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Abstract A family of irreducible Markov chains on a finite state space is considered as an exponential
perturbation of a reducible Markov chain. This is a generalization of the Freidlin-Wentzell theory, motivated
by studies of stochastic Ising models, neural network and simulated annealing. It is shown that the
metastability is a universal feature for this wide dass of Markov chains. The metastable states are simply
those recurrent states of the reducible Markov chain. Higher level attractors, related attractive basins and their
pyramidal structure are analysed. The logarithmic asymptotics of the hitting time of various sets are esti-
mated. The hitting time over its mean converges in law to the unit exponential distribution.
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The problems discussed in this paper are originated from the following sources: 1) the
metastable behavior observed in stochastic Ising models at very low temperature!’¥;
ii) breaking down of ergodicity of neural networks*~9; iii) simulated annealing
techniques”™. They seem to be quite different, but their underlying mathematical structures
are closely related to each other. In this article, we try to explore them in a unified way,
inspired by the theory of Freidlin-Wentzell”.

Let the state space S={&, -, &} be finite. The family of Markov chains on S with
transition matrices {P¥; Be[0, 0]} are assumed to satisfy the following assumptions.
lim, p*(En) =p=(En), VENES. ©.)
Assume that the following limit exists:

1

=lim — B
Cy=Jim, — 5 logp"(Cm) 0.2)
with the convention that logd= —00. Assume that
Cy>0 if p= (&) =0. ~ (0.3)

In other words, the family of Markov chains with transition probability matrices {P’;p€
[0,0)} is an exponential perturbation of the Markov chain with transition probability ma-
trix P®. This is just a generalization of stochastic perturbations of ref. [9]. For the
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Glauber dynamics of stochastic Ising model® and the Little’s model of neural network!¥,
(0.1)—(0.3) hold and furthermore

ﬁﬁlnm—*zg—fcﬁ@— exists for V& nes. 0.4)

We only need (0.4) for Theorem 6 of §3. It is assumed in ref. [9] that P is degenerated in
the sense that p*(£,7)=0 or 1. We shall relax this restriction here.

For a subset KCS, the exit time of Markov chain {X} is denoted by

o(K) =inf {n; X,¢K]}, (0.5)
and the hitting time by | '
o(K)=inf{n; X €K}.
Let {A,,""",A,} be the set of all recurrent classes of P®. Without loss of generality we
assume that P;’s, the transition probability matrices restricted to each recurrent class A,
are all nonperiodic. Define for each 4, (which corresponds to an attractor of dynamical
systems) the attractive basin B, to be

B={{|P*(0(4) <®|X,=¢)>0}. (0.6)
Certainly UBf=S. For the dynamical systems considered in ref. [9], BEﬂB,:@ for i#j.

However, it is well possible that B',.ﬂBj#QJ for the stochastic version we are considering now.
We shall study the behavior of Markov chain with very large B, e.g. the exit time, exit
distribution and ergodicity, etc. Much information is given by C,’s of (0.2). Define

HBE)=min{;C{k_1{kll>1: g(]eAf"g], gza-“9 éf—lEB!? §I¢Bl} (07)

and for ¢€B,n¢B, T, (B) is a similar quantity (see Definition 2.1). The following theo-
rems are precise statements.

Theorem 0.1. Suppose that {X } is a Markov chain starting from (€B.

i) Exit time
lim, % logE?<(B)="T(B). 0.8)
ii) Exit distribution: For n¢B,
. -1
lim —~logPAX.q)=nlX,=8)=—~T(B)+ T;,(B), 0.9)
lim P{(X.q)={n#B| T,(B)=T(B)}=1. 0.10)

Theorem 0.2. If the initial state (€B)\ U B;, then ©(B)/Eft(B) converges in distribution
il

to the exponential random variable with mean 1, as f — . In particular, for 6>0 small
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enough, we have

lim P{e™®"" <e(B)<e®*)=1, 0.11)

-1
B
Theorem 0.3. Suppose that {v()} is the invariant measure of P,”. For (€A, E€B)\

\UB, 0<3<T(B)
j#i

lim logP!(c(()>¢") =5, (€A, ©0.12)

. 1 & ’
fm £1] 3 10020 =0

where I is the indicator function and N, is the integral part of e"®~%,

The phenomena characterized by the theorems are collectively called metastability. Our
second part is to demonstrate that this kind of metastability is also observed at higher lev-
els. If we do not consider the actual state but only the set B, in which X lies, then
transition from one B, to another B; also exhibits the metastability. Some B;’s are grouped
together to form level 2 attractive basins B, j=1, 2,'s, X, stays in B} for an
asymptotically expontial random time, and then enters into other B}, j#k with a definite
hitting probability. Repeating this argument for higher levels, one gets a pyramidal of
classes of states, with {B,,-*B]} renamed as {B),-*B;} at the bottom, and B{=S on the
top, as shown below.

B
B;_l Bs:l '

B:"'B,l,] Bl ...Bl Bl

My ny

Roughly speaking, Bf is the union of some B/”'’s. The precise definitions and rigorous
mathematical statements (Theorems 3.1, 3.2 and 3.3 concerning higher level attractive basins
B’s require much preparation). We shall discuss the details in section 3.

As an example, let us consider the d-dimensional stochastic Ising model with the
Glauber dynamics. At the top level Bj=S. The configuration with all spins up (+1) is
the unique attractor of the highest level. On the second top level there are two attractors,
+1 and the configuration with all spins down (—1). The corresponding attractive basin of
-1 is exactly the collection of subcritical configurations. From the physical point of
view, it is important to find the so-called critical droplet from the interacting potential
which determines C,, in (0.2). By the theorems of this paper, the problem is essentially re-
duced to finding a path connecting —1 to +1 with minimum barrier. The details are dis-
cussed in references [10, 11]. ]
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1 Preliminaries

We now discuss a Markov chain on the finite state space S. The results are very
similar to Lemmas 3.3 and 3.4 of Chapter 6 in ref. [9], but are derived directly by an ele-
mentary method of determinants. They are not only the stepping stone for our main re-

"

sults, but also of independent interest.
Throughout this section we will identify the state space S with {1, 2,--",N}.
P={p(i, j):1<i, jSN}
is a stochastic matrix. This means that every p(i, j)=0 and i‘,l p(,))=1 for I1SisSN. Let
K be a proper subset of S. J

Definition 1.1. G(K) is the set of maps g: K— S with the property that g maps no
non-empty subset of K into itself.

‘Let p€K and g€S\K. We say that geG(K) leads from p to g if there is a sequence
x;, ", X, of distinct elements in K such that

g(p)=x, g(x)=q, and g(x)=x;,, 1SjSk—1
Definition 1.2. G, (K) is the subset of g€G(K) that leads from p to g.
- Definition 1.3. For g: K— §, define
m(9)=11p(x.9(9). (BY
In particular 7(g) is defined by (1.1) for g€G(K). '
Definition 1.4.  Let K={i, i} with 1<j <-'<i<N. Then
Pi={p(i,i); | Sk, Iss}.

By relabelling the elements of S we can always arrange matters so that K={1,"*-,s} with
1SssSN-1. From now on we take it for granted that we have done this. In the expres-
sion I—P,, the symbol I is understood to represent the identity matrix with the same
dimensions as Py.

Definition 1.5. For p€K and ¢q€S\K define the matrix D, (K) by deleting the p-th col-
umn of I— Py and adjoining at the extreme right the column

-p(1,9)
—pQZ,q)

= p(s,9)

Also we can arrange matters so that g=s+1 and we take this for granted below.
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We now state three lemmas. Thei_r proof appears in the Appendix.
Lemma 1.1.
det(I—Py)= ), n(g).
)

geG(K
For p€K, and q€S\K,
detD, (K)=(—1¥* ), m(g).

9EG (K}

Lemma 1.2 (Formula for the Hitting Probability). For p€K and q€S\K,

(—1)P+‘?detDN(K) _95‘%00 n(g)
detd-P) X mlg)

geG(K)

P(X =41 X,=p)=

Lemma 1.3 (Formula for Mean Exit Time).

S ag+Y Y ()
FEGK\{p}) .f=1 g€Gpi(K\{j}
Ex(K)= 177
Y., n(g)

geG(K)

2 The first level metastability

Definition 2.1. For g€G(k) define

(g)=lim —-logr(g),
g~ f

and
T(K)=min 11(), T;(K)= min 1)
Under assumption (0.2), we have
| 11(g)= :EZ;( Ceoer
and

T(K)=min ), Cy,, T;,(KI= min ), C, e
geG(K) ek :

9€G,(K) teK

Lemma 2.1. Assume KCS, €K, néK.

im - 10gP(X =11, =)= To (K)~ T(K),

lim - 10gEA(K)=~[T(K\(EDA min T(K\EPI+T(K).

ﬁ {eK

{#{

(1.2

(1.3)

(1.4)

(1.5)

2.1)

2.2)

(2.3)

(2.4



12 SCIENCE IN CHINA (Series A) Vol. 39

Proof. By Lemma 1.2,

1
hm—-—logP( o =MX,=£)

B
= lim _—l{log Y nlg)-log ¥ n(g)]
pro B 9€G ¢, (K) 9€G(®)
= —lm — log ) “’”@+hm 1 log Y, e f1@
p—+ = ﬁ g€G; 4K B geG(K)
- *9361;:(1@ II(g)— rmn I1(g)
= T,(K)— T(K).

Similarly, by Lemma 1.3, we have

lim 1 ogE 1K)

=)

= lim logl: . Z g+, 2. x@):'_gi_ﬁé% 108[ 2. ”(G)]

B—==® f [eK QEG‘;(K\{C}) 9€G(K)
t#e
= lim + log[ Y efmoy Ny e'm"’]— lim — log[ ) e""”‘“’:|
g B ) (e 9G4 U\DD g B 4G ®
2
=—| min /7(g) /A min min H(g):|+ min I1(g)
| geK\( LeK  geGK\{LD gEeG(K)
2
=—| TK\{ZP N ?iﬂsz(K\{f}):"“T(K)- ' Q.E.D.
- (#¢

‘Lemma 2.2. Take a recurrent class A, with its attractive basin B, Assume { €A4,(€B,.
Then Ty (B\{¢})=0, and

II:JIIT“(B) { Z‘ Sk 16;.1/1 &%=¢, &, &, &,€B, €1=7f}

which is independent of &.
Because of this lemma, T(B) given by (0.7) is consistent with Definition 2.1.

~ Proof. The proof is a direct verification of Definition 2.1. For any (€B, (€A, there
exists a sequence {£, k=0, 1,--,n} leading from ¢ to (€A, such that [[p®(&, &..) >0.
. k

Therefore ZCQ :..=0. Define g({)=¢,,,. If £€B\{{,¢, ¢}, we can again find a sequence
k
{¢, i=0, 1,---,n"}CB, leading from ¢’ to {. Suppose j=min {i: &€ {&, &, -, &,}}. Then
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define g(¢)=¢&,,, for k=0,1,-,j—1. In this way we extend g to a larger domain of definition
such that (1) I7(g)=0 and (2) g leads ¢ to {. Since B, is finite, after a finite number of
extensions we get g€G, (B\{) with the two properties preserved. So the first assertion
follows.

Turn to the second equality. Take a sequence {{;,j=0,1,-",n} leading from { to n¢B,
which minimizes ) cy,,, define g(£)=¢., and extend it to B, such that
n—1
EEZB cz_gm=;n C;y, and g€ G, (B).

Hence

. .
%?Th(Bi)gl:}iB?{ I‘Z“lcﬁ—ﬁkl';ls &%=¢ &, éz'”) CI—IEBH £T=ﬂ};

leading from { to some #n'¢B, and
H[g) 2;Cﬂ(“]{{),gﬂmlﬁ)'
So the opposite inequality holds, and the equality follows. Q.ED.

Proof of Theorem 0.1. By Lemmas 2.1 and 2.2, we obtain (0.8) and (0.9) immediately.
(0.10) is an easy consequence of (0.9). Q.E.D.

Proof of Theorem 0.2. We prove (0.12) first. The assumption ¢€B\U,,,B; implies
that P°(0(4)<)=1. Hence

mingé,,(B,.\{r:}po V€ A.

By Lemma 1.2 and Lemma 2.2
P(0(0)>e®)SPLo(Q)#1(B\{(}) + PLe(B\{{})>e")

SPUX, g *O+e PEa(B\{(})

e Fmn T{q(ﬂi\{m+e_a‘Bng(Ba\{c})g"e-dlﬁ'
This proves (0.12).

Take h,=E/t(B) for a fixed (€A, For any (€B, it follows from the proof of (0.12) that

Jim P{(0(\)<(B)) =lim Pio@)=xB\{{H<uB)) =1,

EB) _ . EfG@B), oQ)<tB) .  E(B) o()>1(B)
i BB AR T BuB) Him =)
_ i BGB)=0(©)+0Q), o©)<x(B)

peeo EP(B)
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= lim E?T(‘Z?:EB%?"@ PXo()<t(B)) (strong Markov!)
=£1£H}0 Pie(©)<t(B))=1. 2.5

Step 1. Let uf(+) be the probability distribution of 7(B)/h, Then

R

By (2.5) there exists f, such that as f=>pf, E,t(B)/h,<2. Hence u;([0,2/e])=>1—¢ and
{uf(*); BySP<+0} is tight. Consequently we can choose a sequence {f,} such that uf{(-)
converges weakly to a distribution p, () for V¢€B, as n —+.

Step 2. We show now that g, is independent of {. By the Chebyshev inequality and
(0.12), V6>0, as g — <,

Ex(B,
P(‘C(B,.)?em‘*‘)”’ﬂ)ﬁ e(T—éi);)m — (]’ (2.6)
- E
P(o(0)Ze™ %)< ﬁ% - 0. 2.7)

Using the strong Markovian property and the fact X,,={,
pdlx, +o)=lim pp(x, +)=lim P¢(x(B)>h,x)

=lim_ Pi(z(B)=hy x>eT®%2g(())
=lim_PH(o()<e™® %, Ph(x(B)>hy x))

=[x, +).
Step 3. Now simply write u([x, +X))=u(x). Let
F={z20|3B,, and £€B, such that p({z})>0}.
For x, y, x+y¢F,
p(x+y)=lim Pi(t(B)=Hn(x+y))

=lim EH(B)>Hx, P{rs, (1(B)> )= p(x)u(y). 2.8)

f[;,

To show that (2.8) holds for any x, y>0, we notice that F is at most a countable set.
Take sequences x, .~ x,y,.~y such that x,y x +yéF and (2.8) holds for all x,,y,. Since
u(*) is left continuous we obtain

p(xt+y)= im p(x,+y,) =Hm p(x,) u(,)=p)p@).
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o

It then follows that u(x) =Ce ™. u(0) =1 and J xp(dx) =1 imply C=1 and a=1,
0
respectively.

Step 4. Finally, by the uniqueness of the weak [imit of {u’(+)}, ©(B)/h, and ©(B)/
Eft(B) converge in law to the unit exponential random variable.

Finally, rewrite the left-hand side of (0.11) as

e

ﬂﬁme{(e'” :g;ﬁ <e’5’*)—l1m J e *dx=1. : Q.E.D

In the following two lemmas and the proof of Theorem 0.3, let 4 be one of 4,’s, B=B)\
UB*" We omit the subscript for simplicity.
i

Lemma 2.3. Suppose that %, A4, ---if, are eigenvalues of I—Pf and A is the first
eigenvalue in the sense that |A|<|Af|, j=2,3,""|B|. Then

im —— L lopif= i L ol =0. i>
}!p‘lw ; logA{=T(B), ’ghd‘mcc 3 log|47|=0, j=2.

Proof. Notice that the first eigenvalue of I—P; is 0 and all other eigenvalues have
positive norms if Py is an irreducible stochastic matrix. So the second part is immediate.
By the expansion of the eigenpolynomial, we have

|B]
det(I~PB)=k]:[l A E;Hdetu P,)= i}ﬂz (2.9)
Therefore,
lim L ogat= hm—l det(I—Py) (2.10)
B Zdet(l Ps)
=— 11m — log 2, e"ﬁ"@+hm log), Y e 1@
ﬁ 4<GiB) EeB ¢ eGB\E)
= T(B ED.
min [1w)- min min [1@)=T®). Q

Lemma 2.4. Let ¢,y be the unique positive right eigenvector and left eigen vector
of P for the largest eigenvalue 1 — A% such that the maximum entry of ¢’ is 1, and
Ve @’=1. Then

(Dﬂ'—h 15 ')bﬂ _"V=(V(C|),"',‘r'(:m),0," ’0)
where A={(,*,0.)} and {v((), ~ v((,)} is the invariant measure of P.

Proof. Take a subsequence {f,} such that lim_ % exists, say ¢. Take the limit of
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both sides of P{¢’=(1~A{)¢’ along the subsequence {f,}. We get Pyo=¢. It follows that
@=1 is the unique solution. Hence I}i_l:an:»"=l. The same argument works for /. Q.E.D.

Proof of Theorem 3. Let P4 have the following Jordon decomposition.

1— 0

where the first column of I’ and first row of I," can be chosen as ¢’ and v

1-2% 1
Ef= h 1 ’
0 T 1-a
X
010 k 010
EY={ =i+ - == k- T
0 0 rXr, 0 0
00 10
o 0 1
SHED +---+( k)(l—lf)*"r 0" 0
2 ' 0 Ti
3 | 0 0
0 0/
Fix 6>0. For any ! such that e¥* <l <eT® % —e¥ a5 g — 00,
M- 0, #l—> o, i=2,
PP B G )
1 k=0(1 A= 138 L
Z(l - )< — 0,
k=0
) .
T& (k—r)' 1GFT ’
T3 (- Ay
. l =0 ! 1 1 V\
S @Y=, ! ry' P22 [ C]=1-v.1))

T k=0 ZE;‘
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Namely,
LS pacx = V), if (€4,
! *=°P£(Xk_€) { 0, otherwise.
For Ve#<]<eT®) -8 %
im L 5 @ryimtim L LY pey i ML LS
e N N ” e NB I = B = N,s Nﬁ’_t—l k=1 B
k#1
b Ny p== N,
For [<e’
lim I/NB=0

For [>e 7B~ _ g%
lim (N,=D/N;=0

Equality (2.12) still holds. Finally the proof is completed by

Np—=1 2 Ny—1
E} NL Y, LX) —v() =E§[—;—I— ) I{Q(Xk)}z—(v@))z
p k=0 p k=0
Nﬂ 1
21\1{_ . PXo=¢, X= C)—" S PO=t, X=)—(QOF —~ (OF—6OF=0. QED.

ﬂl‘= 31.:0

k#1

3 The higher level metastability

We now define iteratively the higher level attractors. The definition seems to be
inherently cumbersome. To motivate and to unify the definition, we first reformulate the
recurrent classes and their attractive basins by new terminology. From now on the recur-
rent classes {A,, 4, **,A,} are called level 1 attractors and are denoted as {A},4}, -, Al}.
the meantime, attractive basins B,,-*B; are called level 1 attractive basins and are denoted
a B, B

Definition 3.1.
. © .
(i) We say ¢=q if C,,=0;

(iij we say é@ n if there is a sequenbe {&,i=0, 1,---,k} such that

©) _
é=€0‘! n=éks {i$¢i+la 1=0,l,"',k_1;
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(iii) we say één if é—-n and q—*é
Definition 3.2. A level 1 attractor A! is a subset of S such that
(i) Venea,e&n, and
(i) if ¢e4),¢ Dy, then ned).
The set of all level 1 attractors is denoted by ..
Definition 3.3. The attractive basin B! of a level 1 attractor A/ is defined as
B'={¢|¢ Q¢ for some (€Al

One can verify that Definition 3.2 coincides with the definition of the recurrent class,
and that of Definition 3.3 is consistent with (0.6).

Definition 3.4. Define T,= rnm T(B) V!=T(B).

We now define inductively higher level attractors and attractive basins by the same
procedure as follows. Suppose that we have defined level k attractors, level k attractive
basins, and T, already.

Definition 3.5.
(i) We say A"=>A“ if there exist {€4},n€B;\B} such that

T,(Bf) —min T(BA\{}) =Vi=T;

y . . _ B L
(i) we say Af LAJ.“ if there is a sequence Af=A;, A;, , A, =A} such that 4}=A;
for =0, ,m—1;

L ®) c®

(iii) we say 484 if 4+ 4% and 4
Definition 3.6. A level (k+1) attractor A*' is a subset of .« such that
(i) Va4, ges, 48 4 and

@ A}, then A€ €A

(ii) if ALeA™, AX —
The set of all level (k+1) attractors is denoted by .«
Definition 3.7. The attractive basin B*' of a level (k+1) attractor A**' is defined as
B:‘*"=U{BJ.“|A}‘§-)~A,’; for some Af€AF'}.

Definition 3.8. Define
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V;'Hl = T(BI."“) - l'g-}i%] T(Bl-k+l \ {C}):

T..,= min V*!
1 giggr1

It is well possible that Bf\Bf#@ for i#j. By Definition 3.7 it is evident that there
is a pyramidal structure among the attractive basin B/’s, as shown below.

Bi
Bll'—i B.:,:l
B% 322 Bi
B:B:,l Bim'"Bniz le
Theorem 3.1. Suppose that £€B* and n¢ B~
. —1 _
Jim, B log PY (X, gy =1) = — T(B) + T, (B), (3.1
Jim P P (X E{nEBf| T(B)=T,(BH} =1, (3.2)
. 1
Jim, 7 log E,(B) =V: (3.3)

(3.1) and (3.3) are immediate from Lemma 2.1 and (3.2) is in turn a consequence of

(3.1). To see that the exit distribution is independent of the initial state éEB,,“\UB}‘, we

JFi

have to study T(BY)’s further.
Lemma 3.1. For any (€A}, E€Bf
TBA\{ENZT BN} =T (B\{L}). 3.4
Proof. Suppose that
Bf=B"'U--UB!!, (Bl
For any g€ G(Bf\ {{}),
9l g€ G(BIN\ (L)), 9ls€G(BL), m=2,3,r,

and

1_[(9)‘__ Z{C} Cn.g(u) = Z Cq.y(?r)—i_ mz=:2 et C"I"Q('I')' (35)
neB;,

neB}\ neB I\ {0}

In the last step we have to add to the sum some C,’s(=0) if rEEBf‘"ﬂB;‘" so that Cp
is counted in one Bf~' and C,, is counted in the other Bf~. From (3.5) we get

T (()> T\ D+ L TR, (36)

We shall construct g€ G, (Bf\ {{}) such that
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[Te)= T\ D+ X T(BE. ()
But
T(BA )< TyBA ()< 1(g). 6.9

(3.6), (3.7) and (3.8) together imply that the second equality of (3.4) holds.

The construction of g satisfying (3.7) is similiar to what we did in proving Lemma
3.2. Using induction we suppose that (3.4) is true for level k—1. First take g,€G (B} "\
{{}) such that

[1(g)=TB\ () =Tx(B"\{L}), VEEB'(L}.

(k-1)
To extend the domain of definition of g, choose B ' such that Af' = Af~'. Without loss

k=1 : :
of generality we may assume that A:"(=> )A,.‘I‘“. By definition there exist (€B}™, n€B ™\

B/ and ¢,€G,(B. ") such that IT(g,)=T(B;""). Define on B;"'( B

g(x), if £eBIT\{(},

ve= { 6.0, if EeBL\BY

. . . k=1 k—1)
Continue the extension by taking B!™' such that 47" = A" or A" = 4", and by

repeating the same argument, and so on. After a finite number of extensions we get a
desired g satisfying (3.7). This finishes the proof of the second equality in (3.4).

Suppose that (€B!™', like (3.6) we also have
T\ (E)> TB\ &)+ ¥ T(B*"). (3.6)’

If m=1, by induction hypothesis,
T(B: "\ {EH=T(B '\ {{}). (3.9)
(3.7), (3.6)" and (3.9) combine to give the first inequality in (3.4).
If m#1, by the induction hypothesis,
T(B:)~T(Bi"\{{})
= T(B:_l)—m&inT( il.(_l\{'?})
A
=T(B]")—minT(B""\ {n}) >T(B_") — T(B;"\{¢}).- (3.10)

Agaiﬁ the first inequality in (3.4) holds by (3.7), (3.6') and (4.10). This completes the
proof. Q.ED.

Definition 3.9. Let
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Ut =‘£§}T (BA\ {¢}) - min T(BA\{¢.n}). (3.11)
' n.£e B! '
Lemma 3.3
U< T, <T, <V G.12)

Proof. Choose {,&,n€B/such that
T(BA\ {{})=min T(B\ {'}),
T(BY\ {'Iaf})=q_}‘§21;l;k T(Bf\ {n', &'}).

Suppose that
Bi=B{" U~ UBL™, (eBl”,
and

T(BA\ (L= X T(B)+ T(B (0
If (B!, n€Bf", then T(Bf\ {n,£}) is not minimum because
T(Bf,_l)—mEiHT(Bf,_]\{f})= Ty S T(B{™)—minT (B "\ {{}).
Similarly,

¥ T(B)+ T(BY\ (&n)), i &neBl
T(BA\{SnpH=Y .
;=23 T(Bf:—l) +T(B\ {EN+T(B'\ {n}), if EEBF, B,

If £,n€B"", by induction hypothesis

Ur=TBN\{D-TBT'\{&n))
<min T(B{™\ (£)= min T(B\ (&)
=UT'S T, ,<T,.,.
If (e B, n€B;™,

US=T (BN {{) ~ T(BA\ 1)
=T(BA\ {{)+T (B~ T(B\ &)~ TB\ fn)
< T(BE’:'I)—- T(B{’:'l \{n}H
<T(B™)~ min T(B"\fn})=Vi"'=T,..

iy

Here we use the fact that B! 'CBf, so Aff"(k——i) A7'.. In both cases we conclude that
UIST,_,. This completes the proof of the first inequality.

To prove the second inequality we have to deal with two cases separately. If a level
k attractor is also a level (k—1) attractor, then

TBNH)—TBN\{HZTB ) —TB\{H>T,,.

If a level k attractor is a subset of .o4_, and contains at least two elements, then
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T(BY >3 T(B! ).

Hence
T(B)—T(B\{{)N>T B )—T(B\{H=T,,.

In either case we have 7,>T, ..
The last inequality of (3.12) holds by definition. Q.E.D.

Theorem 3.2. Suppose that ¢€BA\ | B
J#Ei

(i) If (€Al Ur<y<V}, then

Jim, Pi(a(()<e” <t(BY)<eV' )=,

(ii) as p — oo, ©(B}) |E,x(BY) converges in law to a random variable having the
exponential distribution with mean 1.

Proof. The assumption that éGBj‘\JQx_ B implies that
min Te, (B {{)) — T(BA{L)>0. (3.13)
Applying Lemma 2.1 we have
Jim - log Ecx(B\ (C)=T(B (£}~ minT(B\ {1 )< Ut

Po(Q)>e") =P e () # 1(B\ {{ D+ P (r(B\{{}) >e™)

oM mnTa =T . BT (BI{()
er&’

Se PP4e U
The remaining proof is identical with that of Theorem 0.2. Q.E.D.

Finally, let Bf be given. We write B instead of B“\UB" for simplicity. Assume deB
Let M/ be the algebraical cofactor of the &-row &- column entry of I—Ph. 1If (0.4) is true,
namely, glpm p(&,m)]e % exists V&,n€S, then

B
Mé;

LM

neR

V() =lim (3.14)

exists and

V(& =0 if T(B\{&})>minT(B\{L}).

Denote by V' the row vector {v/(£)|(€B}. Suppose that 1—Af,---,1—Af; are the eigenvalues
of P, with [A]]<]Af|<--<|Afl. Let ¢” be the right eigenvector of P} corresponding to Af
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with max,¢” (&) =1. Let Y’ be the left eigenvector of P} corresponding to A/ such that
Yo of=1
Lemma 3.4. If (0.4) is true, then

(1) Jim ¢*=1, lim y*=V;
(ii) ;i_g%o(Pg)‘°‘p(’f’]=l *V for Uk<y<VE
Proof. Note that the eigenvector y* is given by

M?E
{ Z;;,‘,'; |5GB}.

neB

Under assumption (0.4),
lim yf=V.

B~

Proof of ﬂlilnw @?=1 is the same as Lemma 2.4. Let P! have the Jordon decomposition

1-2
E]
Pi=T, |y (3.19)
E
where
1-A7 1 0
-1 Y .

O R

riXr;

and 1—-Afis an eigenvalue of Pjother than 1—Af. Afis the first eigenvalue of I—P,. By
(2.10)

Jim — - log||=T(B)~minT(B\{)=V" (.16
Jim — - log||< min T(B\ {£}) - min T(B\ fr.£)) = U". 6.17)

If y<Vk take & such that y<V*—¢ and for large B, by (3.16),

(VE_ . N
M<e V=98 }mulo Ae?]=0,
and

lim (1) =exp(~lim {[e"]) =1.

For y>U¥, take d<y—U* Then Af>e U+ for large § and
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[e”] (1= 28 1=exp[ryB +e"log(1 — 1%)]
<exp[ryf—e’ 2]
<exp[ryf—e? V' "PB]— 0 as B — + 0.

Then Ef*# — ( as f — . Therefore fhe conclusion follows from (3.15). Q.E.D.
Theorem 3.3. Assume (0.4). For Uf<y <V}, &, (€Bf\ U B,
j*i

i
I e

2
Jim, Ee( —7 X 1{”(}(,‘)—9?(@) =0.

=1

With Lemma 3.4 established, the proof of Theorem 3.3 is identical with that of Theorem
0.3.

Appendix

For completeness we provide here the elementary proof of the three lemmas of §1.
Readers who are familiar with the original proof of ref. [9] can skip this part. We often
write p; for p(i, j) in the sequel. We introduce now the convenient notation

Qk=§k Py=1-DPy 1<kSN.

Proof of Lemma 1.1. For s=1,

GK)y=G({1})={g:g(1)=k, k=2,3,":*N},
: det(I-P) =0, =), pu= Y. 7(s) | (1.2)

proving (1.2) for s=1. In
detD,, (K)=(—1)*"* ¥ =(g), (1.3)
986, (K)

M

the only possible value for p is p=1 and G,,(K)={g;g(1)=2}.
detD,(K) = —p,=(=1'"* ¥ 7(g)

9€Gn(K)

proving (1.3) for s=1.

Assume now that s=2 and that we have proved conclusions (1.2) and (1.3) for s—1.
Let K,={1,2,-",s—1}. Then

Q, —Pn T W — Dy

— Pa Q, Py — Py

[-P.= Py TPy T ~ Pis— Dx
Hps—l,] _p_-,-. 1,2 ot Qs—l - Ps—],s

_ps] _p52 _ps,s—l Qs
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_pls
I-P :

_-—ps—l,s
_psl e —ps,s—l Qs

and expansion of the det(/—Py) along the last row gives

det (I—P,) =Q,det (I— Py) —E}( —1)**p,det D (K)),

which by the induction hypothesis

=sipw[ Y - Y n(h)]+ Y P 2, ()
k=1 heG(KY heGy (K) k

=s+1  heG(Ky

s—1 N
=Z[ EEIOEIEDY n(h)}r Y 2 =k
k=1 hK—~S§ h:K—~§ k=s+1 h:K—=8§
h(9=k h(s)=k h(9)=k
Bl €G(KY hly, €G (Ko hl € G (Ko
= Y n(g).
9eG(K)

In the last step we use the following fact. Extend h,€G(K;) to a map h: K—S by setting
h(s)=k. If k>s then automatically h€G(K) and if 1sk<s—1 then h€G(K) if and only if
he€G(K)\ G, (K;). We have proved (1.2) for s.

Next we prove (1.3) for s and p=s.

0, “Pn 7 TP T Pisn
—Da Q, N — Do+
R I
_ps—l.l _ps—l,?. Qs—l _ps—],s-l-l
__psl _ps?. o _—ps.s—l _Ps,s-!-I
_pl,s+l
- I-Py : )
_ps—l,s+l
_pst _ps,s—l _Ps.s+l

and expansion of the detD, ., (K) along the last row gives

s—1
det D, (K) = —py,. det(I— Pg) — ‘;( — 1) pydetD, ., (Ky),

which by the induction hypothesis
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—pn T W)=Y ps Y u(h)
hEG (K k=1~ &

€0y, 4

=— ) n(g.

QEG_;;H (K

Last equality holds because g€G(K) belongs to G,,,,(K) if and only if either g(s)=s+1
and gl €G(K) or g(s)=k for 1Sk<s—1 and gl €G,,.,(K). We have proved (1.3) for s
and p=s. '

For Ispss—1, D, (K)=

Q, ~ Dip-1 “Piprr 7T “Dis-1 T Pis+

Py T T Pap TPiprt T T Pas—r T Do
_Pp,p-I pp,p+l

“Ps-11 7 T Pe—ip-1 T Psmipnn T Q.- T Ds-1541

_psl ups,p—] _ps.p+1 _ps.s—l _ps,s+l

and to make D, . ,(K) exactly the same as D, ,(K) with (p,-*’,s) permuted into (p+1,--,
s,p) we must perform the exact same permutation on the rows of D, ,,(K); that is, we
must move the p-th row to the s-th row and move the rows labeled by p+1,:--,s up one.
This amounts to s—p—1 transpositions of the rows of D, ., (K) and multiplies its
determinant by (—1)°"""". So by the result just proved for p=s,

det D, ., (K)=(~ 1)5-P-‘[—ge ) n(g)]=(+1)s+" X o).

This completes the induction argument and therefore the proof of the lemma. Q.E.D.

Proof of Lemma 1.2. First
P(X,49=41%=p) =2, P(X,o=4,7(K) =k|X,= )

-

5
k=1 j=

pe(p, )p(j.9) =§1 (I—-Py,;p(j,9)- (A1)

1
It is obvious by cofactor expression of the inverse of matrix that

(—1)"det M,
det(I-Py)

(I-Py, = (A2)

where M, is obtained from I— Py by deleting the j-th row and p-th column, 1Sj<s.

If j<p,
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detM,,=(—1)""""det D, (K\{j}), (A3)
and since p is the (p—1)-st member of K\{j},
det D, (K\{j=(=1)"""" 3 =(g), (A4)
956, K\ {j})
then (A2), (A3) and (A4) combine to give
I-P) '= 9eGL (KN j}) n(g) (AS)
U=PJy = det(I-Pp)
If j>p,
det M,,=(—1)""det D,,(K\{j}), (A3)
and since p is the p-th member of K\{j},
detD,(K\{j=(=1D"" Y u(g). (A4
9€G, K\ (i)
And again (AS) results.
If j=p,
. detMpp=det(I_PK\{p}),
and in the place of (A4) we get
det(I-Py,)= Y m(g),
96 (K\(p})
(I-P) = m__»n(g) (A5)’
”’ det(I-Py)
Finally by (A1),
P(X;(K):mXo:P)
P> w@pG) ). n@p(p.9)
R geG,K\(j) 9€G(K\(p))
B det(I- Py
=gef§m () _ (=1)"detD, (K)
det(I—Py) det(I—Py)
The last equality holds because of (1.3). Q.E.D.

Proof of Lemma 1.3.

2 (—1)rtidetM;,

B = 0-P)= S ary

where M,, is obtained from /— Py by deleting the j-th row and p-th column.

But
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geG(K\{p}) JT(Q) if j=P;
deth.p= - .
(=7 Y mlg) if j#p
ge€G,(K\(j})
and det(I—PY)= 2, w(g). Q.E.D.
geEG(K) : '
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