to Pinsky-Rinzel model. When p — 1, the model
is reduced to a somatic compartment. When p — 0, if the neuron fires, it will fire with
its highest possible frequency, provided that Vj(t) is greater than the threshold of the

somatic compartment membrane potential (see Section 5, in particular Fig. 6).

For the case of small p, it is not very informative to calculate the interspike inter-
vals. It is more interesting to consider the inter-burst intervals 7; and burst length 7;.

According to our results above, when p — 0,

T, = Sup{t Vo = V;ghre,Vd(S) < Vihre, for 0 <s < t} (3 8)
T, = Sllp{t Vo = Vihre, Vd(s) > Vihre, for 0 < s < t} ‘

Note that the cases where V; for p = 1 and V,; for p = 0 are very different when ¢ is
small, although they appear to be identical. V; for p = 1 is not a stationary process,
but V, for p = 0 is a stationary process.

Combining the arguments above and defining

we arrive at the following conclusions.



For the two-compartment IF model, we have
P(B;)(T;) = (T(0)) <(T(1)), and CV(0) > CV(1) (3.9)

where a rigorous and analytical expression of (T'(1)) is presented in the following and

B; = {V4(0) = Vinre, Gt |19 < 0}

Numerical examples for 0 < p < 1 are included in the next section. In the following

we discuss the cases of p = 1 and p = 0 separately.

When p = 1, we consider the conventional, one-compartment IF model. An analyt-
ical expression for the mean interspike intervals of the IF model has been obtained in
terms of the solution of PDEs, as shown in [31, 33, 37]. However, such a formula usu-
ally involves some special functions and is in general not very informative and various
approximations have to be found. In Appendix C we present a rigorous, and analyti-
cal approach for calculating the mean firing time, which could be applied to any one
dimensional neuron model. Examples are the integrate-and-fire model, the #-neuron
[7] and the IF-FHN model [19], although here we confine ourselves to the IF model.

Applying Theorem 1 in Appendix C to the TF model, we obtain

2 (Virre (z—yp)?ly, Vrest (z —p)*IY,
@) = S et ey [ exp(- ST sty
7 Te?/t Vv, o 7( )2|u o ( 7 ’)}/2 Y
2 thre thre €T — T — YU E
+— [ / eXp(—W; Yrest ) du) exp (— ————5— 2L )dy
o Vrest Y o ’y o ’y

(3.10)
Note that it is easier to numerically calculate the mean firing time using Eq. (3.10) than
using the method in [37]. From Eq. (3.10) we see that when Vi, < yu, (T'(1)) — 0
as 0 — 0; when Vippe > yu, (T'(1)) — oo as 0 — 0. In terms of Eq. (3.10), we
could further calculate, for example, the Fish information etc. and we will discuss it

in subsequent publications.

Now we turn to the case where p = 0. Solving the equation for the dendritic

compartment, we obtain

Va(t) —ypu(1 — exp(=t/v)) = Va(0) exp(=t/v) + o /Utexp(—(t — )/7)dB;



Its covariance function is given by

02
r(r) = S5E exp(—r|/7)

for 7 € IR. The burst frequency is identical to the upcrossing of Vy,,. for the stationary
process V. By a direct application of Rice’s formula (see [29]), we obtain the following
conclusions.

The bursting frequency is given by

Vinre =y _ 0 o Winre —70)"

2 2w /v 2

Furthermore, using large deviation theory [1, 19, 21], we could estimate the mean

1
5=/ I7"(0) exp(—
2

interbursting intervals T; when Vp,.. > yu and mean burst length T; when Vi, < yu-
The obtained results are approximations and so we do not present them here. A

rigorous and exact estimate would be of interest.

We emphasize that there would never be a case where p = 0 or p = 1. All our
conclusions above are true for p sufficiently close to zero or p sufficiently close to one.
However the decoupling approach helps us gain a better understanding of the model
behaviour and therefore develop a theory for studying the model. In the next section

we consider models and behavior between these two extreme cases.

4 Numerical Results

In this section, for both the integrate-and-fire model and the Pinsky-Rinzel model,
we are going to show that cells falling in between the two limiting cases (large soma
or large dendrite as discussed in the previous section) form a continuum with respect
to their firing properties (mean and CV), i.e. for CV and mean firing time, the gap

between p = 0 and p = 1 is filled in a monotone manner with respect to p.

We simulate the two-compartment IF model and the Pinsky-Rinzel model
with the following synaptic parameters: o = b = 0.5mV,Agp = 100Hz,A\; =
0,10,---,100Hz,qg = q;r = 100. The threshold for detecting a spike for both the



soma and dendrite of the Pinsky-Rinzel model is 30mV and g. = 2.1. In the two-
compartment IF model, we let V,.s; = 0., Vipre = 20mV,y = 20.2 and g, = 4.
Numerical results for the membrane potentials of the somatic and dentritic com-
partments of the two-compartment IF model are presented in Fig. 1 and Fig. 2 for
p = 0.95 and p = 0.05 respectively with A\; = 80Hz. As we have discussed in the
previous section, when p = 0.95 the model behaviour approximates a single compart-
ment model behaviour; when p = 0.05, the model bursts and the bursting behaviour is

determined by V; without coupling.
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Figure 1: Membrane potential of the two-compartment IF model with p = 0.95.

For the two-compartment IF model, as shown in Fig. 3, we see that both the mean
firing frequency and the CV are increasing functions of p. Therefore the gap between
p =0 and p = 1 described in the previous section is filled in a monotone manner with
respect to p. The meaning firing time for p = 0.5 does not attain the maximum (see
Lemma 1).

We also note that when p = 1, efferent spike trains are very irregular even when
inputs are exclusively excitatory. As we pointed out in the previous section, when p is

small, the CV of efferent spike trains is quite high.
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Figure 2: Membrane potential of the two-compartment IF model with p = 0.05. Note that
the membrane potentials of the soma and the dendrite are almost identical, except the reset

of the somatic compartment. Compare with Fig. 1.
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Figure 3: Mean firing time and CV vs. A; for p = 0.1, 0.3, 0.5, 0.8 for the two-compartment IF
model. 10000 spikes are generated for calculating the mean firing time and CV. Parameters

are specified in the context.
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For the Pinsky-Rinzel model, behaviour similar to that of the IF model is observed.
The gap between p = 0 and p = 1 is filled in a monotone way (Fig. 4) with respect to p.

As we adjust the geometrical parameter p, the model exhibits a variety of behaviour.

In conclusion, we have obtained a complete picture of the behavior of these two-
compartment models. Both mean firing time and CV are monotone function of p where

p is the ratio of the somatic compartment area with respect to the whole cell.
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Figure 4: Mean firing time and CV vs. A; for the Pinsky-Rinzel model with p = 0.3, 0.5, 0.6.
10000 spikes are generated for calculating the mean firing time and CV. Parameters are

specified in the context.

5 Bursting as a Slope Detector

In the previous sections we discussed the details of the behaviour of two-compartment
models. In particular, we showed that when p is small, the neuron bursts when the
dendritic membrane potential is above the threshold. In recent years, there have been
many research activities devoted to the topic of how a neuron processes information

via bursting [28, 22], rather than via individual spikes. In particular, there is both



experimental and modeling evidence, that suggests that bursting activity might be
employed by neurons as a way of detecting the slope of incoming signals. As an
application of the results in the previous sections, let us consider the two-compartment

IF model with synaptic inputs defined by
dlsyn(t) = pdt + cos(wt)dt (5.1)

where w > 0. For simplicity of notation we assume that puy = Vipre-

Solving the linear equation
V.
dVy = ——Ldt + dLyn (1)
gl

with initial condition V4(0) = 0 and omitting higher order terms containing exp(—t/7),

we obtain

Vi = Vihre + v sin(wt + ¢) (5.2)

where sin(¢) = 1/(1 + w?y?). According to our conclusions in the previous sections,
when p is small the neuron will fire with a high frequency (bursting) whenever sin(wt +
@) > 0, and will be completely silent if sin(wt + ¢) < 0. Assume that ¢ is small enough
so that {t : sin(wt + ¢) > 0} corresponds to the decreasing part of cos(wt). Then when
p is small, the two-compartment IF model is naturally a slope detector, via bursting
activities. The presence of ¢, a phase lag, in Eq. (5.2) is a natural constrain for the
model behaviour.

When p is large, the model is reduced to the IF model and which has been well
studied in the literature [26].

In general for the synaptic input
dlgyn(t) = s(t)dt (5.3)
where s(t) € C*°, we know that busting could be a detector of the following set

{t 2 ys() —7%8(0) + 72" (1) —+++ — Viare > 0}

13
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Figure 5: Membrane potentials of the somatic compartment of the Pinsky-Rinzel model with

input signal dl,,/dt = max(cos(27t/200.) + 0.1,0). (a) Note that the model bursts when
the input signal decreases in the case where p = 0.1, and therefore it is a slope detector. (b)

When p = 0.9, the neuron fires when it receives a strong signal.



15

()]
-0 | Membrane Pontential ——— |
60 r —
50 -
40 —

-10 L L L
(@] 400 800 1200 1600
Time (Imsec)
)
Membrane Pontential ———

100 -
80 |- -
60 | H
40 H H
20 H

(@]
-20 L L L
(@] 400 800 1200 1600

Time (Imsec)

Figure 6: (Continuous of Fig. 5) Membrane potentials of the dendritic compartment of
the Pinsky-Rinzel model with input signal dl,,,/dt = max(cos(27t/200.) + 0.1,0). (c)
p = 0.1, compare with (a). It is easily seen that the membrane potential of the dendritic
compartment and somatic compartment is identical before bursting. Bursting is due to the
fact that the membrane potential of the dendritic compartment crosses the threshold of the
somatic compartment, as we discussed in the previous section. (d) The membrane potential

of the dendritic compartment when p = 0.9, compare with (b).



To further demonstrate our theory above, we simulate the Pinsky-Rinzel model

with input
dlsy,

e max(cos(2nt/200.) + 0.1,0)

Fig 5 shows simulation results for parameters gx pr = 21,9n5, = 35,p = 0.1 and
p = 0.9. All other parameters are the same as in the previous section. Then p =
0.1, the model responds to input signals by emitting bursts. Note that the model
bursts only when the input signal decreases, i.e. its slope is negative. When p = 0.9
the phenomena are not observable at all. It is interesting to note that although the
theoretical results above are obtained for a linear model(before resetting) we could
generalize it to nonlinear, biophysical models such as the PR model. It seems that the
linear theory is widely 'used’ by neurons, see for example [8]. Furthermore, we point
out that the fact that the neuron bursts at the decreasing phase of incoming signals
is not trivially due to the delay of neuronal response. In fact, Fig. 5 indicates that
when the incoming signals reach their minima, the membrane potentials of the somatic
compartment also attain their global minima with a delay much shorter than the burst
length.

We further test the stability of the neuronal response by modifying the input signal

as follows
Alsyn _
= maz(cos(2mt/200.) + 0.1 + £,0)
where ¢ is normally distributed with mean zero and variance one. Even though the
noise level is quite high, compared to the input signal, the model shows a very reliable

behaviour as shown in Fig. 7.

6 Discussion

We have considered the behaviour of two-compartment models, as a first step to un-
derstanding the impact of the geometrical structures of neurons on their input-output
relationship. We find that when the somatic compartment is large, a two-compartment

model can be reduced to a single one-compartment model. When the somatic com-
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Figure 7: Membrane potentials of the somatic compartment of the Pinsky-Rinzel model with
input signal=d/,,/dt = maz(cos(27t/200.)4+0.14+&,0) as defined in the text where p = 0.1.
(a) The model bursts when the input signal decreases. (b) Input signal perturbed by noise,
i.e. max(cos(27t/200.) + 0.1 +&,0).
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partment is small, it exhibits bursting behaviour and its behaviour is determined by
the activity of the dendritic compartment alone. Therefore in each case the original,
coupled two-compartment model is reduced to a single compartment model which we
call the decoupling approach. By a combination of theoretical analyses and numeri-
cal simulations, we conclude that both the first and second order statistics (mean and
CV) of interspike intervals are monotone functions of the somatic size. We then present
theoretical results for calculating the mean interspike intervals and burst frequencies.

We also conclude that when the somatic size is small two-compartment models
function as slope detectors for incoming signals, i.e. when the input signal decreases
the model bursts and is silent otherwise.

Finally we briefly discuss the biological implications of changing p—what we call
global plasticity. Subcellular morphology changes have been reported recently in a
few type neurones [2, 9]. The most striking and direct example of global plasticity is
from vasopressin and oxytocin cells in the supraoptic and paraventricular nulcei. For
both type neurons it is found that p changes during lactation [36]. For example, in the
oxtocin cell a shrinkage of the dendritic tree and an enlargement of the soma is observed,
accompanying by a considerable change in the electrical properties of the neuron. In
the classical approach of learning theory, the Hebb learning rule plays an essential
role. Based upon it, many models are developed [12, 13]. The Hebb learning rule is a
local plasticity principle where increasing the activities both presynaptically and the
postsynaptically induces an increase in the strength of this synapse. Due to the large
number on synapses of each neuron, the functional consequence of the modification of
the strength of a single synapse is bound to be limited. In contrast a global change of
the neuronal morphology ? would be a much more efficient way to modify the input-
output relationship. As we demonstrate here, both theoretically and numerically, an
increase or a decrease in p alone causes a neuron to behave completely different where
both firing rate and the firing pattern (CV) vary. Furthermore, we have not taken into

account the effect of input modifications due to the pruning or elaboration of dendritic

3Here we do not exclude the possibilities that modifying cell’s biophysical properties can result in similar

effects as morphology changes.



trees, as reported in experiments [36], which will more dramatically modify the input-
output relationship. Several challenging problems remain. We must determine whether
global plasticity can be observed experimentally in other neurons and if so, for which
stimuli the global plasticity occurs. We may also be able to apply global plasticity
to the design of artificial neural networks that achieve a more powerful and efficient
learning. It would also be interesting to consider how changing p on the synchronization

properties of a group of neurons [16].
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7 Appendix A

Assuming V|9 = Vyli=o = 0, we solve the linear equation for the two-compartment

IF model
( (245750t
V. v, = 7#’}/1)(1 — e pi-p7) 0 /t e*(%+p(1l—p))(t7m)dBm
p(IQ*p)Jrv 1—pJo
Vo v, TP+ 297 ype s + p(1 = 2p)yp — (245t
p(ll—p)+7 . i p(1—p) +7 .
_;_7( 2p)g/ 67%/ 67(%+ﬁ)($7y)d3 do + —— / eJiTdem
L p(1—=p)? Jo 0 Y 1—pJo

(7.1)
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Therefore
2
1y toopyp(l—p) 1t
Ve, = —— —uye " + ————-F—e€ 7 p(1—p)
’ p(ll— p% o p(1—p)+7
+7( —2p)o / e*'?m/ e*%*—pﬂfp)dBydm
2p(1 —p)? Jo Jo
(o} b toa __t-z
_|_7/ e 7 (lfe p(lfp))dBm
2(1 —pg Jo (79)
vV, — YHP + Y _t p2yu bt
d = 7—’7[1,6 gl 7@ 7 p(I-p)
(11— %+’Y )+'y
+2( (I,p / ’_/ -5 F“*P)dBydx
+70 / (1+ p(l PJ)dB
P
2(1—p) Jo

Lemma 1 By applying the martingale property of the integral fﬂt fdBy for any mea-

surable function f, we have the following identities

2
_t 1— ot
7 R L e S L/ Gt D e
p(1 —p) +27 p(1 —p)2+ v 73)
vy = PR et
d> uye + — ——————e 7 rU-»p
p(l—p)+7 p(1—p) +~
and
[ (v -y = oy _
’ ’ 2[p(12—p)+7][2p(1—p)+7] 22
220 1’7p(1 7p) e*%*p(lf;p) _ #67%7“121?)
4021)(3(1_5) ;L218 2yp?(1 — v 4 P 32
_ o y P a’yp*(1 — p)* 4 407°p(1 — p)( D)
(Va—(Va))*) = .
,  8(L=p)p(l = p)+1]2p(1 —p) +1]
L0 20T ety
2 2p(1 —p)+7y
02’yp3 2t 2t

_ e 7 »(-p)

2(1 = p)[p(1 —p) +1]

(7.4)

8 Appendix B

Denote Vi(t,p) and Vy(t,p) as the solution of Eq. (3.3). We only consider the case
of p — 0. For any ¢ > 0 the space C[0,t] of all continuous functions on time interval
[0,] is compact with the metrics ||z[| = maxy |=(#)|. Hence it suffices to prove that

for any subsequence Vi(t,p,) and Vy(t,p,) with lim, o p, — 0, its limit is unique.
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Multiplying both sides of the equation (3.3) for the somatic compartment by p, and
taking p, — 0, we see that lim,,_, . Vy(t, p,) = lim, o Vi (¢, py), provided that V; and

Vs are bounded. Now the equation for the dendritic compartment becomes
dVd = Q(VS7 Vd)dt + dlsyn(t) = g(Vda Vd)dt + dlsyn(t) (8'1)

and its solution is unique, under some reasonable conditions on g and I,y,. Hence for
any sequence p, with p, — 0 its limit lim,,_, o Vy (¢, pn) = limy, 00 Vi(t, pn) is unique,

satisfying Eq. (8.1). This completes our proof.

9 Appendix C
We first consider a diffusion process defined by

Let us introduce the following quantities

sw) = ewi- [ 2000 4.

o?(y) v 9u(2) (0.2)
w(z :
m(e) = —— = P, ™
s(z)o?(x) o?(x)

where m is the speed density, and s is the scale function. We say that a diffusion process
is positive-recurrent if [°_m(z)dz < oo which is equivalent to T' < oo where T is the
first exit time of Vju... For a positive-recurrent process, the stationary distribution

density is given by 7(x) ~ m(z).

Theorem 1 For a positive-recurrent diffusion process X;

Vinre Viest Vinre Vihre
(T) =2 / s(u)du - / m(u)du + 2 (/ s(u)du) - m(y)dy (9.3)
p p y

Vrest J -0 J Vyest

For a € IR, let G,y,,,.(Viest:y)Ay be the mean time spent in (y,y + Ay) by

the process X; started at Vj.s and run until it exits (a, Vipre). The expression for
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Gavi,. Viest,y) is given in [27] on page 198. Therefore we have

Vinre

(T) = lim Gavinre Viest, y)dy

a——00 a

and Theorem 1 follows.
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