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Abstract The metastable behavior of the stochastic Ising model in a finite three-dimensional torus is studied in 
the limit as the temperature goes to zero. All metastable states are characterized and a hierarchic structure is found. 

For a large class of initial states, the logarithmic asymptotics of the hitting time of the states are studied with all spins 
+ l o r  - 1 .  
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The problem of metastability has attracted much attention in the past decade['*21. In particu- 

lar, the stochastic Ising model in a finite two-dimensional has been extensively investi- 

gated. The three-dimensional case is more difficult and more important in physics, and remains 

open. 

In this paper we consider the three-dimensional stochastic Ising model under a positive mag- 

netic field. We characterize all metastable states, find out a hierarchic structure of these 

metastable states. For a large class of initial states, we classify them as supercritical or subcritical 

configuration, describe the typical evolution of the stochastic Ising model at very low tempera- 

ture, calculate the logarithmic asymptotics of the hitting time of the configurations with all spins 

up or all spins down. These results provide a rigorous explanation of the phenomena observed in 

physics. 

Our appproach is quite different from the previous ~ t u d i e s [ ~ - ' ~ ] .  We develop the large devia- 

tion theory of Freidlin-Wentzell for a family of exponentially perturbed Markov chains in a finite 

state space'""21. The main idea is to view the stochastic Ising model at very low temperature as 

a perturbation of it at zero temperature. As temperature vanishes, the asymptotic behavior is de- 

termined by the most possible path ( the  path with the highest order of probability) between 

metastable states (attractors). The investigation is thus reduced to the search for the most possi- 

ble paths between any two metastable states. This approach has been also used in the study of the 

two-dimensional stochastic Ising . 

1 The metastable behavior 

Let A = { 1 , 2 ,  ..., N j 3  be the three-dimensional lattice torus with periodic boundary condi- 

tions. Points of A are denoted by u ,  v ,  etc. We say that u and v are adjacent if 11 u - v 11 = 1. 
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Since A is a torus, points with coordinates ( 1,  y , z ) and ( N , y , z ) are also adjacent. 

Let ( ( u )  be the spin at site u ,  and spin up if e ( x )  = + 1 and down if E ( x )  = - 1 .  The 

collection e = { e (  u )  I u E A 1 is called a configuration. In particular, + 1 is a configuration with 

all spins up, - 1 is a configuration with all spins down, eu is the configuration that differs from e 
only at u ,  i. e .  

The state space consists of all configurations, i. e. S = - 1,  + 1 } " . We shall freely use the 

one-to-one correspondence between €(  E S )  and the subset { u E A I € (  u ) = + 11 of A .  A con- 

nected component of { u € A I e (  u ) = + 1 } is called a cluster of e .  In particular, we call e a 

cuboid if u E A / e (  u )  = + 11 is a cuboid l l  x 12 x 13. By the symmetry of coordinates we may 

assume 11<12<L3. 

For each configuration I €  S assign the Hamiltonian: 

1 1 
= y ( l - v ( u ) v ( v ) ) - h C i ( l + ? ( u ) ) ,  

uE A 
(1 .2 )  

u, vE A ,  
II u-"l l  = L  

where the first sum runs over the pairs of adjacent sites of A (counting each pair only once), and 

is exactly the number of the pairs of adjacent sites with opposite spins. The second sum is the 

number of + 1 spins. Note H (  - 1) = 0 .  

The stochastic Ising model with nearest neighbor ferromagnetic interaction on A is defined as 

a Markov chain 1 en } on S with transition probability: 

W3[1 + exp(- p ( H ( e )  - H (  ? ) ) ) I - ' ,  if 3 u € A ,  v = P ,  

p P ( ~ ,  7 )  = W3x [ I  + exp (P (H(E)  - H(EU)))I- ' ,  if 1 = t ,  

1., 

U E A  (1 .3 )  
otherwise. 

It is exclusively denoted by { en } . Constant h is the intensity of the external field. Parameter P is 

called the inverse temperature. We sometimes put /3 as a superscript to emphasize the dependence 

on p .  We also put subscript e to indicate the initial state. Assume throughout this paper that 

0 < h < 2, 4/ h < N ,  and 4/ h is not an integer. ( 1 .4 )  
This is the most interesting case. Introduce three related numbers: 

L 2  = [ 2 / h ]  + 1,  L = [ 4 / h ]  + 1, r2 = 4L2  - (L: - L 2 +  l ) h ,  

where [. ] means the integer part of a real number. 

Let a (  5 )  = mini n I en = 5 1 be the first hitting time of configuration 5 by 1 En 1 

Definition 1 . 1 .  We say configuration e is subcritical (supercritical) if 

l i rnp+,e(a( -  1 )  < a(+ 1 ) )  = 1, ( 0  respectively)'. 

Theorem 1 . 1 .  Suppose that the initial state f is a cuboid l 1  x 12 x 13, and  11<12<L3<N 

- 1 .  E is a positive number. 

( I ) If L < L 2 ,  then 5 is subcritical and 
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l i m p - , ~ ~ ( I  ( l /P) loga( -  1 )  - ( I I  - 1 ) h  I < E )  = 1 .  

( li ) If L>L1),L2,2(l1 + 12) - hL1l2>O, then { is subcritical and  

limp- co P:(I ( l /P) logo( -  1 )  - r2 + 2(L1 + L2) - h1112 I < E )  = 1 .  

( iii ) If l l > L ,  or L>L1>L2,  2(L1 + L2) - hLl12<0, then { is supercriticaL and  

I ~ ~ ~ - ~ P , P (  I ( l / P ) logo (+  I )  - r2 I < E )  = 1 .  

Intuitively, a small cuboid tends to shrink and disappear, and a large cuboid tends to grow. 

Every cuboid is either subcritical or supercritical. Next, we extend this theorem to a larger class 

of initial states. 

Definition 1 .  2 .  Configuration { is called a metastable state if H ( { )  < H ( C )  for all 

u € A . The collection of metastable states is denoted by :dl 

Definition 1 . 3 .  We say subset D of A is connected if for any u ,  v E D there is a sequence 

i WO, w l ,  . . a ,  w,, I such that wo = u ,  w, = v,  w,  € D, w, and wi + are adjacent. A connected 

component of i u E A I {( u ) = + 1 1 is called a cluster of {. 

Definition 1 . 4 .  We say a configuration { is simple if { u E A I E (  u ) = + 1 1 is connected 

and its intersection with any plane (parallel to a coordinate plane) or any line (perpendicular to a 

coordinate plane) is also connected. Let SO be the set of all simple configurations. 

SO is large enough to contain most interesting configurations, such as + 1, - 1 and cuboids. 

A simple configuration is shown in figure 1 .  

Definition 1. 5.  The boundary set of 

configuration { is defined as 

{ u E A I { ( u ) = + l ,  3 v € A ,  u , v  
are adjacent, E (v )  = - 11. 

The intersection of the boundary set with a 

plane (parallel to a coordinate plane) may have 

several connected components. Each connected 

component is called a face. 

Suppose that f E SO fl .dl. Remove one by 

one from { all the faces which can be contained 

in a ( L1  - 1 )  x (N - 1 )  rectangle. The result- 

ant configuration is denoted by { ( - ) .  Note that 

6' - )  is unique though there are different orders 

of removing faces. Let { ( + )  be the smallest 

cuboid containing {( - ) . 
Fig. I .  A simple configuration and its exterior tlme (high- 

lighted). Theorem 1.2. Suppose that { € SO n -dl, 

and  E >O. 

( I ) If E (  + ' is subcritical, so is {. If {( + ) is supercritical, so is E 
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This theorem describes how the stochastic Ising model evolves starting at (E SO fl d l .  When 

,f3 is very large, with nearly probability 1,  { E n  1 evolves from E to E (  ' )  by removing the smallest 

face first, then the second smallest face, and so on; then from € ( - )  tq € ( + ) ,  by adding + 1 
spins. Because €( + ) is a cuboid and ( En 1 is strong Markovian, after a ( €( ' ) ) the evolution is de- 

scribed by Theorem 1.1. 

2 The idea of proof 

The idea of proof is to use the large deviation estimates of a family of exponentially perturbed 

Markov chains'''] . By ( 1 . 3 )  define 

and pm ( 6, €1 appropriately. Then assumptions ( 0 . 1  ) , ( 0 . 2 )  and ( 0 . 3 )  of ref. [ 11 ] are satis- 

fied. With the convention that log0 = - a, let 

if 7 = f ,  

= [ H ( Q )  - H ( E ) I + ,  {:. if 3 u E  A , r ) =  Q ,  (2 .2 )  

otherwise. 

Definition 2 . 1  Let K be a proper subset of S . G (  K )  is the set of maps g : K+S with the 
property that g maps no non-empty subset of K into itself. We say that g E G (  K )  leads E E K 

to 7 E S \ K if there is a sequence 1 e l ,  ..., {,I of distinct elements in K such that 

g ( E )  = g(5 , )  = 7,  a n d g ( c , )  = c,+l, 1 < j < n  - 1 .  

Let G E 7 ( K ) = i g E G ( K ) I .  g Leads E to 71. 

Definition 2.2.  Define 

W ( K )  = EE min G ( K )  C ~ ( c , g ( r ) ) ,  W,,(K) = min x c ( ~ , ~ ( { ) )  
E E  (;F?(K)IEK 

Definition 2 .3 .  We say that sequence { vk, k = O,1, ..., m 1 leads E to 7 if € =  70, 7 = vm 
and 7, + = 17, for some uj E A ,  j = 0, ..-, m - 1. The quantity maQ<,<,H ( qj ) - H ( 7 )  is 

called the barrier from ( to 7 along sequence I 7, 1 (if we interpret H of (1 .1 )  as the potential en- 

ergy). The minimum barrier from € to 7 is the minimum of barriers over all sequences leading € 
to 7, and is denoted by MB( E ,  7 ) .  

Definition 2 .4 .  A recurrent calss of Markov chain €: 1 is called a level 1 attractor. Lev- 

el 1 attractors are denoted by A:, ..., A f  . The corresponding attractive basin of Afi is B: = 1 [ 1 
MB(E€) = O  for some ~ E A :  is 01. Let ~ ( 1 )  = m i n i w ( ~ ; ) .  

We now define inductively higher level attractors and attractive basins. Suppose that we have 

already defined level k attractors and attractive basins, and V( k ) . 
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( a )  
Definition 2 .5 .  We say A! *A; if there exist € Af and 1 € B; \ Bf such that 

Wc,,(Bf) - min W ( B ~  \ 1 c / )  = v(B;) = V ( k ) .  
F E  B: 

( a )  
We say Af +A; if there is a sequence I Ato,  A;, , -.. , Ab, I such that A! = At = A; and 

111 M 

( a )  
Ab, *A; for L = 0, ..., m - 1 .  

1 + 1 

( k )  ( k )  ( a )  ( k )  

We say A ~ + A $  if Af+A,b and A,~-+A!. ++ defines an equivalent relation. 

Definition 2 . 6 .  A level ( k  + 1)  attractor A:'' is a set of some level k attractors such that 

( a )  
(2)  if A ~ , € A ; + ~  and A.b,+A;, then A,~EA:+'  

In particular, 1 A! I is a level ( k + 1 ) attractor if V( Bf ) > V( k ) . 

Definition 2.7 .  The attractive basin B$+' of a level ( k + 1 ) attractor A$+ ' is defined as 
( a )  

B:+'= U {B; IA;+Ab, for some Ak,EAk+' l .  Define ~ ( k  + 1 ) = m i n i ~ ( B $ + ' ) .  

3 The hierarchic structure of attractors 

Proposition 3 .1 .  Every recurrent class of  Markov chain 1 E: 1 wi th  transition probabili- 

t y  given by (2.  1 ) consists of  exactly one con figuration . The following three statements are e- 
quivalent. 

( i ) { E 1 is a recurrent class o f  Markov chain 1 f r  1 , 

( ii ) { E t is a metastable state, 

( ill ) at  least three spins at  the six adjacent sites of  u are + 1 i f  E( u )  = + 1, and at least 

four spins at  the six adjacent sites of  u are - 1 i f  E( u ) = - 1 . 

Proof. Suppose that El, E2, me., En ( n 3 2 )  are in a recurrent class such that 

~ " ( 6 1 ,  E2) > 0, pm(E2, E3) > 0, ..., pm(En-1, En) > 0, pm(En, El) > 0.  

Then it follows from (2 .1)  that E, + = €7 for some u, E A and that 

H(E1) > H(E2) > H(E3) > ... > H(En)  > H(E1). 
The contradiction in the above inequalities shows that the first statement holds. 

A single configuration I f /  is a recurrent class if and only if pw (E, 7 )  = 0 for all I #  E. E- 
quivalently, H ( f )  < H (  cu ) for all u € A . Notice that 

The possible values of 2 u- , = E(v)  are + 6 ,  f 4, f 2 and0,  a n d O < h < 2  by (1 .4) ,  hence 

the three statements are equivalent. Q. E. D. 
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It remains to identify attractors of higher levels. Thanks to the reversibility, the difficulty in 

computing V( B)) is greatly reduced. 

Lemma 3 .1 .  Suppose that A! is (z level k attractor and 5 E A).  Let Bf be the coorespond- 

ing attractive basin. Then 

v ( B ~ )  = min{MB(r ,  5') 1 5' E A;, forsornej # i j .  (3.2)  

Proof. The key observation here is by (2 .2)  that for any 7 E S and u E A ,  

C(vU,  7)  - C ( 7 ,  vU) = [ H ( ? )  - H ( q U ) 1 + -  [ H ( v U )  - H ( q ) I + =  H ( 7 )  - H ( q U ) .  

Take ql  E B! such that 70 = 7; 6 B: for some u . By Lemma 3 . 1  of ref. [ll] (with different no- 

tations), there ~ S ~ E G , , ~ ( B ) \  { e l )  such that x 7 , $ , l c , C ( 7 , g ( ' l ) )  = w ( ~ : \  I t / ) .  Let 

7 J + l = g ( 7 J )  for j = 1 , 2 , . . .  until 1 , + 1 = 5 .  Inotherwords, sequence 1 70, I I , . . . ,  qrn+lI 

leads 70 to 7, + 1 = 5 . Define 

Then g ' €  G(B!) and w(B)) < C 7 , B k ~ ( I .  g ' ( I ) ) .  We have 

= [H(qo)  - H(71)1++ H(71) - H ( r ) .  

If H (  70) > H (  l l ) ,  70 and 71 would be in the same attractive basin of level 1. Consequently, lo 
and 71 would be in the same attractive basin of higher levels. This contradicts the assumption that 

70 & Bf . Since 71 is arbitrary, 

V ( B f )  <- ~ ( 5 )  + mini H ( 7 )  I 7 E B:, 7" 6 Bf for some u l .  

On the other hand, choose f E G ( B) ) such that x 7c ,;C ( 1, f ( 7 ) )  = W ( B: ) . Sequence / 70 

= 5 ,  71, 12,..., 7,+1; ~ l j + l =  f(q,) l  leads 5 to v r n + 1 6 B f .  Define 

i 7,-1, if 7 = I,, j = 1 ,2 ,  ..., m ,  
f ' ( 7 )  = 

f ( ? > ,  i f 7 E B ) \ / 7 1 , . - . , 7 , t .  

Then/ E G(B:\ i51) and W(B!\ i 5 l ) G  x 7 E B ; \ l t l C ( 7 ,  I ( ? ) ) .  
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2- H ( 1 ; )  + min{ H ( ? )  I 7 E B:, 7" 6 B: for some u 1 .  
We have proved that 

v(B:) = -  H ( c )  + m i n l H ( 7 )  I 7 E B:, 77" 6 Bf for some u I .  (3 .3 )  

Suppose 7 is a configuration that reached the minimum in (3 .3 )  and 7' is in the attractive basin 

f3: of another level k attractor A;, j # i . There is a sequence 1 7; 1 leading to 1;' E A; such that 

H (  I ' ~  ) < H (  7 ) .  Combine it with the sequence leading c to 7 to form a sequence leading 1; to c' . 
So (3 .3 )  can be rewritten as ( 3 . 2 ) .  Q. E. D. 

Definition 3 . 1 .  By exterior line we mean a line on the boundary set such that the two end 

sites have 3 adjacent - 1 spins and every other site of the line has 2 adjacent - 1 spins (figure 1 ) .  

Lemma 3.2. The minimum barrier of adding an exterior line is 2 - h . The minimum 

barrier of removing an exterior line of length 1 is ( 1 - 1 )  h . 

Proof. The proof for the two statements is the same and we shall only prove the latter. 

Flipping + 1 spins along an exterior line one by one. Take u l  as an end site of the exterior line. 

There are three adjacent - 1 spins and three adjacent + 1 spins. By ( 3 .  1 ), H( r l )  - H (  c )  

= l ; ( u l ) [ h  + x 11 V - U ,  II = I  1;( v ) ] = h . After that, take site u2 of the exterior line next to site 

u l .  There are three adjacent + 1 spins and three adjacent - 1 spins (one at u l  and the other two 

by definition). The (minimum) barrier of flipping the spin at uz is h again. By the same argu- 

ment, the barrier of flipping the spin at u, is h for i = 2.3, e . . ,  l - 1. The barrier of flipping spin 

at the last site ul is 0 because, having flipped + 1 spin to - 1 spin at site ul - there are four ad- 

jacent - 1 spins and two adjacent + 1 spins. Let 1;' be the resulting configuration. Then the bar- 

rier from 1; to 1;' is ( l l  - 1 )  h . 1;'E dl or there is a sequence leading e' to a metastable state with 

decreasing Hamiltonian. In the second case replace 1;' by the metastable state and denote the 

metastable state by 1;' (abusing notaion a little). Then the minimum barrier from 1; to 1;' is no 

greater than ( 1 - 1 )  h . 

We shall thoroughly analyze the Hamiltonian in the sequel1) to finish the proof that the mini- 

mum barrier from < to <' is indeed ( 1 - 1 )  h . Q.E.D. 

Proposition 3 . 2 .  Every level K attractor consists of one configuration i f  k < L 2  - 1. Let 

:dh be the set of level k attractors . I f  k < L z  - 1, then 

dk = 1 1; E dl I 1; has no exterior line of length < k 1 ,  
V ( k )  = kh i f k  < L 2 - 1 ;  V ( L 2 - 1 )  = 2 - h .  (3 .4)  

1; is an attractor of level L 2  i f  and only i f  

1)Chen. D . ,  Feng, J . ,  Qian. M .  P . ,  The metastable behavior of the three-dimensional stochastic Ising model II , to appear in 

Science z n  C h i n a .  
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{ u E A I I;( u ) = + 1 / consists of several cuboids, the side length of each 
cuboid is at Least L 2  and the distance between two cuboids is at least 3 .  ( 3 . 5 )  

Remark. For this reason we shall simply denote level k attractor by the configuration itself. 

Bk(  I;) is the corresponding attractive basin of level k attractor I; and vk ( I;) stands for V (  Bk 
( I ; ) ) .  

Proof. If I; E d l ,  by Proposition 3 .  1 and (3.  1 ) in particular, the possible values of mini- 

mum barrier H (  ) - H( I;) are h ,2  + h , 4  + h or 6 * h . So h is the smallest minimum barrier. 

On the other hand, take vl E -dl which has an exterior line of length 2 .  According to Lemma 

3 .1 ,  v l ( t ; , ) < h .  So V ( l ) = h .  

Suppose that 7 € :dl has no exterior line of length 2 .  Suppose a sequence leading 7 to 7' E dl 

satisfies ( 3 . 2 ) .  The difference between 7 and 7' is at least an exterior line. The minimum barri- 

er is at least 2h  for deleting an exterior line of length 3 3 .  On the other hand, the minimum bar- 

rier for adding one + 1 spin is 2 - h , exceeding 2 h already ( if h is very small) . The minimum 

barrier for adding one exterior line will be no less than 2 - h . In either case, v'( 1 )  >2h > V 
( 1 ) . Then 7 E d2 by ( the last line of) Definition 2 .6 .  

If I;€ dl and v'( I ; )  = h , by the proof of Lemma 3 . 1 ,  we can find t;' E dl and a sequence 

leading I; to I;' with minimum barrier h . Since H (  I;')# H ( I ; ) ,  MB ( I ; ' ,  I ; )  > h . So I; cannot 

join t;' to form a level 2 attractor. This shows that every level 2 attractor consists of one configu- 

ration. Therefore -d2 = 1 I; E -dl 1 I; has no exterior line of length 2 1 . 

For I;€ 4, v2 ( I;) 2 V' ( I ; )  2 2 h .  On the other hand, there is 7 E d2 such that v??, 

= 2 h .  For example, MB (cube 3 X 3 x 3 ,  -1 )<2h ,  and hence v 2 ( 3 x 3 x 3 ) < 2 h .  We have 

shown V ( 2 )  = 2h . 

This argument is repeated inductively for levels 3 , 4  -.., L 2  - 1.  

Suppose I; is a level ( L2  - 1 )  attractor. Then the length of its exterior line will be at least L2  
by the previous proof. The minimum barrier of removing one exterior line is at least ( L 2  - 1 )  h by 

Lemma 3 .2 .  The minimum barrier of adding one + 1 spin, hence one exterior line, is 2 - h . 
Note that ( L2  - 1 )  h >2 - h . The minimum barrier from one attractor of level ( L 2  - 1 )  to anoth- 

er is at least 2 - h . On the other hand, it is easy to pick I; E dL2 - such that vL2 - ( t;) = 2 - h . 
So is V ( L 2 -  1 ) .  

Suppose that E € dLz - but does not satisfy ( 3 . 5 ) .  Flipping - 1 spins to + 1 spins in a cer- 

tain way, we can construct a sequence leading E to E'E dL2- 1 .  Here E' is obtained by expanding 

a cluster of E to a cuboid. Note that MB ( E, E ' )  = 2 - h and H (  c ' )  < H (  0 .  This procedure can 

be repeated if f '  does not satisfy ( 3 .  5 ) . Thus f & d L Z ,  and cannot be equivalent to other E' 
E ;JL2 - 1 in the sense of Definition 2 .  5. So ( 3 .  5 )  is a necessary condition for E E -dL . On the 

other hand, if 7 E dL2 - satisfies ( 3 . 5 ) ,  then vL2 ' ( q )  >2 - h . Hence q E  d2 by ( the last line 

of ) Definition 2 .6 .  Q.E.D.  

Lemma 3 . 3 .  Suppose that I ; =  l l  x l 2  x L 3  and L2<l1<L2<L3. Let ( '= L I  x L 2  X ( L 3  
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( I ) If l l > L  or Lp<Ll<L,  2(Ll + 12) - hL112<0, then H ( { ' ) < H ( { ) < H ( r )  and  

MB( 5 , ~ ' )  = r , .  

( li ) If L 2 < l l < L , 2 ( l 1 +  L2) - h11L2>0, 1 3 < N ,  then H ( r ) < H ( r ) < H ( r f )  and MB 

({, { " ) = ~ 2 - 2 ( 1 1 + 1 2 ) + h l l 1 2 .  

Proof. Because of the symmetry, it suffices to show one part, say, i ) .  If L 1 2 L  or L2< 

11<L,2(11+L2)-hL112<0,  then we verify by direct computation: H ( c t ) < H ( { ) < H ( r ) .  

Construct a sequence { I,, j = O,1, a*., n 1 leading { to {' by adding + 1 spins adjacent to an l l  X 

12 face one by one to fill a ?. x 2 square first, and expand it to 2 x 3, to 3 x 3, -.. , L 2  x ( L 2  - l) ,  

L2 X L2..., L 1  X 11, l l  X (11 + I ) ,  . . a ,  until l1  x L2. Then max jH( l j )  - H ( E )  = r 2 .  

It remains to justify that the sequence constructed above indeed attains the minimum barrier. 

The difference of the numbers of + 1 spins of { and {' is L 1  12>( ~ 2 ) ' .  Along any sequence lead- 

ing { to {', there is a configuration f whose numbers of + 1 spins is larger than tht of 6 by 

( L2)'  - L2 + 1. Of all possible ways of placing ( ~ 2 ) '  - L2 + 1 spins, the minimum Hamiltonian 

is reached by arranging them as a two-dimensional critical droplet. The full argument is deferred 

to the sequel of this paper. 

Proposition 3 .3 .  There is a n  integer r such that - 1 and  + 1 are the only two attractors 

of level ( r + l ) .  

(a )  If L<L1<12<L3 or l l>L2,2(11  + 12) - hllL2<0, cuboid L 1  x L 2  X L 3  is a Level r a t -  

tractor, is in B r f l ( + l )  but not in B r + ' ( - 1 ) .  M B ( l l x L 2 ~  13, - 1 ) = r 2 .  

( b )  If L 1 <  L2  or L1>L2,2(L1 + L2) - h11L2>0, cuboid l l  x L 2  X Z 3  is not a level r attrac- 

tor, is in B r f l ( - 1 )  but not in B r + ' ( + l ) ,  M B ( L l x  L 2 X  13, - 1 ) = r 2 .  

Proof. For { E SO n dk , let {' E dk and a sequence leading { to {' satisfy ( 3 . 2 ) .  If the se- 

quence is not entirely in S O ,  we may construct a new sequence in SO without increasing the mini- 

mum barrier. The details will be given in the sequel of this paper, Hence it suffices to compare { 

E So fl dk with other {' E SO n dk when applying Lemma 3 . 1  to determine if { is also an attrac- 

tor of level ( k  + 1 ) .  

Suppose that cuboid {=  L 1  x 12 x 13, L2<11<12<13, and a sequence leads { to {'E Son 
dk . The difference between { and {' is at least one face lI  x 12. I t  is shown in the last part of the 

previous proof that MB ( {, {' ) 2 r2 or r2 - 2 ( 1 + 1 ) + h1 1 2 ,  respectively. That lower bound 

of minimum barrier is reached by adding or deleting a face. 

Among six possibilities of adding or deleting a face, only three have lower Hamiltonian. 

Lemma 3 . 3  lists the minimum barriers from r to the three candidates. Take the smallest as vk 
( { I .  Either Vk ( {) > V( k), SO {E dk + 1, or there exists a cuboid satisfying ( 3 . 2 ) .  It is easy 

to see that vk ( { )  = vk ( ) . We repeat the same procedure to find C2, and so on, eventually 

stop at + 1 or - 1 .  If a cuboid of dk fl So is not a level ( k  + 1) attractor, then it is in Bk "( + 1 )  

or Bk + ( - 1 ) , the attractive basin of + 1 or - 1 as level ( k + 1)  attractors. 
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Thus, every cuboid is led either to + 1 with minimum barrier r2 or to - 1 with minimu bar- 

rier < r 2 .  Hence any configuration 5 E S is led to + 1 or - 1 by a sequence with minimum bar- 

rier less than or equal to r 2 .  Consequently dr + = { + 1 ,  - 1 } . Q.E.D. 

4 Proof of theorems 

LemmaA(Lemma3.3ofref .  [l l]) .  L e t U ( K ) = m i n c E K W ( K \  { g / ) - m i n c , 7 E K W  

( K  \ 1 E, 71 ) .  Then 
U ( B f )  < V(k  - 1 )  < V ( k )  < v ( B ~ ) .  

Lemma B (Theorem 3 . 2  of ref. [ 11 1 ) . Let r ( ) be the first exit time of En 1 . Namely 

r ( K ) = m i n { n ;  E , & K / .  F o r a n y f E B f  \ U,+iB,kand ysuch that U ( B ~ ) < Y < V ( B ~ ) ,  

lirnP;(a( 5)  < eYP< r ( B f ) )  = 1 .  
8-m 

(4 .1 )  

ProofofTheorem 1 . 1 .  S u p p o s e ~ = l 1 ~ l 2 ~ l 3 , l 1 ~ L o r L > l 1 > , L Z , 2 ( L 1 + l 2 ) -  

hll 12<0. By Proposition 3 .3 ,  f is a level r attractor, and is in Br"( + 1 )  but not in BrC1( - 
I ) .  By Lemma B, with very large probability { En 1 will hit - 1 within exp ( (  U"' ( + 1 )  + E ) 

p ) .  By Lemma A, wt1(  + 1 ) < V ( r ) = r 2 .  Accordingly, 

limpP --logo(+ 1 )  < r2 + e = 1 .  
P- " (: ) 

On the other hand, a ( + l ) > r ( B r ( f ) ) ,  and ~ E B :  \ UjfiB,k.According to (4 .1 ) ,  

With probability near 1 ,  1 f, 1 will hit + 1 ) before exiting BY + ' ( + 1 ) and hitting - 1 .  So f is 

supercritical. This proves ( iii ) .  ( i ) and ( ii ) can be proved in the same way. Q. E. D. 

Proof of Theorem 1 . 2 .  By removing exterior lines, a configuration envolves from level 1 to 

level ( L2  - 1) in the hierarchic structure of attractors. If f is simple, then f is in the level ( L2 - 
1 )  attractive basin of f ( -  '(introduced before Theorem 2) .  f cannot be in other level ( L 2  - 1 )  at- 

tractive basins (although it may be in several lower level attractive basins simultaneously). By 

Lemma B, 

lirnP;(a(f(-)) < r (BL2- ' ( f ( - ) ) ) )  = 1 .  
B-- 

(4 .2)  

Hamiltonian decreases along the sequence from f to 6' - ) . From level L2  - 1 upper, the minimum 

barrier of adding an exterior line is smaller than that of deleting an exterior line. Expanding the 

cluster of f ( - )  to f ( +  ) corresponds to the envolution from level L 2  - 1 to level L2  in the hierarchic 

structure. f (  - ) is in the attractive basin of level L 2  attractor f (  + ) , but is not in other level at- 
tractive basins. Hence 

l i r n P ; ( ~ ( f ( + ) )  < r ( B L 2 ( f ( + ) ) ) )  = 1 .  
8-" 

(4 .3 )  

Again the Hamiltonian decreases. Part ( iii ) is obtained by applying LemmaB to level ( L2  - 1 )  

attractor f (  - ) and level L 2  attractor f (  + ) . By Lemma A and Proposition 3.  2, uL2 ( f ( +  ) ) < 
V ( L 2 - 1 ) = 2 - h .  Part ( i i )  nowfollowsfromLemmaB. Becauseboth a ( + 1 )  and a ( - 1 )  

are larger than or equal to r(BL2 ( f ( +  ) )  ), ( 4 . 2 )  and ( 4 . 3 )  together with the strong Markovian 

property imply part ( i 1. Q. E. D. 
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Notes added in revision. The results reported in this paper were first announced in 1993'"'. 

A preprint was circulated as Research Report No. 2 ( 1993) of the Institute of Mathematics, 

Peking University. 
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