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The Hydrodynamic Limit for the Reaction 
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We study the hydrodynamic limit of the reaction diffusion process by means of 
the GPV technique (Guo et alJ4}). To this end, we first derive apriori bounds 
on the moments of the occupation numbers using the local central limit theorem 
and results of stochastic analysis. The result of De Masi and Presutti t2~ for the 
hydrodynamic limit of the reaction diffusion process is generalized here. 
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1. I N T R O D U C T I O N  

The one-d imens iona l  zero- range  process  is one of  the simplest  par t ic le  
systems (Ligget t  ts~) which descr ibes  the m o t i o n  of  indis t inguishable  par -  
ticles on  7/. The  par t ic les  move  accord ing  to the fol lowing law: if a site x 
is occupied  by  k part icles ,  one o f  the par t ic les  j u m p s  to  one of  the two 
ne ighbor ing  sites x -  1 and  x + 1 wi th  a rate  c(k).  In the case c ( k ) =  k this 
co r re sponds  to an  independen t  m o t i o n  o f  part icles ,  and  it is easy to 
descr ibe the h y d r o d y n a m i c  behavior .  Pe r tu rba t ions  of  the independen t  
par t ic le  system were cons idered  by  De  Mas i  and  Presut t i  t2~ in the 
h y d r o d y n a m i c  limit. In  par t icu lar ,  they s tudied a mode l  for the rac t ion  
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diffusion equation (RDE) and for the Carleman equation etc. The reader 
is referred to the book of De Masi and Presutti ~-') for details (see also 
Spohn~7)). The essential technique developed in De Masi and Presutti ~2~ for 
investigating the hydrodynamic limit of interacting particle systems is to 
study the BBGKY hierarchical equations for the correlation functions. 
De Masi and Presutti ~2~ asked whether it is possible to derive the RDE by 
the GPV technique (Guo et al. ~4~) rather than the hierarchical equations 
for the correlation functions. In this paper, we give a positive answer to this 
question. 

We apply some results of stochastic analysis and the local central limit 
theorem to obtain a priori bounds for the moments of the occupation 
numbers of the reaction diffusion process without using the BBGKY hier- 
archical equations. Then the hydrodynamic limit of the RDE is deduced by 
applying the GPV technique. We generalize the result in De Masi and 
Presutti ~2) for the RDE in one aspect: we do not need their restriction on 
the form of the reaction part except some growth conditions (see (Q) and 
(Q)') in Section 2). In the correlation functions approach, the reaction part 
was expressed in terms of Poisson polynomials and so had to be a polyno- 
mial. The idea behind our approach is that we try to separate the perturba- 
tion part (reaction part) from the independent particle system (diffusion 
part). For the reaction part we get a bound by standard results of 
stochastic analysis; an estimate for the diffusion part is obtained by means 
of the local central limit theorem. As we pointed out at the beginning, there 
are a number of different hydrodynamic models which can be considered as 
perturbations of the independent particle system. We believe that the 
techniques of this paper can also be applied to these other models. For 
example, we expect that our technique can be adopted to study the 
Carleman equation etc. (Yau ~sl). 

2. MAIN RESULTS 

We start with introducing the model and some assumptions. Most of 
the notation is taken from De Masi and Presutti/2~ 

Let e > 0 be a parameter. The hydrodynamic limit corresponds to 
letting e ~ 0. Without loss of generality we assume that e-~ is an integer, 
and we set Z~ = Z modulo e-~, i.e., we consider the model with periodic 
boundary conditions. The configuration space is N z~. We write q(x) for the 
number of particles at a site x. The intensity for a jump of a particle at site 
x to the right or left is �89 for r /= (t/(x), x e 7 / ) e  N z,. In addition to the 
jumps, we allow the birth and death of particles at x with rates q+(.)  
respectively q_(.  ). 
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We  assume 

q_(O)=O, q + ( x ) > 0 ,  q _ ( x ) > 0  .for all x > 0 

and (Q) 

q +(x) + q_(x)  < Bl[ --q +(x) + q_(x)]  + B 2 

for some positive numbers Bl and B2 independent of x e R +. 

Note that the assumption (Q) is weaker than that in De Masi and 
Presutti (2) (Chapter IV, see also assumption (Q') later). We do not need 
any restriction on the concrete form of the functions q + and q_.  Assump- 
tion (Q) is certainly satisfied in the case when q+ and q_ are both polyno- 
mials with deg(q_ ) > deg(q + ). It is also satisfied when deg(q_) = deg(q + ) 
and the coefficient of the highest order of q_ is larger than that of q+. The 
essence of this assumption is that q_(x)  increases to infinity faster than 
q+(x) as x tends to infinity. It is easy to give examples for nonpolynomial 
functions satisfying assumption (Q). 

The process ~7(x, t) we consider in this paper is a Markov process with 
the generator 

L'f(rl) = e -  2Lof(r/) + Lcf(Tl) (2.1) 

for bounded functions f on IN z,. Here Lo is the generator of the symmetric 
independent process, namely 

Lof(rl) = �89 ~ r/(x)[ f (q  + ~x+l - -  r162 + f(rl + 6x_ ~ -- dr) -- 2f(r/) ] 
x 

and Lc is the generator of the birth-and-death process 

Lcf(~7) = ~. { q + (r/(x))[ f ( r / +  fix) - f ( ' ~ ) ]  + q-(r/(x)) [ f ( r / -  d,.) - f(r/) ] } 
X 

d,. e IN z~ is the configuration with just one particle at the position x, and 
sums and differences of configurations are defined componentwise. 

By a standard result of stochastic analysis (Protted6)), we know that 
the process q(x, t) can be expressed as 

f2 ~l(x , t ) -r l (x ,O)= Lrl(x,s) d s + M ( x , t  ) (2.2) 

where M(x, t) is a L2 martingale with respect to the filtration generated by 
the process t/(x, t). In fact, it is known that Etlk(x, t) < oo for some k e IN 
depending on e (see for example, Chen(~l). Equation (2.2) is the starting 
point for our analysis. 
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In order to apply the GPV technique to our case, we need apriori 
bounds on Erff(x, t) which are independent of t .  

Let 

r/(t) = (r/(1, t), q(2, t) ..... q(e -~, t))' 

L,.~l(t) = (Lcr/(l, t), L ~ ( 2 ,  t),..., Lr -~, t))' 

and 

M( t ) =( M( 1 ,  t), M(2, t),..., M ( e - ' ,  t))' 

where ( . ) '  is the transpose of a vector. So we can rewrite the Eq. (2.2) in 
the form 

r / ( t ) - -q (0 )=  Arl(s)ds+ Lcr l (s )ds+M(t  ) (2.3) 

where A is the t -  l x t -  z Q-matrix of the symmetric independent process, 
i.e., 

A = g  -2 

(_l 0 ... 0 l o) 
1/2 - 1  1/2 ... 0 

1/2 0 0 ... 1/2 1 

By the variation of constant (Prottert6)), we obtain 

~l(t) = ea'rl(O) + e At'-`)Lcq(s) ds + e At'-") dM(s) (2.4) 

Since A is a finite matrix, we have 

�9 ( A t ) "  
e A ' = I + A t + . . .  +~11. + . . .  

Note that the matrix e At is the transition matrix for the simple symmetric 
random walk on Z at time e-2t. For  fixed x, let u be the x-th unit vector 
of R ~-~, and ( . ,  �9 ) the inner product of two vectors in R "-'. Then Eq. (2.4) 
implies that 

r/(t, x) = (eA'r/(0), u) + (eAr u) ds + (e  ACt-s) dM(s), u)  

(2.5) 
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Lemma 2.1. Let B=B2/(1 +BI) and t>~0. Then 

( e "~'-"~ dM(s), u) = ( dM(s), eA(t-")u) 

(eA'r/(0), u)  ~< max r/(0, y) 
y 

~o ( em'-S)L21(s), u) ds <~ Bt 

Proof The first equation follows from the symmetry of the matrix A. 
Similarly, we have 

(ea'r/(O), u) = (r/(O), eA'u) 

= ~,z(o, y) Px (L_ ,=y )  
Y 

~< max r/(0, y) 
Y 

where ~, is the symmetric random walk on Z~ and Px the probability dis- 
tribution of the symmetric random walk starting from x. We need to 
emphasize here that Px(~,- ,  =Y) depends on e, we omit it only for the sim- 
plicity of notation. 

For the last inequality in the lemma, we conclude from the assumption 
(Q) 

(1 + BO(q + --q_) <~ Bz-- 2q_ 

and 

eAl'-S)L2/(x, s) = E,.Lcq(~ . . . .  s) 

that 

fo ( eAC'-S)Lcq(s), u) ds <~ Bt 

According to Lemma 2.1 and after taking squares on both sides of the 
Eq. (2.5) we see that 

~l(t,x)2<~3max~12(O,y)+3BZt2+3 (dM(s),eACt-")u) 
Y 

(2.6) 
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Hence to obtain a bound for the occupation numbers of the process 
we only need to estimate the last term in the inequality in Eq. (2.6). 

For  any function g(t, x) we introduce the process 

Y(g)(t) = Ql(t), g( t) ) = ~ q(x, t) g(x, t) 

for g(t)=(g(1, t) ..... g(e - I ,  t))'. Note that if g(t,x)=~b(ex), then eY(g) is 
the density field defined in De Masi and Presutti. t2~ For  the Markov 
process Y(g)(t), we have 

Lemma 2.2. For t >t 0 

where 

Y(g)( t ) -  Y(g)(O)- i~ ~(s) ds= f~ ( dM(s), g(s) ) 

( ~ ( dM(s)'g(s) ) ) 2 -  I~ y2(s) ds= N( t) 

dY(g) 
?,(s) = L Y(g)(s) + ~ (s) 

?2(s) = L YZ(g)(s) - 2 Y(g)(s) L Y(g)(s) 

and N(t) is a martingale. 

Proof The conclusion of this lemma is just (2.18), (2.19), (2.21), and 
(2.22) in De Masi and Presutti. 12) [] 

Letting g(s, x) = e A~'-''~u, we obtain from Lemma 2.2 by some elemen- 
tary computations that 

1 
~ , , _ ( s ) = V ~ ( y , s ) , . ,  - 

y '~ 

+F~ [q-(~(y, s))+q+(~(y, s)/] P,.(L_.~ = y) 
Y 

= y~ + ~g_(s) (2.7) 

(For  the first term here, see (3.12) in De Masi and Presutti~2)). 
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From Lemma 2.2, inequality in Eq. (2.6) and equality in Eq. (2.7) we 
see that 

E,q(x,t)2<~3maxq2(y,O)+3B2t2+3E, (y~ (2.8) 

Here E~ is the expectation for the process q(x, t) starting from q. 

Lemma 2.3. For y~ and y~(s) defined by the equality in Eq. (2.7) 
we have 

EoI~Y~ ) 

( y E,I y~(s) ds <~ 8B~E,Iq2(t, x) + 8B~ max ~/'-(0, y) 
Y 

+ 8E, 1 f' y~ ds + 4B~ + 8B~ t 2 
ao 

for the constants B,,  B_, from the assumption (Q), B=B2/(1 +Bl) and a 
constant B 3 which is independent ofe. 

Proof From equality in Eq. (2.7) we have 

' '1 (Px(G_s=y+l)-P, . (G_s=y))  z 
E"fo Y~ ds=E"fo4~,, rl(s'Y)[ e " 

+ 

In terms of the local central limit theorem (Feller~3); and De Masi and 
Presutti~2}), 

Px(G = Y) ~ @ exp( - e4(y - x) 2/t'-) 
~/2~rt 

we obtain that 

( P.,-(G-.~ =Y + 1 ) -- Px(~,-~. = y).)2 ~< B3e 
C 

Furthermore, Eq. (2.1) yields that 

e ~  E.q(y. t ) - e ~  E,r~l(y,O)= E.Lce~l(y ,s)ds  
Y Y Y 

<~ Bt 
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Therefore 

EqfoX~ 

<<. B3e (e ~ tl(x, O) + Bt2/2) 

For the estimate of the term E,~ ~o yg(s)ds, we first note that 

E~ I~ y~(s)ds = E,~ ~ E [ q-(q(s, y ) ) +  q +(q(s, y))]  P x ( r  = Y) ds 
Y 

x P,.(~,_s=y) ds+B2t] 

= --BIE . (L~q(y,s) ds, eAr 

q( t, Is <<,B1E,~ x ) -  (ea'q(0), u) + (dM(s), eA~'-S)u) +B2t 

(2.9) 

first inequality follows from assumption (Q) and the second 

Let d be the unit circle, p(r) a smooth positive function p* = maXr~.~ p(r), 
and/ f f  the product measure on 1~ z, with the property 

I~(ll(x) = k) = vpc~.,_~(k) 

for all x ~ 7/. 

Lemma 2.4 (A priori bounds). For any positive integer k and t >/0, 
we have 

sup Ei,~tl~(S, y) <<. B4Ev~.~12~(x) + B s 
O<<.s<~t 

where the 
equation from Eq. (2.4). Taking squares on both sides of Eq. (2.9), using 
the definition of X2(s) and the elementary inequality a 2 <~ b + ac ~ a 2 <~ 
2b + 4c we arrive at the conclusion. [] 

Let vp denote the Poisson distribution on [~ with parameter p, i.e., 

p~e-P v,(k)= 
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where E, ,  is the expectation with the initial distr ibution/t  ~ and B4, B 5 are 
two constants independent of e. 

Proof From Eq. (2.5) we have that 

( rl(t, x) 2k= (e~trl(O), u) + (,eal'-S)Lcrl(s), u) ds 

r 12k + ~o (' eA"-s) dM(s), u) 

<~B6((eA'q(O),u))2k+B6(fo(ea"-~'Lcq(s),u)ds) zk 

+ B6 ( Io ( eAl'-'~) dM(s), u ) ) ~ 

where B 6 is a constant which depends only on k. From the It6 formula we 
conclude that 

Eq (eA"-Sl dM(s),u) <~ CIE, l yz(s) ds + Cz 

for some constants C~ and C2 independent of e. Hence we obtain by the 
same estimate as in the case k = 1 that 

sup EJIZk(x, S) <~ B'4Ev,. max q2*(x) + B5 
O<~s<~t x 

By the independence of rl(x) and Doob 's  inequality we obtain the lemma. 
[] 

In order to establish the boundedness of  Evp.q+(rl(1)) and Ev,.q2(r/(1)) 
we need the following assumption, which is of course true in the case con- 
sidered by De Masi and PresuttiJ 2) 

3k > 0, such that q _(q( 1 )) ~< B6rlk(1) for some positive constant B 6 

Ok Ev,.r/- (1) < oo 
(Q') 

and 
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The density field X~,(~b) is defined as 

~(r = e Z r ,l(x, t) 
x e Z ~  

for ~b ~ 5", the Schwartz space of all smooth functions on the unit circle J .  
Let P" be its law on N(R+,  5:') (see De Masi and Presutti~z)). 

We have the following theorem which is proved, by the BBGKY 
hierarchical equations for the correlation functions, in Chapter IV in 
De Masi and Presutti t2~ for the case that q+ and q_ are both polynomials 
and deg q + < deg q_.  

Theorem 2.1. Under the assumptions (Q) and (Q') and the unique- 
ness of the solution of the following PDE (2.10), the law P~ on @(IR+, ~ ' )  
converges weakly to the measure P which is supported on the distribution 
valued trajectory p(r, t) satisfying 

Op 1 02p 
Ot = 2 ~-r + F+(p)  - F _ ( p )  

p(r, 0) =p(r )  

(2.10) 

with 

F +(p) = E~pq +(q( 1 )) and F _ ( p )  = E,pq_(r/(1) ) 

The proof of the Theorem will be given in the next section. 

3. PROOF OF THE THEOREM 

We follow the proof of the hydrodynamic limit for nonlinear diffusion 
equations in De Masi and Presutti {2~ where the GPV technique is applied. 

Lemma 2.5. For any 6 > 0 and T >  0 the following equality holds 

lim P~ sup X,(~b) - X0(~b ) - ds e Y" ~k"(ex) tl(x, s) 
e ~ O  ll~ \ t < ~ T  x 

x 
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Proof. To prove the lemma it is enough for us to check the bounded- 
ness of 

Ep~ [8 --2 ~ ~ 2 LoX,(q~) + L~X,(~b) ] 

~2&,~ 8--'8 Y~ ,7(x, 0. [�89 + �89 -~(sx)]. 
x ~  :Tr. 

+2&,, e 2 (q+(~(x,t))-q_(~(x, t))).~(sx) 
xEZ~ 

and 

E,,, [8-2LoX~(~b) 2 -- 2X~(~b) -2 ~ �9 2 8 LoX,(r +LcX,(~) -2X,(r LcX,(~)] 2 

x~Z~ F, 

[ 1" +2E~,~ e 2 Y" [q+(q(x, t ) )+q_(~(x ,  t))] ~(sx) 
x ~  7/~ 

which is a consequence of the following inequalities 

sup Et,,rl(x, t) 2 ~< B 4 E p p . ~ ( x )  2 --}- B 5 
O<~s<~t 

sup E~,,q+(rl(X, t) )2 <~B4B6[ BIE/,p.rI(x)~ W B2] +B5 
O<~s<~t 

sup E/,,q_(rl(x, /))2 ~< B 4 B 6 E / , p . r l ( x ) 2 k  q_ B5 
O~<s~<t 

[] 

The essential step in the proof of the Theorem is to replace the terms 
in Lemma 2.5 by functions of the density field. First of all, we prove that 
q+ and q_ can be replaced by some bounded functions. 

Lemma 2.6. For any l > 0, ~ > 0 and ~b ~ Y, we have that 

limsupR_o~ limsup[~o limsupPuo(~dts~o e ~ ( e x )  q+(rl(x,t)) 

1 
- E ~ ~(8x) e - 1 l  

x 

q +R(~I(Y, t)) >f i )  = 0  
[y-- x[ <~ (1/2) c - I I  

860/9/2-3 



296 Feng 

/ r r  
lim sup lim sup lim sup Pj,~ ( |  c i te  ~ r t.)) 

R ~ o c ~  / ~ 0  ~ 0  \ ~ 0  x 

--e~.q~(eX)e_ll ~. q--n(q(y,t)) >~ =0  
x l y - x l  <~(I/2)e-II 

where q+R(k)=min(q+(k),  R) and q_R(k)= min(q_(k), R). 

Proof We only prove the conclusion for function q_, the proof of 
the other result is analogous. Note that 

Eu,(q_(q(x, t) ) - q_ROI(X, t) ) ) <~ E,,H[,,t.,.., , >! iq q-(q(x,  t) ) 

< (E,,,I{,r '/2 (E~,qZ__(tl(x, t))) '/'- 

< ([E,,<rl(x, t)]/R) '/2 (E,,<q~(q(x, t))) '/z 

Because of Lemma2.4, we deduce that [Efstl(x, t)]1/2 and 
(E~,,q2__(it(x, t))) I/2 are both bounded uniformly in e, and therefore 

E,,,( q_(q(x, t) ) --q_R(q(x, t) ) ) ~ 0 

uniformly in e and t e [0, T] as R-~ or. [] 

For any space interval I in Z~ and bounded cylindrical function f 
define 

g ( f  I, t )= lI[-' ~ f(tl(x, t)) 
.X 'EI 

o~(f. I, t )=  E~=.,f(t/(1)) 

for 

and 

z(t)= ~ kv,~t1,t)(k) 
k = l  

~(I, t)= III- '  Z ~/(x, t) 
A'EI  

Lemma 2.7. For any a and t, 

limsupl_0 l i m s u p e l ~  f: ~<C 
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where C is a constant independent of a, 

W~s=e ~, I~(f, z,-I, t ) - ~ ( f ,  zxI, t)l 
x~Z~ 

for I = [ 1 ,  [ e - l / ] ] ,  r,. is the translation by x in 7 / a n d  N s = ~ z v l ( x , s ) .  

Proof The proof is divided into several steps. 

Step 1. From the Feynman-Kac formula it is easily seen that 

Evr exp (~ I~ ds [ae-'W:-AN~.] ) 

~< exp(e- 'M( te - ~Lo + 2a W~o - 22eNo + etL~)) 

where M(. ) is the maximal eigenvalue of (-). 

Step 2. For any ~O ~ L2(N z,, vp.), we note that 

M(te - ~L o + 2a W~o - 22eN o + eL~ t) 

= sup (~ ,  (te-lLo+2aW~o-22No+etL~) ~,) 
( q J . ~ )  = 1 

Step 3. It is already proved in De Masi and Presutti (2) that 

lim sup limsup sup (q/, (te-~Lo+2aW~o-22Noq/) <.0 
/ ~ o  E ~ 0  < q , . q , >  = J 

So what we need to establish is a bound for 

sup (~O, etL,.~) 
< q , . q , >  = l 

In fact 

sup (~b, etLc~b)= sup Jdvp.~et[q+R(vl(x))(~O(Vl+~x)-qJ(q)) 
< ~ , , ~ >  = I < ~ , , ~ ; >  = I ~ x 

-- q _R(r/(X))(~O(r/-- ~,.) -- ~(V/)) ] ~(r/) 

< C  

for some positive constant C independent of a. [] 
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From Lemma 2.7 we get the following super-exponential estimate. 

Lemma 2.8. For  any positive t and J 

lira sup lim sup e log P~,. ds W~ > 6 = -oo 
I ~ 0  ~ 0  

where ~ is defined as in Lemma 2.7. 

Proof. I t  is easily seen that 

1 
.N< exp(--e 'aJ) Eve.(exp(t- l  f~ dsae- 'W~)) 

<<. exp( - e - ' af ) [ E,.,. ( exp ( 2t - l I~ ds [ ae - l W~ -- 2N~. ] ) ) ] '/2 

�9 [Evf  (exp(22N~))] 1/_, 

where Ns = Z.,- q(x, s). Note that 

e log E~,, exp(22N~.) <~ e log E~,, exp(22N0) + Bt < oo 

is bounded (assumption (Q')). Hence 

lira sup lim sup e log P,,. ds W~ > J <,N -aJ + C 
I ~ 0  e ~ O  

for some constant C. Since a is arbitrary, the lemma follows. [] 

Proof of the Theorem 2.1. The super exponential estimate in 
Lemma 2.8 allows us to follow De Masi and Presutti (z~ without any essen- 
tial difference. So we omit the details. [] 

ACKNOWLEDGMENTS 

The author would like to thank Prof. H.-O. Georgii for his hospitality 
and for looking over the English. This paper was partially supported by the 
A. von Humboldt  Foundation of Germany and the NSF of China. 



Hydrodynamic Limit for the Reaction Diffusion Equation Using the GPV Method 299 

R E F E R E N C E S  

1. Chen, M. F. (1986). Jump Processes and Particle Systems, Beijing Normal University Press 
(in Chinese). 

2. De Masi, A., and Presutti, E. (1991). Mathematical Methods for Hydrodynamic Limits, 
LNM 1501, Springer-Verlag, Berlin. 

3. Feller, W. (1957). An Introduction to Probability and Its Applications, Vol. I, J. Wiley and 
Sons, New York. 

4. Guo, M. Z., Papanicolaou, G. C., and Varadhan, S. R. S. (1988). Non Linear Diffusion 
Limit for a System with nearest Neighbor Interactions. Commun. Math. Phys. 118, 31-59. 

5. Liggett, T. (1985). lnteracth~g Particle Systems, Springer-Verlag, New York. 
6. Protter, P. (1990). Stochastic Integration and Differential Equations, Springer-Verlag, 

New York. 
7. Spohn, H. (1991). Large Scale Dynamics of lnteracting Particles, Springer-Verlag, Berlin, 

Heidelberg. 
8. Yau, H. T. (1991). Relative Entropy and Hydrodynamics of Ginzburg-Landau Models. 

Letters Math. Phys. 22, 63-80. 


