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The Hydrodynamic Limit for the Reaction
Diffusion Equation—An Approach in
Terms of the GPV Method
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We study the hydrodynamic limit of the reaction diffusion process by means of
the GPV technique (Guo et al.*¥'). To this end, we first derive a priori bounds
on the moments of the occupation numbers using the local central limit theorem
and results of stochastic analysis. The result of De Masi and Presutti'®’ for the
hydrodynamic limit of the reaction diffusion process is generalized here.
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1. INTRODUCTION

The one-dimensional zero-range process is one of the simplest particle
systems (Liggett'®) which describes the motion of indistinguishable par-
ticles on Z. The particles move according to the following law: if a site x
is occupied by k particles, one of the particles jumps to one of the two
neighboring sites x — 1 and x+ 1 with a rate c(k). In the case c(k) =k this
corresponds to an independent motion of particles, and it is easy to
describe the hydrodynamic behavior. Perturbations of the independent
particle system were considered by De Masi and Presutti‘”? in the
hydrodynamic limit. In particular, they studied a model for the raction
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diffusion equation (RDE) and for the Carleman equation etc. The reader
is referred to the book of De Masi and Presutti’® for details (see also
Spohn'”). The essential technique developed in De Masi and Presutti‘® for
investigating the hydrodynamic limit of interacting particle systems is to
study the BBGKY hierarchical equations for the correlation functions.
De Masi and Presutti® asked whether it is possible to derive the RDE by
the GPV technique (Guo et al'¥) rather than the hierarchical equations
for the correlation functions. In this paper, we give a positive answer to this
question.

We apply some results of stochastic analysis and the local central limit
theorem to obtain a priori bounds for the moments of the occupation
numbers of the reaction diffusion process without using the BBGKY hier-
archical equations. Then the hydrodynamic limit of the RDE is deduced by
applying the GPV technique. We generalize the result in De Masi and
Presutti'® for the RDE in one aspect: we do not need their restriction on
the form of the reaction part except some growth conditions (see (Q) and
(Q)’) in Section 2). In the correlation functions approach, the reaction part
was expressed in terms of Poisson polynomials and so had to be a polyno-
mial. The idea behind our approach is that we try to separate the perturba-
tion part (reaction part) from the independent particle system (diffusion
part). For the reaction part we get a bound by standard results of
stochastic analysis; an estimate for the diffusion part is obtained by means
of the local central limit theorem. As we pointed out at the beginning, there
are a number of different hydrodynamic models which can be considered as
perturbations of the independent particle system. We believe that the
techniques of this paper can also be applied to these other models. For
example, we expect that our technique can be adopted to study the
Carleman equation etc. (Yau'®).

2. MAIN RESULTS

We start with introducing the model and some assumptions. Most of
the notation is taken from De Masi and Presutti.‘?

Let ¢>0 be a parameter. The hydrodynamic limit corresponds to
letting & — 0. Without loss of generality we assume that ¢! is an integer,
and we set Z,=Z modulo ¢!, ie., we consider the model with periodic
boundary conditions. The configuration space is N%. We write 7(x) for the
number of particles at a site x. The intensity for a jump of a particle at site
x to the right or left is 1x(x) for n=(5(x), x€ Z,) e N%. In addition to the
jumps, we allow the birth and death of particles at x with rates ¢_(-)
respectively g _(-).
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We assume

q_(0)=0, g, (x)>0, g_(x)>0 forall x>0

and (Q)
9.0 +q_ () <B[—q,()+q_(0)]+B,
for some positive numbers B, and B, independent of xeR*.

Note that the assumption (Q) is weaker than that in De Masi and
Presutti’® (Chapter IV, see also assumption (Q’) later). We do not need
any restriction on the concrete form of the functions ¢, and ¢g_. Assump-
tion (Q) is certainly satisfied in the case when ¢, and ¢ _ are both polyno-
mials with deg(q_) > deg(q . ). It is also satisfied when deg(q_)=deg(q.)
and the coefficient of the highest order of ¢ _ is larger than that of ¢, . The
essence of this assumption is that g_(x) increases to infinity faster than
g .(x) as x tends to infinity. It is easy to give examples for nonpolynomial
functions satisfying assumption (Q).

The process #(x, ¢} we consider in this paper is a Markov process with
the generator

Lif(n)=¢ " Lo f(n) + L. f(n) (2.1

for bounded functions f on N%. Here L, is the generator of the symmetric
independent process, namely

Lofi) =32 n(x)[ f(n+0,01—0) +f(n+6,_,—6,)=2f(n)]
and L. is the generator of the birth-and-death process

L.fim =Y {q. N[ flin+6.)— M1 +qg_(n(xN fln—6,)— fn)1}

X

J,.€ NZ is the configuration with just one particle at the position x, and
sums and differences of configurations are defined componentwise.

By a standard result of stochastic analysis (Protter®’), we know that
the process #(x, t) can be expressed as

n(x, ) —n(x, 0) = jo Ly(x, 5) ds+ M(x, 1) (2.2)

where M(x, t) is a L, martingale with respect to the filtration generated by
the process 7(x, t). In fact, it is known that En*(x, t) < co for some ke N
depending on ¢ (see for example, Chen!"). Equation (2.2) is the starting
point for our analysis.
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In order to apply the GPV technique to our case, we need a priori
bounds on Ex*(x, t) which are independent of ¢.
Let

n(t)=(n(1, 1), 72, ),... n(e~", 1))
L.n(t)=(Ln(1, 1), L.n(2, t),..., L (™", 1))
and
M(t)=(M(1, 1), M(2, t),.., M(¢™", 1))

where (-)' is the transpose of a vector. So we can rewrite the Eq.(2.2) in
the form

13 t
n(0)=n(0)= [ An(s)ds+[ Lon(s) ds+M() (23)
where A is the ¢ 7' x&~! Q-matrix of the symmetric independent process,
ie.,
-1 12 0 . 0 172
dp? 12 -112 .- 0 0
12 0 0 - 12 -1

By the variation of constant (Protter‘®), we obtain
14 I
MO =eAn(0)+ [ M ILyp(s)ds+ [ AV dM(s)  (24)
0 0

Since A is a finite matrix, we have

At n
et =T+ At+ --- +%+

Note that the matrix e?’ is the transition matrix for the simple symmetric
random walk on Z at time ¢ % For fixed x, let u be the x-th unit vector
of R°"', and ¢ -, -> the inner product of two vectors in R™. Then Eq. (2.4)
implies that

10t ) = e n(0), u) + [ A =ILon(s), u ds-+ [ =2 dM(s), ud
0 0
(2.5)
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Lemma 2.1. Let B=B,/(1+ B,) and £>0. Then
4 I
[ <ee=2 amis), uy = [ CaM(s), e~y
0 0

Cen(0), uy <max 7(0, y)
y
[ <e*r=nLn(s), uy ds< Bt
0

Proof. The first equation follows from the symmetry of the matrix 4.
Similarly, we have

Cen(0), ud = {n(0), e"'u)

=21(0,y) P& ;=)

<max 7(0, y)
y

where &, is the symmetric random walk on Z, and P, the probability dis-
tribution of the symmetric random walk starting from x. We need to
emphasize here that P,(£,_,=y) depends on ¢, we omit it only for the sim-
plicity of notation.

For the last inequality in the lemma, we conclude from the assumption

Q)
(1+B)Xg,—q_)<By—2g_
and
e =IL n(x, s)=E. L, _,, )

that
!
j (e 9L _p(s), u> ds < Bt
1]

According to Lemma 2.1 and after taking squares on both sides of the
Eq. (2.5) we see that

¢ 2
n(t, x)><3 max 7*0,y)+3B**+3 <I {dM(s), e"“‘”u)) (2.6)
y 4]



290 Feng

Hence to obtain a bound for the occupation numbers of the process
we only need to estimate the last term in the inequality in Eq. (2.6).
For any function g(7, x) we introduce the process

Y(2)(t)=<n(1), g(1)> =D n(x, 1) g(x, 1)

for g(t)=(g(1, 1),.., gle ™", 1))". Note that if g(z, x) =@(ex), then £Y(g) is
the density field defined in De Masi and Presutti.’® For the Markov
process Y(g)(z), we have

Lemma 2.2. For t>=0
H()(0) = Hg)O0) — [ yi(s)ds = <dM(s),g()>

‘ 2 [
([ <m0y ) = [ ts) ds =)
0 0

where

dY
7(s) = L¥(g)s)+ T )

y2(s) = LY?(g)(s) —2Y(g)(s) LY(g)(s)
and N(?) is a martingale.

Proof. The conclusion of this lemma is just (2.18), (2.19), (2.21), and
(2.22) in De Masi and Presutti.'® O

Letting g(s, x) = e ~*u, we obtain from Lemma 2.2 by some elemen-
tary computations that

1 P ’_\_= 1 —P\_ _’_.‘_=) 2
o) =3 Zan )| (BLEm 2= Rl )
>

&

+ <Px(é‘,_s=y —D—-P - =y)>']

&
+X [g-(n(y, s)+q,(n(y, NI PAE ;=)

=pUs) +75(s) 2.7)

(For the first term here, see (3.12) in De Masi and Presutti‘®).
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From Lemma 2.2, inequality in Eq. (2.6) and equality in Eq. (2.7) we
see that

1
E,n(x, 1Y <3 max p(y, 0)+3B% + 3E, | (9) +v5(0)ds  (28)

Here E, is the expectation for the process 7(x, ¢) starting from #. -

Lemma 2.3. For y3(s) and yi(s) defined by the equality in Eq. (2.7)
we have

E, | ¥}(s) ds<B,e’ <e Y n(x, 0)+ Bt2/2>
0 X
(El] J;) V‘z(S) dS> < SB%EI,”Z(t’ X) + 83% mf,x ”2(0’ y)

!
+8E, [ y3s) ds+4B3 +8B31°
0

for the constants B,, B, from the assumption (Q), B=B,/(1+ B,) and a
constant B; which is independent of ¢.

Proof. From equality in Eq. (2.7) we have
P _s=y+ 1)—P.\-(C,_s=y)>2

&

t ’1
Ey Jo yals)ds=E, fo Z%,n(S,y) [(
+<P"(é"“=y - 1)‘P.\-(é,_s=y)>2] ds

&

In terms of the local central limit theorem (Feller'®; and De Masi and
Presutti‘?),

&

Px(§,=.V)~\/ﬁeXP(—E"(y—X)z/tz)

we obtain that

<P.\'(él—s=y+ 1)_P.\'(él—.\'=y)
&

)- < B;e
Furthermore, Eq. (2.1) yields that

t
e Y Eynly. )= LEn(y,0)=] E,LeTn(y,s)ds
y y y

< Bt
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Therefore

I t
E,,f y3(s) dS<E,,f Y n(s, y) Bse
0 0 ¥

< B;e <£ Y. n(x,0)+ Bt2/2>

X

For the estimate of the term E, jg y5(s) ds, we first note that
E, [ 74(5) ds= B, [| T La-0,00) +4.00(5, )] Pl&s =)
<E, [ =B, 0. nts, =g (nts, )]
.
X P& _,=y)ds +th]
= —B\E, f; {L.(y,s)ds, e " u) ds+ B,t

<B,E, n(1, X)—<e’“77(0),u>+f (dM(s), e”‘"‘“”u>‘+Bzf
1]

(2.9)

where the first inequality follows from assumption (Q) and the second
equation from Eq. (2.4). Taking squares on both sides of Eq. (2.9), using
the definition of y,(s) and the elementary inequality a’<b+ac=a*<
2b + 4c¢ we arrive at the conclusion. O

Let v, denote the Poisson distribution on N with parameter p, ie.,
pre=”

vok) ==

Let .# be the unit circle, p(r) a smooth positive function p* =max,_, p(r),
and u° the product measure on N% with the property

#5(17(x) =k) = vp(e;x)(k)
forall xeZ,.

Lemma 2.4 (A4 priori bounds). For any positive integer £ and >0,
we have
sup E;zzﬂzk(ss J’) < B4Ev,,"72k(x) + BS

0gs<t
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where E . is the expectation with the initial distribution x° and B,, Bs are
two constants independent of ¢.

Proof. From Eq.(2.5) we have that
n(t, x)* = ((e""n(O), ud +f (e =L y(s), u) ds
0
i 2k
+[ et am(s), u))
0
. 2%
< Bl<e (O )+ By [ Ce* =L nto) 3 s
o

; 2%
+ B, <L (e 9 dM(s), u)>

where By is a constant which depends only on k. From the Itd formula we
conclude that

T 2k ' k
E,, <J'0 <eA(r—-“) dM(S), u>> < CIE,, <jo yz(S) dS) + C2

for some constants C, and C, independent of &. Hence we obtain by the
same estimate as in the case k=1 that

sup E,*(x, 5) < B4 E,,. max n°(x) + Bs

0t k

By the independence of #(x) and Doob’s inequality we obtain the lemma.
O

In order to establish the boundedness of Evp,qi(n(l)) and Evp.qz(n(l))
we need the following assumption, which is of course true in the case con-
sidered by De Masi and Presutti.®

Ik >0, such that ¢ _(5(1)) < Bgn*(1) for some positive constant By Q)
E,.n*(1)< o

and

lim ¢ log E . exp (Z }7(x)> <0
e—=0 ~
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The density field X%(¢) is defined as

Xid)=e ), dlex)n(x, 1)

xelZ,

for ¢ € &, the Schwartz space of all smooth functions on the unit circle ..
Let P* be its law on 2(R ., &) (see De Masi and Presutti®).

We have the following theorem which is proved, by the BBGKY
hierarchical equations for the correlation functions, in Chapter IV in
De Masi and Presutti'® for the case that ¢, and g_ are both polynomials
and degq, <degq._.

Theorem 2.1. Under the assumptions (Q) and (Q’) and the unique-
ness of the solution of the following PDE (2.10), the law P* on 2(R ., &)
converges weakly to the measure P which is supported on the distribution
valued trajectory p(r, t) satisfying

op 10%

ot 20%

p(r,0)=p(r)

+F.(p) = F_(p)
’ (2.10)

with
F.(p)=E,q.(n(1))and F_(p)=E, q_(n(1))

The proof of the Theorem will be given in the next section.

3. PROOF OF THE THEOREM

We follow the proof of the hydrodynamic limit for nonlinear diffusion
equations in De Masi and Presutti® where the GPV technique is applied.

Lemma 2.5. For any 6 >0 and 7> 0 the following equality holds

lin}) P <sup

&= t<T

X0 =250~ [ ds| 30 To(ex) nix.)

—& Y P(ex)(g 4 (n(x, 5)) —q_(n(x, S)))] ‘ > 5) =0
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Proof. To prove the lemma it is enough for us to check the bounded-
ness of

Es[e Lo Xi(¢) + L X}(4)]

SZEHC[S“ZS Y. n(x, t)-[%qS(sx+£)+%(IS(&:x—s)-—(;S(z-:x)]']2

xelZ,

2
+2E, [s S (g4 (n(x, 1)) —q_(n(x, 1)) ¢(sx)]

NEZ;

and

E[e7LoX}(4)* — 2X(§) e Lo Xi(¢) + L. X[(4)* — 2X7(4) L X3(¢)]?

i g (2220)

xeZ; £

+ <¢(8x —&)— ¢(SX))2] :

&

+ZE;:[ Y [g+(nCx, ) +q_(n(x, t))]¢(€X)]

xeZ;

which is a consequence of the following inequalities

sup E;x‘”(xa t)z < B4E,u,,-’7(x)z + BS

0<s<1t

sup E..q.(n(x, t))z<B4Bs[BlEy,,-’7(x)2k+Bz] + B;

[LEXE S

sup E,cq_(n(x, 1))’ < B4BE,,.n(x)* + Bs 0

0ss<r

The essential step in the proof of the Theorem is to replace the terms
in Lemma 2.5 by functions of the density field. First of all, we prove that
g, and g_ can be replaced by some bounded functions.

Lemma 2.6. For any />0, >0 and ¢ € &, we have that

T
lim sup lim sup lim sup P, (J dt
0

R— o i—-0 e—0

ey P(ex) g, (n(x, 1))

DUy T qan)]>d)=0

Iy—xl<(1/2)e=l

860/9/2-3
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T
lim sup lim sup lim sup P, <J dt
]

R 1—0 =0

€ ), d(ex) g_(n(x, t))

1
—eXde) =y, T q-atn(y, z))’>5>=o
x € 1|y—x|<(1/2)e-'l

where ¢, (k) =min(q, (k), R) and g _ (k) =min(g_(k), R).

Proof. We only prove the conclusion for function ¢_, the proof of
the other result is analogous. Note that

Eyc(q—(ﬂ(x, t))_q—R(”(x’ t))) éE,u‘I(q(.\',l)zR}q—(”(-xa t))
< (E;IEI(II(.\'.I)BR})UZ (E,u‘q%-(ﬂ(xa t)))l/2
S([E,en(x, )]/R)'? (E,q” (n(x, 1)))'?

Because of Lemma24, we deduce that [E.n(x,¢)]'? and
(E,.q*(n(x, 1)) are both bounded uniformly in ¢, and therefore

E,(q_(n(x, 1)) —q_gln(x,1))) >0
uniformly in ¢ and 1€ [0, T] as R — 0. O

For any space interval [ in Z, and bounded cylindrical function f
define

SLLN=IN""} fln(x, 1)

xel

Ef,Lty=E,, f(n1))

for
Z2(t)=Y, kvgy k)
k=1

and

ELN=I1""Y nix, 1)

xel

Lemma 2.7. For any a and ¢,

1-0 e—=0

2 rt
lim sup limsupelog E, . <exp <7J ds [ae“Wi—/lNJ]>><C
0
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where C is a constant independent of q,

Wi‘=£ Z Iév(f; T.\-I’ t)_g(f; th’ t)l

xeZ,
for I=[1,[e~']], 7, is the translation by x in Z, and N;=% cznx,5)

Proof. The proof is divided into several steps.

Step 1. From the Feynman—Kac formula it is easily seen that

E, exp( fds[ae—'Wﬂ /INA.])
<exp(e™'M(te~'Ly+2aW5—2AeNy+&tL.))

where M(-) is the maximal eigenvalue of (-).

Step 2. For any e L,(N%, V,+), we note that

M(te "Ly +2aW: —2)eNy + €L, 1)

= sup <Y, (te7'Ly+2aWi—2ANy+etl,) ¥)
pd =1

Step 3. It is already proved in De Masi and Presutti® that

limsup limsup sup <y, (te™'Lo+2aW5— 2Ny > <0
-0 e—0 (> =1

So what we need to establish is a bound for

sup (Y, etL W)

(> =1

In fact

sup (W, etLyy = sup jdv.zez[qmw (W +3,) = ¥(m)

(> =1 Yy =1

—q - rn(x))(¥(n —¥(m)]1 ¥(n)
<C

for some positive constant C independent of a. O
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From Lemma 2.7 we get the following super-exponential estimate.

Lemma 2.8. For any positive ¢ and

-0 e—0

1 ¢f
lim sup lim sup ¢ log <Pf,p, [;I ds W§>5}>= —o0
0

where W is defined as in Lemma 2.7.

Proof. 1t is easily seen that
|
Pz,[—[ ds W§>6]
P tdy
<exp(—e 'ad) E,. (exp (t“‘ j ds ag~! Wf;))
0

<exp(—e 'ad) [E,.ﬁ. (exp <2t‘1 L’ ds[ae~'We—~ AN,.]))] "
[E,.(exp(2AN,))] "
where N, =3, 5(x, s). Note that
elog E,.exp(2AN,) < e log E,: exp(2AN,) + Bt < o0

is bounded (assumption (Q’)). Hence

l !
lim sup lim sup ¢ log <P5ﬁ, [? j ds W§>6] > < —ad+C
0

1—0 £e—0

for some constant C. Since a is arbitrary, the lemma follows. a

Proof of the Theorem 2.1. The super exponential estimate in
Lemma 2.8 allows us to follow De Masi and Presutti‘?’ without any essen-
tial difference. So we omit the details. O
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