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ABSTRACT. We study the stability of the dynamics of a network of n formal
neurons interacting through an asymmetric matrix with independent random
Gaussian elements of the type introduced by Rajan and Abbott (([I]). The
neurons are represented by the values of their electric potentials z;,i = 1,...,n.
Using the approach developed in a previous paper by us (|7]) we obtain suffi-
cient conditions for diverging synchronized behavior and for stability.

1. Introduction. The dynamic of a system of neurons described by their electric
potentials x;(t),i = 1,...,n interacting linearly through a random matrix has been
extensively studied in the past literature and received increased attention in the last
times, see for example ([3], [4], [6]), [5]). The first statement about the stability of
the solution of the system

x = —rx + J'x, (1)

was enunciated by May ([10]). Here J’ is a real symmetric n X n matrix with
independent gaussian elements and EJ gj =0,EJ ;? = 1/n. The conjecture was that
if K > Apax, where A\ay is the maximum eigenvalue of J’, then the solutions of the
system (1) were stable. This conjecture has been proved by us many years later in
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the paper ([7]) where the self-averaging property of the system have been used. In
particular we introduced the random counting measure

n
Na(ht) = n~lg{aa(t) < A} =07t 37000 — (1), (2)

i=1
where 6(x) is the standard Heaviside function. This function N,, counts the
fraction of the electric potentials x;(t) which are less than a given threshold A. The
self-averaging property of N,, means that N, (t) — EN,(t) in the L? norm with
respect to the probability measure of the gaussian matrix, F being the expectation
with respect to the probability of all the random entries of the matrix J’. In ([7])
we were able to proof this property, so the random measure becomes asymptotically

a gaussian distribution function with mean value a(t) and dispersion o(t):

A e—(@—a(t))?/20(t)
lim E{N,(\ 1)} = / P 3)
n—0o0 — 0 27T0'(t)

The results of the calculations were that a(t) = ™" and o(t) = e 2*'Jy(wt)
where Jy is the Bessel function of zero order. From the asymptotic behavior of
Jo we get that if kK > w o(t) goes to zero and we get a stable solution. It is
a quite remarkable coincidence that this nice result depends on the self-averaging
property of the system, this shows the real power of such property if one reminds all
the rigorous properties which have been possible to show in the field of Statistical
Mechanics of disordered systems. In this paper we look for analogous results when
a different matrix J’ is considered. The elements of J’ are still independent but
each row of the matrix have mean values depending on the column index:

I pr/n'?j=1,..[fn],

E{Jij}a.{ pe/nt? G =1[fn]+1,...,n } (4)

The first [fn] columns represent inhibitory interaction (u; < 0) while the other

n — [fn] are excitatory interaction (up > 0), thus each neuron i receives [fn]

inhibitory inputs of the same type from the other neurons and n — [fn] excitatory

inputs form the other neurons, the excitation and the inhibition do not depending

on the particular neuron . With this choice the matrix J’ is asymmetric and the
variances of the matrix elements of J’ also follow the same choice:

B} - BUPY =nto = { SV A2l

Thus we look at the same property as before in the case of this new matrix
which includes inhibitory and excitatory inputs which is nearer to realistic neural
interactions. In order to understand better the new kind of stability properties that
we obtain let us introduce some more definitions. Let m = (my,...,m,) be the
vector defined by

o pr/nt? G =1,...[fn]
ml_{ pp/nt? i =[fn]+1,...,n (6)

and M be the matrix with all rows equal to m. Then in the paper, following the
ideas of (([1]), we introduce the decomposition

J =J+aM, (7)
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in order to have all the eigenvalues included in the circle with radius one in
the complex plane. The two theorems shown in this paper describe in detail the
stability and asymptotic properties of the dynamic associated to the matrix J’ and
in particular these properties are very sensible to the choice of the initial conditions
for the z;(t). We give here some hint since the complete definitions will be given
in the next section. So suppose that the initial conditions can be written in the
following way:

7;(0) = ¢; + &, (8)
where {&;} are independent random variables with distributions {v;}, satisfying
the conditions

B{&y=0, B{(&)} =0, B{&)" <C. (9)
and the initial constants depend on the neuron in the same way as the
e, i=1,...fn],
G = { cg, otherwise, (10)

In this situation the theorems proved in the paper establish that the contribution
to the dynamic of the matrix J is stable if K > o, = for + (1 — f)og. Remark
that since the matrix J is asymmetric the stability of the dynamic does not depend
on the maximum eigenvalue so it is reasonable that the stability results for the
dynamic generated by this matrix is different from the one enunciated above. The
matrix M also contributes to the dynamic and, due to its particular form, gives
some unexpected result, namely if ¢; # cg the average of the contribution of M to
the dynamic goes like t4/n so it is divergent for large n but it goes in any case to zero
due to the multiplication with the exponential e~*f. Thus we expect in this case to
have large coherent motions which are then dumped by the exponential factor. If
c; = cg the situation is completely different because the term of the order t\/n is
multiplied by a constant equal to zero and disappears. In this case the contribution
of M converges to a gaussian random variable with zero mean and variance of the
type of a constant +.Jy(y/o,t) and so we get the usual stability result. These are
the meaning of the theorems demonstrated in the paper.

2. Notations and formulations of the results. Consider a dynamical system
with random interactions (so-called a complex system in [10]) defined by
x = —kx + J'x, (11)

where x € R", k is a real number and J’ is an n x n real random matrix. Follow-
ing Rajan and Abbott (see ([1])) we consider the case, when J;; are independent
Gaussian variables with mean values

/ . . /J/I/nl/27 ]:17[.]0”}7
B{Jij} =a { pue/nt’?, otherwise. (12)

Here 0 < f < 1 and a > 0 are fixed parameters, and p; and pg are chosen so that
the vector m = (my,...,my,)

o pr/nt?, j=1,...[fn]
i = { pe/n'?  otherwise, (13)

satisfies conditions
(m,u) =0, (mm)=1 (14)
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with
u=(1,...,1). (15)
The variances of J;; are chosen as follows

B} - BUPY =nta = { 7 T )

og/n, otherwise.
It is easy to see that in this case the matrix J’ could be represented in the form
J =J+aM, (17)
where the matrix M is a rang one matrix all rows equal to m, so that
Mx = (m,x)u, x € R", (18)
and the matrix J has the form
J=n"12W (19)
where W a Gaussian matrix with independent entries satisfying conditions
E{Wi;} =0, E{W}}=o0, (20)

with o; defined in (16).

As it was shown numerically in the paper [1], the matrix J’ under conditions
(12)-(16) has a spectrum which is not localized in some fixed domain of C and so
it is difficult to expect that the dynamics of the system (11) will be stable. But if
we introduce the additional technical conditions

JUZO@ZWU:O (i:17"-7n>7 (21)

j=1

then the spectrum J’ coincides with the spectrum of J, which is well localized
according to the results of [8,[9]. The fact that the spectrum of J’ is well localized
inside the unit circle allows to have useful estimates and control of the dynamics,
as noticed also in [I]. The condition (21) is not only technical but has also an
interesting physical meaning. In statistical mechanics the sum Z?Zl Wi;; has the
meaning of the mean field acting on a single spin or neuron, the fact that is zero
avoids to have alignment on its direction something not interesting from the point of
view of the thermodynamic. In fact the interesting property is the self-organization
of the system, not the alignment along some given field. If the result of the sum
is different from zero it is like to have a mean value of the coupling different from
zero, i.e. an external field.
It is easy to see, that under conditions (14), (18) and (21))

M?=0, JM=0 (22)
so that for any k > 1
(J +aM)F = J¥ 4 aMI*L,
Hence .
etIHM) — ot a/ dsMe*? (23)
0

and the solution of the system (I1]) could be represented in the form

x;i(t) = ef'“”"t(et‘]X(O))i + aef'{t/ ds(es‘]x(())7 m), (24)
0
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where x(0) is a vector of initial conditions. Thus to study the dynamics (11)) it
suffices to study the dynamics of the system

x' = Jx (25)

with a matrix J of the form (19), and W, satisfying conditions (20) and (21J).
Supply the system with the initial conditions

z;(0) = ¢; + &, (26)

where {{;} are independent random variables with distributions {v;}, satisfying the
conditions

E{&) =0, E{&)?* =0, E{&)*}<C. (27)
and

Ci:{ cr, t=1,...[fn],

cg, otherwise,

,,i(x)_{ vi(z), i=1,...[fn,

"\ ve(z), otherwise,

o
01(0) _ 0{0), 1=1,...[fn], (28)
o, otherwise.

Define the normalized counting function of x;, solutions of the system (25),
Na(Wt) = n" {ai(t) <A} =n"" Y 00— a4(t)), (29)
i=1

where 0(x) is the standard Heaviside function. N, (\,t) is a random measure on the
real line which counts the fraction of the variables x4, ..., x, which are less then A
at time ¢. Thus it characterizes the distribution of x;(¢) on the real line.

Theorem 2.1. Consider the system (25) with a matriz J of the form (19) under
conditions (20) and (21)), and supply this system by the initial conditions (26)-(28).
Then for any t > 0,

lim N,p(A\t) = N7\t + (1 — f)NE(\ 1) (30)

n—oo

where Np(A,t) and Ng(A,t) are the convolutions of the initial distribution v and
vg with normal distributions N(cr,5(t)) and N(cg,d(t) respectively

Ni(\t) = (vr * N(cr,a(t))(N), Ng(\t)=(vg*N(cg,a(t))) (), (31)
and the variance 6(t) has the form

G(t) = Aot i
m=1

Ul”tzm

mim! (32)

where

U*:f01+(1_f)0E7

A=otoropf(l— f)(er —c)? + (010 f + opa) (1 - f)). (33)
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Theorem 2.2. Consider the system (25) with matriz J of the form (19) under
conditions (20) and (21), and supply this system by the initial conditions (26) with
(27). Set

wy(t) = /0 ds(e*Ix(0), m). (34)
If ¢y # cg, then
Elwa(®)} = n2t(ferur + (1 — flepps) ~ Vi, (35)

If ¢c; = cg, then wy,(t) for each fized t converges in distribution to a Gaussian
random variable with zero mean and variance
& my42m
- _ o't
SUNSTRPRCRRTISE .

m=1

(36)

mim!’

where A and o, are defined in (35).

3. Proofs. First of all we need to compute the expectations of E{W;;} and E{W;; Wy, }
under conditions (21)

Lemma 3.1. (i) Under conditions (21) and (20)

0;0
E{le} = 0, E{WijWkl} = 6¢k (6j10'j — ’I’LJO' l) , (37)
where
Ox :nflzak. =n"Y[fn]o; + (n — [fn])oE). (38)
(i) Consider the random variable of the form
2= n P Widy, (39)
k=1

where the coefficients dy, do not depend on {Wi}. Then z is a normal variable with
zero mean and the variance

o, =n""! Zdiok —o; Y (n! deUk)2 (40)

Proof of Lemma[3.1. The first equality in (37/is evident, because conditions (21)) are
symmetric with respect to the change W;, — —W;;. Besides, since different lines of
the matrix W have independent entries it is evident that for i # k E{W;; Wy} =0,
and for ¢ = k E{W},;Wj;} do not depend on k. Hence,

E{WyjW} = E{Wq;Wy} =
-~ J W;Whyexp{— Zij/QUj — (3 W1,)?/(2ne) }dW
=0 [exp{=3WP;/20; — (35 W1;)?/(2ne) }dW
i J AWy, Wy exp{— Y. Wi /20, + it Y n=2Wy; — et? /2}dWadt _
e—0 Jexp{—=3" W2, /205 +it 3 n=1/2Wy; — et? /2}dWdt

_ [(6ji0; — n~H20;01) exp{—t2> o, /(2n)}dt _
Jexp{—t23"0;/(2n)}dt
050

= 04105 — ’
99T e

(41)

where dW = [[7_, dWj;.
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To prove the assertion (ii) of Lemma 3.1 we compute by the same way the
characteristic function of z

E{ isz} —
e S W /20, 4 i Sy Wiy — (50 W)/ (2ne)}aW
=0 Jexp{=3Wt;/20; — (3°Wh;)?/(2ne) }dW
i Jexp{— > W2 /20, +is Zk nTV2Wygdy + it Y. n T 2Wy; — et? /2}dW dt _
e—0 Jexp{= 3" W2 /205 4+ it Y n=1/2Wy; — et? /2}dW dt
(42)
Jexp{=3 (¢ + sdi)®o;/ )}t 2o 0
Jexp{—t23"0;/(2n)}dt '
Lemma 3.1l is proved. O

Below it will be convenient to consider the matrix J in the new orthonormal
basis. Denote

E1 = Lin{el, RPN ,e[fn]}, E2 = Lin{e[anl, ce ,en}, (43)
where {ej,...,e,} is the basis in which we consider the system (25) initially, so
that x; = (x, €;).

Then define in E; and Es the orthonormal systems {us, ..., u[anl}
and {ujspj42,- .., U, } which are orthogonal to the vectors e; + --- 4 e[,, and
€[fn)+1 T -+ ey respectively. If we denote
u =n"%u, uy=m, (44)
then, according to (15), (14) and our choice of us, ..., u,, the system {u;}?_, forms
an orthonormal basis in R™. Let (u14,...,uy;) be the components of the vector u;
in the basis {eq,...,e,}. Then the matrix
U= {ukl}gzzl (45)
is a matrix of the orthogonal transformation from the basis {e1, ..., e,} to the basis
{ui,...,u,}. Consider the matrix J in this basis.
J=U"JU = V2U"WU = n~/?W. (46)

Lemma 3.2. The entries {Wi;}} ,_, are independent Gaussian variables with zero
means and their variances are

0, j=1
or, § =3 [fn]+ 1,
E{W, = U;, i=[fn]+2...,n (47)

o10p/0., Jj=2.

Remark 1. It follows from Lemma 3.2 that the matrix J can be represented in the

form

J=J,DW,
where J 1 18 a matrix with i.i.d. entries Gaussian entries with zero means and
variances 1, and D) is a diagonal matrix with D(l) =0, Dé? = (o10/0.)"/?

pW — 1/2 fori=3,...[fn]+1 and Dn‘l) = ‘7}E/2

I for i =[fn]+2...,n. Hence
1311* < max{or, o }||J1[>.
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Using the result of [8], according to which under condition matrix J, with i.i.d.
Prob{[|J1[|2 > 4+ e} < e~ e,

and the fact that ||.J|| = ||J||, we obtain now that

Prob{||J|| > 2L + e} < =", (48)
where we denote
L= max{a}/z7 0}5/2}. (49)

Remark 2. Inequality (48) allows us to use ||J|| in our considerations like a
bounded random variables. Indeed, since, e.g., |z1(t)| < ne!!ll denoting P, (\) =
Prob{||J|| > 2L + A} and using (48), we can write for any fixed ¢ and m,s <<
n/logn

E{jz(t)|"e71} <
< CHIB{ay(6) 0L + e — |3]])} + 0™ E{eCTmON0(1|3]| — 2L — 26)} <

< e CETIE{jay ()™}

+nm/ e(ermt))\dPn(/\) < 65(2L+6)E{‘1‘1(t)|m}—|—O(e*C”52/2).
A>e

Hence, below we use ||J|| as a bounded variable without additional explanations.

Proof of Lemmal3.2. Tt is evident that {Wki}z7i:1 have joint Gaussian distribution,
so to prove Lemma 3.2 it is enough to compute their covariances. To this aim we
use relation

Wij =Y upiWiw; (50)
k1

and Lemma 3.1, Then from the first equality of 37/ we derive that the mean values
of {Whi}i ;—; are equal to zero.

E{Wiljl Wizjo } = Z Ukyiq ULy 5y ukzizulzsz{Wklll Wisis } (51)

Now we use the fact that for different k; and ko Wy, Wiy, are independent and
for k1 = ko E{Wy, 1, Wik,1,} does not depend on ky (see (37)). Substituting 37) in
(51)), summing with respect to k; and using the orthogonality of u;, and u,,, we
get

E{Wilﬁ Wizjz} = Oiyis Zul1j1u12j2 (61112011 - 0'[10'12/(0'*’/1)). (52)

Now if j; = 1, then v, ;, = n~1/2 and summation with respect to l; gives us zero
because of (38)). If j; = 3,...,[fn] + 1, then, since u;,;, = 0 for l; > [fn] + 1, we
have that in the r.h.s. of (52) o), = o7, and so, using the orthogonality of u;, and
u,,, we get the second line of (47). If j; = [fn] + 2,...,n the proof is the same.
Now we are left to prove the last line of (47)). Using (52)) and (14), which gives us

pr ==/ (n=[fnl)/[fn], pe=Ifn]/(n—[fn]), (53)



STABILITY OF AN ASYMMETRIC DYNAMIC 9

we obtain
o [fn] n
E{WWit=n""Y ompi+n" Y opup
=1 li=[fn]+1
[n] n 2
_(a*nQ)—1 ZU[/LI—’— Z OEUE = (54)
h=1 [fn]+1
_ 2 -~
= (011 ~ [fn]/n) + ol fm) — L= TELT T LA)
OJj0FE
-

O

Proof of Theorem[2.1. . Let us consider the system (25) from the second equation
to the last one as a system of equations for zo(1), ..., z,(t), where z1(t) is a known
function. Then
W = [ ey Wi
w(t) =20+ 3 /0 ds(e Yo (9), (55)
j=2

where
1
2 = (7 x(0)); (56)

and J is the matrix which we obtain from J replacing the first line and the first
column by zeros. Substituting this expressions in the first equation of (25), we get

m Wy L Wi,
Zi(t) =" nl—};xgl)(t) + /0 ds D (t — 8)ay (s) + nl—}le(t), (57)
j=2
where
n
fgll)(t) = n_l Z (etJ(l))ijWMle. (58)
i,j=2

Hence

w1(t) =21 (0) + Y nl—};dg.”(t) + /0 dsri) (t — s)z1(s), (59)
j=2
with

t t
dg'l)(t) - / dsz$V(s), (1) = / dr i (7) + 0 PWhy.
0 0

J
Using Lemma 3.1} it is easy to see that
E{(71 ()%} < C(tn~. (60)
Indeed, according to (58]),
~ _ - _ - ey
7,7(7‘1) =n 1/2 Zwlifia fz =n 1/2 Z(etJ 1 )”Wﬂ
i=2 j=2

with f; independent of {W3;}. Hence, if we take the eighth power of (58) and take
the expectation with respect to {W7;}, we get

E{(7V (1)} =753 (61)
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_ T (1) _ _ (1)
F n 2 Z(et‘] Det‘] )j1j2Wj11Wj21 —n 30'* 1(2 ai(et'] )i1j1Wj11)2

J1,J2 11,71
2
—4 stllJ B[, 1
<1050~ *E { ||D||37 I Z 2 <
—4
<Ct)n,
where JMT means the transposed matrix of JMT | D is a diagonal matrix such

that

D,‘j = 51']‘0',', (62)
and here and below we denote by C(t) function of ¢ (different in different formulas),
such that

C(t) < Ce®

with some n-independent C' and c.
The relation (61) and a trivial crude bound

21 ()] < || x(0)[| < eMI||z(0)|| < C(H)Vn
allow us to obtain
E{zi(t)} < (63)

<27 (E{x‘f(O)} +3L? (n‘l Z(d§1)(t))2>2>
5 t S 1/2 r(l) s 8 1/2 1’8 s
w21 (10 [ asB (000 - B0 ) <
<27 (c +3L2E{(n~![e”"x(0)|[*)} + C(tyn~* / t dsEW{x;*(s)eM||x(0>||4}> <
0

<ow(1en [ t BB L(6) )

0
where L is defined by (49). Then, by a standard argument, we get
B{z{(t)} < C(t). (64)
This bound allows us to write (59) as
W
)+ Z A (0 + e 0), (65)
where
E{(eP ()%} < Ot~ (66)

Now we can apply Lemma 3.1, which gives us that the sum in the r.h.s. of (65) is
a normal random variable with the variance

st =01 o (dV(6)? — o (Y oud(V)2. (67)

Define
R (t,s) =n"" Z ojx;(t)z;(s). (68)
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Lemma 3.3. Under conditions of Theorem 2.1 R, (t, s)
D(t,s) = E{(Ru(t,s) — E{Ru(t,5)})*} < C()C(s)n",

E{ <n1 Zzn; o (t) — E{n1 Zzn; Jixi(t)}) } <C(t)n~t.

Besides,

Denote

t ot t
:/ / dt'ds’Rn(t',s')—agl(/ dt'n S x,(#))?.
0 Jo 0
Remark 3. Lemma 3.3 implies

B{(&(t) —6a(t)* < Ct)n~!

E{(6n(t) = E{Gn(1)})*} < C(t)n™"

Proof of Lemma|3.3. To prove (71) we first estimate

nE S (s (0) = a0y () — o (5) =

n
J1,J2=2

1/2 n

t 1/2 s
< n~2sels O (/ x%(&)dsl) (/ x%(sz)d”) Z Wy
0 0 j=2

Now, using the Schwartz inequality we get

‘ (t,s) —n~ 120] ¢ )

Combining this with (64) we obtain (71). To prove (69)), we write

11

s )M g T Wi, Wi,
Z /dsl/dSQ (153D (5—52)3 Vo M g (5 ) (s9) <
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n
= E O’Z‘O'j-

4,j=1

B{ (ss)2:(5) - Blas(o) ) ((00:6) ~ By 0y ) b (1

Let us estimate, e.g.

B{ (10m1(6) = Bl 0161 ) (lt)oals) - Bloalt)oal}) |

To this end we write the representations ( cf.(59))

n(t) = <o>+n-1/2W12d2<>+n—1/22J s Widt2 (2)
D) (t) + [ d = aa(t), g
2o(t) = w2(0) +n" 1/2W21d1<>+n*1/22J 5 Wad("2)(2)
2,1 22
+ Jy dt BV (= Oan () + fyde i (= s (1),

where

t t
a2 (1) = / dsal"D(s), a2 (t) = (7x(0);, D) = / dr i (7),
0 0

ety =n=t Y ()i WaiWis.

i,j=2
J(1:2) is the matrix J with the first and the second lines and the first and the second
columns replaced by zeros. Similarly to (60)-(66) we obtain

zi(t) = @1(0) +n V2 WidP () + e (),
za(t) = (0)+”_1/223L3W23451 2><t>+e£3’><t>, (79)

E{(V (1)} <n tC(t), B{(rS (1)} <n tO).

Then we can write

B{ (21(01(9) - Bos (0 (9} ) (22(012(5) - Bfaatt)oalo}) |

t K] t s
g/ / / / dt'lds’ldtgdng{ (R(l’z)(t’hs’l) - E{R(l’z)(t’l,s’l)})
0 JO 0 JO

(R0 )~ RO (650 ) |+ CCE

t s t s )
[ oo (o)
0 0 0 0

B{ (RO9(4,5) - BRI (0, s;>})2}> + C(0)C (s

t s 2
§2ts/ / dt/ds'E{ (R(1’2)(t/,s’)E{R(l’z)(t’,s’)}> }+C(t)0(s)n1, (80)
0 JO
where

ROD(,8) = 3 1 0075,

=3
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Similarly to (71)
E{(R(t,s) = Ra(t,s))*} < C(H)C(s)n~".
Repeating (80) for all terms in (77) with different i, j, we obtain the inequality

t s
D, (t,s) < 203155/ / dt'ds'D,(t',s").
0 JO

Tterating this inequality M = [log n| times, we get (69)). The proof of the inequality
(70) follows from the representation (78) immediately, if we use the independence
of 1(0) and x5(0).

Lemma 3.3l is proved. O

Now we are ready to prove the self averaging property of N, (A,t), as n — oo,
i.e. we prove that for any real A and t > 0

lim E{ (Nn(/\,t) - E{Nn()\,t)})z} = 0. (81)

n—oo

According to the standard theory of measure, for this aim it is enough to prove that
gn(z,t) — the Stieltjes transform of the distribution N, (A,t)

ety = [ 12 . (9:£0) (52)

for any z : 3z # 0 possesses a self averaging. property.

Lemma 3.4. For any z : Sz # 0

nh—>H<§o E{ gn(Z,t) - E{gn(zat)}

Proof of Lemma 3.4} Similarly to (77) we write

B{ |on(2:) = Bou(:.)) }

ety (B{ -2 @027 }-p{ @~ el @o-]).

i,5=1
(84)

2} =0. (83)

Then repeating the arguments (77)-(79), we obtain
E{ |
<cOn 417 3 Bf (BB (R G ) (F6n)-BE G0 ) |

Ve (85)

gn(z7 t) - E{gn(zat)}

where &, is defined by (72)) and we denote

// dv;(z)dye™ v*/2
Fi(o,z)
=~ Vo T e +oll2y— 2z

/2 _1/2

Since evidently
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we get from (85])

E{ g (221) — E{ga(z.1))

Now the assertion of Lemma [3.4 follows from (74)). O

} < Ot~ + O[Sz 2E{(3 — E{6n})?}.  (86)

Using (71)), the s.a. properties (69), and the fact that the system (25) is sym-
metric with respect to x1,...,x s, and with respect x|sp41, ..., 2n, we obtain

E{&nu)}:‘WE{(/Otdsms))Q}w( /) {(/ dsra (s )}_

o (‘” frl / dsE{w1(s)} + ow(l — [fn]/n) / dsE{z ( )}) +o(1). (87)

Repeating our conclusions for z,,(t), we get

)+ Z "’ LA™ () + 50 (t), (88)

where

E{(M (1)} < Ct)n ", (89)
d\™(t) /Otxgm(s)ds (i=1,...,n—1),

xE") = (e”"™x(0)); and the matrix J(™ is obtained from J by replacing the last
line and the last column by zeros. Then, applying Lemma 3.1, we obtain that the
second sum in (88) is a Gaussian random variable with the same variance &,,(t) (see

(87)).
Equations (67) and (88) combined with (26]) give us
E{z1(t)} =c;, E{z,(t)} =cp. (90)
Denoting
RD(ts) = B{zi()a1(s)},  RP(t,s) = E{wa(t)za(s)}, (91)

we obtain from (67) and (88) the system of equations
R, = B0 +orf [ [ RO@ s
+op(l—f) /Ot /OS RO s )dt'ds' —tso (o1 fer + op(1 — f)ea)? + o(1),
R, = B0 + vt [ [ RO atas

t S
+op(l— f)/ / RA (' s"dt'ds' —tso  (o1fer +op(1— fea)® +o(1).  (92)
o Jo
Then we obtain that the function
RSLO)(L S) = O-IfR'ng) (ta S) + UE(l - f)RgLQ) (ta S) - U*_l(UIfCI + UE(I - f)CQ)Qa (93)

satisfies the equation

t s
RO(t,s) = A+o. /O /0 RO s")dt'ds' + o(1), (94)
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where
A=orfE{a}(0)} + op(1 = f)E{z}(0)} — o  (orfer +ou(l = flez)? = (95)

_aopfQ=Nla el o, 00 )

O«
As it was proved in [7] this equation has the unique solution

RO(t, s) <1 + Z mtm m) +o(1). (96)

Then we can easily find that

RU(ts) = E{a}(0)} + Aoy 30 "mf!mim+o(1), 07)
RP(ts) = E{a2(0)}+Aos 2%, 08" 4 o(1),
Hence
B el O.;ntQm
m=1

Using (81), and the symmetry of the problem we obtain that N, (¢, \) converges in
probability to

FE{OO — 21(8)} + (1 — /)E{O(A — 2, (1))}
But by the above arguments
E{ON —21(0))} — [ L [ duy(x) exp{(x — 5V/2(t)y — e1)?/2},
E{O\ —2,(1)} — [ L [ dvp(x) exp{(z — 5/2(t)y — cp)?/2}.

Theorem 2.1 follows. O
Proof of Theorem [2.2. . To prove Theorem [2.2] it is convenient to consider the
system (25) in the basis {u;}? , defined above (see (43)-(45). Let
yi(t) = (x(t), u;) (99)
Then the system (25) takes the form
y =Jy, (100)

where J is defined by (46). The question of interest is the behavior of ys(t). Re-
peating for ys(t) the arguments (55))-(60) we get the representation

Ya(t) =y2(0)+j22/ Ya(s d5+z 1}]265 / dsr{P(t = s)ya(s),  (101)

with
[fn] (o)
y2(0) = (2(0),m) = vn(crpr f+eppr(1-f) +MIZ \/>+ME Z

i=[fn]+1

, (102)

f
(2)

d;(t) = [y dsy (), 9 = (@7 (0)),, o

7’7(12)(t) (f (2)( )dT+TL 1/2W22, T%Q)(t)zn_l sz:3(€tJ( ))ijWQin27

where and J®) is the matrix which we obtain from J replacing the first and the
second lines and the first and the second columns by zeros. Taking the expectation
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in (101) we get the first statement of Theorem 2.2l Now assume that ¢; = cg = c.
Then, repeating arguments (58)-(64), we get that

W
ya( +Z —/ads(t) +En (D), (103)

and
E{(EP ()%} < Ot (104)
Applying Central Limit Theorem to the r.h.s. of (102) it is easy to obtain that

y2(0) converges in distribution to a Gaussian random variable with zero mean and
the variance

oy = fuior + (1~ flupop = (1 - flor + for.
Besides, since {Wg’j} are independent Gaussian random variables, the sum in the
r.h.s. of (101)) is a Gaussian random variable with the variance

[fnl+1 n
dOW=n"tor 30 @O +nTos 3 (dP0) =
= j=lrnl+2
[fn]+1

=n"lo; Z //dtdsy] Jy;(s")+
n"log Z //dtdsy] )y;(s') +o(1) =

J=[fn]+2
(105)
n [fn]+1
=n" UI/ / dt'ds’ xk mk/ Z Uk Uk’ 5+
kk/ 1
n- UE/ / dt'ds' xk(t')xk/(s’) Z Uk j U -
kk’ 1 J=[fn]+2

If 1 <k <[fn], while [fn]4+1 <k <norl <k <[fn], while [fn]+1<k<n,
then by construction of us, ..., u,

[fn]+1 n

Z UkjUk' 5 = O Z UkjUk' s = 0.
j=[fn]+2

Let 1 < k, k' < [fn]. Then

n

E ukjuk/j = O

Jj=[fn]+2
and so
[fn]+1 n
Z Uk Uk j Zukjuk’j = S — Uk Uk — UpoUpra = Op iy — 7 (1 + piF).

j=3
Simllarly for [fn]+1 <k, k' <n, we get

n

Z Upjupj = Oppr — 0 (14 p3).
j=[fn]+2
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Finally we get

sW(t) = (106)
[fn]
=n" 01/ / dt'ds’ xk(t')mk/(s’)(ék,k/ —n 1+ p?)+
k=1
+n~ UE/ / dt'ds’ ack(t/)xkr(s')(&k,k/ — n_l(l + ,u%) =
k k’*[fn]+1

= for / / dt'ds' RV (', s')
0 JO

-1 )“E/ / dt'ds ROt s") — (1 21 + 1) + o5(1 — [)>A(1 + i) =

mt’m m
1
//dtdsR (t', s Z+ e

Since the sum of independent Gaussian varlables is a Gaussian random variable
with the variance equal to the sum of variances, we obtain that w,,(¢) converge in
distribution to a Gaussian random variable with zero mean and the variance

7O =5M(#) +a,.
The second assertion of Theorem 2.2 follows. O
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