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Abstract

We have developed an adaptation of multi-variate analysis of variance (MANOVA) to analyze statistically both local and global patterns of
multi-electrode array (MEA) electrophysiology data where the activities of many (typically >100) neurons have been recorded simultaneously.
Whereas simple application of standard MANOVA techniques prohibits extraction of useful information in this kind of data, our new
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pproach, MEANOVA (=MEA+ MANOVA), allows a more useful and powerful approach to analyze such complex neurophysio
ata. The MEANOVA test enables the detection of the “hot-spots” in the MEA data and has been validated using recordings fr
lfactory bulb. To further validate the power of this approach, we have also applied the MEANOVA test to data obtained from
omputational network model. This MEANOVA software and other useful statistical methods for MEA data can be download
ttp://www.sussex.ac.uk/Users/pmh20.
2004 Elsevier B.V. All rights reserved.
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. Introduction

After over a century of neurophysiological research, we
till do not understand the principle by which a stimulus, such
s an odour, an image or a sound, is represented by distributed
eural ensembles within the brain (Albright et al., 2000;
ayan and Abbott, 2001; Feng, 2004). While large numbers
f studies have made detailed analyses of response profiles of
ingle cells in isolation, such techniques cannot easily address
olistic issues of how large ensembles of neurones can inte-
rate information both spatially and temporally. There is little
oubt that much of the information processing power of the
rain resides in the activities of co-operating and competing
etworks of neurones and that if we can unlock the princi-
les whereby information is encoded within these networks
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as a whole, rather than within single neurones in isola
we may actually be able to understand how the brain w

While some progress towards understanding how th
achieved at a gross structural level is being achieved
brain imaging techniques, a promising approach to pro
an understanding at the level of multiple cell–cell inte
tions in the brain is the simultaneous recording of the ou
(action potentials, spikes) from large numbers of cells i
vidually within a defined system. This technology has b
applied to an expanding number of studies of neural a
ity, in both perceptual(Maynard et al., 1999)and cognitive
(Johnson and Welsh, 2003) systems, and also in the dev
opment of implantable neuroprosthetic devices (Patterson e
al., 2004; Warwick et al., 2004). The two main difficulties in
achieving this step have been, firstly, the lack of approp
tools to make simultaneous recordings from large num
of individual neurones within a network and, secondly,
issue of analysing the resulting huge amount of high-de
multi-variate data, in which significant effects may be sp
across the large sample of neurons.

165-0270/$ – see front matter © 2004 Elsevier B.V. All rights reserved.
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A small number of groups have now developed the nec-
essary recording hardware and software tools for data acqui-
sition and these are available commercially (e.g. Plexon Inc.
and Cyberkinetics Inc., USA). Currently, however, even with
some data compression algorithms, recordings from 128 elec-
trodes sampled at 100 kHz routinely produce around 15 MB
of data/min. With most individual experimental sessions last-
ing several hours or more this can produce data sets of many
hundreds of GB. There are a number of software analytical
packages for editing and visualising data using raster/event
plots or pseudocolour grids, and it is possible to provide a
relatively cursory analysis of this high volume data using
generic programmes (e.g. Matlab, NeuroExplorer, Spike2).
However, there is very little that has been developed for de-
tailed statistical analysis, and subsequent visual representa-
tion of the changing spatial and temporal patterns of infor-
mation recorded across the electrode arrays.

The multi-electrode array (MEA), used in our experiments
for recording of the olfactory bulb (OB), records an area of
neural activity by using several electrodes. Each electrode
records activity of a subset of the whole area. From this,
we can examine the whole area of neural activity to see the
overall affect of applying an external factor, i.e. a stimulus,
or to look at subsets of the area, to find if many or individual
clusters of neurons are responding to the external factor.

A graphic representation of a typical MEA used in exper-
i t,
o a
s m
s not
d

s the
d bles
i
a p-
t A
d nat-
u ies

F x-
p
.

recorded by the electrodes in the array would respond to a
stimulus. In other words, the activity changes of some cells
are informative whereas those of others (which could be the
majority) are not. If we simply include all activities from both
responsive and non-responsive cells in a MANOVA test, the
significance of data from the former might be completely ob-
scured or diluted by the latter. The net result of this could
be that even though a small number of the cells recorded in
a neuronal ensemble could each be shown by simple paired
t-tests to exhibit significant changes in firing rate in response
to stimulus presentation, the proper application of MANOVA
(taking into account all the population variables recorded)
would assert that there were no stimulus-evoked changes.

In the current approach, we have overcome this difficulty
by estimating a significance score to individual, and subsets
of electrodes (which are geometrically connected). The lay-
out of the electrodes can be seen inFig. 1. The outcome of
the analysis will conclude whether the area of neurons cov-
ered by the multi-electrode array has responded significantly
to a factor, i.e. a stimulus. The initial stage in the analysis
is to analyse individual, and then groups of electrodes, un-
til the last group examined contains all of the electrodes in
the array that have sample neuronal activity. For example, if
electrodes 01, 02 and 03 only recorded activity, they would
firstly be analysed individually. The next stage is to analyse
the integration of 01 and 02, then 02 and 03. The final analysis
t lec-
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ments is shown inFig. 1. Usually, in a single experimen
f the total number of electrodes (Q), only a proportion (
ubset ofQ) will actually sample discriminable spikes fro
ingle neurones. For the simplicity of notation, we do
istinguish between the subset andQ.

The most straightforward method to compare or asses
ifference between two sets of multi-variate random varia

s multi-variate analysis of variance (MANOVA) (Johnson
nd Wichern, 1988). Under the normal distribution assum

ion, we can, in theory, directly apply MANOVA to ME
ata. Nevertheless, within an MEA recording, we would
rally expect that only a variable proportion of cell activit

ig. 1. A typical 30 electrode array (5× 6 electrodes) used in our e
eriments to record activity in the rat olfactory bulb.Q = {01,02,03,
. . ,45,46}.
hen, would be to examine the recordings of all three e
rodes together. These six tests will result in six scores, w
ill refer to where in the recorded area, changes in neu
ctivity are, thus finding the “hot-spots”1 of the data. Th
igger the score associated with an area, the more sign

he change in neural activity, i.e. if one electrode area sh
bigger score than the others, this would conclude tha
rea of the MEA has had the biggest change in activity,
eing the most significant.

The applicability of this novel approach is tested here
ng both MEA data obtained from computational model
nd data recorded from the rat olfactory bulb during o
timulation.

. Analytical methods

.1. Normal distribution

The first requirement for carrying out a MEANOVA te
s to check whether the data is normally distributed or no
pikes of each neuron are independent then, according
enewal theorem(Feller, 1971), we know that

Nt

t
→ N

(
µ,

σ2

µ3

)
(normal distribution) ast → ∞

1 The term “hot-spot” is defined in this paper as an area or areas of ne
hich has had a significant change in activity, in response to a factor,
timulus.
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whereµ is the mean interspike interval,σ2 the variance and
Nt is the spike counting inside time window [0, t]. The inde-
pendent assumption can be relaxed and replaced by a weak as-
sumption: the spike train is stationary. Of course, the station-
ary assumption is still a strong requirement for many cases.
For example, in the MEA data from the olfactory bulb, it is
clear that habituation is a common phenomenon and occurs
over an even smaller time scale than the recording period
used for analysis (5–10 s). There are a few ways to overcome
the difficulty. For example, when we calculateNt , we could
introduce weights for different interspike intervals, a typical
de-trend method, and so on.

Of course, in the data from our modelling approach, since
the interspike intervals are generated from an integrate-and-
fire model, the interspike intervals are perfectly renewal pro-
cesses. Hence, all our results hold true. For multi-dimensional
renewal theorem, we refer the reader toHunter (1974a,b).

For experimental data, as far as we can tell, all statistical
approaches including the one we developed here are valid
only to a certain degree. For example, even for an in vivo
recording from a single cell, we know its output is no longer
a stationary process. Hence, the assumption for a routine sta-
tistical test such ast-test or Komogrov test fails.

However, up to date it is difficult, if not impossible, to
simulate the local field potential, since we do not know the
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whereµ is the mean vector,F1 the effect of the first fac-
tor, for example, stimulus factor,F2 the effect of the second
factor, for example, trial factor,F1,2 the interaction between
the two factors,ξ a normally distributed random vector with
mean zero,i = 1, . . . , I, j = 1, . . . , J andm = 1, . . . ,M is
the number of samplings. In other words,Xijm is a sampling
ofNm, that is,Xijm is the array activity ofmth window. Note
thatXijm is aP-dimensional random vector. For simplicity
of notation, let us further introduce that

X̄i· =
J∑

j=1

M∑
m=1

Xijm

JM
, (2.2)

X̄·j =
I∑

i=1

M∑
m=1

Xijm

IM
, (2.3)

X̄ij =
M∑

m=1

Xijm

M
, (2.4)

X̄ =
I∑

i=1

J∑
j=1

M∑
m=1

Xijm

IJM
(2.5)

whereX̄ is the average of all the observations,X̄i· the average
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xact sources to generate it; hence, we can not check th
esults using modelling approach. Here, we only use
piking data.

.2. Two-way MANOVA

For a particular experiment, for example, with the fi
ecording trial with exposure to a fixed concentration
dour, let us assume that we haveQ electrodes in the a
ay and have recorded the activity ofP cells. Let Y =
yp,q, p = 1, . . . , P), q ∈ Q are spike trains withyp,q =
tkp,q, k = 1, . . . , Kp,q), wheretkp,q is thekth spike andKp,q is
he total number of spikes within the recorded time windoT.
or a given bin sizet, we can divideT intoM = T/t time bins

nside each time bin, letNm
p,q represent the spike counting

hemth window,m = 1, . . . ,M = T/t. Hence, we have

m = {Nm
p,q,m = 1, . . . , T/t, p = 1, . . . , P}, q ∈ Q

hich is a normally distributed,p-dimensional vector. I
ther words, we have a random vectorN with P dimensions
ndM = T/t samplings (replicates).

The random vectorNm is usually dependent on vario
ther factors. If we have two sampling periods (pre-
uring-stimulus presentation) over three trials, we havei = 1
pre-stimulus) andi = 2 (during stimulus),j = 1 (trial 1),
= 2 (trial 2) andj = 3 (trial 3). For each fixedi, j andm,
e have

ijm = µ + F1
i + F2

j + F
1,2
ij + ξijm (2.1)
l f the observation vectors at theith level of factor 1,X̄·j the
verage of the observation vectors at thejth level of factor
andX̄ij is the average of the observation vectors at

th level of factor 1 and thejth level of factor 2. From Eq
2.2) to (2.5), we can decompose the equation above in(2.1)
o describeXijm the observational vector, using the ne
efined variables.

ijm = X̄ + (X̄i· − X̄) + (X̄·j − X̄)

+ (X̄ij − X̄i· − X̄·j + X̄) + (Xijm − X̄ij) (2.6)

This equation shows how the observed result is achieve
xamining the factors which have contributed to get the fo
esult, i.e. how much factor 1 (̄Xi· − X̄), factor 2 (X̄·j − X̄),
nteraction (̄Xij − X̄i· − X̄·j + X̄) and the remainder of th
ariance (residual error) (Xijm − X̄ij) have contributed to th
otal variance, thus resulting in the observation. The in
ction describes the relationship between the various l
f factors 1 and 2. An example of interaction would be
stimulus was presented in three trials, trials 1 and 3 c

how an increase in activity but a decrease was shown in
. If this was the case, it would be very difficult to conclu
hat the affect of the factors were.
The residual error describes the variance which is no

ountable by either factor 1 or 2. If a stimulus was prese
nd the result of this was that the variance of the res
rror was large and the variances of factors 1 and 2
mall, would conclude that the chances are that the obs
ion recorded has been caused by unknown (random) fa
nd not by either of the factors under examination.
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2.3. MEANOVA = MEA + MANOVA

According to the classical MANOVA (Johnson and Wich-
ern, 1988), we see that we should calculate the following
matrices:

S1 =
I∑

i=1

JM(X̄i· − X̄)(X̄i· − X̄)′ (2.7)

S2 =
J∑

j=1

IM(X̄·j − X̄)(X̄·j − X̄)′ (2.8)

S3 =
I∑

i=1

J∑
j=1

M(X̄ij − X̄i· − X̄·j + X̄)

× (X̄ij − X̄i· − X̄·j + X̄)′ (2.9)

Sr =
I∑

i=1

J∑
j=1

M∑
m=1

(Xijm − X̄ij)(Xijm − X̄ij)
′ (2.10)

whereS1 is the residual error due to the first factor,S2 the
residual error due to the second factor,S3 the residual error
due to the interaction between the first factor and the sec-
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factors 1 and 2.2 We reject the hypothesis that there is no
significant change due to factor 1 if

−
∣∣∣∣IJ(M − 1) − P + 1 − (I − 1)

2

∣∣∣∣ ln Λ1 > χ2
(I−1)P (α),

(2.13)

whereχ2
(I−1)(J−1)P (α) is the upper (100α) percentile of a chi-

squared distribution with (I − 1)P(α)d.f. The significance
level (α) of 5% was used for all factor 1 tests.

We reject the hypothesis that there are no significant
changes due to factor 2 if

−
∣∣∣∣IJ(M − 1) − P + 1 − (J − 1)

2

∣∣∣∣ ln Λ2 > χ2
(J−1)P (α).

(2.14)

whereχ2
(J−1)P (α) is the upper (100α) percentile of a chi-

square distribution with (I − 1)p(α)d.f. The significance
level (α) of 5% was used for all factor 2 tests.

Unfortunately, the text book version of MANOVA can
not be directly applied to our MEA data. For example, as
shown inFig. 10 bottom panel right, if we simply put all
recorded neurons in our analysis, we will simply conclude
that there is no significant change between pre- and during
stimulus (see below for more details). The other reason is
t des)
i ntly
c .

ne a
s

S

S

S

des
i

from
d tic

k/
U

nd factor andSr is the total residual. The next stage in
nterpretation is to test the likelihood that any of the fac
interactions, factor 1 or 2) caused a change in neuron ac
his is acheived by using Wilks’ lambda.

3 = |Sr|
|S3 + Sr| Λ1 = |Sr|

|S1 + Sr|

2 = |Sr|
|S2 + Sr| . (2.11)

Intuitively, whenΛi, i = 1,2,3, is small, the factor (facto
, 2 or the interaction) is important and so we can rejec
ypothesis that the factor is negligible. This is exactly
ase in MANOVA.

For large samples, Wilks’ lambda can be used with a
quared percentile, to provide us with confidence tha
hange in the results was due to the factors, i.e. a stimulu
ot by chance. Using Barletts multiplier(Bartletts, 1954),

o improve the chi-squared approximation, we reject the
othesis that there are no significant changes in interac

f ∣∣∣∣IJ(M − 1) − P + 1 − (I − 1)(J − 1)

2

∣∣∣∣
× ln Λ3 > χ2

(I−1)(J−1)P (α) (2.12)

whereχ2
(I−1)(J−1)P (α) is the upper (100α) percentile of a chi

quared distribution with (I − 1)(B − 1)P(α)d.f. The signif-
cance level (α) of 5% was used for all interaction tests.

Under the circumstances that Eq.(2.12) is not true, i.e
he interaction is not strong enough. We can then test fo
hat we intend to detect the hottest spot (group of electro
n experiments, i.e. the group of neurons most significa
hanged in response to stimulus or due to other factors

With the above considerations in mind, we can defi
ignificant score for a subsetS of Q as

3(S) = −
∣∣∣∣IJ(M − 1) − |S| + 1 − (I − 1)(J − 1)

2

∣∣∣∣
× ln Λ3

χ2
(I−1)(J−1)|S|(α)

, (2.15)

1(S) = −
∣∣∣∣IJ(M − 1) − |S| + 1 − (I − 1)

2

∣∣∣∣
× ln Λ1

χ2
(I−1)|S|(α)

, (2.16)

2(S) = −
∣∣∣∣IJ(M − 1) − |S| + 1 − (J − 1)

2

∣∣∣∣
× ln Λ2

χ2
(J−1)|S|(α)

, (2.17)

where|S| is the number of neurons recorded by electro
n S. It is routinely required thatIJ(M − 1) > |S|.

Please note that the significant score is made up
ividing the improved Wilks’ lambda with the test statis

2 One-way MEANOVA is available at http://www.sussex.ac.u
sers/pmh20.

http://www.sussex.ac.uk/Users/pmh20
http://www.sussex.ac.uk/Users/pmh20
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drawn from theχ2 distribution. A score of 1 and over will be
deemed as significant at the 5% significance level, i.e. we have
95% confidence that the results, which have been affected are
due to one of the observed factors such as a presented stim-
ulus. The higher the significance score the bigger the change
in results, i.e. the bigger the change in neural activity.

Therefore, a subsetS which attains the highest value of
the significant score is the ‘hottest spot’ in the array. The
hottest spots reveal the groups of neurons with most signifi-
cant changes.

3. Modelling approach

An olfactory bulb model was created, adopted from a sim-
ple model3 (Margrie and Schaefer, 2003), for the main pur-
pose of proving that the MEANOVA approach works. To
prove this, particular mitral cells (MCs) are chosen to in-
crease their activity in response to stimulus presentation, so
the cells responding most significantly will already be known
to us. MEANOVA will then be used on the spiking data cre-
ated from the cells, to see if it yields the expected results, i.e.
the chosen and surrounding mitral cells should have the most
significant change in activity.

To achieve this, two sets of mitral cell data are needed,
t lus
p ed by
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s e re-
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τ

T ting
p he
r

The input (Ie) is in the form of:

Ie = 4 Hz oscillation current+ fixed current

A 4 Hz oscillatory current is injected into each of the mi-
tral cells with a peak amplitude of 125 pA. This mimicked
several sniff cycles. Each mitral cell also had a constant cur-
rent, chosen randomly in the range of [0.265,0.27] nA at the
outset of the experiment injected into it. Thus, each mitral
cell differed slightly from the rest. The range needed to be
small, to make all trials similar. This would ensure, that the
hot areas, across the array would be similar across trials. With
a larger range, the random inputs to each neuron in each trial,
could vary greatly, thereby influencing the final interaction
results, i.e. producing results larger than 1.

The final input to all mitral cells, is a postsynaptic current.
The strength of the connection (conductance) corresponds to
the value ofgs. All connection strengths for all mitral cells
were 5 S (siemens). To produce an inhibitory effect on the
connection, reversal potential (Es) was set to−10 mV. For
an excitatory connection, this was set to 35 mV.

Each mitral cell was connected to eight surrounding cells,
for example inFig. 1, cell 23 is connected to cells 12, 13,
14, 22, 24, 32, 33 and 34. Non-target cells which are not
connected to the target cells have reciprocal inhibitory con-
n t cell
h rget
c tar-
g fect.
T

d
u

P

T as
o is,
t ing
e

τ

w xci-
t and
6

lec-
t has
t
i ime
i te a
s itral
c

-
c f
2 here
o show the activity of the cells, before and during-stimu
resentation. These two sets of data can then be us
EANOVA to calculate the significant scores.
Three trials will be used, with the activity of the cells be

imilar in each, and the mitral cells chosen as responsiv
aining unchanged throughout. This is implemented to s

hat in different trials the same neurons change their a
ty, in response to stimulus presentation. MEANOVA wo
e used to help prove or disprove this, i.e. if the interac
cores are below 1, it has been shown that particular ne
espond to a particular stimulus. The following two sub
ions, discuss the model used, and the results gained.

.1. Network model used

Simulations were created and performed in Matlab
The MathWorks, Natick, MA, USA). The network consi
f a connected set of mitral cells where each mitral cell is
ected to all of the adjacent ones. Mitral cells were mode
s leaky integrate-and-fire neurons, the equation is s
elow:

m · dV

dt
= El − V − gs · Ps · (V − Es) + Rm · Ie + noise

he cells had an action potential threshold of 15 mV, res
otential (El ) of 12 mV, τm = 10 ms and noise was in t
ange of [0,0.005] nA.Rm had the value of 1 M%.

3 We have developed biophysical models inDavison et al. (2003).
ections. Non-target cells which are connected to a targe
ave either an excitatory connection to them from the ta
ell, forming a cluster of heightened activity around the
et, or an inhibitory connection to produce the opposite ef
arget cells always receive an excitatory connection.

The synaptic open probability (Ps) variable was modelle
sing the following:

→ Ps + Pmax(1 − Ps)

his is the state ofPs after a pre-synaptic action potential h
ccurred,Pmax having the value of 1. Immediately after th

he variable decays exponentially to zero, using the follow
quation:

s · dPs

dt
= −Ps

hereτs is the time constant for the connection. The e
atory and inhibitory values for the connections was 2
ms, respectively.
For the purposes of MEANOVA, in this section, one e

ode corresponds to a single mitral cell. Each electrode
he same labelling and layout as shown inTable 1. The spik-
ng activity of all the cells was recorded over a range of t
ntervals, and a varying number of time bins. To crea
timulus, another input was injected into the chosen m
ells.

The stimulus starts from timet at 0 nA and steadily in
reases over a time period of (t + duration)/2 to a peak o
5 nA. The stimulus then steadily decreases to 0 nA w
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Table 1
This table shows the neurons in the a 4× 4 layout

01 02 03 04
11 12 13 14
21 22 23 24
31 32 33 34

The target neurons are shown in italic.

the final time oft + duration is reached (duration for this
paper was 0.5 s). This was used to simulate an increase and
decrease of odour concentration. This was used to induce
hot-spots, i.e. a change in activity, into the selected mitral
cells.

Two experiments were constructed to show the
MEANOVA results, for a small and a large group of data,
i.e. a small and a large array of neurons.

1. The number of mitral cells used to gain the results in the
first experiment was 16, i.e. a 4× 4 array. This is shown
in Table 1.

2. The second experiment used a 9× 9 array, and shows
that MEANOVA can pick out a few significantly changed
neurons from a very large group. The stimulus is also
decreased to a peak of 20 nA, to show the affects it has on
the significant scores.

3.2. Results generated from model for first experiment

3.2.1. Activity of mitral cells
The activity of the mitral cells when there is no stimulus

is shown inFig. 2 (left). Each square in the grid represents
the average activity of one mitral cell. The activity of all the
cells is in the range of 5–12 Hz. The firing rates of the cells
were similar in all trials (mitral cell activity in trials 2 and 3
i

l
c urons

(again, mitral cell activity is similar across trials and is only
shown for trial 1). From the grids it is possible to see which
cells are firing fastest (red cells), the increase due to the stim-
ulus is in the range of 30–40 Hz. These four cells correspond
to those chosen as responsive to stimulus presentation. The
cells surrounding these responsive cells also show increased
activity, in the range of 15–20 Hz.

These results show that some cells increase their activity
in response to stimulus presentation. The next few sections
show the cells considered by MEANOVA, to have responded
most strongly. If any mitral cells showed an activity of less
than 5 Hz, they were discarded and were not considered in
the MEANOVA analysis.

3.2.2. Interactions
The interaction results show that there are no significant in-

teractions between the changes in mitral cell activity (pre- to
during-stimulus presentation) and changes in activity across
trials. This can be seen inFig. 3, where all the scores are
under 1.

For 2 and 4 s simulations (results not shown), the scores
seem to stabilise around a particular figure, depending on
the number of time bins used. For 2 s simulation, the sim-
ulation began to stabilise at a score of 0.4 and 0.3 using
40 and 80 time bins, respectively. For 4 s simulation, the
simulation began to stabilise at a score of 0.4 and 0.25 us-
i e of
t or-
m be
s re-
s de-
c ions,
s so
f re re-
l tion
w ilar
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he short simulation durations, the reliability of this inf
ation is uncertain. Other differences in activity might

een if the simulation was continued for longer. The
ults show that for longer time periods, there is a slight
rease in all the scores. For both 8 and 10 s simulat
cores (seeFig. 3) seem to stabilise at 0.25. As this is
or both cases, we can assume that the results are mo
iable compared to 2 and 4 s simulations. If the simula
as continued for longer than 10 s, we would expect sim

esults.

imulus presentation in trial 1. The right diagram shows an increase in
nce in scales between the two diagrams).
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Fig. 3. Interaction results for an 8 s simulation with 320 time bins (left), and a 10 s simulation with 400 time bins (right). The individual and groups ofcell
scores in both graphs are shown from left to right, respectively, where the final score represents all the cells. For more details, to see which group number
represents which cells, seeAppendix B. These results conclude that there are no interactions, i.e. the same type of change is happening in all the tests, and that
the only significant changes in the neural activity are due to either factor 1 (stimulus), factor 2 (sequential trials) or both. The fluctuations of the scores are due
to the random noise injected into each cell, but this does not affect the results significantly.

The difference in scores shows that a 2 or 4 ssimulation
was not long enough to sufficiently represent the true activity
of the mitral cells.

The results also show that increasing the number of time
bins also alters the score. As we are looking at more points in
time, we are acquiring more detail, thereby further increasing
the reliability of the results.

From the results, it can be concluded that the changes in
the results is due to factor 1, 2 or both (as the scores for
the interactions are <1). This would suggest similar change
across all tests, with no interaction between the two factors.
Therefore, it is possible to make a clear interpretation.

The next two sets of results show which cells in an array
responded most significantly to a stimulus, and whether the
responses were trial-dependent.

3.2.3. Stimulus
The results for a 8 and 10 s simulation (seeFig. 4) show

that over all trials, there was a significant change in activity
in individual cells and amongst groups of cells. The high-
est scores were found to correspond to the individual cells,
which were chosen to be influenced by the stimulus. The
scores for the cells surrounding those chosen had a lesser
score, as they were not directly influenced by the stimulus

F ith 320 ndivi
a specti p
n >1 con s). Tt
r e grap res. These
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ig. 4. MEANOVA results for an 8 s simulated stimulus presentation w
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esults for the individual cells can be seen inTable 2. From the table and th
esults also show that the longer the simulation, the greater the score
time bins (left), and a 10 s simulation with 400 time bins (right). The idual
vely, where the final score represents all the cells.Appendix Bshows which grou
clude that the changes in neural activity are due to factor 1 (stimuluhe exac
hs, it can be seen that the chosen cells, correspond to the highest sco
creasing likelihood that change is significant and due to the stimulus.



P.M. Horton et al. / Journal of Neuroscience Methods 146 (2005) 22–41 29

but by the connection strengths between them and the chosen
cells.

The results show that the simulation results stabilise at a
score of 50. This is not so in simulations of 2 and 4 s (results
not shown), where the scores were not similar and so were
less reliable.

These results show that the longer the simulation, the
greater the score, i.e. increasing likelihood that change is
significant.

MEANOVA clearly shows that the neurons with the most
significant change are those selected to respond to the stim-
ulus (seeTable 2).

3.2.4. Trials
In Fig. 5, there are some slight (non-significant) changes

in mitral cell activity, across trials. From this, we can con-
clude that a similar change in activity, in the same mitral
cells, occurs in all trials in response to stimulus presentation.
It shows also that significant responses do not occur in ran-
domly varying mitral cells, but occur in a select few, those
chosen to be responsive at the outset of the simulation.

Again a longer simulation (seeFig. 5), stabilises with a
score in the range of 0.35–0.4. This can be compared with
a shorter duration simulation (results not shown), where the
fluctuations occur in the 0.35–0.4 range. Thus, the 2 and 4 s
s re-
s

ub-
s tion.
M e at
t st sig-
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t

Table 2
Significant changes in activity (responses to stimulus presentation) amongst
neurons in the 4× 4 array, 8 s and 10 s simulation, and how significant they
have changed when a stimulus is presented

Group
number

Mitral cell
identity

Score
(8 s simulation)

Score
(10 s simulation)

1 01 15.34 19.9811
2 02 41.4529 50.6718
3 03 40.5671 54.5224
4 04 83.056 100.3722
5 11 111.1561 136.8276
6 13 112.3447 140.5853
7 21 2.5754 3.9188
8 22 71.274 88.0452
9 23 5.5029 5.8454

10 24 65.7228 83.7931
11 31 0.3358 0.026792
12 33 114.6635 142.7194

It is possible to see that the chosen cells (shown in italic) have the high-
est scores. Due to the excitatory connections between the chosen and the
surrounding cells, the majority of the cells have had an increase due to the
stimulus, but the change has not been as big compared to the chosen ones.
Mitral cell ID 31 is the only one not connected to any of the chosen cells,
so the score concludes that it has slightly changed in activity, but not due
to the stimulus, i.e. the score being <1, but to other factors, in this case, the
random noise added to the cell.

3.2.5. Group plotting
In order to easily assess the impact of stimulus presen-

tation on each cell and its surroundings, we can plot the
MEANOVA results for each cell and all groups containing
that cell.

For example, inFig. 6 (right), the significant score is
plotted for all groups containing cell 31. Hence for cell
31 alone, its significant score is very low (<1). This im-
plies that the cell does not change its activity in response to
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Fig. 6. Group plot of MEANOVA results.Left: significant score for all 12 cells and their associated groups.Right, significant score for cell 31. Hence, the first
point corresponds to 31, the second point to 23= (21,31), the third point to 37= (11,21,31), etc. (seeAppendix B).

stimulus presentation. However, when considered together
with cell 21, its significant score is 2.5, i.e. there is a
significant response to stimulus presentation for the group
(21,31).

3.3. Results generated from model for second
experiment

This experiment simulates activity across a 9× 9 grid
of mitral cells. It is implemented to demonstrate that if
there is a small stimulus-related activity change in a few
of the 81 mitral cells, MEANOVA can detect which of
those cells respond most significantly. The presented stim-
ulus has been reduced to deliver a maximum of 20 nA to the
network.

• The first test shows the results when many of the cells
were selected as responsive and strongly influencing their
neighbouring cells.

• The second shows the results when only four mitral cells
were responsive with little influence over surrounding
cells.

• In the third and final test, only a single mitral cell was
responsive.

The maximum number of groups permitted was 50,000,
a reasonable ceiling, as by this point, the groups would be
stabilising around a particular score. All tests have three 10 s
simulations (i.e. three trials) and 40 windows/s. The inputs
to each cell, before stimulus onset, were fixed across all tests
and trials (seeFig. 7 left for trial 1; trials 2 and 3 have very
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ig. 7. Activity of all mitral cells across the 9× 9 cell grid before (left),
esponsive and strongly influenced the activity of their neighbouring ce
n firing rates due to the decrease in the strength of the stimulus, co
iagrams).
ring (right) stimulus presentation in trial 1 when four cells were sele
four chosen mitral cells are 04, 11, 13 and 33, refer toTable 3. Note the differenc
to the 4× 4 grid in Fig. 2 (please note the difference in scales between the
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Table 3
Target neurons are shown in italic

01 02 03 04 05 06 07 08 09
11 12 13 14 15 16 17 18 19
21 22 23 24 25 26 27 28 29
31 32 33 34 35 36 37 38 39
41 42 43 44 45 46 47 48 49
51 52 53 54 55 56 57 58 59
61 62 63 64 65 66 67 68 69
71 72 73 74 75 76 77 78 79
81 82 83 84 85 86 87 88 89

similar activity and are not shown). The grid layout and cells
selected as responsive were also fixed across all tests and are
shown inTable 3.

3.3.1. Test 1
The interactions and the scores for the changes between

trials were all under 1 (results not shown).
The results shown inFig. 7(right) show mitral cell activ-

ity for trial 1, during-stimulus presentation when four mitral
cells were selected as responsive and strongly influenced the
activity of their neighbouring cells. The neighbouring cells
also reciprocally affected the chosen cells (trials 2 and 3 show
a similar pattern of mitral cell activity, results not shown).
The cells selected as responsive showed the highest score,
compared to their neighbours, which showed a lower score,
due to the stimulus not directly affecting them (Fig. 8). The
rest of cells, which were not laterally connected to the cho-
sen cells, had lower scores due to the stimulus not affecting
them. The scores gained for the chosen and surrounding cells
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Table 4
This table shows the scores for the four chosen cells in all three tests
implemented

Group
number

Mitral cell
identity

Score test 1 Score test 2 Score test 3

1 04 60.525 54.7198 0.00226
6 11 52.859 44.4104 0.0039322
8 13 53.582 47.8202 0.070774

22 33 51.331 46.5248 3.7146

The table shows that the neurons, which were selected to be responsive to
a stimulus, achieved the highest score, this can be seen in the tests 1 and 2
results (score test 1 and score test 2 columns, respectively). The scores in
test 1 are slightly higher than in test 2, as the surrounding cells were not
effected by the chosen cells, the surrounding cells were firing less, than in
test 1, which contributed less to the chosen cells, resulting in a lower score.
The test 3 scores show that as there was only one cell (Cell 33) affected by
the stimulus as it gained the only score >1. The rest of the cells scored below
1. There was a decrease in the score for Cell 33 in test 3, compared to the
other 2 tests, due to the decrease in stimulus, resulting in a corresponding
decrease in the strength of the response.

were not as high as the 4× 4 grid results, due to the de-
crease in stimulus strength.Table 4shows the chosen cells’
scores.

The results signify that factor 1 has had significant affects
in changing the activity of some of the neurons.

3.3.2. Test 2
The next set of results depicted inFig. 9 show the activ-

ity of the mitral cells, during a stimulus presentation, when
four mitral cells were selected as responsive and did not influ-
ence the activity of their neighbouring cells. The connections
from the surrounding cells to the chosen ones had excitatory
connections which also affected the chosen cells.

Fig. 9 (left) shows the activity of the mitral cells during-
stimulus presentation in trial 1 (trials 2 and 3 show similar
mitral cell activity and are not shown). InFig 9(right), it can
be seen that, because of the change in activity of only four of
the neurons, the significant scores for most groups is lower
than test 1. The groups with the highest scores, include at
least one of the four cells selected as responsive (seeTable 4;
score test 2 section for chosen cell scores). Most of the cells
had a score <1 which showed that a slight change in activity
had occurred but was not due to the stimulus but due to the
random noise.

Again, for the interactions and for the changes between
t
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rials, all scores were under 1 (not shown).

.3.3. Test 3
Finally, in test 3, only one neuron is selected as respon

nd its response to a stimulus input of 0.1 nA is only slig
ignificant. The selected cell increased its activity to 4
cell 33 in this case; seeFig. 10andTable 4).

The interactions and the changes between the tria
cored <1 (not shown).

It can be seen (Fig. 10, right) that the highest score
he graph corresponds to the single responsive neuron
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Fig. 9. The graph on the left shows the activity of all mitral cells across the 9× 9 cell grid during a stimulus presentation for one trial. The results from the grid
show that four cells were selected as responsive and had no influence over the activity of their neighbouring cells. This is confirmed in the right graph where
the highest scores correspond to the selected cells. The individual and groups of cell scores in the right graph are shown from left to right, respectively, where
the final score represents all the cells. These results, i.e. the four cells with scores >1, conclude that the changes in neural activity are due to factor 1 (stimulus).
The rest of the cells were not changed so have scores <1. Overall when examining more and more of the cells together, the significant score drops comparedto
Fig. 8, this is because many more cells had no change in activity.

only one cell responded to stimulus presentation (trials 2 and
3 show similar mitral cell activity and are not shown). As
more cells are incorporated into the analysis, the scores de-
crease. Thus, with only one significantly responsive neuron,
analysis of the entire group of neurons reveals no significant
change in activity, bearing out the assumption that brute-force
application of MANOVA buries sparse information. It also
demonstrates that a slight increase in activity can be found
and linked to a presented stimulus.

The simulation results have shown that the use of this
method can be important in the use of practical applications.
This is due to the method being able to find one or more
neurons, which have responded to either a high or low level
of stimulus (hot-spots) and that the change was due to the
stimulus being presented and not by chance. These factors
would show how biologically important the findings are,
when applied to experimental data. This is discussed in the
next section.
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4. Application to recordings from rat olfactory bulb

4.1. The olfactory bulb

The OB is probably the simplest system to be explored
in addressing the issue presented at the start of this paper
(Kendrick et al., 1997; Uchida and Mainen, 2003). In the
mammalian olfactory system, much encoding of odour in-
formation takes place in the OB (Desmaisons et al., 1999;
Bracci et al., 2003; Debarbieux et al., 2003; Egger et al., 2003;
Neville and Haberly, 2003; Pinato and Midtgaard, 2003).
Olfactory receptor neurons project to glomeruli in the OB,
where they synapse with efferent mitral cells. The quality of
a particular odour is believed to be encoded in the specific
combination of glomeruli activated by that stimulus.

By using MEANOVA to analyse neuronal activity cap-
tured using an MEA in the olfactory bulb of the anaesthetised
rat, we hope to find an area (hot-spot) or areas of neurons
which respond significantly to a stimulus (odour). Questions
that can be answered from the analysis are whether the stim-
ulus is encoded spatially in small groups, i.e. in few neurons,
or whether it is encoded in a much larger area where many
neurons are being used for the encoding process. It will also
be possible to see, due to the sequential trials, if the neurons
respond to a repeatedly presented stimulus and what affects
it has on the neural activity. Examining the results created
f ion
o rea
w

Before a MEANOVA analysis can be performed on the
data from the rat olfactory bulb, the MEA data must first be
sorted. Each electrode samples a continuous neural trace, but
spiking is detected, and activity is captured when the voltage
increases above a certain threshold. The spikes captured from
each electrode are grouped according to their waveform char-
acteristics (more details on this process will be presented in
a forthcoming paper). As the recordings are affected by ex-
traneous noise, we try to group the waveforms which have
similar characteristics. This process results in the number (P)
of individual neurons being identified and associated to each
electrode, where each neuron has a number of action poten-
tials (spikes) associated with them.

As discussed in the simulation section, the recording time
and the width of the time bins are problems when analysing
neural activity. These need to be chosen wisely, so that we
can obtain and interpret accurate scores from the meanova
process. Details of these parameters and the experiment are
as follows.

Under urethane anaesthesia (25 urethane i.p., 1.5 g/kg),
rats were fixed in a stereotaxic frame and an MEA (e.g. 5× 6,
30 electrodes) was positioned laterally in the OB. Record-
ings of activity from individual neurons (spikes) and local
field potentials were made from each electrode. Humidified
air was supplied to the rat via a mask over the nose. Shortly
(30 s) before delivery of an odour stimulus, the air to the rat
w pours
i cen-
t via
rom this analysis will give a quick and clear interpretat
f the activity of the olfactory bulb in the MEA recorded a
hen a stimulus is present.
Fig. 11. A schematic plot of the experimental procedure. Selected channe
as switched to dry air. Odours, carried as saturated va
n nitrogen gas (odourless), were mixed in various con
rations with dry air and were delivered (10 s) to the rat
ls are shown. For each channel, spikes from <11, neurons were discriminated.
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the mask; three presentations were made of each odour at
each concentration, with an inter-trial interval of≥3 min.
Breathing was monitored and onset of odour delivery was
precisely timed to mid-exhalation (seeFig. 11). Thus, de-
livery of the odour to the nasal epithelia would have com-
menced from the start of the subsequent inhalation(Nicol et
al., 2003).

In our analysis below, we taket = 200 ms and there
are M = T/t = 25 windows for each cell. We also test
all results fort = 400 ms and the results are presented in
http://www.sussex.ac.uk/Users/pmh20. It is noted that there
are no significant changes betweent = 200 and 400 ms.

4.2. Results

In accordance with MEANOVA, we can compare neuronal
activity with many factors: trials, odours, concentration, etc.,
as developed in our software. However, here we exclusively
consider two factors: factor 1, pre- and during stimulus, and
factor 2, different trials.

4.2.1. Representations
The first difficulty we encounter is the representation prob-

lem. Assume we have a two-dimensional array of electrodes
enumerated according to{i, i = 1, . . . ,Q} = Q.

Let us first estimate whether this is possible for an array of
electrodes. Assume that neuronal activity has been sampled
from every electrode in the array. Each electrode in the array
has four neighbours, and hence, in total we have

Total number of groups> 3
√
Q

Therefore, the number of groups we have to calculate in-
creases exponentially with the total number of electrodes.

In our recordings, we find that electrodes which sample
neuronal activity are usually sparse, but the number may
nonetheless be high. In the next section of MEANOVA anal-
ysis, we simply map a group of electrodes to a single digital
number, as shown inAppendix A. The total number of neigh-
bouring electrodes is 286, comparable with 3

√
30.
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ig. 12. MEANOVA results for interactions for concentrations 1, 2 (upper pa
nd groups of cell scores in each graph are shown from left to right, respectiv
etails, to see which group number represents which electrodes, seeAppendix A.
nel, from left to right), 3 and 4 (bottom panel, from left to right). The individual
ely, where the final score represents all the electrodes analysed together. For more
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4.2.2. Interactions
As we mentioned earlier, in order to assess the changes due

to each factor, we have to look at the effect of interactions
first.

The interaction results are examined to see if either of
the factors have a clear affect on the neuronal activity. Any
interactions, i.e. scores >1, would show that other factors are
present which are affecting the neuronal activity. This would
show that the variances in the data are not accounted for by
either factor 1 or 2. If this is the case, it would be harder to
interpret if factor 1 or 2 are having any affect. If this was the
case there would be no cause to investigate the two factors
separately as we would not be able to get a clear interpretation.

If there are no interations, i.e. scores <1, then we can con-
clude that any changes made to neuronal activity was directly
from either factor 1 or 2; in this case, the residual variance
would be small over all levels of the factor. To investigate
this further, the next two sections investigate the affect of
individual factors on the neuronal behaviour.

In Fig. 12, the significant scores for different concentra-
tions are shown. We see that, in general, the interactions are
small, with a score smaller than 1. However, for concentra-
tions 1, 2 and 4, some scores are greater than 1, indicat-
ing that we have to be careful when we interpret these re-
sults. Each of the graphs show individual electrode scores,
combinations of the electrodes analysed together (i.e. to
analyse a bigger area), and finally, the last score would
be related to every electrode, which would show an over-
all score for the entire area recorded by the MEA, the in-
dividual and group scores are shown from left to right,
respectively.

For concentration 3, it is perfectly safe to look at the
effect of each factor. When the interaction between two
factors is bigger than one, we then have to resort to one-
way MEANOVA, also included in our software. Since
the two-way MEANOVA is more complicated, we con-
fine ourselves to the two-way MEANOVA in the current
paper.
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ig. 13. MEANOVA results for factor 1, pre- and during stimulus for concen
o right). The individual and groups of cell scores in each graph are shown f
or more details, to see which group number represents which electrodes,App

he recorded area, when different concentrations of the odour are presente
espond more significantly than others when presented with a stimulus.
trations 1, 2 (upper panel, from left to right), 3 and 4 (bottom panel, from left
rom left to right, respectively, where the final score represents all the electrodes.
seeendix A. The results show different neural responses in different parts of
d. The graphs representing concentrations 1 and 3 show some areas of mitralcells
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4.2.3. Stimulus
First we intend to test whether there are significant changes

between pre- and during-stimulus activity (seeFig. 13). In
general, we can assess that there are some significant changes,
i.e. some of the areas recorded by the MEA achieved scores
>1 for the first and the third concentrations. Some of the
scores are higher than others, which means that some of the
areas of the olfactory bulb are responding more actively than
others.

From this analysis, we can state that not all of the recorded
area responds to a stimulus, but a proportion does. The second
and the fourth concentrations have shown that although few
groups of electrodes show significant changes, we note that
the fluctuations are large and possibly random.

4.2.4. Trials
The results in the previous subsections are quite curious

and it is natural to consider what happens. Now we turn our
attention to the effects of different trials.

In Fig. 14, it is interesting to see that the trial effector is
quite significant, scoring much higher than the score for the
comparison of pre- and during-stimulus activity. This change
in activity has been shown over the whole area of olfactory
bulb recorded by the MEA, due to all of the significant scores
being >1. Remembering that we performed the recordings in
a sequential way (see before), the results imply that the effect
of habituation becomes dominant within a 5 s period of odour
delivery.

In order to check our results, further tests (Kolmogorov–
Smirnov test, also included in our software) were performed
on single neuron activity. For the same data, it is found
that on average, there are 22 neurons which show signifi-
cant changes between different trials (trial 1 against trial 2,
trial 1 against trial 3 and trial 2 against trial 3) pre-stimulus,
but there are only 16 neurons that change significantly be-
tween pre- and during stimulus (over the three trials). There-
fore, single cell results are in agreement with our MEANOVA
results.
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ig. 14. MEANOVA results for trial factor with concentrations 1, 2 (upper pan
nd groups of cell scores in each graph are shown from left to right, respectiv
etails, to see which group number represents which electrodes, seeAppendix A. T
hange in the mitral cells throughout the whole area recorded by the MEA, w
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ith some parts of the area responding more actively than others.
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4.2.5. Fluctuations
It is interesting to note that the magnitudes of fluctuation

of the significant score decrease as|S| increases. In other
words, with a large value for|S|, the obtained results are
more reliable. Hence, it is natural to ask whether the observed
phenomena in the previous subsections are general, or depend
on our specific data. InAppendix C, we show theoretically
that this should be the case.

5. Discussion

We have presented a novel method for applying MANOVA
to the analysis of electrophysiological data using a multi-
electrode array. By applying this method (MEANOVA) to
both biological and simulated data, we conclude that this
novel approach is useful for detecting the areas within the
array that are most significantly responsive to external stim-
ulation.

The score details the difference in the activity of a cluster
of neurons, and if compared with the other scores, provides an
insight into whether the level of change throughout the area
recorded by the MEA is different. In addition to this, the score
also provides a confidence level that the change in neural
activity was due to one of the factors under investigation and
not just by chance.
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(Todd and Marois, 2004) where, again, effects may be sparse
across a large sample of loci.
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Appendix A

Numbers inside (·) are electrode numbers (seeFig. 1).
Digital numbers on the left hand side of an equality represent
x-axis inFig. 13, with concentration 1.

A.1. Groups attained from real data

1 = (05), 2 = (13), 3 = (15), 4 = (16), 5 = (25), 6 = (26),
7 = (35), 8 = (36), 9 = (41), 10 = (43), 11 = (44), 12 = (45),
13 = 46 14 = (05 15), 15 = (15 16), 16 = (15 25), 17 = (16
26), 18 = (25 26), 19 = (25 35), 20 = (26 36), 21 = (35 36),
22 = (43 44), 23 = (35 45), 24 = (44 45), 25 = (36 46), 26 =
(45 46), 27 = (05 15 16), 28 = (05 15 25), 29 = (15 16 25),
30 = (15 16 26), 31 = (15 25 26), 32 = (16 25 26), 33 = (15
2 , 37
= 44
4 4 =
( 16
2 25
3 35
3 26
3 26
3 44
4 44
4 35
4 36
4 45
4 15
1 , 80
= 26
3 5 =
( 44
4 (35
3 45),
9 25
3 , 98
= 16
2 103
= 35
3 108
= 35
4 113
= 16
2 5 35
From the perspective of methodology, we can say
EANOVA is a valuable extension of MANOVA. As th
umber of electrodes increase, the variation becomes s

.e. a more reliable result is obtained. The MEA emplo
n acquiring the biological data presented here was q
mall; neuronal activity was recorded from 11 electrodes
ppendix A). However, even with relatviely small MEA, w
chieve near stablility in the results.

Analysis of simulated data also demonstrated
EANOVA yields useful results irrespective of the size
rray used. Whilst only 11 electrodes were used to
le the biological data , the simulation demonstrates
EANOVA is equally effective with a much larger numb
f electrodes. Furthermore, we establish that the numb
bservations (time bins) and duration of sampling, are

mportant factors. For example, application of MEANOVA
short period of recording, can yield inaccurate informa
bout the true character of the data.

It should be emphasised that MEANOVA can detect
r several cells responding strongly to stimulus present
ven when this responsiveness is embedded within a
ample of unresponsive cells. MANOVA would hide s
parse yet highly significant change. Hence when reco
rom a large array of electrodes, MEANOVA will play a vi
ole in highlighting hot-spots of activity across the record
rea.

Finally, we want to emphasize that although we ex
ively discuss our approach for dealing MEA data, this t
ique is readily applicable to many other types of data inc

ng gene microarrays(Riemer et al., 2004)and brain imagin
,

5 35), 34 = (16 26 36), 35 = (25 26 35), 36 = (25 26 36)
(25 35 36), 38 = (26 35 36), 39 = (25 35 45), 40 = (35

5), 41 = (35 45 46), 42 = (43 44 45), 43 = (26 36 46), 4
35 36 45), 45 = (35 36 46), 46 = (44 45 46), 47 = (05 15
5), 48 = (05 15 16 26), 49 = (05 15 25 26), 50 = (05 15
5), 51 = (15 16 25 26), 52 = (15 16 25 35), 53 = (15 25
6), 54 = (16 26 35 36), 55 = (15 25 35 45), 56 = (16 25
5), 57 = (15 16 26 36), 58 = (15 25 26 35), 59 = (15 25
6), 60 = (16 25 26 36), 61 = (25 35 44 45), 62 = (35 43
5), 63 = (25 35 45 46), 64 = (26 35 36 45), 65 = (35 36
5), 66 = (16 26 36 46), 67 = (25 26 35 36), 68 = (25 26
5), 69 = (25 26 36 46), 70 = (25 35 36 45), 71 = (25 35
6), 72 = (26 35 36 46), 73 = (35 36 45 46), 74 = (35 44
6), 75 = (43 44 45 46), 76 = (05 15 16 25 26), 77 = (05
6 25 35), 78 = (05 15 25 26 35), 79 = (05 15 25 26 36)
(05 15 25 35 36), 81 = (15 16 26 35 36), 82 = (15 25

5 36), 83 = (16 25 26 35 45), 84 = (16 26 35 36 45), 8
25 35 36 44 45), 86 = (26 35 36 44 45), 87 = (25 35 43
5), 88 = (25 35 44 45 46), 89 = (26 36 44 45 46), 90 =
6 43 44 45), 91 = (16 25 26 36 46), 92 = (15 25 35 36
3 = (16 26 35 36 46), 94 = (15 25 35 44 45), 95 = (15
5 36 46), 96 = (15 25 35 45 46), 97 = (16 25 26 35 36)
(05 15 25 35 45), 99 = (15 16 25 26 35), 100 = (05 15

6 36), 101 = (15 16 25 26 36), 102 = (15 16 25 35 36),
(15 16 25 35 45), 104 = (15 25 26 35 45), 105 = (25 26
6 45), 106 = (25 26 35 44 45), 107 = (15 16 26 36 46),
(15 25 26 36 46), 109 = (25 26 35 36 46), 110 = (25 26
5 46), 111 = (25 35 36 45 46), 112 = (26 35 36 45 46),
(35 36 44 45 46), 114 = (35 43 44 45 46), 115 = (05 15
5 26 35), 116 = (05 15 16 25 26 36), 117 = (05 15 16 2
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36), 118 = (05 15 16 26 35 36), 119 = (05 15 25 35 44 45),
120 = (05 15 25 35 45 46), 121 = (15 16 25 35 44 45), 122
= (15 16 25 35 45 46), 123 = (16 26 35 36 44 45), 124 = (15
25 35 43 44 45), 125 = (16 26 36 44 45 46), 126 = (25 26 35
43 44 45), 127 = (05 15 16 26 36 46), 128 = (05 15 25 26 35
36), 129 = (05 15 25 26 35 45), 130 = (05 15 25 26 36 46),
131 = (05 15 25 35 36 46), 132 = (15 16 25 26 35 36), 133
= (05 15 16 25 35 45), 134 = (15 16 25 26 35 45), 135 = (15
16 25 35 36 46), 136 = (15 16 26 35 36 45), 137 = (15 25 26
35 36 45), 138 = (15 25 35 36 44 45), 139 = (25 26 36 44 45
46), 140 = (25 35 43 44 45 46), 141 = (26 35 36 43 44 45),
142 = (16 26 35 36 45 46), 143 = (25 35 36 43 44 45), 144
= (15 25 35 36 45 46), 145 = (16 25 26 35 36 45), 146 = (16
25 26 35 44 45), 147 = (25 26 35 36 44 45), 148 = (16 25 26
35 36 46), 149 = (15 25 26 35 44 45), 150 = (15 16 25 26 36
46), 151 = (05 15 25 35 36 45), 152 = (15 16 25 35 36 45),
153 = (15 16 26 35 36 46), 154 = (15 25 26 35 36 46), 155
= (15 25 26 35 45 46), 156 = (16 25 26 35 45 46), 157 = (25
26 35 36 45 46), 158 = (15 25 35 44 45 46), 159 = (25 26 35
44 45 46), 160 = (25 35 36 44 45 46), 161 = (26 35 36 44 45
46), 162 = (26 36 43 44 45 46), 163 = (35 36 43 44 45 46),
164 = (05 15 16 25 26 35 36), 165 = (05 15 16 25 26 35 45),
166 = (05 15 16 25 35 44 45), 167 = (05 15 16 25 35 45 46),
168 = (05 15 25 26 35 44 45), 169 = (05 15 25 26 35 45 46),
170 = (05 15 25 35 36 44 45), 171 = (15 16 25 35 36 44 45),
172 = (15 16 26 35 36 44 45), 173 = (05 15 25 35 43 44 45),
1 45),
1 46),
1 46),
1 45),
1 45),
1 45),
1 45),
1 45),
1 46),
1 45),
1 46),
1 46),
1 46),
2 46),
2 45),
2 46),
2 46),
2 46),
2 46),
2 46),
2 6 35
4 6 25
3 5 15
2 21 =
( 46),
2 5 44
4 5 26
3 5 15
2 30 =
( 46),

232 = (15 16 25 26 35 43 44 45), 233 = (15 16 25 35 36 43
44 45), 234 = (15 16 25 35 43 44 45 46), 235 = (15 16 26 35
36 43 44 45), 236 = (15 16 26 36 43 44 45 46), 237 = (15 25
26 35 36 43 44 45), 238 = (15 25 26 36 43 44 45 46), 239 =
(16 25 26 36 43 44 45 46), 240 = (15 25 35 36 43 44 45 46),
241 = (16 25 26 35 36 43 44 45), 242 = (05 15 16 25 26 35
36 46), 243 = (05 15 16 25 35 36 45 46), 244 = (05 15 16 26
35 36 45 46), 245 = (05 15 25 26 35 36 45 46), 246 = (15 16
25 26 35 36 44 45), 247 = (15 16 25 26 35 36 45 46), 248 =
(15 16 25 26 35 44 45 46), 249 = (15 25 26 35 36 44 45 46),
250 = (15 25 26 35 43 44 45 46), 251 = (16 25 26 35 36 44
45 46), 252 = (16 25 26 35 43 44 45 46), 253 = (16 26 35 36
43 44 45 46), 254 = (25 26 35 36 43 44 45 46), 255 = (05 15
16 25 26 35 36 44 45), 256 = (05 15 16 25 26 35 43 44 45),
257 = (05 15 16 25 26 35 44 45 46), 258 = (05 15 16 25 26
36 44 45 46), 259 = (05 15 16 25 35 36 43 44 45), 260 = (05
15 16 25 35 36 44 45 46), 261 = (05 15 16 26 35 36 44 45
46), 262 = (05 15 16 26 36 43 44 45 46), 263 = (05 15 25 26
35 36 44 45 46), 264 = (05 15 16 25 35 43 44 45 46), 265 =
(05 15 16 26 35 36 43 44 45), 266 = (05 15 25 26 35 36 43
44 45), 267 = (05 15 25 26 35 43 44 45 46), 268 = (05 15 25
26 36 43 44 45 46), 269 = (15 16 25 26 36 43 44 45 46), 270
= (05 15 25 35 36 43 44 45 46), 271 = (15 16 25 26 35 36 43
44 45), 272 = (05 15 16 25 26 35 36 45 46), 273 = (15 16 25
26 35 36 44 45 46), 274 = (15 16 25 26 35 43 44 45 46), 275
= (15 16 25 35 36 43 44 45 46), 276 = (15 16 26 35 36 43 44
4 5 26
3 45),
2 6 25
2 46),
2 6 26
3 46),
2 6 25
2

A

B

= 13
= (03
1 3),
2 , 26
= 04
1 3 =
( 24),
3 (23
2 11
2 21
2 11
2 04
1 22
2 22
2 02
74 = (05 15 25 35 44 45 46), 175 = (15 16 25 35 43 44
76 = (15 16 25 35 44 45 46), 177 = (15 16 26 36 44 45
78 = (15 25 26 35 43 44 45), 179 = (15 25 26 36 44 45
80 = (16 25 26 36 44 45 46), 181 = (15 25 35 36 43 44
82 = (16 25 26 35 43 44 45), 183 = (16 26 35 36 43 44
84 = (05 15 16 25 26 36 46), 185 = (05 15 16 25 35 36
86 = (05 15 16 25 35 36 46), 187 = (05 15 16 26 35 36
88 = (05 15 16 26 35 36 46), 189 = (05 15 25 26 35 36
90 = (05 15 25 26 35 36 46), 191 = (05 15 25 35 36 45
92 = (15 16 25 26 35 36 45), 193 = (15 16 25 26 35 44
94 = (15 16 25 35 36 45 46), 195 = (16 26 35 36 44 45
96 = (15 25 35 43 44 45 46), 197 = (16 26 36 43 44 45
98 = (25 26 35 36 43 44 45), 199 = (15 16 26 35 36 45
00 = (15 25 26 35 36 44 45), 201 = (15 25 26 35 36 45
02 = (15 25 35 36 44 45 46), 203 = (16 25 26 35 36 44
04 = (15 16 25 26 35 36 46), 205 = (15 16 25 26 35 45
06 = (16 25 26 35 36 45 46), 207 = (15 25 26 35 44 45
08 = (16 25 26 35 44 45 46), 209 = (25 26 35 36 44 45
10 = (25 26 35 43 44 45 46), 211 = (25 26 36 43 44 45
12 = (25 35 36 43 44 45 46), 213 = (26 35 36 43 44 45
14 = (05 15 16 25 26 35 36 45), 215 = (05 15 16 25 2
4 45), 216 = (05 15 16 25 26 35 45 46), 217 = (05 15 1
5 36 44 45), 218 = (05 15 16 26 35 36 44 45), 219 = (0
5 26 35 36 44 45), 220 = (05 15 16 25 35 43 44 45), 2
05 15 16 25 35 44 45 46), 222 = (05 15 16 26 36 44 45
23 = (05 15 25 26 35 43 44 45), 224 = (05 15 25 26 3
5 46), 225 = (05 15 25 26 36 44 45 46), 226 = (15 16 2
6 44 45 46), 227 = (05 15 25 35 36 43 44 45), 228 = (0
5 35 36 44 45 46), 229 = (15 16 25 35 36 44 45 46), 2
15 16 26 35 36 44 45 46), 231 = (05 15 25 35 43 44 45
5 46), 277 = (15 25 26 35 36 43 44 45 46), 278 = (16 2
5 36 43 44 45 46), 279 = (05 15 16 25 26 35 36 43 44
80 = (05 15 16 25 26 35 36 44 45 46), 281 = (05 15 1
6 35 43 44 45 46), 282 = (05 15 16 25 26 36 43 44 45
83 = (05 15 16 25 35 36 43 44 45 46), 284 = (05 15 1
5 36 43 44 45 46), 285 = (05 15 25 26 35 36 43 44 45
86 = (15 16 25 26 35 36 43 44 45 46), 287 = (05 15 1
6 35 36 43 44 45 46), =Q.

ppendix B

.1. Groups attained from simulated data

1 = (01), 2 = (02), 3 = (03), 4 = (04), 5 = (11), 6 = (13), 7
(21), 8 = (22), 9 = (23), 10 = (24), 11 = (31), 12 = (33),
(01 02), 14 = (01 11), 15 = (02 03), 16 = (03 04), 17 =
3), 18 = (11 21), 19 = (21 22), 20 = (13 23), 21 = (22 2
2 = (23 24), 23 = (21 31), 24 = (23 33), 25 = (01 02 03)
(01 11 21), 27 = (02 03 04), 28 = (02 03 13), 29 = (03

3), 30 = (11 21 22), 31 = (03 13 23), 32 = (13 22 23), 3
13 23 24), 34 = (13 23 33), 35 = (21 22 23), 36 = (22 23
7 = (11 21 31), 38 = (21 22 31), 39 = (22 23 33), 40 =
4 33), 41 = (01 02 03 04), 42 = (01 02 03 13), 43 = (01
1 22), 44 = (03 13 22 23), 45 = (11 21 22 23), 46 = (13
2 23), 47 = (03 13 23 24), 48 = (21 22 23 24), 49 = (01
1 31), 50 = (02 03 04 13), 51 = (02 03 13 23), 52 = (03
3 23), 53 = (21 22 23 31), 54 = (03 13 23 33), 55 = (13
3 24), 56 = (11 21 22 31), 57 = (13 22 23 33), 58 = (21
3 33), 59 = (13 23 24 33), 60 = (22 23 24 33), 61 = (01
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03 04 13), 62 = (01 02 03 11 21), 63 = (01 02 03 13 23), 64
= (01 11 21 22 23), 65 = (03 13 21 22 23), 66 = (11 13 21
22 23), 67 = (03 13 22 23 24), 68 = (11 21 22 23 24), 69 =
(13 21 22 23 24), 70 = (01 11 21 22 31), 71 = (02 03 04 13
23), 72 = (02 03 13 22 23), 73 = (03 04 13 22 23), 74 = (02
03 13 23 24), 75 = (03 04 13 23 24), 76 = (11 21 22 23 31),
77 = (13 21 22 23 31), 78 = (13 21 22 23 33), 79 = (21 22 23
24 31), 80 = (02 03 13 23 33), 81 = (03 04 13 23 33), 82 =
(03 13 22 23 33), 83 = (11 21 22 23 33), 84 = (03 13 23 24
33), 85 = (13 22 23 24 33), 86 = (21 22 23 24 33), 87 = (21
22 23 31 33), 88 = (01 02 03 4 11 21), 89 = (01 02 03 11 13
21), 90 = (01 02 03 11 21 22), 91 = (01 02 03 04 13 23), 92
= (01 02 03 13 22 23), 93 = (01 02 03 13 23 24), 94 = (01 02
03 13 23 33), 95 = (01 11 13 21 22 23), 96 = (01 11 21 22 23
24), 97 = (01 11 21 22 23 33), 98 = (02 03 13 21 22 23), 99
= (03 04 13 21 22 23), 100 = (03 13 21 22 23 24), 101 = (01
02 03 11 21 31), 102 = (01 11 21 22 23 31), 103 = (02 03 04
13 22 23), 104 = (03 11 13 21 22 23), 105 = (02 03 04 13 23
24), 106 = (02 03 13 22 23 24), 107 = (03 04 13 22 23 24),
108 = (03 13 21 22 23 31), 109 = (03 13 21 22 23 33), 110
= (11 13 21 22 23 24), 111 = (11 13 21 22 23 31), 112 = (11
21 22 23 24 31), 113 = (13 21 22 23 24 31), 114 = (02 03 04
13 23 33), 115 = (02 03 13 22 23 33), 116 = (03 04 13 22 23
33), 117 = (11 13 21 22 23 33), 118 = (02 03 13 23 24 33),
119 = (03 04 13 23 24 33), 120 = (03 13 22 23 24 33), 121
= (11 21 22 23 24 33), 122 = (13 21 22 23 24 33), 123 = (11
2 2 23
2 3 04
1 3 04
1 3 11
2 3 13
2 3 13
2 3 21
2 1 22
2 1 22
2 3 21
2 3 04
1 3 11
1 3 11
2 1 13
2 3 21
2 4 13
2 3 21
2 3 21
2 1 22
2 1 22
2 3 21
2 3 22
2 1 22
2 2 23
2 3 04
1 1 02
0 77 =
( 31),
1 3 23
2 3 04

13 22 23 24), 183 = (01 02 03 04 13 22 23 33), 184 = (01 02
03 11 21 22 23 24), 185 = (01 02 03 11 21 22 23 33), 186 =
(01 02 03 13 21 22 23 24), 187 = (01 02 03 13 21 22 23 33),
188 = (01 03 11 13 21 22 23 33), 189 = (01 02 03 13 22 23
24 33), 190 = (01 03 11 13 21 22 23 24), 191 = (01 11 13 21
22 23 24 31), 192 = (01 11 13 21 22 23 24 33), 193 = (01 11
13 21 22 23 31 33), 194 = (01 11 21 22 23 24 31 33), 195 =
(02 03 04 13 21 22 23 24), 196 = (01 02 03 04 11 13 21 31),
197 = (01 02 03 04 11 21 22 31), 198 = (01 02 03 11 13 21
22 23), 199 = (01 02 03 11 13 21 22 31), 200 = (01 02 03 11
13 21 23 31), 201 = (01 02 03 11 21 22 23 31), 202 = (02 03
04 13 21 22 23 31), 203 = (02 03 04 13 21 22 23 33), 204 =
(01 03 11 13 21 22 23 31), 205 = (02 03 04 11 13 21 22 23),
206 = (02 03 11 13 21 22 23 24), 207 = (02 03 11 13 21 22
23 31), 208 = (02 03 13 21 22 23 24 31), 209 = (02 03 13 21
22 23 24 33), 210 = (03 04 13 21 22 23 24 31), 211 = (03 04
13 21 22 23 24 33), 212 = (02 03 13 21 22 23 31 33), 213 =
(03 04 11 13 21 22 23 24), 214 = (03 04 11 13 21 22 23 31),
215 = (03 04 13 21 22 23 31 33), 216 = (03 11 13 21 22 23
24 31), 217 = (02 03 11 13 21 22 23 33), 218 = (03 04 11 13
21 22 23 33), 219 = (02 03 04 13 22 23 24 33), 220 = (03 11
13 21 22 23 24 33), 221 = (03 11 13 21 22 23 31 33), 222 =
(03 13 21 22 23 24 31 33), 223 = (11 13 21 22 23 24 31 33),
224 = (01 02 03 04 11 13 21 22 23), 225 = (01 02 03 04 11
13 21 23 24), 226 = (01 03 04 11 13 21 22 23 24), 227 = (01
02 03 04 13 21 22 23 31), 228 = (01 03 04 11 13 21 22 23
3 3 13
2 32 =
( 1 23
2 2 03
0 237
= 1 23
2 2 03
0 242
= 3 21
2 2 03
1 247
= 2 23
3 2 03
1 252
= 2 23
3 3 04
1 257
= 22
2 2 03
1 33),
2 1 13
2 (02
0 3 24
3 3 21
2 70 =
( 1 13
2 73 =
( 3 21
2 76 =
( 3 21
1 22 23 31 33), 124 = (13 21 22 23 31 33), 125 = (21 2
4 31 33), 126 = (01 02 03 04 11 13 21), 127 = (01 02 0
1 21 22), 128 = (01 02 03 04 13 22 23), 129 = (01 02 0
3 23 24), 130 = (01 02 03 04 13 23 33), 131 = (01 02 0
1 22 23), 132 = (01 02 03 13 21 22 23), 133 = (01 02 0
2 23 24), 134 = (01 02 03 13 22 23 33), 135 = (01 02 0
3 24 33), 136 = (01 11 13 21 22 23 24), 137 = (01 11 1
2 23 31), 138 = (01 11 13 21 22 23 33), 139 = (01 11 2
3 24 31), 140 = (01 11 21 22 23 24 33), 141 = (01 11 2
3 31 33), 142 = (02 03 04 13 21 22 23), 143 = (02 03 1
2 23 24), 144 = (03 04 13 21 22 23 24), 145 = (01 02 0
1 21 31), 146 = (01 02 03 11 13 21 22), 147 = (01 02 0
3 21 23), 148 = (01 02 03 11 13 21 31), 149 = (01 02 0
1 22 31), 150 = (01 03 11 13 21 22 23), 151 = (02 03 1
1 22 23), 152 = (02 03 13 21 22 23 31), 153 = (02 03 1
2 23 33), 154 = (03 04 11 13 21 22 23), 155 = (02 03 0
2 23 24), 156 = (03 04 13 21 22 23 31), 157 = (03 04 1
2 23 33), 158 = (03 11 13 21 22 23 24), 159 = (03 11 1
2 23 31), 160 = (03 13 21 22 23 24 31), 161 = (03 13 2
3 24 33), 162 = (03 13 21 22 23 31 33), 163 = (11 13 2
3 24 31), 164 = (02 03 04 13 22 23 33), 165 = (03 11 1
2 23 33), 166 = (02 03 04 13 23 24 33), 167 = (02 03 1
3 24 33), 168 = (03 04 13 22 23 24 33), 169 = (11 13 2
3 24 33), 170 = (11 13 21 22 23 31 33), 171 = (11 21 2
4 31 33), 172 = (13 21 22 23 24 31 33), 173 = (01 02 0
1 13 21 22), 174 = (01 02 03 04 11 13 21 23), 175 = (0
3 04 11 21 22 23), 176 = (01 02 03 04 13 21 22 23), 1
01 03 04 11 13 21 22 23), 178 = (01 02 03 13 21 22 23
79 = (01 02 03 11 13 21 23 33), 180 = (01 02 03 04 1
4 33), 181 = (01 02 03 11 13 21 23 24), 182 = (01 02 0
1), 229 = (01 03 04 11 13 21 22 23 33), 230 = (01 02 0
1 22 23 24 31), 231 = (01 02 03 04 11 13 21 23 33), 2
01 02 03 04 11 21 22 23 24), 233 = (01 02 03 11 13 2
4 31), 234 = (01 02 03 04 11 21 22 23 33), 235 = (01 0
4 13 21 22 23 24), 236 = (01 02 03 04 13 21 22 23 33),
(01 02 03 11 13 21 22 23 33), 238 = (01 02 03 11 13 2
4 33), 239 = (01 02 03 11 13 21 23 31 33), 240 = (01 0
4 13 22 23 24 33), 241 = (01 02 03 11 13 21 22 23 24),
(01 02 03 04 11 13 21 22 31), 243 = (01 02 03 04 11 1
3 31), 244 = (01 02 03 04 11 21 22 23 31), 245 = (01 0
1 13 21 22 23 31), 246 = (01 02 03 11 21 22 23 24 31),
(01 02 03 11 21 22 23 24 33), 248 = (01 02 03 11 21 2
1 33), 249 = (01 02 03 13 21 22 23 24 33), 250 = (01 0
3 21 22 23 31 33), 251 = (01 03 11 13 21 22 23 24 31),
(01 03 11 13 21 22 23 24 33), 253 = (01 03 11 13 21 2
1 33), 254 = (01 11 13 21 22 23 24 31 33), 255 = (02 0
1 13 21 22 23 24), 256 = (02 03 04 11 13 21 22 23 31),
(02 03 04 13 21 22 23 24 31), 258 = (02 03 04 13 21

3 24 33), 259 = (02 03 04 13 21 22 23 31 33), 260 = (0
1 13 21 22 23 24 31), 261 = (02 03 13 21 22 23 24 31
62 = (03 04 11 13 21 22 23 24 31), 263 = (02 03 04 1
1 22 23 33), 264 = (02 03 11 13 21 22 23 24 33), 265 =
3 11 13 21 22 23 31 33), 266 = (03 04 11 13 21 22 2
3), 267 = (03 04 11 13 21 22 23 31 33), 268 = (03 04 1
2 23 24 31 33), 269 = (03 11 13 21 22 23 24 31 33), 2
01 02 03 04 11 13 21 22 23 24), 271 = (01 02 03 04 1
1 22 23 31), 272 = (01 02 03 04 11 13 21 23 24 31), 2
01 02 03 04 13 21 22 23 24 31), 274 = (01 03 04 11 1
2 23 24 31), 275 = (01 02 03 04 11 13 21 22 23 33), 2
01 02 03 04 11 13 21 23 24 33), 277 = (01 03 04 11 1
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22 23 24 33), 278 = (01 02 03 04 11 13 21 23 31 33), 279 =
(01 02 03 04 11 21 22 23 24 31), 280 = (01 02 03 04 11 21
22 23 24 33), 281 = (01 02 03 04 11 21 22 23 31 33), 282 =
(01 02 03 04 13 21 22 23 24 33), 283 = (01 02 03 04 13 21
22 23 31 33), 284 = (01 02 03 11 13 21 22 23 24 31), 285 =
(01 02 03 11 13 21 22 23 24 33), 286 = (01 02 03 11 13 21
22 23 31 33), 287 = (01 03 4 11 13 21 22 23 31 33), 288 =
(01 02 03 11 13 21 23 24 31 33), 289 = (01 02 03 11 21 22
23 24 31 33), 290 = (01 02 03 13 21 22 23 24 31 33), 291 =
(01 03 11 13 21 22 23 24 31 33), 292 = (02 03 04 11 13 21
22 23 24 31), 293 = (02 03 04 11 13 21 22 23 24 33), 294 =
(02 03 04 11 13 21 22 23 31 33), 295 = (02 03 04 13 21 22
23 24 31 33), 296 = (02 03 11 13 21 22 23 24 31 33), 297 =
(03 04 11 13 21 22 23 24 31 33), 298 = (01 02 03 04 11 13
21 22 23 24 31), 299 = (01 02 03 04 11 13 21 22 23 24 33),
300 = (01 02 03 04 11 13 21 22 23 31 33), 301 = (01 02 03
04 11 13 21 23 24 31 33), 302 = (01 02 03 04 11 21 22 23 24
31 33), 303 = (01 02 03 04 13 21 22 23 24 31 33), 304 = (01
02 03 11 13 21 22 23 24 31 33), 305 = (01 03 04 11 13 21 22
23 24 31 33), 306 = (02 03 04 11 13 21 22 23 24 31 33), 307
= (01 02 03 04 11 13 21 22 23 24 31 33).

Appendix C
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Hence,

log |Sr|
|S|

[log λ1 + · · · + logλ|S|]
|S| → E logλ1

whereλ1 is distributed according toPSr . We then have

log |Sr|∼|S|E logλ1

Similarly, for the matrixS2 + Sr, we conclude that

log |Sr + S2|∼|S| logEλ̄1

whereλ̄1 is the eigenvalue of the matrixSr + S2.
Combining all arguments above, we assert that the limit

exists and so the fluctuation will become smaller and smaller.
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Here, we want to show theoretically that the fluctuat
ill become smaller as observed in MEANOVA results.
Let us look atS2(S),

2(S) = −
∣∣∣∣IJ(M − 1) − |S| + 1 − (J − 1)

2

∣∣∣∣ ln
Λ2

χ2
(J−1)|S|(α)

e could assume thatIJ(M − 1)/χ2
(J−1)|S|(α) is a constan

hen|S| is large. It is easily seen that

lim
S|→∞

|S|
χ2

(J−1)|S|(α)

s a constant. For example, whenJ = 2, α = 0.05, the con
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he limit of Λ2, which is more mathematically involved.
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2π

√
4 − x

x
, 0 < x < 4
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Sr| = λ1 . . . λ|S|
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