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In conclusion, the investigated LP�NM GO method has been ap-
plied to NN learning and the results from multiple (100) independent
test runs have shown consistent and stable performance (although
slower than BP). For all of the reported problems, the proposed method
has produced NN with better generalization abilities (compared to
BP and DE), demonstrating very competitive results that qualify it
as an efficient and reliable technique for training NNs with moderate
degrees of dimensionality.
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A Geometrical Method to Improve Performance
of the Support Vector Machine

Peter Williams, Sheng Li, Jianfeng Feng, and Si Wu

Abstract—The performance of a support vector machine (SVM) largely
depends on the kernel function used. This letter investigates a geometrical
method to optimize the kernel function. The method is a modification of
the one proposed by S. Amari and S. Wu. Its concern is the use of the prior
knowledge obtained in a primary step training to conformally rescale the
kernel function, so that the separation between the two classes of data is
enlarged. The result is that the new algorithm works efficiently and over-
comes the susceptibility of the original method.

Index Terms—Classification, conformal transformation, kernel function,
Riemannian goemetry, support vector machine (SVM).

I. INTRODUCTION

The support vector machine (SVM) is a general method for pat-
tern classification and regression proposed by Vapnik [3]. The essen-
tial idea is to use a kernel function to map the original input data into
a high-dimensional space so that the two classes of data become, as
far as possible, linearly separable [4], [5]. Thus, the kernel is the key
that determines the performance of the SVM. From the viewpoint of
a regularization theory, the kernel implies a smoothness assumption
on the structure of the discriminant function [6]–[8]. In case we have
some prior knowledge about the data, we may use it to construct a good
kernel (see, e.g., [9]–[11]). Otherwise, the kernel has to be optimized in
a data-dependent way (see, e.g., [1], [2], [5], [12], [13], and references
therein).

Amari and Wu [1], [2] have proposed a two-stage training process
to optimize a kernel function. Their idea is based on the understanding
of that the kernel mapping induces a Riemannian metric in the original
input space [9], [1] and that a good kernel should enlarge the separation
between the two classes. In their method, the first step of the training in-
volves using a primary kernel to find out where the separating boundary
is roughly located. In the second step, the primary kernel is conformally
scaled, which magnifies the Riemannian metric around the boundary
and, hence, the separation between the two classes. In the original al-
gorithm proposed in [1], the kernel is enlarged at the positions of the
support vectors (SVs), which takes into account the fact that the SVs
are in the vicinity of the boundary. This approach, however, is suscep-
tible to the distribution of the SVs, since the magnification tends to be
biased towards the high-density region of the SVs, and the distribution
of the SVs is determined by the distribution of data points. Although
a modified version was suggested in [2] to meet this difficulty, the al-
gorithm still suffers a certain level of susceptibility. Also, the modified
algorithm is hard to apply in high-dimensional cases.

In this letter, we present a new way of scaling the kernel function.
The new approach will enlarge the kernel by acting directly on the
distance measure to the boundary, instead of the positions of the SVs
as used before. Experimental studies based on both artificial and real-
world data show that the new algorithm works robustly, has few free
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parameters, and is easily implemented for any dimension of the input
space.

II. SCALING THE KERNEL FUNCTION

The SVM solution to a binary classification problem is given by a
discriminant function of the form [4], [5]

f(x) =
s2SV

�sysK(xs;x) + b: (1)

A new out-of-sample case is classified according to the sign of f(x).
The SVs are, by definition, those xi for which �i > 0. For separable
problems, each SV xs satisfies

f(xs) = ys = �1:

In general, when the problem is not separable or is judged too costly to
separate, a solution can always be found by bounding the multipliers
�i by the condition �i � C , for some (usually large) positive constant
C . There are then two classes of the SVs which satisfy the following
distinguishing conditions:

1) ysf(xs) = 1; 0 < �s < C;
2) ysf(xs) < 1; �s = C .

The SVs in the first class lie on the appropriate separating margin.
Those in the second class lie on the wrong side (though they may be
correctly classified in the sense that signf(xs) = ys). We will call the
SVs in the first class the regular SVs.

A. Kernel Geometry

It has been observed that the kernel K(x;x0) induces a Riemannian
metric in the input space S [10], [1]. The metric tensor induced by K
at x 2 S is

gij(x) =
@

@xi

@

@x0j
K(x;x0)

x =x

(2)

where xi represents the ith component of the vector x.
This arises by considering K to correspond to the inner product

K(x;x0) = �(x) � �(x0) (3)

in some higher dimensional feature space H , where � is a mapping of
S into H . The inner product metric in H then induces the Riemannian
metric (2) in S via the mapping �.

The volume element in S with respect to this metric is given by

dV = g(x)dx1 . . . dxn (4)

where g(x) is the determinant of the matrix whose (i; j)th element is
gij(x). The factor g(x), which we call the magnification factor, ex-
presses how a local volume is expanded or contracted under the map-
ping �. Amari and Wu [1] suggest that it may be beneficial to increase
the separation between the sample points in S which are close to the
separating boundary, by using a kernel ~K , whose corresponding map-
ping ~� provides increased separation in H between such samples.

The problem is that the location of the boundary is initially un-
known. Amari and Wu, therefore, suggest that the problem should first
be solved in a standard way using some initial kernel K . It should then
be solved a second time using a conformal transformation ~K of the
original kernel given by

~K(x;x0) = D(x)K(x;x0)D(x0) (5)

for a suitably chosen positive function D(x). It is easy to check that
~K satisfies the Mercer positivity condition. It follows from (2) and (5)

that the metric ~gij(x) induced by ~K is related to the original gij(x) by

~gij(x) = D(x)2gij(x) +Di(x)K(x;x)Dj(x)

+D(x)fKi(x;x)Dj(x) +Kj(x;x)Di(x)g (6)

where Di(x) = @D(x)=@xi and Ki(x;x) = @K(x;x0)=@xi jx =x.
If gij(x) is to be enlarged in the region of the initial class boundary,
D(x) needs to be the largest in that vicinity and its gradient needs to
be small far away. Note that if D is chosen in this way, the resulting
kernel ~K becomes data-dependent.

Amari and Wu consider the function

D(x) =
i2SV

e��kx�x k (7)

where � is a positive constant. The idea is that the SVs should normally
be found close to the boundary, so that a magnification in the vicinity
of the SVs should implement a magnification around the boundary. A
possible difficulty of (7) is that D(x) can be rather sensitive to the dis-
tribution of the SVs, considering that the magnification will tend to be
larger at high-density region of SVs and lower otherwise. A modified
version was proposed in [2] which considers a different �i for different
SVs. �i is chosen in a way to accommodate the local density of the
SVs, so that the sensitivity with respect to the distribution of the SVs
is diminished. By this, the modified algorithm achieves some improve-
ment; however, the cost it brings associated with fixing�i is huge. Also,
its performance in high-dimensional cases is uncertain.

Here, rather than attempt further refinement of the method embodied
in (7), we will describe a more direct way of achieving the desired
magnification.

B. New Approach

The idea here is to choose D so that it decays directly with distance,
suitably measured, from the boundary determined by the first-pass so-
lution using K . Specifically, we consider

D(x) = e��f(x) (8)

where f is given by (1) and � is a positive constant. This takes its max-
imum value on the separating surface where f(x) = 0, and decays to
e�� at the margins of the separating region where f(x) = �1. This
is where the regular SVs lie. In the case where K is the simple inner
product in S, the level sets of f , and hence of D, are just hyperplanes
parallel to the separating hyperplane. In that case, jf(x)jmeasures per-
pendicular distance to the separating hyperplane, taking as the unit the
common distance of a regular SVs from the hyperplane. In the general
case, the level sets are curved as the nonintersecting hypersurfaces.

III. GEOMETRY AND MAGNIFICATION

To proceed further, we need to consider specific forms for the kernel
K .

A. RBF Kernels

Consider the Gaussian radial basis function (RBF) kernel

K(x;x0) = e�kx�x k =2� : (9)

This is of the general type where K(x;x0) depends on x and x0 only
through the norm of their separation so that

K(x;x0) = k(kx� x
0k2): (10)
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Referring back to (2), it is straightforward to show that the induced
metric is Euclidean with

gij(x) = �2k0(0)�ij : (11)

In particular, for the Gaussian kernel (9) where k(�) = e��=2� , we
have

gij(x) =
1

�2
�ij (12)

so that g(x) = detfgij(x)g = 1=�2n and, hence, the volume magni-
fication is the constant

g(x) =
1

�n
: (13)

B. Inner Product Kernels

For another class of the kernels, K(x;x0) depends on x and x0 only
through their inner product so that

K(x;x0) = k(x � x0): (14)

A well-known example is the inhomogeneous polynomial kernel

K(x;x0) = (1 + x � x0)d (15)

for some positive integer d. For the kernels of this type, it follows from
(2) that the induced metric is:

gij(x) = k0(kxk2)�ij + k00(kxk2)xixj : (16)

To evaluate the magnification factor, we need the following.
Lemma 1: Suppose that a = (a1; . . . ; an) is a vector and that the

components Aij of a matrix A are of the form Aij = ��ij + �aiaj .
Then, detA = �n�1(� + �kak2).

It follows that, for kernels of the type (14), the magnification factor
is

g(x) = k0(kxk2)n 1 +
k00(kxk2)

k0(kxk2)
kxk2 (17)

so that for the inhomogeneous polynomial kernel (15), where k(�) =
(1 + �)d

g(x) = dn(1 + kxk2)n(d�1)�1(1 + dkxk2): (18)

For d > 1, the magnification factor (18) is a radial function, taking
its minimum value at the origin and increasing, for kxk � 1, as
kxkn(d�1). This suggests that it might be most suitable, for binary clas-
sification, when one of the classes forms a bounded cluster centered on
the origin.

C. Conformal Kernel Transformations

To demonstrate the approach, we consider the case where the ini-
tial kernel K in (5) is the Gaussian RBF kernel (9). For illustration,
consider the binary classification problem shown in Fig. 1(a), where

100 points have been selected at random in the square as a training set,
and classified according to whether they fall above or below the curved
boundary, which has been chosen as e�4x up to a linear transform.
Our approach requires a first-pass solution using conventional methods.
Using a Gaussian radial basis kernel with width 0.5 and soft-margin pa-
rameter C = 10, we obtain the solution shown in Fig. 1(b). This plots
contours of the discriminant function f , which is of the form (1). For
sufficiently large samples, the zero contour in Fig. 1(b) should coincide
with the curve in Fig. 1(a).

To proceed with the second-pass, we need to use the modified kernel
given by (5) where K is given by (9) and D is given by (8). It is in-
teresting to first calculate the general metric tensor ~gij(x) when K is
the Gaussian RBF kernel (9) and ~K is derived from K by (5). Sub-
stituting in (6), and observing that in this case K(x;x) = 1 while
Ki(x;x) = Kj(x;x) = 0, we obtain

~gij(x) =
D(x)2

�2
�ij +Di(x)Dj(x): (19)

The ~gij(x) in (19) is of the form considered in Lemma 1. Observing
that Di(x) are the components of rD(x) = D(x)r logD(x), it fol-
lows that the ratio of the new-to-the-old magnification factors is given
by

~g(x)

g(x)
= D(x)n 1 + �2kr logD(x)k2: (20)

This is true for any positive scalar function D(x). Let us now use the
function given by (8) for which

logD(x) = ��f(x)2 (21)

where f is the first-pass solution given by (1) and shown, for example,
in Fig. 1(b). This gives

~g(x)

g(x)
= expf�n�f(x)2g� 1 + 4�2�2f(x)2krf(x)k2: (22)

The means that the following is true:
1) the magnification is constant on the separating surface f(x) = 0;
2) along contours of constant f(x) 6= 0, the magnification is greatest

where the contours are closest.
The latter is because of the occurrence of krf(x)k2 in (22). The gra-
dient points uphill orthogonally to the local contour, hence in the di-
rection of steepest ascent; the larger its magnitude, the steeper is the
ascent, and hence the closer are the local contours. This character is
illustrated in Fig. 1(c), which shows the magnification factor for the
modified kernel based on the solution of Fig. 1(b). Notice that the mag-
nification is low at distances remote from the boundary.

Solving the original problem again, but now using the modified
kernel ~K , we obtain the solution shown in Fig. 1(d). Comparing this
with the first-pass solution of Fig. 1(b), notice the steeper gradient in
the vicinity of the boundary and the relatively flat areas remote from
the boundary.

In this instance, the classification provided by the modified solution
shows little improvement on the original classification. This is an ac-
cident of the choice of the training set shown in Fig. 1(a). We have
repeated the experiment 10 000 times, with a different choice of 100
training sites and 1000 test sites on each occasion, and have found
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Fig. 1. (a) Training set of 100 random points classified according to whether they lie above (+) or below (�) the Gaussian boundary shown. (b) First-pass
SVM solution to the problem in (a) using a Gaussian kernel. The contours show the level sets of the discriminant function f defined by (1). (c) Contours of the
magnification factor (22) for the modified kernel usingD(x) = expf��f (x) gwith f defined by the solution of (b). (d) Second-pass solution using the modified
kernel.

an average of 14.5% improvement in the classification performance.1

A histogram of the percentage improvement, over the 10 000 experi-
ments, together with a normal curve with the same mean and standard
deviation, is shown in Fig. 2(a). The previous comparison is based on
a specific choice of C and � values. To compare fairly, we also search
exhaustively the parameters that achieve the optimal performance in
the first-step training, and obtain that the minimum error is 5.8% when
C = 20 and � = 0:6. In this case, our method decreases the error to
be 4.6%.

IV. PARAMETER SETTING

A. Choice of �

The only free parameter in the new approach is �. It is clear that � is
dimensionless, in the sense of being scale invariant. Suppose all input
dimensions in the input spaceS are multiplied by a positive scalar a. To
obtain the same results for the first-pass solution, a new �a = a� must

1If there are 50 errors in 1000 for the original solution and 40 errors for the
modified solution, we call this a 20% improvement. If there are 60 errors for the
modified solution, we call it a �20% improvement.

be used in the Gaussian kernel (9). This leads to the first-pass solution
fa where fa(ax) = f(x) with f being the initial solution using �. It
then follows from (5) and (8) that provided � is left unchanged and the
rescaled second-pass solution automatically satisfies the corresponding
covariance relation ~fa(ax) = ~f(x)where ~f is the original second-pass
solution using �.

It may appear that there is a relationship between � and � in
(22) for the magnification ratio. Using a corresponding notation,
however, it is straightforward to show that the required covariance
~ga(ax)=ga(ax) = ~g(x)=g(x) also holds provided that � is left
unchanged. The reason is that �krf(x)k is invariant under rescaling
since a multiplies � and divides rf(x).

For the purposes of magnification, it is understandable that � should
be reasonably large, so thatD(x) decays quickly when jf(x)j � 1 and
magnification is focussed on the boundary. On the other hand, � cannot
be too large, otherwise D(x) will only differ significantly from zero in
the region where f(x) � 0 with the consequence that the second-pass
solution will be essentially the same as the first one. This implies that
the relative magnification should cover a significant area around the
primary boundary, for instance, the region where �1 < f(x) < 1;
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Fig. 2. (a) Histogram of the percentage improvement in the classification, over 10 000 experiments, together with a normal curve with the same mean and standard
deviation. (b) Scaling factor D versus the distance measure f :D = e for � = 1; 2; 4; and 8.

in other words, we should not fully trust the first-pass solution. In the
trials reported previously, a suitable � is approximately the reciprocal
jf jmax, the maximum of the absolute value of f(x) in the first-pass
solution, for a typical value jf jmax = 4, and hence, D(x) is 1, 0.78,
or 0.02 for f(x) = 0; 1, or jf jmax, respectively.

Furthermore, � is independent of the dimension of the input space,
since its effect is to act on the 1-D distance jf(x)j. This point has been
confirmed by a simulation experiment with the 3-D data, in which we
choose a Gaussian boundary similar to Fig. 1(a) except that it is 2-D.
Again, � is set to be the reciprocal of jf jmax. By using 400 training and
2000 testing data points, we observe an average improvement of (the
data is being collecting, but preliminary test has shown the improve-
ment) over 10 000 trials.

B. Choice of D(x)

Apart from (8), we can also choose other forms for D(x). In
principle, provided D(x) decays with respect to the distance from
the boundary, this suffices to achieve our goal. For instance, D(x)
may be chosen to have a more general form D(x) = e��jf(x)j with
� > 0. We tested this idea by setting � = 1; 4, and 8 and applying
these to the data set illustrated in Fig. 1(a). It turns out that the average
improvements are 1.3%, 10.2%, and 6.1% for � = 1; 4, and 8, respec-
tively. They are all smaller than the case when � = 2, as presented
previously. The optimal values of � associated with these three cases
are 0.4, 0.05, and 0.0001, respectively. This tendency for optimal � to
decrease with increments in � agrees with the picture underlying the
method. The contribution of � should balance the decay of D when
jf(x)j > 1 and maintain D to be of order unity when jf(x)j < 1 [see
Fig. 2(b)].

V. EXPERIMENTAL STUDY

We also apply the new method for some benchmark real-world prob-
lems and obtain encouraging results. Tables I–III show the simulation
results for the mushroom database, tic-tac-toe endgame database, and
congressional voting records database in the University of California
at Irvine (UCI) Machine Learning Repository (the misclassification
rates are illustrated). In each trial, 100 training examples are randomly
chosen from the database, and the testing error is estimated by tenfold
cross validation. The final results are obtained by averaging over 100

TABLE I
MUSHROOM DATABASE

TABLE II
TIC-TAC-TOE ENDGAME DATABASE

TABLE III
CONGRESSIONAL VOTING RECORDS DATABASE

trials. We see that the original method (7) does not improve the classi-
fication performance (and in many cases, it even degrades the perfor-
mance) due to its susceptibility to the distribution of input data, whereas
the new method works efficiently, confirming our theoretic analysis.
It is worth to point out that our new method works well for a broad
range of parameters, indicating that our method can correct the gen-
eral “bad” kernel in the first step training. We should point out that
in some databases our method does not achieve notable improvement
compared to the first-step training (it, however, never degrades the re-
sult if the parameters are properly chosen). We attribute this to that our
method is geometry-based, whereas, for some real-world problems, the
choice and the measure of input components are rather ad hoc and do
not have any geometric meaning. How to apply our method to these
cases is currently under investigation.
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VI. CONCLUSIONS AND DISCUSSIONS

This letter investigates a data-dependent method for optimizing the
kernel function of SVMs. The proposed algorithm is a modification
of the one in [1] and [2]. Compared with the original one, the new
algorithm achieves a better performance in terms of being robust with
respect to the data distribution. This is confirmed by the experimental
study.

The algorithm is rather simple, which has only one free parameter
�,2 consumes very low computational cost,3 and is applicable for any
dimension of input space. It is, therefore, valuable to use this method
as a general methodology to top up a normal SVM training to further
improve the classification performance.
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Global Asymptotic Stability of Delayed
Cellular Neural Networks

Huaguang Zhang and Zhanshan Wang

Abstract—A new criterion for the global asymptotic stability of the
equilibrium point of cellular neural networks with multiple time delays is
presented. The obtained result possesses the structure of a linear matrix
inequality and can be solved efficiently using the recently developed inte-
rior-point algorithm. A numerical example is used to show the effectiveness
of the obtained result.

Index Terms—Cellular neural networks, global asymptotic stability,
multiple time delays.

I. INTRODUCTION

Cellular neural networks have been successfully applied to signal
processing, especially in image processing, solving nonlinear algebraic
and transcendental equations and some classes of optimization prob-
lems. Some of these applications require that the equilibrium point of
the designed cellular neural networks be unique and globally asymp-
totically stable. A number of criteria to achieve such a design have been
proposed; see, for instance, [1]–[13], and the references cited therein.

At present, stability results for the cellular neural network model
studied in [7], [8], and [11]–[13] are mainly based on such approaches
as M -matrix, algebraic inequalities, and so on. The characteristic of
those results is to take absolute value operation on the interconnection
matrix, which leads to the ignorance of neuron’s inhibitory and ex-
citatory effects on neural networks. Recently, linear matrix inequality
(LMI) technique has been used to deal with the stability problem for
neural network [3], [4], [6], [8]–[10]. The feature of LMI-based re-
sult is that it can consider the neuron’s inhibitory and excitatory effects
on neural networks. However, few stability results have been obtained
for the cellular neural network model studied in [7] and [11]–[13] on
the basis of LMI, which is important, as did for neural network model
studied in [3], [4], [6], and [8]–[10]. In this letter, the global asymp-
totic stability of cellular neural networks with multiple time delays is
further discussed, inspired by [7] and [8]. A new sufficient condition
is given to ascertain the global stability of the cellular neural networks
with multiple time delays, which is easy to verify.

II. PROBLEM DESCRIPTION AND MAIN RESULT

Consider a cellular neural network model with multiple time delays

dxi(t)

dt
=�cixi(t) +

n

j=1

aijf (xj(t))+

n

j=1

bijf (xj(t��ij)) + ui

(1)
where xi is the state variable of the ith neuron, aij and bij are connec-
tion weight and delayed connection weight coefficients, respectively,
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