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Abstract

A new kernel dimension reduction (KDR) method based on the gradient space of
canonical functions is proposed for sufficient dimension reduction (SDR). Similar
to existing KDR methods, this new method achieves SDR for arbitrary distri-
butions, but with more flexibility and improved computational efficiency. The
choice of loss function in cross-validation is discussed, and a two-stage screening
procedure is proposed. Empirical evidence shows that the new method yields
favorable performance, both in terms of accuracy and scalability, especially for
large and more challenging datasets compared with other distribution-free SDR,
methods.

Keywords: Canonical correlation analysis, Canonical functions, Kernel
dimension reduction, Krylov subspace, Sufficient dimension reduction,

Reproducing kernel Hilbert space

1. Introduction

In the era of big data, supervised dimension reduction serves as an invalu-
able tool to make the best use of the high-dimensional datasets by casting them
onto some lower dimensional manifolds with minimum loss of relevant infor-
mation. The task is to seek a low-dimensional embedding Z € R¢ of some

high-dimensional vector X € R using information from some auxiliary variable
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Y, which in most cases is a R? vector but can also be more abstract objects such
as graphs, texts, etc. Popular methods to achieve this task include canonical
correlation analysis, partial least square, and LASSO, among others.

One particular research direction is the so-called sufficient dimension reduc-
tion (SDR), where a low-dimension representation Z of X that fully captures
the conditional distribution of ¥ given X, i.e., P(Y|Z) = P(Y|X), is identified.

For computational reasons, Z is usually restricted to linear combinations of X,

while not prohibiting other forms (Wang et al., 2014)). Since the seminal paper
of sliced inverse regression (SIR) (Li, 1991), SDR has been extensively studied
(Cook and Ni, 2005; [Li and Dong, 2009; [Ma and Zhu, 2013)). In current studies,

SDR is approached in three ways: inverse regression, forward regression and
joint approach. Inverse regression focuses on the distribution of X given Y, and
popular methods in this category include SIR , sliced average variance
estimator (Cook and Weisberg, 1991)) and principal Hessian direction .

While these methods are computationally cheap, they depend on such strong as-

sumptions as elliptical distribution of X. Average derivative estimation (Héardle

land Stoker, 1989} [Samarov, 1993)), minimum average variance estimation (Xia
et al., 2002) and sliced regression (Wang and Xia, 2008)) are examples of forward

regression, which focuses on the distribution of Y, given X. They are free of

restrictive probability assumptions, yet suffer from heavy computational bur-
den as a result of the nonparametric estimation procedures involved. The joint
approach, including methods such as those based on Kullback-Leibler diver-
gence (Yin and Cook, 2005; |Yin et al., 2008), mutual information (MI) (Suzuki
land Sugiyama, 2013} [Tangkaratt et al., 2015)), Fourier analysis

2006)), integral transforms (Zeng and Zhu, 2010)), or canonical dependency (Fung
let al., 2002; Karasuyama and Sugiyama, 2012)), all focus on exploiting the joint

distribution of (X,Y).

The pioneering works of Fukumizu have produced kernel dimension reduc-

tion (KDR) techniques, such as trace-based kernel dimension reduction (tKDR)

(Fukumizu et al., 2004, 2009) and gradient-based kernel dimension reduction

(egKDR) (Fukumizu and Leng, 2012). Among other joint approaches, these
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techniques present solutions to the problem of SDR by embedding probability
distributions in the reproducing kernel Hilbert space (RKHS) and exploiting
the cross-covariance operators between RKHSs. These methods are also char-
acterized as distribution-free. Apart from its theoretical grounding, KDR also
showed very competitive empirical performance. Still, its applications is limited
by the heavy computational burden involved, especially for tKDR. Although
gKDR is much more efficient than tKDR, it suffers from degenerated accuracy
on many benchmark problems when compared to tKDR.

In this work, we describe a novel kernel dimension reduction method that
improves upon the accuracy of tKDR, while, at the same time, consuming less
computational resources than that of gKDR. Our approach is based on kernel
canonical-correlation analysis, and, as such, it is termed as ccaKDR. We prove
that the central space is equivalent to the space spanned by the derivative of the
canonical functions with nonvanishing eigenvalues in RKHS under mild condi-
tions, and a more scalable linear scaling approximation algorithm is presented.
We also present a two-stage screening procedure and discuss the choice of loss
function, both topics of pragmatic importance. Empirical evidence reveals that
better accuracy and scalability can be expected from ccaKDR compared with
other distribution-free alternatives.

The paper is organized as follows. In Section 2, we briefly review the tech-
nical tools required, propose ccaKDR and present its theoretical justifications,
followed by a discussion of relevant issues. In Section 3, we conduct numerical
experiments on both synthetic and real-world data to substantiate the paper.
Concluding remarks are given in Section 4. MATLAB code for the algorithms

and sample data can be found on the authors website.

2. CCA-based kernel dimension reduction

2.1. Background

In this section, we briefly review the mathematical tools needed to derive

and compute the proposed ccaKDR. We use capital letters X,Y, - to denote
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random variables, bold font capital letters A, B,--- to denote matrices, and use
notation [n] for the set {1,--,n}.

Reproducing kernel Hilbert space (RKHS) has been established as a ver-
satile tool in machine learning, especially for nonlinear problems, with the most
prominent examples including support vector machines in classification and re-
gression. We briefly review the basic concepts here. If we denote 2 of some
set, then we call a real-valued symmetric function k(:,-) defined on Q x Q a
positive definite kernel if it satisfies Y}, ; cicjr(xi, @) 2 0 for any {c;}i; € R
and {x;}, € Q with any n > 0, and we will hereinafter simply refer to it as
a kernel. For such a kernel on €, |Aronszajn (1950) established that there is a
unique Hilbert space H, with its inner product (-,-) induced by &, consisting of
functions on Q such that (i) (-, x) € H, (ii) the linear hull of {k(:, x)|x € Q} is
dense in H, and (iii) for any © € Q and f € H, (f,k(-,x))n = f(x). We note that
(iii) is the famous reproducing property and, thus the name reproducing kernel
Hilbert space. The representer theorem (Kimeldorf and Wahba, 1970)) serves
as the foundation of almost all kernel methods, and it basically states that the
minimizer of functions in H of some empirical risk function plus regularization
admits the form of a linear combination of (-, x;) based on empirical samples
{z;}?. This equates the optimization on an infinite dimensional search space H
to a finite dimensional search space R".

Kernel embedding and cross-covariance operators are theoretical tools
developed in recent years for kernel techniques involved with distributions for
many statistical problems. Let (X,Bx,ux) be the probability measure space
for random variable X defined on X and (kx,Hx) the measurable kernel and
associated RKHS, respectively. A kernel embedding of px with respect to kx
is defined as E, [s(-, X)] € Hx, and if such embedding map from the space
of all probability distributions defined on X to Hx is injective, then we call
the kernel characteristic. That is to say for characteristic kernels E,[s(:, X)] =
E,[k(-, X)] implies p = v. This is a generalization of the characteristic functions
on probability measures, as defined on Euclidean spaces, and popular examples

of characteristic kernels include Gaussian kernel and Laplace kernel. Let (X x
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Y, Bxxy, txy) be the probability measure space for random variable (X,Y")
defined on X x Y, and let kx and ky be the measurable kernels on & and Y,
respectively, with the corresponding associated RKHS Hx and Hy. Further
assume that E[x(X,X)] and E[«(Y,Y)] are bounded. The cross-covariance

operator Cxy : Hy — Hx is defined as the operator that

(f,Cxyg)=Cov[f(X),g(Y)]

holds for all f € Hx and g € Hy. We can define the covariance operators Cxx
and Cyy in a similar manner, and further define Vxy := C;)/(QC XyC';)}f2 as
the normalized cross-covariance operator (NOCCO). For notational simplicity,
we suppress the dependence on kernels for the cross-covariance operators in
notation. To avoid clutter, we always assume the kernel function & is centralized
with respect to the distribution, i.e. E[x(X,x)] = 0 for all , and therefore
all f € H are mean zero (see |Gretton et al. (2005)); Fukumizu et al. (2007));
Sriperumbudur et al. (2010) for more details).

Kernel canonical correlation analysis (KCCA) (Akaho, 2001; |Shawe-Taylor’
and Cristianini, 2004} [Hardoon et al., 2004; [Fukumizu et al., 2007) solves the
following correlation maximization problem

Gl (X).0)]
Ferx.gety | [Var[ f(X)]Var[g(Y)]

(1)

More generally, we call (f,gr) the h-th pair of canonical functions where fj, €
Hx, gn € Hy, (fr,gn) are the maximizers of subject to the constraints
E[fxf;i] =E[grg;] = 0 for all j < k. The h-th maximized correlation is denoted as
pn, and referred to as h-th canonical correlation. Usually (f, gn) are normalized
to satisfy E[f?] = E[g7] = 1, and we call {(fn, gn,pn)}5e1 the solution of KCCA,
and refer to {(fn,gn)} as the canonical function pairs of Cxy.

Kernel matrix approximation is a technique often used for kernel appli-
cations with large sample size n to facilitate computation. For large n, it is
prohibitive to store the full kernel matrix in memory and manipulate it directly.

Luckily, many theoretical results justify the use of low-rank approximations
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for large-scale kernel matrices (Widom, 1963 |1964; Bach and Jordan, 2003;
Bach, 2012). The low-rank approximation usually factorizes the kernel matrix
K ¢ R™™ into the foorm K ~ UXU', where U € R¥" .3 € R™" and r « n.
Extensive researches have been given to the low rank approximation of kernel
matrices and popular choices include incomplete Cholesky decomposition (ICL)
(Golub and Van Loan, 2012; Bach and Jordan, 2003) and various Nystrém
method variants (Drineas and Mahoney, 2005; Kumar et al., 2012)).

Ritz approximation is an iterative method that extracts Ritz pairs (ﬁh,gh)
that approximate leading eigenpairs to the eigenvalue problem A& = p€, where
A ¢ R™". Solving the full eigenvalue problem is inefficient for applications
where n is large and only a few leading eigenpairs are needed. Ritz approxima-
tion approaches the solution based on Krylov subspace projection. For some b €

R™, the m-order Krylov subspace is generated by K,,(A,b) = Span{A™ b, -, b}.

Let V € R™™ be an orthonormal basis for &, (A, b); we compute H := VT AV ¢ R™™

and its eigenpairs (ﬁh,zh). We denote Eh = Vzh and call (ﬁh,zh) a Ritz pair,
which gives an approximation of the h-th leading eigenpair of the original prob-
lem (for details refer to|Saad (1992)).

Sufficient dimension reduction (SDR) refers to the construction of a lower-
dimensional embedding of X such that the conditional independency between
X and Y is captured. More precisely, for a random variable X € R?, we want

to find a projection matrix B ¢ RP*?, such that

P(Y|X)=P(Y|B"X) or equivalently Y 1 X|B'X,

where d < p and 1 represents independence. The space B'X is referred to
as sufficient dimension reduction space or effective dimension reduction (EDR)
space in the literature (Li, 1991)). Under some mild conditions, the intersection
of all the sufficient dimension reduction spaces exists and is called the central
subspace (CS) (Cook, 1994;|Yin et al., 2008). Another space of practical interest
is the so-called central mean subspace (CMS) denoted by Sg[y|x] where only the

conditional independence of expectation, i.e.
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Y 1 E[Y|X]|B"X,

is considered (Cook and Li, 2002)). This can give more compact representation of
data when only the expectation rather than variance needs to be characterized,

which suffices for many prediction tasks.

2.2. ccaKDR

In this section, we detail the proposed ccaKDR and prove some theoretical
results. Let {(fn,gn,pn)} be the solution of KCCA and denote Z := {h|p; >
0} the set of indices corresponding to nonzero pp. Intuitively, {(fn,gn)}rez
characterizes all modes of dependency between X and Y provided Hx and Hy
are sufficiently large, and to recover the CS, it should only be necessary to look
at {(fn,gn) ez Assuming that a differentiable function f on X only depends
on z=B'z, ie. f(x)=f(B'x)= f(z), then by taking derivative w.r.t. =
yields Vo f = BV, f by the chain rule. Thus, to estimate the CS heuristically,
one can first estimate the canonical pairs {(fx,gn)trhez and then use the space
spanned by their derivatives to approximate CS. This intuition is confirmed by

Theorem [I] below, which uses different assumptions compared to gKDR.

Theorem 1. In addition to the assumptions (i ~v) in Appendiz, assume that
the kernel ky is characteristic. Denote {(fn,gn)}ne, the canonical function
pairs of Cxy and {pn}5oq the corresponding canonical correlations. If for all fy,
with nonzero py, it holds that V fy, is contained in Span(B) almost surely, then

Y and X are conditionally independent given B' X .

The theorem above motivates the naive ccaKDR algorithm described in Al-
gorithm [2| below, which involves an empirical estimate of the KCCA solu-
tion. From the proof of the theorem, as shown in the Appendix, we know
that Vfr(x) € Span(B) for all x € X and h with p, > 0 for any SDR pro-
jection matrix B. Given that the first [ eigenvalues are nonvanishing and
that B is a rank-d projection, we want to estimate B, given empirical sam-

ple (X,Y) = {(x;,y,;)};. Denote the kernel matrices for X,Y with their



respective kernel functions kx,ky as K, K, and €;,¢, > 0 the regulariza-
w tion parameters. The empirical estimator of canonical function f, is given by
fa=y, £l kx (-, ;) where £" is the h-th eigenvector of the following eigenvalue

problem (Bach and Jordan, 2003])

0 K.K, ¢ (K, +e.0)? 0 ¢ @
=p )
K,K, 0 ¢ 0 (K, +¢,I)? ¢

here I is the identity matrix. Then Bis given by the d-leading principal direc-
tions of {V fu(x;)| i€ [n],he[l]} .

Algorithm 1: Naive ccaKDR
Input: Data (X,Y), Kernel functions (kx, xy), Regularization

parameter e,

Number of canonical functions I, Target dimensionality d.
Output: Projection matrix B € RP*?
Compute K, K, from (kx,X), (ky,Y)
Centralizing kernel matrices K := HKH, where H = I —n"'11’
Set €, = €, = €, solve |i for {Eh}lh:1
Stack {Y7, &.iVex(xj,®;) € RP|j € [n],h e 1]} into matrix N e RP*™
Set B to the left singular vectors of IN corresponding to the d largest

singular values

185 Denote (f,g) the first canonical function pair of Cxy, and (¢,) the unit

eigenfunctions of Vxy corresponding to the largest singular value satisfying

(0, Vxy )y = adhax, (f. Vxyg)ax-

If 9 x =lgll#y =1

(f,g9) and (¢,v) are related by
f=ce g=cp?

Let {e,}o2, be a sequence of positive numbers satisfying:
n-1/3

lim e, =0, lim
n—o00 n—oo €,
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and denote (f,,G,) as the n-sample empirical estimator of (f,g) by solving
with the regularization parameters set to €,. The following theorem from
Fukumizu et al. (2007)) establishes the convergence of empirical estimator of
the first canonical function pair, and the result also holds for ensuing canonical

functions.

Theorem 2 (Fukumizu et al. (2007), Theorem 2). Let {€,}22, be a sequence
of positive numbers satisfying (@ Assume ¢ and ¢ are included in R(Cxx)
and R(Cyy), respectively, and that Vy x is compact. Then,

|(F = Ex[F2(3)]) = (f = Ex[F (X)) c2(px) — 0 (4)
and
1@~ Ev [3.(Y)]) — (9 - Ex[9(Y) D) 22 (pyy —> 0. (5)

With further assumptions, the consistency of the derivative estimator can
also be established. See supplementary material. We note however the con-
vergence rate of the estimator for particular random variable (X,Y") depends
on the choice of kernel functions and the regularization sequence. Therefore,
in actual practice, it is essential to optimize such choices to achieve optimal
sensitivity via cross-validation. The parameter configuration which gives the
minimum loss in the cross-validation will then be used to give an estimation

with the full sample.

2.8. Efficient computation

This section provides details on how to construct an efficient algorithm for

ccaKDR, pseudo-code can be found in the Appendix.

2.8.1. Fast computation of KCCA
For large sample size n, the O(n?) naive implementation is computationally
overwhelming, and we therefore use the low-rank approximation to speedup the

computation. Let L,L! and LyL; be the respective low-rank approximations
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for K, and K, where L, € R""= and L, € R"*"v. We adopt the idea from Bach
and Jordan (2003) to reformulate the original 2n x 2n eigenvalue problem into a
(ry +7y) x (ry +1y) eigenvalue problem via singular value decomposition of L
and L, and then Ritz approximation is used to efficiently approximate leading
eigenvectors. For completeness we present the fast KCCA solution below.

By adding a term on both sides of we can solve the following equivalent

el [0 RERIRPR S (04 B
Kyx Kyy ¢ 0 YY ¢

where Ky = Ky + 6,1, K5y = K, +¢,], Kxy = K,K,. Taking € = K ¢,

problem

Z =K ;C and eliminating the block diagonal matrix in @, we have

( KK, (f):mp)(f, )
KK, I 13 13

where K7, := (K%)™' K, and K, : (K’;)71 K. Denote the low rank factor-
ization K, ~ L£L; and K =~ LyL; We perform SVD on L, =U,.S,V, and
L,-U,5,Vy,, so K, ~ U,A U] and K, = UyAyU;, where A, = Si and
Ay = SZ. Notice

K, +e,I=[U,, U(A, + e, DU, U]
(Ky+e,I) " = [U,, U (R, +e,1)  [U,, UL

[U,,U:]'U, =[I,,;0]

where A, = Diag(A4,0) and U is the orthonormal complement of U,. Plug

these into the definition of K, gives us

K ~U,R,U],

T
T+eg

where R, is applying the function x — to A,’s elements. And similarly we

have

10
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K ~ UyRyU;.

This gives the following factorization of 1.h.s matrix in

I KK .
=[U, V]Diag(R, I)[U, V]
KK, T
where
U := Diag(U,,U,),V = Diag(U;,U,)
and

I R,ULU,R,
R,UU.R, I

R :=

This means it is equivalent to solve the eigenvalue problem of R, which is a
(ry +1y) x (ry +1y) matrix. Denote (éT,é’T)T is the eigenvector estimated for

R, then the eigenvector for the original problem is (ETfT)T = U(ET, éT)T, and

(KS) '€
(U, UL (Ry +e,1) " [U,, UL'ULE

e
1l

= U, (A, +e,I) ' E

2.3.2. Low-rank approximation of the derivatives

For commonly used Gaussian kernel x(z1,2) = exp(—|z1 — x2|?/(20?)),
the gradient of canonical function V fj,(x) can be efficiently computed using
a trick similar to that of Fukumizu and Leng (2012). We first construct an
auxiliary tensor L € RY7=>P defined as Ei’j,a = 0’2XmLi’j, where X, , is
the a-th dimension of i-th sample and L, ; is the (7,7)-th element of low-rank
approximation matrix L,. Given a weight vector £ € R", the corresponding

derivative of function fr = ¥; {&k(@i, ;) w.r.t. dimension a at location x; can

11
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be approximated as

bed

Zfiaaﬁ(wi', x;) o2 Zfi(Xi',a - Xia)k(xir, ;)

-2
8 O

(X o= Xia) (', §) L0, )
1

T
= > > LijaLij& ~ LijaLi ;&
j=1i=1

M=
M=

14

<.
Il

|M:

n

Z f/i',j,a (Z fz’Li,j) - Z Ly ; ( zi,j,afz‘) .
j=1 i=1 j=1 i=1

and therefore the matrix N in Algorithm [2 only costs O(n) operations to ap-
proximate instead of @(n?) to be computed exactly. This trick can be extended

to other Gaussian-like kernels such as Laplacian kernel.

2.4. Complexity analysis

In this section, we present a time complexity analysis of the linear scaling
ccaKDR. For notational simplicity, we use r = max{r,,r,} to denote the rank
of approximated kernel matrix and assume [ < r < n. We further assume that
p is small; therefore, the computational cost involving higher order terms of p
would be negligible. o,,0, and € denote the set of cross-validation parameters,
and |- | denotes the cardinality of a set. We denote n, as the number of cross-
validation folds, n, := max{|o,|,|oy|}, n. = ||, and ¢, for the cost of the loss
function. Low-rank factorization is O(nr?). Estimating the derivatives for first
I canonical functions at all sample points takes O(nrpl). Thus, all together,
the time complexity for ccaKDR is given by O(nZnr? +n2nn.(nrpl+c,)). For
comparison, the original gKDR is O(nZnr? + nZn.n.(nr?p + c,)), which takes

O(n2nenenrp(r —1)) more computations. See the discussion in the Appendix

section for details and special treatment when p is large.

2.5. Further discussion

In this part, we discuss loss function and cross-validation, which affect the

performance of KDR methods, both in terms of accuracy and efficiency.

12
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2.5.1. Loss function

Loss function is a key issue in many statistical learning problems. For KDR,
the optimal parameter configuration is determined by choosing the one with
minimum loss using cross-validation. In |Fukumizu and Leng (2012)), loss func-
tion is conveniently chosen as the /5 distance between K-nearest neighbor (KNN)
prediction and observation, i.e., foinn = X; |U; — y;]|3, where @, is the average
of k corresponding y of nearest neighbors of x; under the estimated projection.
Minimizing ¢5 is the maximum likelihood estimation under Gaussian assump-
tion, which is notorious for its poor robustness against deviation from Gaussian
distribution. Also, in many situations, the ¢ is simply the convenient choice
for computational reasons such as convexity and smoothness, whereas in SDR,
such properties are irrelevant. For general purpose SDR, strong assumptions
on the underlying probability distribution should be avoided, and the more
distribution-robust loss functions should be considered. KNN cannot be ex-
tended to more general cases within a KDR framework, e.g., (), ky) as graphs,
trees or even distributions with their corresponding kernels, where neither the
metric nor averaging operation is defined. In addition, KNN is not economical
since O(nlog(n)) time complexity makes it asymptotically the dominant term
of KDR if it is used.

Luckily for ccaKDR, the I-leading canonical function pairs {(fx,n)},_, can
be exploited to give a loss function that circumvents these issues. Because
( fh, Jn) converges to py, as the sample size grows, provided it has been properly
regularized, the empirical correlation estimator pf :=1/n'¥; fh(:cf)gh(yf) using
the validation set (X¢,Y) E| is well suited to examine if the model is estimated
correctly. In our work we simply use 22:1 Pt as the loss function, as defined by
eigenfunctions, and denote it as £,. This choice makes no further assumptions

on the domain of Y and has the same linear scaling as ccaKDR.

1Validation set (X+¢,Y+) is independent of the training set (Xe,Ye) from which f and §

are estimated.

13
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2.5.2. Cross-validation

While ccaKDR and gKDR algorithms are, by themselves, efficient, their
performances rely on the cross-validation of parameters, and exploration of pa-
rameter space is the major source of computational burden. This could be solved
naturally by narrowing down parameter configurations to a smaller candidate
set. The idea of screening has recently been proven useful, both theoretically
and practically, when processing (ultra-) high dimensional data (Fan and Lv,
2008). In this light, we propose a two-stage screening procedure to be applied
first on the uninformative parameter space ® with the goal of shrinking it to
a more manageable candidate configuration set in the first stage. In the sec-
ond stage, a cross-validation procedure is run only on this candidate set, thus
avoiding wasteful computation on unlikely configurations. An ideal screening
operator should provide economical, but still sensitive, computation able enough
to sift the parameter space. Preferably, such screening operator should be differ-
ent from the ensuing cross-validation criteria to avoid bias. The ¢, introduced
above is a natural candidate for the job. In our work we simply run through the
full parameter space using £, on part of the cross-validation batches and keep

only the fraction of parameters with minimum loss for full cross-validation.

Algorithm 2: ccaKDR-CV
Input: Data (X,Y), Kernel function and regularization parameter set

{(k%, k3, M)A e A},

Number of canonical functions I, Target dimensionality d.
Output: Projection matrix B € RP*?
Divide sample into training set (X.,Y ) and validation set (X, Y)
for Ae A do
]ﬁla‘ce the canonical functions (ff,gf) with (X, Y., k%, nﬁ‘,, )
Px = corr(ff‘(Xt),gi\(Yt))
end for

\* = argmax py, B = ccaKDR(X,Y k%, k3, ¢*',1,d)

14
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2.6. Comparison with related alternatives

2.6.1. gKDR

Recall that gKDR uses the eigen-decomposition of

M y(z) = (CyxCx'x Vix, Cy xCx'x VEx)y

to reconstruct the EDR subspace. A more detailed decomposition of the empir-

ical M, is, with slight abuse of notation, written as

Projection of derivative
RKHS operators J

0
Cyx C¥x P rx ()
S—— — — Lq

FK K nK;l S
(Ka+el) ™ 52— rx (5X;)

The kernel gradient projection step P is not explicitly stated in [Fukumizu and
Leng (2012)). We note the following distinctions between gKDR and ccaKDR: 1)
Source of error: The error in gKDR comes from the approximation error |0x—
POk and the projection error |Pk — P.k| resulting from regularization term e
while for ccaKDR the error comes from the approximation error of canonical
function |f, - fu|. 2) Use of sample: In gKDR, all samples {x; }iy are
used as an interpolation point to get the projection of 9,k (x,x;) for some i,
followed by forming the sample-specific matrix M; by taking the inner product
M;(a,b) = (Ouk(x, x;), Opk(@, @;) )3, and finally average over M; to get the
estimate of projection. In ccaKDR, samples are weighted to form an estimate of
the canonical functions, and the derivatives of the estimated canonical functions
are evaluated on the full sample to estimate the projection.

In gKDR, variants, such as gKDR-i or gKDR-v, can also be similarly used
on ccaKDR. And our method, by its formulation, allows for extra flexibility
compared with gKDR. For example, an optimal number of canonical pairs o
can be dynamically determined based on data and the regularization pair (e, €,)
can be decoupled to give better control over model complexity of the canonical

function pairs estimated.

15
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2.6.2. SMI-DR

Square-loss mutual information based dimension reduction (SMI-DR) is a
family of dimension reduction methods which achieves dimension reduction by
employing squared-loss mutual information (SMI), which can be defined as the

a special case of the f-divergence between p(x)p(y) and p(x,y):

2J \p(z)p(y)
SMI-DR utilizes an analytic approximator of SMI based on density ratio esti-

SMI ::lf(p(:c,y) 1) p(x)p(y) de dy.

mation (Sugiyama et al., 2012)), which has been shown to possess suitable con-

vergence properties, thus being more tractable than those dimension reduction

methods directly based on estimating MI (Cover and Thomas, 2012; Darbel-
[lay et al., 1999} |Torkkola, 2003 [Kraskov et al., 2004; [Van Hulle, 2005; [Suzuki|
et al., 2008). Specifically, SMI-DR formulates the problem by directly modeling
the projection B,, B, and then maximizing SMI(B,;X,B,Y) w.r.t. B, B,,

which generalizes canonical correlation from an information theoretical perspec-

tive (Karasuyama and Sugiyama, 2012)). Since B, B, are orthonormal matrices

lying on the Stiefel manifold, optimization is achieved via following the natural
gradient . Basically, SMI-DR, leverages RKHS nonparametric es-
timation to approximate the density ratio function thereby characterizing the
dependency, while ccaKKDR is based on the theory of RKHS cross-covariance op-
erator. While this explicit formulation is very effective for smaller datasets, it
does suffer from a few drawbacks. For example, SMI-DR, does not assign priori-
ties to the recovered projection, meaning that it is equivalent under orthogonal
transformations. Therefore, to move from a higher dimensional projection esti-
mate to a lower dimensional projection estimate, one has to run the algorithm
again. Also, the algorithm solves a nonlinear optimization problem that can be
trapped in local minima and does not scale well to larger sample size and higher

dimensionality.

16



360

365

370

375

380

2.6.3. CANCOR

CANCOR (Fung et al., 2002)) achieves dimension reduction via linear canon-
ical correlation analysis. It builds a B-spline basis ® for the target variable Y,
and finds the linear canonical correlation between ®(Y') and X, then directly
uses the linear weights for X as the projection. Although computationally sim-
ple, this method is based on strong assumptions and derived for the classical
small p large n case; as such, it does not generalize well for many modern

datasets of interest.

3. Experiments

In this section we perform extensive experiments on the proposed ccaKDR.
Since a comprehensive study has been conducted in [Fukumizu and Leng (2012))
to compare the performance of gKDR and many other SDR methods, we focus
on benchmarking ccaKDR against gKDR. We also carry out a comparison with
SMI-DR since both gKDR and SMI-DR were published at the same time, and
such comparison is missing in the literature. For numerical examples with known

projections, we use the trace correlation error (TCE) defined as

TCE(B, B) = \/Tr(BB' (I, - BB'))/Tx(B'B)

to measure the discrepancy between the ground truth projection B and esti-
mated projection B. For real-world datasets with unknown ground truth pro-
jections, we compare the prediction accuracy between gKDR and ccaKDR, on
holdout data using the estimated projections. We use our own implementa-
tion of the linear scaling gKDR in MATLAB by modifying the original gKDR
codd?| and tune it for maximum efficiency. As in this study we focus on scal-
ability and convergence for KDR on large datasets. Therefore, only the linear
scaling implementation is used in the experiments, while similar results can be

obtained for exact implementations (result not shown). The Gaussian kernel

%http://www.ism.ac. jp/~fukumizu/software.html
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ws  K(x1,T2) = exp(—|x; - 22]?/(20?)) is used for all the experiments, and we use
settings for the cross-validation parameters similar to those used in [Fukumizu
and Leng (2012): regularization parameter ¢ € {107,107°,107,1077}, kernel
bandwidth scaling factor ¢ € {0.5,0.75,1,2,5,10}, KNN neighbor set to k = 5
and cross-validation fold set to n. = 5. Kernel bandwidth is set to 0. = comed,
30 Wwhere opeq is the median Euclidean distance in the input space. For ccaKDR,
we use ¢, to eliminate 90% of the parameter settings (negative) using 3 out of
5 cross-validation batches and run full cross-validation on the remaining 10%
parameter configurations (positive) with ¢; as the loss function. All experiments
were run on a PC with Intel i5-4590 CPU and 16G memory, unless otherwise

35 specified.

8.1. Synthetic examples

The following four synthetic examples from [Fukumizu and Leng (2012) are

used to compare the empirical performance of gKDR and ccaKDR.

Y1 = (Zf + ZQ)(Zl - 223) + VV,

(0)3 Zy = %()ﬁ +X5), 2, = %(Xl -X2),
X, ~U[-1,1],W ~ Gamma(1,2).

Y1 = N0_0(Z8; 0 + Zaj)(Zaja = Z35)) + W,
Zaj1 = == (Xajo1 + Xoj),

Yy =Zsin(Z)+W, Z-= %(X1 +2X5),

(@) X; ~U[-1,1], W~ N(0,1072).

Y= (Xl - (I)4E,

(C) Xj NN(O, 1/4)*][_1,1],ENN(0,1)7 (d) 1\/5
. Zaj = 5 (Xaj1 = X)),
(with a = 0).

X; ~U[-1,1],W ~ Laplace(0, 2).
j €[10] for (a) - (¢) and j € [50] for (d).

Here U[a,b] denotes random variable uniformly distributed on [a,b], N'(u,c?)
w0 is the normal distribution with mean p and variance o2, I4 is the indicator
function for set A4, and Gamma(a,b) and Laplace(a,b) denote the Gamma and

Laplace distribution with respective parameters.
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8.1.1. Convergence and scalability

In this part, we examine error convergence and algorithmic scalability with
respect to the kernel matrix rank and sample size for gKDR and ccaKDR using
the synthetic data generated from model (a)-(d). For the rank experiments, the
sample size is fixed at n = 1,000, and the maximum allowed rank r is tested for
{40, 60, 80,120, 160, 200, 300}. ICL is used for the low rank approximation of the
kernel matrices. For the sample size experiments, we fix the maximum allowed
rank at r = 100 and test for sample size n € {250,500,1000,2000}. We copula
transform Y to normalize the target space variable. We dynamically choose the
number of canonical functions with its maximum set to d + 1. All experiments
are repeated for M = 100 times to ensure stability. The results are presented in
Figure [I] and Figure [2| for the rank and sample size experiment, respectively.

For the synthetic problem (a)-(c), it can be seen that ccaKDR consistently
outperforms gKDR as r and n grow larger, while gK DR, shows more robustness
against poor approximation of the kernel matrix. ccaKDR gives poor recon-
struction in test problem (d) because the leading canonical functions are not
well approximated, and the association is distributed across the entire spectrum.
The error becomes smaller as finer approximation is used for the kernel matrix.
Better scalability is observed for ccaKDR in the sample size experiment. To
gain further insights, we plot the error distribution in Figure [3| for test problem
(b) at n» = 1,000 and r € {40,80,100,300}. While ccaKDR generally gives a
much better performance for problem (b) when r is large, it should be noted
that it occasionally generates a projection of large discrepancy, although the
occurrence of such event vanishes with increasing sample size.

To explain the improved performance alongside the degenerated solution,
the scatter plot of empirical loss and estimation error, as shown in Figure {4}
can be consulted for a test problem (b) experiment with n = 1,000 and r =
100. For ccaKDR, the proposed screening criteria successfully filters out most
poorly performing parameter settings, although some of the good candidates

have also been excluded. The performance gain for ccaKDR over gKDR seems
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Figure 1: Mean trace correlation error (solid) convergence and computation time (dashed)

scaling with respect to kernel matrix rank. green: gKDR, orange: ccaKDR. (lower is better)

to come from the fact that for many problems, 1) the lower bound for the error
is better than that of gKDR, 2) more parameter configurations correspondingly
give relatively better performance. That is to say, ccaKDR is more insensitive

to the parameters compared with gKDR.

8.1.2. Loss function and target space transformation

To further study the influence of using different loss functions and applying
transformations on the target space variables, we test the performance of /o, ¢1,
Lrank; Lirve and £, with n = 1,000 and 7 = 100 for both original and transformed
Y. Here fiye denotes the log-likelihood of ground truth probability density
function of the additive error when applicable, and for ccaKDR, we fix [ = d.
We summarize the results in Table [l We exclude the discussion of ccaKDR
with problem (d) as it does not work with the specified rank. Consistent with
previous experiments, ccaKDR yields the best performance on problem (a)-(c).

All loss functions benefit from using the copula transformed kernel K, except
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Figure 2: Mean trace correlation error (solid) convergence and computation time (dashed)

scaling with respect to sample size. green: gKDR, orange: ccaKDR. (lower error is better)

for the ¢5 loss in problem (c). The ¢, performs surprisingly well for (b) and (c) in
that it reduces the error by a large margin. This is quite understandable because
for (b), and especially, for (c), all other loss functions are mis-specified. While
lirue works fine for (a), it does not give satisfactory results for (b), suggesting
that prior knowledge of the error distribution might not help. Using more robust
loss functions such as ¢; and £.,nx do improve the results in problem (b) and

(c) for both gKDR and ccaKDR, but with a larger gain for ccaKDR.

8.1.3. Comparison with SMI-DR

We further compare the performance of gKDR and ccaKDR with the follow-
ing two SMI-DR methods with corresponding MATLAB codes obtained from
the website of Sugiyama’s Lakﬂ

LSDR (Suzuki and Sugiyama, 2013) Projection B, is obtained via maximizing

Shttp://www.ms.k.u-tokyo.ac.jp/software.html
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Figure 3: Mean trace correlation error histogram for gKDRb at n = 1,000 for r =

{40, 80,100,300}. green: gKDR, orange: ccaKDR. (lower error is better)
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Figure 4: Empirical loss function evaluation vs trace correlation error for all parameter config-
urations. green: gKDR, solid orange: ccaKDR + (positive parameter configurations selected
by the screening criteria), hollow orange: ccaKDR — (negative parameter settings excluded by
the screening criteria), horizontal line: best possible error, vertical line, achieved error. (Left)

All parameter configurations. (Right) Parameter configurations within the bounding box on

the left figure.
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Table 1: Comparison of loss functions and transformation on Y’

Original Y Copula transformed Y’
Problem  Method
4 ly Lrank Lirue Ly 0 lo Lrank Lirue L,
gKDR  0.0810 0.0792 0.0813 0.0792 - 0.0649  0.0648  0.0658  0.0648 -

ccaKDR  0.0487 0.0476 0.0497 0.0476 0.0866 0.0471 0.0459 0.0476 0.0459 0.0870

¢gKDR  0.1962 0.2063 0.1844 0.3711 - 0.1907  0.1984  0.1830  0.3777 -
ccaKDR  0.2317 0.2352 0.1988 0.3545 0.2472 0.1734 0.1773  0.1656  0.2397 0.1431

© gKDR  0.1002 0.1862 0.1195 - - 0.0881  0.2350  0.1159 - -
c
ccaKDR  0.0808 0.1832 0.1030 - 0.0666  0.0730  0.1663  0.0699 - 0.0582
gKDR  0.7475 0.7489 0.7488 0.7475 - 0.7368  0.7357 0.7343  (.7368 -

ccaKDR  0.8851 0.8841 0.8855 0.8851 0.8859 0.8876 0.8883  0.8875  0.8876  0.8871

Mean TCE, lower is better.

* The lirye for (b) is demeaned and regularized to avoid degeneracy.

SMI between Y and B X.

LSCDA (Karasuyama and Sugiyama, 2012) Projection B, is obtained via max-
imizing SMI between B;Y and B] X, where B, is optimized along with B,.
These two methods represent the counterpart of gKDR, and ccaKDR respec-
tively in the SMI-DR genre, as one uses all information contained in Y while
the other tries to project Y onto some canonical space together with X. For
LSCDA, the projection dimension of ¥ must be specified and we set that to
the true value, which is 1. To further test the capability of the canonical for-
mulation, in addition to the original test problem we set up a more challenging
problem than the original one: augmenting ¥ to 10 dimensions via filling the
9 new dimensions with shuffled Y;. Default parameter setting is used for both
LSDR and LSCDA as we found no improvement using other settings. To estab-
lish a fair comparison, we restrict the trial and maximum iteration number of
SMI-DR so that similar time is used for KDR and SMI-DR. n = 1,000 samples
are drawn, and we repeat the experiments for M = 100 times. Note that we
exclude ccaKDR and LSDR from problem (d), as the former has already been
shown to have bad performance under the parameter setup, and the latter does

not terminate within 5 minutes. The results are summarized in Table 2
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Table 2: Comparison with SMI-DR

Dim(Y)

Method

Problem

(a)

(b)

(¢)

(d)

10

ccaKDR
gKDR
LSDR

LSCDA

ccaKDR
gKDR
LSDR

LSCDA

0.0560(4.74)
0.0636(7.17)
0.0337(6.49)
0.3554(17.64)

0.0751(5.98)
0.0806(11.32)
0.2372(6.48)
0.6805(11.99)

0.1500(5.59)
0.1850(7.38)

0.2567(13.29)
0.6667(11.53)

0.2982(6.76)
0.4920(11.66)
0.8178(6.05)

0.8419(14.81)

0.0608(4.86)
0.1362(7.24)
0.0469(5.99)
0.3510(13.04)

0.0771(6.09)
0.9173(11.40)
0.1538(9.36)
0.9015(9.29)

0.7279(25.62)

0.8162(31.71)

0.8909(42.37)

0.8879(30.42)

LSDRf

LSCDA'

0.1074(51.97)
0.0248(501.59)

0.7935(40.42)
0.1708(765.56)

0.1379(52.05)
0.3661(559.76)

time out

Mean TCE (mean computation time), lower is better.

T Using default setting without the time constraint, run on a two-way Intel Xeon 2660

v3 machine.
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In the original case, LSDR achieves either optimal or near optimal result for
problem (a) and (c), but does not perform so well for problem (b), even though
a longer runtime was allocated. Our ccaKDR gives the best performance for
problem (b), while a suboptimal result is obtained for problem (a) and (c).
gKDR gives the best performance for problem (d) and reasonable performance
for (a) and (b). LSCDA gives the worst performance, even though a result
similar to that of LSDR should be expected. For the augmented case, ccaKDR
clearly shows more robustness, as only slight degeneration is suffered for problem
(a) and (c), and it still outperforms three other methods for problem (b). gKDR
shows reasonably good performance for problem (a) but suffers substantial loss
for problem (b) and (c). For problem (d), no algorithm gives a reasonable
result. LSDR loses ground in its performance because the augmented dimensions
make it harder to optimize the SMI. LSCDA again gives the worst performance
in the augmented case. Given enough time, SMI-DR methods, particularly
LSCDA, tend to outperform KDR methods on some problems (see last two
rows in Table [2] for the augmented case). However, their advantage disappears
as the dimension p, g increases, or the structural dimensionality is misspecified.
On the other hand, while inferior to SMI-DR in certain cases, KDR methods
are much more efficient and can be used to provide a good initialization for

SMI-SDR to speed up their convergence.

3.2. Real-world datasets

In this section, real-world datasets are used to benchmark the proposed
ccaKDR together with gKDR and LSCDA. We exclude LSDR since it scales so
badly to p and fails to converge within the time limi‘ﬂ on most datasets. We
use multitarget regression data curated on the Mulan projects siteﬂ (Tsoumakas
et al., 2011)) and UCI data repositoryﬂ (Lichman, 2013). The datasets are briefly

summarized in Table [3| with more details found in the supplementary material.

4Time limit is set to 600s for n < 500 and 1500s otherwise.
Shttp://mulan.sourceforge.net
Shttps://archive.ics.uci.edu/ml/index.html
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Although proposed as distribution-free, KDR and SMI-DR have mostly been
benchmarked on single-target regression or single-label prediction tasks in pre-
vious studies. To fill this gap, we specifically chose several multitarget regression
and multilabel classification tasks. The experimental setup is to estimate 1 ~ 8
dimensional projections and we use 5-neighbor KNN regression to evaluate the
result. Except for the binary labels for the target entries, all data entries are
normalized to zero mean and unit variance. No further transformations are
attempted on target space. We use the same parameter space as that used
in synthetic problems for cross-validation. For datasets with predefined train-
ing/testing set, we use only samples from the training set to train the model
and all samples from the testing set for validation. For datasets with unspeci-
fied training/testing, we randomly draw a number of samples for training and
use the rest for testing. To study the convergence, we sample a progressively
larger number of instances as the training set. To ensure the stability of the
result, we repeat each experiment 50 times for regression taskﬂ and 10 times for
classification tasks. The mean errors from the experiments are reported in Ta-
ble [ and Table [f] for regression and classification tasks respectively. For KDR
methods, ¢1 loss is used for cross-validation and ICIE is used to restrict the
rank of the approximated kernel matrix to a maximum of 100. For LSCDA, we
use d-dimensional projection estimated plus one random direction as the initial
guess for the (d+ 1)-dimensional projection to 'hot-start’ the algorithm.

As shown in Table [4] for W@ and RF2, all three methods have similar pre-
diction accuracy. However, for ATP1d and SCM1d, which are characterized by
high feature space dimension and more complex target space, ccaKDR, gives
better predictions compared with the other two competitors. gKDR consis-

tently gives the worst performance on these two datasets, while LSCDA lies

"For LSCDA with SCM1d, only 10 repetitions are attempted because it took too long.
8 Although some earlier studies reported that ICL gave inferior performance amongst a

range of kernel matrix low rank approximation schemes, we observed that for most of the
datasets used in our study, ICL gives better or similar approximation compared with the

Nystrom scheme, with or without adaptive sampling.
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Table 3: Dataset summary

Name Type Instances Features Targets
ATP1d MTR 337 411 6
WQ MTR 1060 16 14
RF2 MTR 4108/5017 576 8
SCM1d MTR 8145/1658 280 16
Tonosphere  SLC 351 33 2
Wdbc SLC 569 30 2
Usps SLC 2007 256 10
Isolet SLC  6238/1559 617 26
Yeast MLC  1500/917 103 14

MTR: multitarget regression, SLC: single-label classification, MLC: multilabel classification

somewhere in the middle. Our ccaKDR prevails for all four datasets in terms
of computational efficiency and scalability. For SCM1d and RF2, we note the
occurrence of overlearning from the training sample, which can be attributed
to some unknown shift in the training and testing domain. This suggests that
pooling all available samples to train the model may not be a good practice in
field applications, especially when data are known to be collected from different
domains or distant periods.

For binary label prediction datasets Ionosphere and Wdbe, also featuring
small sample size and low dimensional feature space, LSCDA achieves the low-
est prediction error, but with substantially more time. ccaKDR demonstrates
slightly inferior accuracy, but with significantly less runtime, while gKDR gives
the worst prediction for lower dimensional embeddings, although its perfor-
mance slowly catches up as the projection dimension increases. For Usps and
Isolet, with more labels and higher dimensional feature space, LSCDA still gives

the best prediction, except for the Isolet with the smallest sample size, where
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ccaKDR did better. However, significantly more computational resources were
used by LSCDA since it took 6 ~ 9 times more time than that used by ccaKDR
when the sample size was over 500. To see what may benefit if extra compu-
tational time is granted for KDR, we additionally list the results for Usps and
Isolet with d = {9,--+,16} in Table [f] for gKDR and ccaKDR. A much better ac-
curacy is achieved by ccaKDR, using a fraction of the time required for LSCDA.
Very slow convergence is observed for gKDR for those two datasets. Finally,
for the more challenging multilabel prediction Yeast dataset, ccaKDR gives the
best prediction accuracy using a minimum amount of time. Bad scaling makes

it impractical for LSCDA to be used directly in those big data applications.

4. Conclusion

In this paper, we extend the works of (Fukumizu et al., 2004, 2009} [Fuku-
mizu and Leng, 2012) by presenting a new kernel dimension reduction method
called ccaKDR. The proposed ccaKDR exploits the gradient of the estimated
leading canonical functions to find the directions that achieve sufficient dimen-
sion reduction, which generalizes tKDR and gKDR. It inherits the favorable
properties of KDR by being distribution free, and the SDR property is theoreti-
cally assured. Meanwhile the new formulation has made ccaKDR more scalable
than its predecessors.

Practical issues were discussed with particular focus on the choice of loss
function. Empirical experiments not only confirmed the advantage of ccaKDR
in scalability, but also showed improvement in accuracy over gKkDR on a wide
range of problems. Comparisons with SMI-DR methods were also presented.
Empirical evidence shows that ccaKDR gives better performance on those more
challenging tasks in practice. While the proposed ccaKDR presents an inter-
esting alternative in SDR especially for large and high dimensional datasets,
many aspects still need to be improved in the future. First, for problems with
dependency structure not effectively captured by the few leading canonical func-

tions, ccaKDR suffered degenerated performance. Second, the parameter space
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Table 4: Target prediction error (mean absolute error)

N Method 1 2 3 4

ot
(=2}
-3
oo

Time

ATP1d

gKDR  0.3841 0.3827 0.3523 0.3342 0.3163  0.3067  0.2976 0.2873 105.72
250 ccaKDR 0.3560 0.3007 0.2810 0.2727 0.2615 0.2562 0.25257  0.2527 58.05
LSCDA  0.3702 0.3041 0.2842 0.2742 0.2680 0.2636 0.2618 0.2601 136.68

wQ
gKDR  0.7830 0.7518 0.7300 0.7115 0.6993  0.6908 0.6850 0.6792 17.89

250  ccaKDR 0.7579 0.7233 0.7031 0.6901 0.6829  0.6805 0.6775 0.6759 3.41
LSCDA 0.7736 0.7278 0.7064 0.6915 0.6843  0.6805 0.6780 0.6773 18.85

gKDR  0.7831 0.7507 0.7214 0.7003 0.6836 0.6730  0.6670 0.6624 24.63
500 ccaKDR 0.7527 0.7195 0.6974 0.6808 0.6726 0.6697  0.6656 0.6635 4.76
LSCDA  0.7653 0.7209 0.6977 0.6796 0.6703  0.6655 0.6623 0.6613 71.68

gKDR  0.7876 0.7490 0.7164 0.6924 0.6744 0.6636 0.6555 0.6505 30.98
750  ccaKDR 0.7499 0.7157 0.6904 0.6721 0.6651  0.6581 0.6542  0.65021 5.81
LSCDA 0.7611 0.7161 0.6894 0.6712 0.6619 0.6562 0.6522 0.6509 84.47

REF2

gKDR  0.9552 0.8401 0.7487 0.6996 0.6734 0.6768 0.6606 0.6455 15.41
250  ccaKDR 0.8726 0.7457 0.7487 0.7260 0.6952 0.6728 0.6551  0.64551 2.64
LSCDA  0.8948 0.6899 0.6639 0.6572 0.6527  0.6507 0.6478 0.6465 14.05

gKDR  0.9703 0.8165 0.7300 0.7013 0.6834 0.6856 0.6600 0.6493 18.74
500 ccaKDR 0.8670 0.7854 0.7365 0.7148 0.6804 0.6775 0.6583 0.6492 3.65
LSCDA 0.8939 0.7178 0.6778 0.6646 0.6584 0.6530  0.6517 0.6500 56.08

gKDR  0.9938 0.8301 0.7086 0.6954 0.6765 0.6884  0.6644  0.6521 29.26
1,000 ccaKDR 0.8749 0.7657 0.7433 0.7083 0.6776 0.6717  0.6532 0.6522 5.62
LSCDA 0.9202 0.6996 0.6728 0.6636 0.6577 0.6540  0.6533 0.6529 84.77

SCM1d

gKDR  0.6282 0.7560 0.6944 0.6442 0.6116 0.5879 0.5612 0.5331 87.81
250  ccaKDR 0.6349 0.5349 0.4906 0.4446 0.4245 0.4164  0.4129 0.4179 38.20
LSCDA 0.6795 0.6054 0.5615 0.5386 0.5112 0.4847  0.4784 0.4715 106.36

gKDR  0.6288 0.7309 0.6675 0.6278 0.5901  0.5567 0.5311 0.5124 142.18
500 ccaKDR 0.6297 0.5314 0.4790 0.4430 0.4129 0.4076  0.4055"  0.4065 57.35
LSCDA 0.6666 0.5919 0.5545 0.5117 0.4767 0.4533 0.4387 0.4348 354.44

gKDR  0.6307 0.7251 0.6716 0.6249 0.5786 0.5301 0.5131 0.5020 268.82
1,000 ccaKDR 0.6298 0.5522 0.4991 0.4606 0.4291 0.4119  0.4128 0.4183 93.54
LSCDA  0.6462 0.5806 0.5319 0.5000 0.4783  0.4473 0.4314 0.4234 584.78

gKDR  0.6282 0.7196 0.6695 0.6049 0.5647 0.5344  0.5139 0.5035 522.43
2,000 ccaKDR 0.6264 0.5435 0.5104 0.4733 0.4399 0.4277  0.4226 0.4250  144.72
LSCDA  0.6599 0.5790 0.5374 0.4975 0.4665 0.4584  0.4360 0.4243  1054.73
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Table 5: Label prediction error

N Method 1 2 3 4 5 6 7 8 Time
Tonosphere

¢gKDR  0.1899 0.2364 0.1824 0.1521  0.1440 0.1364 0.1392  0.1380 18.81

250 ccaKDR 0.3309 0.1416 0.1289  0.1226  0.1232  0.1283  0.1309  0.1360 5.81

LSCDA 0.2523 0.1543 0.1255 0.11847 0.1190 0.1166 0.1204  0.1236 24.76
Wdbc

¢gKDR  0.1121 0.2078 0.1310  0.0902  0.0685  0.0562  0.0408  0.0381 18.07

250  ccaKDR 0.1520 0.0322 0.0305  0.0322  0.0308 0.0345 0.0366  0.0362 5.60

LSCDA  0.0449 0.0303 0.0312 0.0298 0.0316 0.02967 0.0313  0.0353 25.23

Usps

gKDR  0.7401 0.6573 0.5694  0.4992  0.4433  0.4102 0.3614  0.3267 41.74

250 ccaKDR 0.8002 0.5243 0.4265 0.3308  0.2703  0.2310  0.1983  0.1813 34.55

LSCDA  0.6533 0.5038 0.3365 0.2758  0.2179  0.1858  0.1767 0.1689 96.10

¢gKDR  0.7339 0.6393 0.5342 0.4490 0.3914  0.3353  0.2902  0.2480 78.27

500 ccaKDR 0.8035 0.5325 0.4233  0.3559  0.2514  0.1966  0.1618  0.1447 49.03

LSCDA  0.6686 0.4589 0.2818  0.2137  0.1664  0.1457  0.1331 0.1270  410.25

gKDR  0.7154 0.6436 0.5350  0.4415  0.3657  0.3075  0.2642  0.2152 145.09

1000 ccaKDR 0.7975 0.5447 0.4362 0.3349  0.2486  0.1886  0.1442  0.1289 75.49

LSCDA  0.6500 0.4147 0.2497 0.1786  0.1433  0.1246  0.1178 0.11197  630.38
Isolet

¢gKDR  0.8838 0.8764 0.8217 0.7810 0.7282  0.6811  0.6470  0.6120 117.77

250  ccaKDR 0.9309 0.7326 0.5431 0.4413  0.3797 0.3448 0.3245 0.2852  72.95

LSCDA  0.8753 0.7069 0.5712  0.4474 0.4022  0.3729  0.3405  0.3153 217.08

¢gKDR  0.8751 0.8358 0.7724  0.7026  0.6455  0.5824  0.5267  0.4904 215.62

500 ccaKDR 0.9201 0.7072 0.5336  0.4123  0.3389  0.2882  0.2554  0.2410 105.40

LSCDA  0.8666 0.6639 0.4857  0.3391  0.2736  0.2407  0.2131  0.1975  793.90

¢gKDR  0.8711 0.8190 0.7182 0.6361  0.5661  0.4975  0.4448  0.3963 421.81

1,000 ccaKDR 0.9244 0.6985 0.5199  0.3845  0.2967 0.2534  0.2308 0.2072  176.79

LSCDA 0.8468 0.6175 0.4097 0.2929  0.2276  0.1924  0.1725 0.16067 1185.11
Yeast

¢gKDR  0.2812 0.2699 0.2597  0.2532  0.2486  0.2459  0.2446  0.2428 41.57

250 ccaKDR 0.2972 0.2602 0.2431  0.2385  0.2335 0.2336  0.2319 0.2302  31.68

LSCDA  0.2909 0.2669 0.2531  0.2460  0.2429  0.2400  0.2387  0.2373 52.89

¢gKDR  0.2787 0.2688 0.2564 0.2494  0.2452  0.2424  0.2421  0.2399 60.45

500 ccaKDR 0.2959 0.2534 0.2413  0.2317  0.2284  0.2265 0.2251 0.2247  35.03

LSCDA  0.2867 0.2592 0.2421  0.2393  0.2364 0.2339  0.2294  0.2295 178.94

¢gKDR  0.2775 0.2662 0.2557  0.2477  0.2426  0.2377  0.2353  0.2324 106.07

1,000 ccaKDR 0.2962 0.2556 0.2398  0.2282  0.2253  0.2220  0.2197 0.2198"  44.89

LSCDA  0.2841 0.2565 0.2383  0.2332  0.2298  0.2255  0.2242  0.2237 253.36

30



Table 6: Label prediction error (extended)

N Method 9 10 11 12 13 14 15 16 Time
Usps
250 ¢KDR  0.2930 0.2650 0.2476 0.2232 0.2143 0.2070 0.1949  0.1847 59.03
5
ccaKDR  0.1626  0.1524 0.1541 0.1538 0.1554 0.1565 0.1538 0.1529 84.90
0 ¢KDR  0.2273 0.2042 0.1882 0.1691 0.1573 0.1499 0.1382  0.1308 94.22
5
ccaKDR  0.1321 0.1248 0.1256 0.1205 0.1244 0.1197 0.1162 0.1144  101.39
L000 ¢KDR  0.1814 0.1635 0.1481 0.1352 0.1261 0.1151 0.1098  0.1074 166.96
’ ccaKDR  0.1155 0.1094 0.1101 0.1082 0.1049 0.0983 0.0985 0.09647 139.84
Isolet
¢KDR  0.5784 0.5436 0.5147 0.4861 0.4495 0.4266 0.4009 0.3799 141.96
250
ccaKDR  0.2750 0.2551 0.2490 0.2501 0.2362 0.2262 0.2246 0.2179  173.68
0 ¢KDR  0.4579 0.4167 0.3806 0.3492 0.3151 0.2893 0.2635  0.2380 259.01
5
ccaKDR  0.2248 0.2125 0.2021 0.1876 0.1833 0.1627 0.1595 0.1567 225.67
L000 ¢KDR  0.3628 0.3210 0.2872 0.2591 0.2339 0.2030 0.1790  0.1633 503.59
’ ccaKDR  0.1898 0.1728 0.1654 0.1620 0.1477 0.1396 0.1271 0.1232 343.43
9000 ¢KDR  0.3119 0.2713 0.2376 0.2088 0.1890 0.1662 0.1538  0.1378  1007.27
’ ccaKDR  0.1721 0.1586 0.1445 0.1408 0.1316 0.1319 0.1263 0.1158" 569.24
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explored by ccaKDR is still confined by the heuristics to avoid overexploration;

thus, devising a better strategy will be of practical significances.
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Appendix A. Assumptions

(i) kx and Ky are measurable, and E[sx (X, X)] < 00, E[ky(Y,Y)] < oo.
(ii) E[g|X =] € Hx for any g € Hy.

(i) Hx and Hy are separable.
(iv) fn(z) is is differentiable w.r.t. z.
(v) Cxx is injective.

Appendix B. Proof of Theorem

Lemmal[T]below tells us the conditional expectation of g € Hy given X, which

is needed to establish Theorem [II
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Lemma 1 (Fukumizu et al. (2004), Theorem 1). Let (Hx,rx) and (Hy,xy) be
RKHS on measurable spaces Qq and Qa, respectively, and (X,Y) be a random
vector on Qx xQy. Under the assumptions (i,i1) in the Appendiz, for all g € Hy

we have

OX)(]Eyp( [g(Y)|X = ] = nyg. (Bl)

If C'x x is injective, for example when kx is a continuous kernel on topological
space X and Px is a Borel probability measure such that P(U) > 0 for any open

set U in X, then the result above can be expressed as

Eyix[g(Y)|X =] = C¥xCxvyg. (B.2)

The assumption Eyx [£(-, ¥)|X =-] € Hx, however, may not hold in general. We
remark that C3Cxyg can still be understood in the sense of approximation.
Let (C0) +end,)™ = (Kxx +end,)™" and C) = Kxy be the regularized

empirical estimator of Cyy and Cxy respectively, then

(CP) +enI) g

is an consistent estimator of E[g(Y)|X = -] in £2(X) given an appropriate
sequence of {e,}, even if E[g(Y)|X =] ¢ Hx (Fukumizu and Leng, 2012)). This
is to say although E[g(Y)|X =] ¢ Hx, it can be approximated by a sequence
of functions in Hx.

We now present the proof of Theorem [I| as follows.

Proof. Similar to the multivariate canonical correlation analysis, the following

facts can be established:

(fi,Cxvgj)ra = Efi(X)g;(Y) = pidiy,
(fi, Cxx [i)r = Efi(X) f(X) = 645,
(Cxvgis Nz = pilOxx fis [
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For any g € Hy, let oy, = (Cyv g, 9x)n, and g, = g — ¥ angr, we first prove

Cxyg = Cxx(Znez anprfn). Let Ag = Cxyg - Cxx(Zhez anpnfn) € Hx, we

know

<Agvf)'Hx = <CXYgL; f)HX =0

holds for all f € Hx. This implies

|Ag]3 = (Ag, Ag)ay =0,
i.e. Ag is the null element in Hx. This proves Cxyg = Cxx(Xrez @npnfn)-
Plugin this into (B.2) gives

VE[glz] V(Cx¥xCxvyg,rx(, 93))HX

= V(C¥xCxx( Z anpnfu), kx ()
heZ

= Zahphv<fha"i?(('7x)>ﬂx
heZ

= > anpaVin(e).

heZ

This implies V,E[g|z] = 0 almost surely where v = B|x, here B, is the or-
thonormal bases orthogonal to B. Denote py|x-5 the kernel embedding of con-
ditional Y'|X =  with the characteristic kernel xy, then E[g|z] = (g, ty|x-2)#y -
The result above suggests py|x-, only depends on B X, thus proving the con-

ditional independency. O

We remark that our proof differs from previous works, where the conditional
embedding py|x-, was explicitly expressed as Cy x C;(lX kx (-, x). The existence
of element Cyyrx (-, &), however, can not be guaranteed (Song et al., 2009;
Fukumizu et al., 2013). Our proof only conerns the conditional expectation and
does not require the analytical expression of uy|x-, therefore circumventing

this technical difficulty.
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Appendix C. Linear scaling algorithms

Algorithm [3| and Algorithm [4] present pseudo code for the linear scaling
3 ccaKDR and the Ritz approximation it uses. Here Sy(RP) denotes the (p,d)-
Stiefel manifold, i.e. B € Sq(RP) if B ¢ R”*? and B'B = I,.

Algorithm 3: Linear-scaling ccaKDR
Data: X eR™P|Y e R™, Ky, Ky

Preprocessing: Compute L; such that K, ~ L;L; for t € {z,y}
Input: L, e R L, e R™"v €;,¢y,1,d

Output: B"" ¢ S4(RP)

Set Ly := Ly - 11'L, for t € {x,y}

[U;,S]:=SVD(LS), Ay := 87, R, = (A, + 1) A,
R,,=R,UU,R, R:=[I, ,R.;R;, I, ]

Solve for I leading canonical pairs {(pn,m,)}},_, for R

&, =n,(1:72), &y = 0y (ry + 12 end)

&, =Us(Ay + 1), ¢, = Uy(Ay +6,1)7'C,

Set W, = [¢', -, €] e R

Compute F € R™"=*P defined as F'; j o = X; aLlq, ;

Set L, := L'W, e R"=!

Compute J € R™=*P*! defined as J 41 = Yiy FijaWair
Compute G € RP*! defined as G 1 = Z;zl LyijJjar
Compute H € R™P*! defined as H,,y:= Z;zl Fi,j’af@(j, ")
Set T:=G-H

Compute MY e RP*? defined as M (a,b) == ¥h_, S0 Tiau T
Set B"? to the d leading eigenvectors of MO

Force B4 to S4(RP) if a complex projection is found

Appendix D. Complexity analysis

To simplify the discussion we fix the regularization parameter to be equal.

The space complexity for storing the factorization L is O(nr). Calculate V, fo (@)
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Algorithm 4: Ritz approximation of leading eigenpairs
Input: AeR™"™ ]

Output: {(pn,vn)}}
Set k := min(21,1+ 10), randomly initialize s; € RY

for k' =2,--- k do
| sk = Aspra

end for

Set S :=[s1,,8;] and [Q, R] := SVD(S)

Solve {(pn,¥p)},., first [ eigenpairs for H := Q' AQ
Set vy, = QU

for (i',a) € {1,--,n} x {1,-,p} is an O(nrp) operation. For I such weights
{wy, -+, w;}, we denote the tensor T e R™P*! defined as T'(i,a,s) := Vafw. (Ti).
Constructing T takes O(nrpl) operations. By Theorem 2| T contains all the in-
formation for the reconstruction of central space given {w,}!_, are the canon-
ical vectors and A;;1 = 0. Now let us look at the computation of eigenpairs
{(\s,ws)}_,. Computing the Krylov space takes involves taking kernel matrix
inversion, by utilizing Woodbury matrix inversion identity, it is an O(nr?+7r3)+
O(nr +7r?) operation. (The former being constructing L™ L and the later taking
an inverse of 72 matrix. ) The O(nr?) can be done as a preprocessing step, and
for the computation of O(l)-dimension Krylov space O(nrl) operations are per-
formed. The QR step takes further O(nl?) operations. Then O(nrl+nl?) oper-
ations for the construction of Ritz matrix and O(I3) for its eigen-decomposition.
Then O(nl?) operations are taken to approximate the original eigencomponent
{ws}. For the computation of EDR space, note [Fukumizu and Leng (2012)
propose to first construct M = I''T, which takes O(nrp?) operations and then
decompose it with O(p3) operations. For large p (e.g. p > n) it is not very
economic to do so. We could similarly use a Ritz-approximation to further
curtail the computational burden. For d « p, we only need O(nrpd) opera-
tions to construct the Krylov space, then O(pd?) for QR, O(d?) for the eigen-

decomposition and O(pd?) to get the projection in original space. Summing
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together, it’s O(nr?) for the preprocessing and O(nrpl) for the CV loop, this
gives O(nznr? +nin.(nrp(l+d) +c)) for the overall complexity, where ¢ denote
the computation cost for evaluating the loss function.

For the original gKDR, the overall time complexity is (’)(ngm*2 +n2nc(nr2p+
nrp? +c)). With the modified gKDR, the overall time complexity is O(n2nr? +
nine(nr?p + nrpd + ¢)). Thus the proposed will significantly outperform the
original gKDR implementation in terms of computation complexity with large
p and small d. Even for the modified gKDR, ccaKDR still achieves considerable

reduction in computation for more complex Y (with larger r,) and smaller 1.
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