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Abstract

We study a class of optimal stochastic control problems arising from the control of movements. Exact solutions are first
presented for linear cases for both the during- and post-movement control problem, depending on a parameter ¢ > 0. It is
found that for the Langevin type equation and for the post-movement control case, a non-degenerate solution exists only when
a > 1/2. For the Langevin type equation and for the during-movement control, a non-degenerate solution is found when « > 1.
For the post-movement control and the Hamiltonian type equation, an optimal control signal is obtained and is non-degenerate
when o > 1/2. Again for the during-movement control, we find an optimal non-degenerate control signal when « > 1. All results
are then generalized to nonlinear control cases (the first order perturbation of linear cases). Numerical examples are included to
illustrate the applications of our results.
© 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

How a biological system controls its development in its early stages and motor movements later on remains illusive
and is an active research area in recent years due to the availability of modern techniques such as microarray gene
data in development [3] and multi-unit recordings in nervous systems [9]. In the current paper, we will exclusively
concentrate on movement control problems, although the control problem arising from both areas bears many common
features.

One of the prominent features of the recorded data from vertebrate nervous systems is the stochasticity due to
the fluctuation of single channels (molecular fluctuation) on the membrane of a neuron [4,12]. In the literature, there
is a huge body of papers devoted to the issue exploring the functional meaning of the randomness, for example the
stochastic resonance approach. In the scenario of stochastic resonance, it is required that the noise should be very
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small [5]. However, it is well accepted that the noise in nervous systems is proportional to the signal strength [4,
12]. Hence stochastic resonance results are interesting theoretically, but are limited when applying them to explaining
phenomena observed in the nervous system. A few years ago, aiming to reveal the possible functional roles of noise
in the nervous system, in [7] the authors proposed a model of optimal stochastic control of movement (saccadic and
arm movements) and they found that some observed experimental principles coincide with their model outcomes. The
model is now well accepted in the literature and might be of paramount importance in understanding the functional
role of noise and in designing humanoid robots. Nevertheless, a systematic and rigorous mathematical analysis of the
model and related problems has been missing. In the current paper, we present such a study.

Two classes of model are considered. The first class is the control problem of Langevin type equations and the
second is of Hamiltonian type. Assume that the movement is performed during time period O to 7. We consider two
types of control problem: during-movement control, i.e. the control is carried out during a period [T — R, T] C [0, T']
with T > R > 0, and post-movement control, i.e. the control is performed during a period [T, T 4+ R] with R > 0.
In our approach, a parameter o > 0 is introduced to reflect the randomness of the input signal. For post-movement
control problems, the optimal control signal is analytically obtained for all cases, but is degenerate when o < 1/2.
For during-movement control problems, we again find the optimal control signal for the Langevin type equation and
the Hamiltonian type equation, but the optimal control signal is degenerate when o < 1/2 and is asymptotically
degenerate when 1/2 < « < 1. Furthermore we also extend our results to nonlinear cases (perturbation of linear
cases).

The study of optimal stochastic control problems has a long history with wide and successful applications, for
example, in financial mathematics [10,8]. However, the problems we address here are novel and different from
the issues investigated in the optimal stochastic control literature. In financial mathematics, usually only control
problems with Langevin type equation are taken into account. The control problem with Hamiltonian type equations
is theoretically more involved and is actually more interesting in some application areas such as robotic control.

2. Models and main results

We consider the stochastic differential equation

x(0) = 0, (2.1

{dx(t) = [—Ax +u(®) + ef (x)1dt + |u|*(t)dB(¢)
where B(t) is a standard Gaussian white noise, the function f(x) satisfies the Lipschitz conditions:

[f(x1) — f(x2)] < Clx1 — x2| (2.2)

a > 01is a parameter which characterizes the randomness of the input control signal, and the term u(¢)ds + |u|*dB(t)
is the control signal. It is well known in the literature that when o = 1/2, the input control signal corresponds to a
Poisson process. When « > 1/2, the input signal is generated by a supra-Poisson process and o < 1/2 is a sub-Poisson
process [2,6,12].

The optimal control problem we consider here is to minimize the functional

T
@T.,Tz[u]=/T Dy 1[ul(t)dt, (2.3)

where 0 < T} < T, are two constants (time),

Dy 1[ul(t) = ExX* (1) — (Ex(1))” 2.4)
and x (¢) is the solution of (2.1), under the condition

M [ul(T) = Ex(T) = D (2.5)

for a constant D (target), 0 < T < T».
For any control signal # we have

D7, 1 [u] = 0. (2.6)
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Definition 1. If a sequence of u™ satisfies
lim &7, 7,[u™] =0 Q2.7
n—od

then the sequence u'™ is called asymptotically optimal.

For a constant R > 0, we consider the following two cases:
(D T =T,T, =T + R i.e. post movement control;
() T =T — R >0,T, =T i.e. during movement control.

For case (I), we want to minimize the variance after we reach the target; for case (II), the control (to minimize the
variance) is performed during its movement.

The problem posed above is for Langevin type equations, which is a simplification of the following Hamiltonian
type equation Eq. (2.8). Surely the Hamiltonian type equation is more realistic for the actual control of the movement.

dx(t) = v(r)det
dv(t) = (ax(t) + bv(t) + u(r) + ef (x(£)))dt + |u|* (1)dB(r) 2.8)
x(0)=0, v(0)=0.

In [7], only the model defined by Eq. (2.8) with « = 1 and € = 0 is numerically investigated.

Theorem 1. Consider the optimal control problem defined by Egs. (2.1)—(2.5) for ¢ = 0. In both cases (1) and (II) for
o < % the solution of the problem (2.1)—(2.5) is a §-function, which is obviously an optimal control signal. For any

o > % in the case (1) and for any a > 1 in the case (1) there is a unique solution given by

u = o .
0 C [exp(r(t — T))/Qagr, 1,t)]/** ™", 1 €0, TIN 0, T21,

where

T —1
C = DQ2a)"/@e=D [/ exp[2ai(s — T) /(2o — 1)]¢;11/Tiza_1)(s)dsi|
A ,

and
o1 () = @07 071 — e @ = By 4 6(s — T (1 — 0]

with 0(x) = 1 when x > 0 and 0 when x < 0. For the case (II) and 1/2 < a < 1, for t € [0, T], the following
sequence

(2.10)

M(n)(t) . Cn(logn)71(1f1 + T — t)71 when a = 1
0 T | Cunexpl—n(T — 1)] when 1/2 <a < 1

with C,, being a bounded constant satisfying Eq. (2.5) is asymptotically optimal.

Remark 1. For post-movement control and « > 1/2, we have

0, te€[T, T+ R],
uo(r) = {K(a)e‘“’—”/@“‘l), te0.Tl, (2.11)

where

D2 — 2)A

K(a) = Qa — 1)(1 — e M Ca—2)/@a—Dy

When @ = 1, the constant K (1) = limy—| K(@) = D/T.
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Theorem 2. Consider the problem Egs. (2.3)—(2.8) for ¢ = 0. In both cases (1) and (1) for o < % the solution of the
problem (2.3)—(2.8) is a 5-function. In the case (1) with a > 1/2 and case (1) with o > 1, there is a unique solution

given by
© 0, 1 ¢[0, TIN[0, T3],
uo = 1/Qa—1
Clon(T =0 /or. ] 1 e0,TIN[0, T2,
where
eklt _ e)»zl‘
—_— M F A
1)y =41 A —A2 7
te)‘", A = Ag,

with A1, Ay being the eigenvalues of the matrix

1
A= (2 117) ha=3 (bi\/bz +4a)
the function ¢, 1,(t) has the form

T T
¢, 1, (1) = 60(Th — t)/ @r(s — t)ds +0(t — Tl)/ @i(s — 1)ds,
T t

and the constant C is defined as

1
CeD (/0 ds gDzw/(zw Der _ )(p;ll/(Za D )>

For the case (1) and 1/2 < a < 1, the sequence defined by Eq. (2.10) is asymptotically optimal.

In the following we will only consider o« > 1/2.

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

Theorem 3. The solution of the problem (2.1)—(2.5) in the case (1) up to the first order perturbation terms with respect

to ¢ in the interval [0, T has the form u(t) = ug(t) + eu(t), where uy(t) is defined by (2.11) and

2 20{()

ur(t) = o7z, () (C2 190 (15 u0) + 20>~ u3 = 009V (15 wg) + 1T

4(2 —1)

—4ad Ol 1, (13 u0) = #1113 00) )

where
) B s 0
A = [ 5)5L a0 ). al)ds
T
) Lo, 0
b 7, (T u) = / e (“S)wrl,rz(S)a—an(U(S),a(S))ds
T
r 9
oW (riu) = / T G (0 (s), a(s))ds
- do
T
oV (tu) = f S S G1(@(s), a()ds
T
with

011 () = @07 (B(T) = )€™ (@3 — e 4o (s — Ty)(1 = 207D,

Gi(o.a) = e ("2 f(ydx,  Galo,a) =

1
V2no

—(x—a)z/Zaf(x)dx’

(2.17)

(2.18)

(2.19)

(2.20)
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t t
o(t) = / e M=) 14012 (5)ds, at) = / e M=y (s)ds (2.21)
0 0
and the constant C1 is defined from the condition
T
/ (S ur () + 209D @ ) o (7) + 6 (x: wo)ug (1)) dr = 0. (2.22)
0
Fort € [T, T + R], u(t) = £'/®*=Dy (1), where

1
1657, (25 o)
a'le,Tz(t”

1/Q2a—1)

1 (f) = —sign i, (5 o) ( (2.23)

For a > 1 and case (I1), the solution of the problem Eqs. (2.1)—(2.5) has the form u(t) = uo(t) + cu1(t), where ug(t)
is defined by (2.9) and u1(t) is defined by 2.17)withTy =T — R, T, =T.

Theorem 4. The solution of the problem Egs. (2.3)—(2.8) in the case (1) up to the first order perturbation terms with
respect to ¢ in the interval [0, T has the form u(t) = ug(t) + eu1(t), where uo(t) is defined by (2.12) and

2—2u
i (t) = g7 Tz()ﬁ(cz"“%“)(r; 1) + 20 C**~ug® ()@ (8 uo)
+ CLEM )11 2 = Ao OGS (15 o) — 517, (15 u0)) (2.24)
where
G g (T u) = / COh {(wn 7,(8) + V7. 7,(5) ”E ;) —G2(011(s), a1 (s))ds

—¥n.n(s )U”E ;Gz(au(S) m(s))} ds + f o IP T ‘”T;Tgs())c;z(au(s),m(s))
911
S (i) = / (A= f>)12<1pT] 1)+ U1 (s )GIZES;) 2 Ga(011(s), ay(s))ds (2.25)

¢V (riu) = / (eA”*”)l,z(eA(H))iz3—0G1(o-u(s>, ai(s))ds
T

T
¢V (t;u) = f (eA”*S))l,z(eA(H))l,z8361(cm(s),m(s))ds
T a

with G12(o, a) defined by (2.20) and
T )

V1.1 (5) = /T 0t — )™ ) 1) 0dt, Yr () = fT 0(t — s)(e )7 ,dt, (2.26)

1 1
t t
o11 (1) = /O ) 2 AN P ()ds,  ar(r) = fo © ) ug(s)ds. (227)

The constant C1 should be defined from the condition

T
[ (@120 + 2060 @l P(0) + s oo ) de = o (2.28)
0

Fort € [T, T + Rl u(t) = ¢V/C*=Dg, (1), where

1/Qa—1)

B3, 7 (5 10)|
(1) = —sign §. 7. (¢ up) (% . (2.29)
1,42
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For a > 1 and case (I1), the solution of the problem Egs. (2.3)—(2.8) has the form u(t) = uo(t) + eu1(t), where uy(t)

is defined by (2.12) and u1(t) is defined by 2.24)withTy =T — R, T» =T.

3. Proofs

Proof of Theorem 1. Let p(x,t | y, s) be the probability density of transition from y at time s to x at time ¢ of the

diffusion process generated by solutions of Eq. (2.1):

Prob{x(t) € A CR, | x(s) =y} = / p(x,t|y,s)dx.
A

3.1

Then one can write the direct Kolmogorov equation (or the Fokker—Planck equation, see, e.g. [1]) for the function

px,t) = p(x,t10,0):

lu|? (1) 9>
> ﬁp(x, 1)

0 0
() = ——((=Ax +ef (x) +u@) p(x, 1) +
ot ax
with the initial condition
p(x,0) =48(x).
Taking the Fourier transform

k1) = / ¢ p(x, 1)ds,

we obtain from (3.2) the equation for p(k, t)

q . q . , K 5, . .
o Bk 1) = =Mk ik, 1) + (1ku(t) - 5 lul (z)) plk,t) +eF(k,1),
where we denote
F(x,1) = —%(f(x)p(x, ) = F(k,t) =ik / fk—kHp(k', Hdk' = ike / plk— K, 1) f(k)dK'.

Let us observe that

’

k=0

M (1) = /XP()C, Ndx = —i;—kﬁ(k, 9]

8%
My(t) = /x2p<x, Ddx = ——5pk, 0

k=0

Thus, taking —i% from both parts of (3.4) and then putting k£ = 0, we obtain the equation:

t t
M| (t) = =AM (1) +u(t) + & (f(x)) (1) = My (t) = / e My (s)ds + ¢ / e M (£ (x)) (5)ds.
0

0
Here and below

(C.)n@= /(. L) p(x, t)dx.

Then, taking % from both parts of (3.4) and then putting k = 0, we get

M (6) = —20My 1 (1) + 2u() M) + 2& (xf (X)) () + [u]* ().

Combining (3.7) with (3.8), we obtain the differential equation for Dy i:

Dy () = =22.D11(0) + [ul** (1) + & (£ () (x — (x))) (1)

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)

3.7)

(3.8)

(3.9
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so that
t t
Dua(0) = [ ase ) +e [ ase PO (fo0 - ) )
0 0

Thus for ¢ = 0 condition (2.3) takes the form

T
/ e*Dy(s)ds = D, (3.10)
0

and the functional &7, 7,(u) takes the form

T T t T T
/ Dy 1 [u)(t)dt =/ dt/ dse? D142 (5) =/ / dsdro(t — T)O(t — $)e D [u*(s)
T T, 0 0 0

T
= /0 ds|ul® (s)er, 1, (5), (3.11)

where

)
o1, 1, (8) = / dte? D9t — s)dt
T

1

= 20O — s)e?* (@ PT — e Py 4 9(s — T))(1 — 27Ty,

Now to solve the problem (2.1)~(2.5) we use the Lagrange method, according to which we should find such a function
u(7) and such a constant C, that give the minimum to a functional of the form

Flu, €1 = &1, 1,lul = C(Mi[u)(T) — D). (3.12)
Now, taking the derivative of F[u, C] in the direction i and the derivative with respect to C we get two conditions
0

ou
M;[u)(T) — D = 0.

Substituting in the above formulas @7, 7,[u] by (3.11) and M[u](T) by (3.7) with ¢ = 0, we obtain that for any i (s)

Oy, 1 [u + pi] =0

— & M+ i)
ou

0 o (3.13)

T T
za/ " ds sign(uo(s))|uo|**~ (), 7, (8)ii (5) — 6/ 0 Dis)ds =0 (3.14)
0 0

and taking the derivative with respect to C, we get
T
/ 6 Dii(s)ds = D. (3.15)
0

Now, making the change of variables C = C2*~!, one can see easily that (3.14) implies that

. - 0, s 10, T1N[O0, I2],
20—1
sign(uo(s))|u s) = _ _ 3.16
g ( O( ))l 0| ( ) {CZG{ le)»(s T)/[ZOl(PTl,TZ(S)] = [0’ T] m [0’ TZ], ( )
where the constant C is defined by the equation
r 1/Qa—1
C(Za)—l/(za—l)/o eZOt)L(S—T)/(za—l)w’;I);é o= )(S)dS — D. (3.17)

Thus in the case (I) we get immediately (2.11) for any o > % And in the case (II), since T, = T, we have that
u(s) ~ |T — s|71/@2=D But to have |u|**¢r, 1, € L[0, T] we need

2a

+1> -1,

which implies & > 1. The remaining conclusions can be easily verified. [
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Proof of Theorem 2. Let us again write the direct Kolmogorov equation for the probability density of transition from
(y1, y2) at time s to (x, x2) at time ¢ of the diffusion process generated by solutions of Eq. (2.1):

Prob{x(t) € A; x Ay CR?, | x(s) = i, v(s) =y} = / p(x,t|y,s)dx. (3.18)

A x Ay
Then one can write the direct Kolmogorov equation (or the Fokker—Planck equation, see, e.g. [1]) for the function
pkx,t)=p(x,t]0,0,0):

u 2a(t) 32 _
2

0 0
8—17()_6, 1) =—Vi, px, )AX) — (@) +ef x1) —pK&, 1) +
t 0x2

Here the matrix A is defined by (2.14) and V, = (aixl’ %).
We supply (3.19) with the initial condition

P(x,0) =8(x1)d(x2). (3.20)
Taking the Fourier transform
plk.t) = / e® 0 p(x, 1,

we obtain from (3.19) the equation for ﬁ(z, t)

%ﬁ(%, t) = (k, AVip(k, 1)) + (ikzu(t) — %§|u|2°‘(z)> plk. 1) +eF(k, 1), (3.21)
where

F(x,t) = f(xl)aixzp(x,t) = Fk, 1) = —iszﬁ(E—E/,t)f(kg)dE/.
Below we use also the notations

M;(r) = /xip(f, ndx, M; () = [Xixjp(f, ndx, D; ) =M ;jt)—-MOM;@), ( j=1,2).

One can see easily that

2 p—
pk, 1)

L0 L=
M;(t) = —la—kip(k,t) (3.22)

, M.’ ([) = —
=0 b dk; ok j

k=0

Hence, taking —i% from both parts of (3.21), and putting then k = 0 we get the system of differential equations

M{(t) = A1 1 Mi(t) + A1 2 Ma(1)
My(t) = As 1 My (1) + Ay oMo (t) + u(t) + & (f (x1)) (1),

t t
M;(t) = / A7), su(s)ds + ¢ f @) 5 (£ (x1)) (s)ds
0 0

where the matrix A is defined by (2.14).
2 —
Similarly, applying the operation _#zak, to both parts of (3.21), and then putting & = 0, we get the system of

(3.23)

differential equations

My (1) = 2A1 1My (1) + 2A1 2 M1 2(1)

M, (1) = Ay 1My (1) + (Aga 4+ A1) M1 o(t) + A1 oMo (1) + u() My (1) + & (f (x1) (1) (3.24)
M} (1) = 2421 M1 (1) + 2422 Mo 5 (1) + 2u() Mo (1) + [u** (1) + 26 (£ (x1)) (0).

Using (3.23) and (3.24), we get

Dy (1) =2A11Dy1(t) +2A1 2D 2(1)

Dj (1) = A2 1D11(1) + (A22 + A1 2) D1 2(1) + A1 2D22(1) + & (f (x1) (x1 — (x1))) (1) (3.25)
D} ,5(t) = 2A21D12(t) + 2A22D25(8) + |u** (1) + 26 (f (x1) (x2 — (x2))) (®).
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Proposition 1. Define the matrix

2411 241 0
A=\ A1 Ayp+A12 Aip|. (3.26)
0 2A51 2A77

Define also the operation R*> x R* — R3

7 . 5@ — (Zv{“vf”, oD@ 4+ vé”uﬁ”,Zvé”vé”).

Then

ATD 5@ — A5 5D L 50 . AT o oA 5@ tAGD) | G AFD)

The proof is straightforward.
Now, introducing D(t) = (Dy,1(t), D1,2(t), D22(t)) and e; = (1, 0), e2 = (0, 1) we rewrite (3.25) as

— ~ 1
D (1) =AD(@) + §|u|2a(t)22 e t+e(fxpez- (x — (x))) @)

— 1 [ N 1 [
= D) = 3 / ds|u|®®(s)e' 4%, . &) = 3 / ds|u|? (s)e~94g, . =94,
0 0

t (3.27)
I /0 dse=g, . A (£(x)) @ — (7))
t t
= DL = [ as@@ IRl e [ asel ) (0 @ - ) ),
0 0
Hence, for ¢ = 0 (3.23) implies that (2.3) takes the form
T
/ T~ su(s)ds = D (3.28)
0
and (3.27) implies that the functional &7, 7,[u] takes the form
2 h LA t—5)\2 2 L 2
Dry, 1 [u] =/ D1,1(t)dt=/ dt/ (A )1 21Ul Ol(S)dS=/ @11, () [u|* (s)ds (3.29)
T, T, 0 0
where
T )
g1,.1,(s) = O(Ty —s>/ @it —5)dt +6(s — Tl)/ @t — s)dt,
Tl N
with
e)\]t _ e)»zt
— AMF M
P1(t) =1 A=A 7 (3.30)
te)”lt, Al = Ao

Using the Lagrange method in the form (3.12) and (3.13), similarly to (3.14) and (3.15), we get that, if ug is a minimum
point, then

sentuo (o)l 6) = | re rin.

CPGU(T - 5)/Qagr, 1,(5)) s €[0, TIN[0, T2, (3.31)

where the constant C is defined by the equation

T
C(za)*‘/@“*‘)/ oI — )@y, 124D (s)ds = D. (3.32)
0
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Thus we get the representation (2.12)—(2.16) for ug(¢). One can see easily, that in the case (I) (T» > T) the
function @7, 1,(s) defined by (2.19) has no zeros in [0, 7] and so uo(t) is a bounded function. But in the case
) (T, = T) ¢r,15(5) ~ |s — TP and ¢1(s — T) ~ |s — T| as s — T. Therefore ug(s) ~ |s — T|~2/C2=D,
and we need:

T T
/T Dy [l (6)dr = /0 ds@3, 7, (5)ul3(5) < oo,

1

T
N / ds|s — T2~/ Qu=D+1 _
0
=2—4a/QRa—-—1)+1> -1,
which gives us & > 1. The remaining conclusions can be easily verified. [

Proof of Theorem 3. Let us study the equation

. J . . k> . A
gp(k, 1) = —kkﬁp(k, 1)+ <lku(t) - ?IMIM(I)) plk,t) +eF(k, 1), (3.33)
where F (k, t) is the Fourier transform of some function belonging to L (R) for any ¢ > 0.

Lemma 1. For ¢ = 0 the solution of (3.33) has the form:

1
polk, 1) = exp {—Ekzo(t) + ika(t)} , (3.34)
where
t t
o(t) = f e M9 11%% (5)ds, a(t) = / e M=y (s)ds. (3.35)
0 0
For ¢ # 0 the solution of (3.33) has the form
t
A _a po(kvt) al )\(Sfl)
pk,t) = potk,t) + 8/0 mF(l{e ,8)ds
t k2 R
= ﬁo(k,t)—i-s/ exp{—?a(t,s)—i-ika(t,s)} F(ke*¢™D | 5)ds, (3.36)
0

where

20(s—1) A(s—1)

o(t,s) =0o()—o(s)e a(t,s) =a(t) —a(s)e

Proof of Lemma 1. Differentiating with respect to #, we get easily

2 2
%ﬁo(k, 1) = <—%a’(t) + ika’(t)) polk, 1) = <—%|u|2“(t) +iku(t) + Mo () — ikka(t)) polk, 1).

On the other hand, differentiating with respect to k, we find
a
—hk—Po(k, 1) = (k%0 (1) — ikra(t)) potk, ).

Thus we have proved (3.34).
To prove (3.36) we remark first that, since pg(x, t) satisfies the initial condition (3.3), we need to find the solution
of (3.4), which satisfies the zero initial condition. Let us seek this solution in the form

pk,1) = po(k, 1) p(k,1).
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Then we get

a a a
p(k, t)gﬁo(k, 1) + po(k, t)gﬁ(k,t) = [ /\kakpo(k nH+ (——IMIZO‘(I)+1ku(t)) polk, I)} pk, 1)

0 ~
- ,\kﬁﬁo(k, 1 +eFk,1).

Thus, using (3.4), we obtain

—p(k 1) = —Ak— +eF(k,0)py (k1) (3.37)

Now, by direct calculation one can check easily, that
t
plk, 1) =¢ / Fke*s™ 5)py "t (ke 5)ds.
0

Lemma 1 follows. O

This lemma and formula (3.7) allow us to conclude that to find M;[u] up to the first order with respect to &€ we
should replace ( f(x)) in (3.7) by f f(x)po(x, t)dx. Now, using Lemma 1, we obtain

t t
Milul(6) = a(t) + & / M dg / drepo(x, ) f(x) = a(t) + & / DG (0 (5), als)) + O(E),
0 0

where G (o, a) is defined by (2.20).
Similarly

T T
b1, 1, [u] = / ZDI,I[M](t)dt =/ 2<f(t)dt+28/ dtf 260Gy (0 (s), als))ds + O(e?)
T T

T

T T
= / o (t)dt + 2 / o1, 7,(5)G2(0 (), a(s))ds + O(e?), (3.38)
T 0
where G (o, a) is defined by (2.20) and ¢7, 7, (s) is defined by (2.19). Now to solve the problem (2.1)-(2.5) we use
again the Lagrange method, according to which we should find such a function #(7) and such a constant C, that give
the minimum to a functional of the form

Flu, C1= &7, 1,[u] — C(M1[u)(T) — D).
Thus, we get two conditions:

0 N ~ 0 -
— @11 [u + pi] — C —M[u + pul(T)

=0, M [ul(T) — D =0.
ou =0 ou

u=0

Taking the above derivative and keeping the terms of order 0 and 1 with respect to &, we get

el - & . _ -
— O, 1 lu + pit] = 20(/ o1, T, (r)s1gnu(r)|u|2°‘ l(t)u(‘[)dt
8“’ /‘L_O 0

T T
+4as/ signu(r)|u|2“_1(t)ﬁ(r)dtf (s — )dsor,. Tz(s) Gz(o(s) a(s))er =)
0 0
T T P
+28[ ﬁ(r)dr[ 0(s = D1, 1,(5) * 5-G2(@(5), a(s))e*Tds + 0(e?)
0 0
with g7, 7, (7) as defined in (3.11). Similarly

Mqu/uZ (T)

T
o = / [ek(f_T) + 209V (z; wysign u(t)|u** 1 (z) + epV(z; M)] u(r)dr. (3.39)
M n=0 0
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Hence, solving the problem (2.1)—(2.5) to first order with respect to &, we need to find the function u and the constant
C such that for any u

T
[l n+ 208, 7100) 2 signuolal =1 0+ 20040, 7310

-C [eMT—T) + 200 (73 wysign u () |u>*(z) + epV(z; u)]] a(r)dr
" 0 ()
+ / [((prl,rz(r) +2e9, 1, (T u)) 20 signu()|ul* ! (2) + 2647, (1 M)] i(t)dr = 0(e?),
T

T
/ HDA+ G0 (), al))ds = D + O(e?) (3.40)
0

where the functions cp(TRTz(r; u), qb(T?,Tz(r; u), qb(l)(s; u) and go(l)(r; u) are given by (2.18). Since we know the zero

order approximation for the solution of this problem, it is natural to seek C in the form C = C2*~! 4 ¢Cy, where the
constant C is defined from (3.17). Thus, similarly to the proof of Theorem 1, we conclude that for t € [0, T']

(0r1.72(0) + 2608 1, (v ) 2 signu (o)l () + 266517, (73 )
= (€ 10y (e“f*” + 2060 (23 wysign u (o) [u 2 () + epD(t; u)) + 0D, (3.41)
andfort € [T, T + R]
M : 201 W 2
o1 1, (1) + 260 (1 0)) 20 signu() Ul (1) + 260, (v 1) = 0(e?)
= signu(n)u** (1) = —ea '@} 1 (11 w)ep 1 (D) + O(ED), (3.42)

Thus we conclude that the first order approximation terms have the form (2.17) and (2.23) in the intervals [0, T'] and
(T, T>] respectively. Now substituting this solution in the last line of (3.40), and keeping terms of order 0 and 1 with
respect to €, we obtain the condition

T
/ (eﬂf-” + 2069 (75 ug)signuo(v) uo|** ' (v) + eV (; uo)) (uo(t) +eu (r))dr = D + O(£?). (3.43)
0

Hence we get (2.22).

Let us remark that since by the definition (2.19), ¢1,,1,(t) ~ (12 — 1), as t — 71>, one can see easily from the
definition (3.30) that

1
¢, (i) ~ (T —1)%, (x> Ty).

Therefore we can state that 1 (¢) is a bounded function.

In the case (IT) for ¢ < 1, the function u = ugp + eu1, with ug given by (2.9) and u; given by (2.18), still gives us
7, 1,[U] = 00 and so does not correspond to the minimum point of &7, 7,[u]. But for o > 1 this function gives us
the solution of our variational problem. [

Proof of Theorem 4. Let us study the equation
Epo(k, 1) = (k, AVipotk, 1) + | ikau(t) — = |u[7(0) | po(k. 1) + e F (k. 1), (3.44)

where F (k, t) is the Fourier transform of some function, belonging in L (Rz) uniformly in ¢.

Lemma 2. For ¢ = 0 the solution of (3.44) has the form

_ 1 _ — _
po(k, 1) =exp {—5(6(t)k, k) +i(k, E(t))} , (3.45)
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where the matrix elements of & (t) have the form

0ij (1) = /0 (AT (A P (5)ds, (3.46)
and the vector a(t) has the components

ai(t) = /0 (@A), qu(s)ds, (3.47)
For ¢ = 0 the solution of (3.44) has the form

pok, 1)

AT—_F(CATO_S)E, s)ds
po(eA' =9k, )

t
pE.1) = poRor) +e /0

t
= pok,t) +¢ / exp{—%(&(t,s)z, k) + ik, E(t,s))} FeA 9 5)ds, (3.48)
0

where ﬁo(E, t) is defined by (3.45), Al is the adjoint matrix of A (see (2.14)) and 6 (t, s) and a(t, s) are defined by
the relations

5(t,5) = 6(t) — eM=96 (5)eAT =9, ac, s) =a() — e 9a(s),
with 6 (t) and a(t) defined above.

Proof. Differentiating with respect to ¢, we get
0 . B o T Ty 4 i An -
Epo(k, 1) = —7|u| (t) +ikou(t) — (Ao (t)k, k) +1(Aa(t), k) | po(k,t).

And differentiating with respect to k gives us
(k, AVi po(k, 1)) = (—(AS (1)k, k) +i(Aa(t), k)) po(k, 1).

Thus we have proved (3.45). B B B
To prove_(3.48) let us, as in the case of Eq. (3.33), seek the solution of (3.44) in the form p(k, t) = po(k, 1) p(k, t).
Then for p(k, t) we get the equation:

0 _ _ ~ — _
o botk, 1) = (K, AVipotk, 1) + e F (K, 0py ' (k. 1). (3.49)

Now direct calculations show us that
_ L EEATEIE, )
plk,t) = sf AT—_’ds
0 poeA =9k, s)
Lemma 2 follows. O

Now, using (3.23) and Lemma 2, we obtain that to find M[u](¢) up to the first order with respect to ¢, we have just
to replace (f(x1)) in (3.23) by f f(x1)po(x, t)dx. Then we get

t
M [ul(t) = ai(t) + ¢ fo @A) 2G1(611(5), a1(s)) + O(e?),

where G (o, a) is defined by (2.20).
Similarly, from (3.27) and Lemma 2 we obtain

2 . -
MP (1) = f xip(x, 1) = ——pk, 1)
k3

t
= 011(1) + a}(r) — 2ie / (A=) »ds
0
k=0
2

k R
X /(ial(t)+(&(s)eA*<’—S>)1,1k1)exp{—Tlall(s)—ial(s)ki} f)dk] + O (e?)
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t
_ 2 2 A(t—s) G
=on(t) +aj(@) +2eai@) | (e )12G1(o11(s), ai(s))
0

t A eAT(t—s)
2 / (eA(t_s))l,z%Gz(Gn(S),al(S))ds + 0@,
0

where G, (o, a) is defined by (2.20). So we obtain

T, T t I~ AT(t—s)

&7, 7lu] = / o1 (1di + 26 / ar / (A=), 0T T G (s, ar())ds + O(6)
T, T, 0 o11

o12(s)

G )) Ga(o11(5), a1 (s))ds + O(%),  (3.50)

T T
=/; Gll(f)dt-i-ZE/O (1/le 7, (8) + ¥r, TZ(S)

1
where
T B T
V.1, (s) = / 0t — )N 1) adt, Y () = / 0(t — 5)(e* 77T ,dr.
Ty T

We use again the Lagrange method in the form (3.12) and (3.13). Taking the derivative of @7, 7,[u] in the direction
u and keeping the terms of order 0 and 1 with respect to &, we get

O7,, 1 U + pit]

I
=2a/ @11 (T)sign u(o) |u** 1 (v)i(r)de
n=0 0

o _
T T
+4ae /0 sign u(t)|u)?* ' ()i(r)de f (CRN

o12(s)
afy(s)

o12(s)

G )> —Ga(o11(5), a1 (s)) — ¥y, 7 () ——

[(wn () + Uy, Tz(s) G2(011(5), a1 (S))] ds

1//‘7"1 Tz( )
o11(s)

) —Ga(011(5), a1 (s))ds + O(e?)

T
+dae / " sign () ul?* ! (0)ii(r)dr / @A) 2 A0, 1 g (5) L)
0

o12(s)
11(s)

T B
+2¢ / ii(t)dr / (CHAR TP (wm () + V1. 15(9) =
0 T
with ¢7, 7, (7) defined in (3.11).

Hence, solving the problem (2.1)—(2.5) in the first order with respect to ¢, we need to find a function u and a
constant C such that for any #

T
/2[(% (o) + 2664 (x; u)) 2 signu()u (1) + 26, (r;u)]ﬁ(t)dr
0

T
— C‘f [(eA(T_’))l,g + 20[8¢(])(‘L'; u)sign u@u** (r) + edpV(z; u)] i(t)dr = 0(?),
0

T
| (@706 + G101, @) ds = D+ 0(e?) (3.51)
0

where the functions (pT Tz(r u), ¢(TII)T2(1; u), qs(l)(s; u) and g?)(l)(r; u) are given by (2.25). Similarly to the proof of

Theorem 3 we seek C = C2*~1 4 ¢C 1, where C is defined by (3.31). Then it is easy to conclude that for t € [0, T']
(771,720 + 26 1, (1)) 2 signu (o)l () + 266517, (73 )
= (> ' teC)) (e)‘(ffT) + 20V (1 u)signu(t)|u|2°‘71(t) + eV (z; u)) + 0(&?), (3.52)
and fort € [T, T + R]

afry, 15 (0 signu(D)u ™ (1) + 45 1, (1 w) = 0(?). (3:53)
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Control Signal («=0.55, D=5) Control Signal («=0.6, D=5)
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Fig. 1. Post-movement control signal u(¢), mean trajectory Ex(t), trajectories x(t) for « = 0.55, 0.6, 1, 2 for Hamiltonian type equations. Other
parameters are as specified in the context.

If we substitute u = ug(t) + cu1(1) in the last line of (3.51) then
T
/ [(eA(Tfr))l,z + 20[8(,0(1)(‘5; up)sign uo (O uo?*(x) + 8¢(1)(T; uo)] (uo() + eup(r))dr
0

=D+ 0(s?). (3.54)

Finally, (3.51)—(3.54) in the case (I) give us (2.24) and (2.28).
In the case (II) one can see easily that

~ ~(1 (1 ~ g
1.1 (T WG 1, (T w), 85 (i), 60 (3w, $ 0 () ~ (T —1)°, T T.

Thus, similarly to Theorem 2, in the case (II) for « < 1 the function u = ug + cu; with ug given by (2.12) and u;
given by (2.25) gives us @7, 1,[u] = oo and so does not correspond to the minimum point of @7, 7,[u]. But foro > 1
this function gives us the solution of our variational problem. [
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Control Signal (¢=0.55, D=5) Control Signal (x=0.6, D=5)
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Fig. 2. Control signal u(¢), mean trajectory Ex(t), trajectories x () for « = 0.55, 0.6, 1, 2 for Langevin type equations. Other parameters are as
specified in the context.

4. Numerical examples

To elaborate the applications of our theory in the previous sections, we include numerical examples for different
parameters, in particular .

In Fig. 1, we plot the control signal u(¢), the mean trajectory Ex(t) and actual trajectories x(¢) for ¢ =
0.55,0.6,1,2 and D = 5,7 = 2, R = 1. From Theorem 2, we know that when « approaches 0.5, the solution
becomes degenerate, i.e. u(¢) is a delta function. This can be easily seen in Fig. 1. When o = 2, the maximal value
of u(¢) is less than 1 and is quite flat, but when o« = 0.55, u(¢) becomes larger and its maximal value is around 100,
more like a delta function. In Fig. 1, only three trajectories are plotted for different & and the fluctuations are obvious
for different realizations.

In Fig. 2, the optimal control signal, the mean trajectory and actual trajectories are depicted for Langevin type
equations. Different from the Hamiltonian case, here the actual trajectories are very noisy (see for example, the case
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Control Signal (0=1.3, D=5) Control Signal (¢=1.5, D=5)
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Fig. 3. During-movement control signal u(f), mean trajectory Ex(t), trajectories x(¢) for « = 1.3, 1.5, 2 for Hamiltonian type equations. Other
parameters are as specified in the context.

of « = 2). This is due to the fact that the Langevin type equation is an approximation of the real physical system:
the Hamiltonian equation. In the Hamiltonian case, the trajectory is an average (integral) of the noisy velocity and is
much smoother already.

In Fig. 3, we plot the control signal u(z), the mean trajectory Ex(¢) and actual trajectories x(¢) fora = 1.3, 1.5,2
and D =5,T =2, R = 1. From Theorem 2, we know when « approaches 1, the solution becomes degenerate, i.e.
u(t) is a delta function. This can be easily seen in Fig. 3 as well.

In Fig. 4, the optimal control signal, the mean trajectory and actual trajectories are depicted for Langevin type
equations. From Figs. 1-4 we conclude that post-movement control is much more reliable than during-movement
control, as partly revealed in Theorems 1 and 2. This could be an interesting issue and worth further exploring in
real-world applications, since most, if not all, optimal control tasks are performed using during-movement control
principles, but not post-movement control.
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Fig. 4. During-movement control signal u(z), mean trajectory Ex(t), trajectories x(¢) for « =

parameters are as specified in the context.

5. Discussion

1.3, 1.5, 2 for Langevin type equations. Other

We presented a study of the optimal control for a class of models arising from movement control. Analytical
solutions for the optimal control signal are obtained for post-movement controls for both the Langevin type and the
Hamiltonian type equations. For the during-movement control, we obtained analytical solutions but when 0 < o < 1
the solution is degenerate. For the during-movement control, the optimal control signal is degenerate when o < 1/2.

All results were then generalized to nonlinear cases.

There are many problems we have not touched on in the current paper. For example, we have only considered open
loop control here. A study of a similar model with a feedback control signal is obviously interesting [11]. From the
application point of view, how to apply our results here to robotic control is a challenging issue.
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