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Abstract

A nonparametric approach is developed to extract information from interspike
interval data. In terms of Expectation-Maximization (EM) algorithm, interspike in-
terval data from experiments and simulations are first approximated by a mixture of
various probability distributions, including Gamma, inverse Gaussian, log-normal,
and the interspike interval distribution of the leaky integrate-and-fire model. We
demonstrate that our approach is successful when fitting benchmark data which
failed to be fitted in the literature. Also, an approach to fit mixture distributions
to censored data, collected naturally in trial-to-trial or multi-electrode array ex-
periments, is presented. The software to perform above computations is available
at http://www.informatics.sussex.ac.uk/users/er28 /em/. Our results demonstrate

how to efficiently and rapidly read out information from an ensemble of spike trains.



1 Introduction

The first and most important task in analyzing data recorded from neurons in
nervous systems is possibly to fit the histogram of the interspike interval histogram
(ISIH) with some known distribution densities[3, 5, 6, 7, 8, 17, 18, 24, 27]. In
the literature, usually a single distribution (parametric approach) rather than a
mixture of distributions (semi-parametric or non-parametric) are used[24, 29, 36].
As a consequence, many results reported in the literature fail to achieve a successful
fitting, according to some statistical criteria such as the Kolmogorov-Smirnov (K-S)
test.

This approach, termed parametric approach, in comparison with semi- and non-
parametric approach in statistics, is possibly the most widely used one in dealing
with experimental data, as amply demonstrated in the literature[l, 10, 13, 16, 21,
28, 33, 35]. In parametric approach, a distribution is given in priori and there are
usually only a few parameters to be estimated, using some optimal criteria such
as the maximum likelihood estimate. Of course, the parametric approach is over
simplified and in most, if not all, practical applications, we have to use a semi- or
non-parametric approach where we have to use a mixture of distributions.

A typical and well known example is the data recorded from neurons in the retina
of the goldfish. In [24, 2], the authors fitted the data with an inverse Gaussian dis-
tribution and found that it achieved a better result than a Gamma distribution.
However, the fitting fails to pass a statistical criterion such as the K-S test. The
problem, realized by various authors [2], lies in the fact that the experimental his-
togram cannot be reduced to a single, easily to handle probability distribution. It
is natural to expect that using a mixture of distributions will improve the fitting.
However, the problem of parameter estimation for mixture models is not straight-
forward. Most of the time, explicit solutions for maximum likelihood estimates do
not exist, and a numerical approach has to be adopted. Nevertheless, in Statistics
in the past few years the EM algorithm [14] has been the most successfully used
iterative approach to the estimation of mixture distribution parameters. Here, we

employ the EM algorithm to fit interspike intervals data with a mixture of various



distributions, including Gamma, inverse Gaussian, log-normal and the interspike
interval distribution of the leaky integrate-and-fire model. In fact, our approach
could be easily adopted to other form of probability distributions as well.

We then test our approach for both experimental data and data generated from a
biophysical model (Hodgkin-Huxley model) with stochastic inputs. For the Goldfish
data, we found that our fitting (a mixture of one Gamma and two inverse Gaussian
distributions) successfully passes the K-S test with a given p-value. As mentioned
before, in the literature, no such a successful fitting is reported, although many
people have tried to fit the data. For the Hodgkin-Huxley model, we first used
a mixture of one Gamma and two inverse Gaussian distributions to successfully
fit the data. Based upon our understanding of the mechanisms of generating the
spikes of the Hodgkin-Huxley model, we then reduce the three distributions to a
mixture of log-normal and the interspike interval distribution derived from the leaky
integrate-and-fire model.

In physiological experiments, we usually repeat one experiment with identical
setup by many trials. However, in each trial, either we only have a limit time win-
dow to record the data, or more realistically the recorded data is nonstationary
and we have to analyze the data in a very short time window. This scenario also
corresponds to the decoding problem. A down-stream neuron receives inputs from a
group of neurons within a time bin, say 100 msec. Depending on the obtained infor-
mation, the neuron has to decipher the meaning of the input. It is a practically and
theoretically important issue to estimate the true parameters (input information)
from truncated data. Here we borrow the idea from statistics of censored data and
develop EM algorithms to tackle the problem. With simulated data, our approach
successfully recovers the original information.

One might argue that to fit interspike intervals by probability distributions es-
sentially lost important information in temporal domain. However, it is not true
if we look at the problem from population coding point of view. As we mentioned
above, if the time evolution of a population of spike trains are broken down to mov-
ing time windows. In each time window, we can fit the data via a few parameters

including the weights of the mixtures. Then the whole information of the popu-



lation of the spike trains are summarized by the dynamics of the parameters and
the time domain information can be fully recovered. In the current, we include two
examples to confirm our claims. We can also apply our approach to data collected
from multi-electrode array (MEA) experiments [23].

Software to fit interspike interval distributions with mixture of distributions is

available at http://www.informatics.sussex.ac.uk/users/er28/em/.

2 Models

2.1 Probability distributions

First of all we list a few probability distributions which will be used in the current
paper. Of course, we can easily generalize our approach to other distributions as

well [11, 19, 25, 26].

1. The gamma probability density

a

Piam(t;a,b) = Flza)tal exp[—t/b] (1)

is a probability model frequently used to describe spike trains. Many data
obtained from experiments can be roughly approximated by a single gamma
distribution. The exponential probability density, which is the interspike in-
terval model associated with a simple Poisson process, is a special case of Eq.
(1) for a = 1. A Poisson process is memoryless (Markov). When a # 1, the

spike trains have memory.

2. Another commonly used probability distribution is the inverse Gaussian den-

sity defined by

A\ 2 LAt — p)?
prc(t; p, A) = <%> exp [—57

A renewal process model with an inverse Gaussian density as interspike in-
terval distribution can be derived from a stochastic integrate-and-fire model
in which the membrane voltage is represented as a random walk with drift

[19], but without decay. This (over)-simplified model was first suggested by
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Schroedinger [32] and was first applied in spike train data analysis by Gerstein
and Mandelbrot [19].

3. We have recently derived the distribution of the interspike intervals of the

leaky integrate and fire model [16]

B 20%ypexp(—t/7) (yp)? exp(—2t/7)
pie(t(y, 1, 0)) = o2y (1 — exp(—2t/7))]? FXP o2y(1 — exp(—2t/7))

(2)

where v is the membrane decay constant, u and ¢ are mean input and input

variance (see Subsection 3.2, Eq. (17)).

In the literature, the Gamma and inverse Gaussian distribution densities are
most widely used to fit experimental data. Omne basic reason to favor them is
that they have a very clear analytical expression. The other reason is because
the gamma and inverse Gaussian ISI probability densities can be derived from el-
ementary stochastic integrate-and-fire models, as mentioned above[2, 20, 15]. In
fact, this claim is wrong and widely spread in the literature.d in the literature. The
correct form is Eq. (2) which is much more complex than a Gamma or an inverse
Gaussian distribution.

Therefore, the model we consider in the current paper will take the form

K
p(t]©) = wipk(t|0k), (3)
k=1

where pr € {pPGam,PIic,PrF,PLN}, O is the vector of parameters for each distri-
bution and ppy is for log-normal, K is the number of modules, w; > 0, and
K wp = 1. The vector © = (wy,---,wg, 01, --,0K) represents the complete
set of parameters for the mixture model. Hence the central topic of our current
paper is to find the parameter © in terms of certain optimal criteria.

Given an observed set of ISIs, {t1,to,- -, tx}, the maximum likelihood estimate
is applied to find the parameter ©. the goal of the maximal likelihood estimation

(MLE) is to estimate[30, 31, 34, 4] © that maximizes the likelihood function,

N
L(©) = [] r(tal®)

n=1



or, equivalently, the log-likelihood function
N
(©) = logp(t,|®)
n=1
To find the maximal likelihood estimation above, we borrow the well known EM

algorithm here, as summarized and re derived to our cases below[14].

2.2 EM for mixture distributions

It is easy to see that Eq. (3) is the marginal distribution of ¢ of the joint distribution

of y = (t,2), i.e.

Prob(z = k|®) =wi, ke{l,...,K},

and

t’(za @) ~ pz(ﬂez)

Given a sample of size N, we treat {(¢;,z;) : i = 1,...,N} as the complete data,
where the value of z; is not observable or missing variable. The EM algorithm
is originally developed to estimate the missing variable. The log-likelihood of the

complete-data is then,

N N
0©) = logws, + Y _logp., (ti0-,)
=1 =1

Given the current estimate ©(©) and the observed values {t;:i=1,...,N}, the
expected complete-data log-likelihood is
N /K N /K
Q(ele) =>" (Z Qi k 10gwk:> +> (Z Qi k IOng‘(tz‘wz‘)) ; (4)
i=1 \k=1 i=1 \k=1
where
el
Yk = @ 1@ (5)
D=1 W pj(ti|0j )
fork=1,...,K and ¢ = 1,...,N. The EM algorithm iteratively maximizes the

function Q(©]0()). More specifically, each iteration of EM consists of the following

two steps:



e Compute Q(0©]|0(°)) given the current estimate ©(°).

e Update © by maximizing Q(0|0(9)) over O, that is

N R
wkzﬁzai,lﬁ k=1,..., K, (6)
i=1
and
R K
0 = arg maxy & 1; log pr. (£ 0, (7)
i=1k=1

where 0 = (61,...,0k).

When py(t|0x) belongs to the exponential family, the equation (7) usually has
closed-form solutions, e.g. for the Gaussian and the exponential distribution. For

the Inverse Gaussian distribution, Eq.(7) has a particularly simple form, namely'

(e+1) <t) (c)

Hj =\
(8)
1 N 1 <1 ><C>
c+1 c+1 = n i
AT T LoD t/,

where we defined, for a function F,

(Fy) = =0 )

For the Gamma distribution we get

(‘c+1)b(Ac+1) _ <t> (c)

a] J

‘lf(ag-cﬂ)) —log bg-cﬂ) = (log t);c)

where U is the digamma function[36].

ITo obtain this result, we recurred to a useful properties of the Inverse Gaussian distribution, namely
that, for an IG sample, (X1, X2, ..., X,,), the variates X = >"1" | X;/nand V = {3°I" (1/X; —1/X)}/n
are independently distributed, and nAV is distributed as a x2_;, see [11].



2.3 Trial-to-trial Experiments

When spike data are collected in trial-to-trial experiments, measurements of inter-
spike intervals are censored due to the finite duration of the recording period, T,.,,
i.e. only intervals with ¢ < T,,, can be observed.

Depending on the probability distribution of the ISI, and on the severity of the
censoring, it is possible that during many trials only one spike is observed, thus
making impossible to define an interspike interval. Besides, even when two or more
spikes are observed during a trial, the partial information about the last, censored,
interval is usually discarded. On the other hand, it is evident that any statistical
estimate which is based only on the regular intervals, will be inevitably subject to
a bias, as we have demonstrated in [16]. In fact, the reason to introduce the bias is
obvious. It is simply due to the limit of the observation time window: spikes longer
than the given time window will never be collected.

The problem considered in [16] seems different from the issue we discussed here.
Consider a group of neurons, they all send their spikes to a down stream neuron. We
ask how can we decode the input information, for example, the input firing rate, in
terms of the spikes received by the down stream neuron. We further require that the
input information should be decoded as soon as possible, as in the nervous system.
Hence the scenario is exactly we encounter here: we or the neuron has received
spikes from a group of neurons within a time bin (7,}s) and we (the neuron) has to
read out the information.

In order to correct this bias due to incomplete data, we resort to the theory
of censored data in statistics. Let us first consider the case of a data set drawn
from a single distribution, p(¢;0). The data set is partitioned into two classes: the
reqular intervals, {t;};cr, and the truncated intervals, {t;};cr (in red in Fig. 4,
upper panel), where the time of the end spike is replaced by T,.,. This corresponds
to the case of right-censoring discussed in [12]. Accordingly, the log-likelihood of
the full data set is written as

L(0) = Y plti0) + Y S(1:20) (10)

i€ER €T



where S is the survival function,

S(1l6) = /t ot

For mixture of distributions, the log-likelihood of the complete data (z;,t;), in pres-
ence of censored observations, can be written as
L(®) = Y logws, + ) logp,(ti|0s) + > logw,, + Y log S, (t:]0s,) (11)
i€R i€R €T i€l
To calculate the expectation of the expression above, we need to work out the con-
ditional probability density of the hidden variable given the data {t;}icr U {t; }ier,
and the current estimates for the parameters ©(). For the regular intervals, these
are again given by Eq.(5); for the truncated intervals, the probability of the ith ob-
servation having been generated by module k, cannot be obtained likewise, since we
do not know the exact value of the interval but only a lower bound for it. However,
we can use the Bayes theorem to get
. wy” i (t:16))

ai,k — c c
YK w8, (t:164)

when ieT (12)

Therefore, in presence of censored observations, Eq.(4) must be rewritten as

K K
QO16€) = NS diplogw, + 3> dixlogpi(til6;) + (13)

i€R k=1 i€R k=1
K K

DN duglogwr + > > by log Si(ti]6s),

€T k=1 ie€T k=1

By maximizing the expression above with respect to ©, we obtain the recurrence

formula for the parameters,

uﬁk:%<2d@k+2di,k> k=1,...,K, (14)

i€ER i€T

K K
0 = arg maxy (Z > plogpi(tilfi) + > Bk log Si(ti|9i)> (15)

1ER k=1 1€T k=1

Despite the fact a closed form for the solution of (15) does not exist in the general
case, the problem can be tackled numerically with relative ease, given the indepen-

dence of each module’s parameters.



3 Results

3.1 Experimental Data

As a first example, we considered a data set composed of N = 975 interspike inter-
vals recorded from a goldfish retinal ganglion cell in vitro. Recordings were made
with an extracellular microelectrode under constant illumination. The spike activity
of this neuron reveals a collection of short and long ISIs, as reflected in the appar-
ently bimodal character of the ISIH. To fit these data we consider mixtures of 2, and
3 modules. Goodness of fit has been assessed by a two-sided two-sample K-S test,
where the experimental data set is compared with a simulated data set generated
from the estimated model. When mixtures of two modules were considered, all esti-
mated models failed to pass the K-S test (P < 0.05), regardless of the distribution
types considered. The goodness of fit is improved when considering mixtures of 3
modules, with some of the models meeting the criterion for acceptance, see Tab.
3.1. In Fig.1 (left) we compared the ISIH from the experimental data with the ex-
pected frequencies calculated from the estimated model with the highest P-value. A
plot of the respective empirical cumulative distribution functions is shown in Fig.1
(right). It could be easily seen that our approach fits the data well. To the best of
our knowledge, it is the first time in the literature that a fitting of the data passes
the KS test.

The fitted parameters are (a,b) = (15.1673,0.3243) for the Gamma distribu-
tion, (p1,A1) = (13.6612,24.9184) and (u2, A2) = (90.9478,750.7258) for the two
inverse Gaussian distribution, with (w;,ws,ws) = (0.2592,0.4912,0.2497). More

specifically we have (see Fig. 1)

0.2592 x (0.324715-1673 4141673

pt) = T'(15.1673) exp|—t/0.3243]
24.9184\ /2 124.9184(t — 13.6612)>
0.4912 [ ——— —=
* < o3 ) P75 13.661221 (16)
750.7258\ 1/2 1750.7258(t — 90.9487)?
0.2497 [ ——— —=
+ ( ot ) R 90.94872¢

To further demonstrate the power of our approach, we turn our attentions to

the classical Hodgkin-Huxley model.
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Model P K-S

(1,1-) | 4.8e-4 | 0.098
(1,2) || 6.1e-3 | 0.082
(2,1-) || 1.5¢-3 | 0.091
(2,2-) || 2.6e-3 | 0.088
(1,1,1) || 1.2e-3 | 0.092
(1,1,2) | 0.033 | 0.069
(1,2,1) | 0.072 | 0.062
(1,2,2) | 0.063 | 0.063

(2,1,1) | 0.082 | 0.061
(2,1,2) || 0.028 | 0.070
(2,2,1) || 0.013 | 0.076
(2,2,2) || 0.028 | 0.070

Table 1: Goodness of fit of the estimated mixture models obtained by the EM algorithm.
The calculated P values and the values of the K-S statistics for varying number and type of
distributions, are shown for the case of experimental and simulated spike data (see Fig. 1). The

best fit is reported in bold face type. 2=Gamma, 1=inverse Gaussian
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Figure 1: Fitting results of the gold fish data. Upper panel Spike trains from the gold fish.
(Bottom Left) A comparison of the ISIH calculated for the experimental data set (solid line)
and for the estimated mixture model with the highest P-value (dashed line, i.e. p(t) defined by

Eq. 16). (Bottom Right) Comparison of empirical cumulative distribution functions.
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3.2 HH model

We consider a sample of N = 10000 interspike intervals generated by simulating the

response of the Hodgkin-Huxley model to a Gaussian input?,

CdV = —gnam®h(V — Vya)dt — gen®(V = V3,)dt — g (V — Vi)dt + pdt + odB; (17)

d_n:noo(V)fn d_m:moo(V)fm d_h:hoo(V)fh (18)
dt (V) dt (V) dt (V)

where B; is the standard Brownian motion, and we chose 4 = 7, ¢ = 2. For
the parameters considered, the HH model has a fixed point, which corresponds
to a depolarized stable resting potential, and a limit cycle, which is manifest as
repetitive firing. As a result of the stochastic input, the solutions of the system
(17)-(18) alternate randomly periods of repetitive firing, at about the limit cycle’s
unperturbed frequency, and underthreshold oscillations around the resting state,
thereby originating a multimodal distribution for the interspike intervals (see Fig.
2). Again, we apply the EM algorithm to determine which mixture model best
approximated our data. The performance of the estimated models are reported in

Tab. 3.1; compared ISIH for the real data and the best-model as shown in Fig.2,

together with the respective empirical cumulative distribution functions (Eq. (19)).

0.3761 x 0.1126:6

p(t) = T(126.673) t exp[—t/0.1]
15.1\ /2 115.1(t — 4477.1)2
0.4091 [ —— —=
* <2m3> 2 4477121 (19)
28.8 /2 128.8(t — 247.9)?
2148 [ == —=
I 8<2ms3> B PRV EY

Now let us have a more close look of the implication of our results. As we
mentioned before, we fit our data by a mixture of distributions. It is certainly
true that we can fit any set of data by increasing the number of mixtures. Of
course, increasing the number of mixtures increases the complexity, as could be
measured by, for example, AIC etc. Hence in our approach, we started from two,
three, ... mixture of distributions and stopped whenever the statistical criterion is

achieved, here is the K-S test. After successfully fitting the HH model with three

ZWe refer the reader to [22] for a detailed definition of the model and the values of the parameters
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Model P K-S

(1,1-) || 1.4e-5 | 0.034
(1,2-) | 3.4e-8 | 0.042
(2,1-) || 5.7¢-8 | 0.042
(2.2-) | 6.4e-6 | 0.035
(1,1,1) | 0.11 | 0.017
(1,1,2) | 0.0090 | 0.023
(12,1) | 0.11 | 0.017
(12,2) | 0.13 | 0.017

(2,1,1) | 0.20 | 0.015
(2,1,2) | 0.092 | 0.017
(2,2,1) | 0.051 | 0.019
(2,2,2) | 0.042 | 0.020

Table 2: Goodness of fit of the estimated mixture models obtained by the EM algorithm.
The calculated P values and the values of the K-S statistics for varying number and type of
distributions, are shown for the case of experimental and simulated spike data. The best fit is

reported in bold face type.
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Figure 2: Fitting results for HH model. Upper panel Spikes train of the HH model. (Bottom
Left) A comparison of the ISIHs obtained from a solution of system (17)-(18) (solid), and the
estimated mixture model with the highest P-value (dashed). ( Bottom Right) Comparison of

empirical cumulative distribution functions.
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distributions, we will naturally ask whether we could further reduce the number of
distributions by varying the distribution formality. We know that in the parameter
regions of input parameters to the HH model, there are two attractors. One is
the limit cycles (spikes) and the other is a stable fixed point, corresponding to the
resting potential. For limit cycles, with the presence of noise, we would expect that
its interspike intervals is perturbed and should be distributed according to Gaussian
type distribution. For the jumping between the fixed point and the limit cycle, from
the large deviation theory we know that is should be exponentially distributed, or at
least in the limit case. Therefore, we apply the mixture of a log-normal distribution
and the distribution of the leaky integrate-and-fire model to fit the data. Fig. 3

clearly shows that using two distributions rather than three we can fit the data well.

3.3 Censored Data

Finally, we address the cases of fitting ISIH with censored observations: one corre-

sponds trail-to-trial experiments and the other is MEA data.

3.3.1 Trial-to-trial Experiment

To this aim we consider a simulated data set composed of N = 3000 ISIs drawn

from the distribution

3
p(t|©) = Zwipcam(ﬂai, bi), (20)
i=1

with parameters (a1, a9,a3) = (5.21,54.40,25.43), (b1, bo,b3) = (84.04,2.92,5.37),
and weights (w1, ws,w3) = (0.34,0.11,0.55). The obtained spike train has been
split into n = 1438 chunks of length 7,,, = 500 ms each, to provide a trial-to-
trial data set. From these data, we extracted Np = 1676 regular and Np = 1324
truncated intervals. Notice that, due to the severe censoring, more than 25% of the
trials (n = 362) contained only one spike, as shown in the raster plot of Fig.4.

As shown in Fig. 4, bottom left, the standard EM algorithm provides a good
approximation of the distribution of the regular ISI, but fails to account for the
statistical features of the complete data set, i.e. the model Eq. (20). By introduc-
ing the censoring correction in the likelihood, the match between the ISIH of the

16
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Figure 3: Upper panel, left, the trajectory of the membrane potential of the HH
model; right, the trajectory plotted on the h — V space. It is readily seen that the
random perturbations cause the model exhibit a bursting activity. Bottom: fitting with

a mixture of two distributions achieves satisfactory results (red line).
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complete data set and of the reconstructed model is considerably improved, Fig.4,
Right.
The parameters in fitted probability distribution are: without censoring correc-
tion,
(w1, wa,w3) = (0.62,0.22,0.16),
(a1,a2,a3) = (32.94,85.13,8.88),
(b1,b2,b3) = (3.90,1.87,29.42)

and with censoring correction,

(wi,w,w3) = (0.35,0.30,0.35),
(a1,a2,a3) = (37.61,58.46,4.97),
(bi,bo,bs) = (3.32,2.68,83.06).

It is easily seen that although with censoring correction, we can approximate the
original distribution well, the actual parameter values are different. This could be

due to the local minimums in finding the optimal parameters.

3.3.2 Dynamical Signals

To further test our approach, we now turn our attention to dynamical signals. As
we mentioned before, this naturally corresponds to the data recorded from MEA
experiments[23].

The setup is schematically plotted in Fig. 5. A dynamical signal as the rate of
independent Poisson processes is sent to a group (100) of the leaky integrate-and-
fire model and the output spikes are recorded in 2S. The decoding windows are 50
msec and disjoint. It is easily seen that with censoring correction MLE, the original
signal is correctly retrieved, but a usual MLE fails (see Fig. 5).

If we employ further constrains on the retrieved signals, for example, smoothness
of the curve as in Bayesian approach, we can certainly improve the decoding quality.

We will apply our approach to MEA data [23].
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Figure 4: Upper panel, spike raster plots for the first 50 trials in the data set used for
testing the censoring EM. Trials containing a single observation (not a complete interspike
interval) have spikes drawn in red; horizontal dashed lines have been added for visual
clarity. Bottom panel, left, The histogram of the regular interspike intervals generated by
model (solid), compared with the frequencies calculated from the model estimated by the
standard (dashed) and the modified EM algorithm (dot-dashed). Bottom panel, right, The
histogram of the complete set of interspike intervals generated by model (solid), compared
with the frequencies calculated from the model estimated by the standard (dashed) and
the modified EM algorithm (dot-dashed).
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Figure 5: Decoding of dynamical signals from a group of neuron activity. Upper panel:
a schematic plot of the setup. Bottom panel: results of one example with a population
of 100 neurons. The input signal is A(t) = \g + 2Ao[sin(vt) + sin®(0.75 - vt)], with v = 7
s7!, Ao = 2 kHz. Parameters for the integrate-and-fire model are: v = 20ms (membrane
time constant),a = 0.5mV (PSP amplitude), V4, = 20mV (threshold). The decoding is

done over disjoint stretches of 50ms; the dotted lines are 95% confidence intervals.
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4 Discussions

We have presented a nonparametric approach to fit interspike interval distributions,
with data from both experiments and simulations. Both censored and noncensored

cases are considered.

4.1 Why fitting?

It would always not be satisfactory to approximate or to fit a quantity (here it is
the distribution) rather than to accurately describe it. To fit a data is always the
final way we will resort to. However, from our past few years experiences, we know
that it is in general difficult, if it is not impossible, to find the exact distribution
of interspike intervals, even for the simplest neuronal model, the leaky integrate
and fire model, which is linear before resetting. When we face a biophysical model
such as the HH model, we know it is totally impossible to derive an analytical
formula for the interspike interval distribution. Certainly, we do not expect to have
an analytical expression for the interspike interval distribution for a pyramidal cell
in the cortex in vivo. Hence to use various approximations or fitting methods to
explore the properties of interspike intervals is an efficient way to understand the
neuronal dynamics.

Once we have a reasonable probability distribution to fit the data, we are then in
an excellent position to investigate the neuronal mechanisms to generate spike and

to extract the underling information, with the help of modern probability theory.

4.2 Reduction from high dimension to low dimension

When we record a hundred neurons over a time period T, we obtain a spatial
temporal pattern of spikes. The pattern of spikes is of high dimension and it is
usually difficult to grasp the essence of the pattern. However, after fitting a mixture
of distributions to the data, we can greatly reduce the dimensionality of the data
and we are thus in a much better position to extract information form the data.

A typical example is shown in Subsection 3.3.2. Of course, in general, we would
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expect the reduced dimension is more than one dimension, including weights and

parameters in each distributions.

4.3 Decoding

One of the most challenging tasks in neuroscience is to understand how information
is encoded and then decoded in the ensemble of spike trains. We have demonstrated
how to apply our approach to such problems. The general results are very encour-
aging and we will adopt our approach to deal with experimental data, for example

the MEA data from the olfactory bulb[23].

4.4 Temporal information

In the current paper, we treat each decoding window as independent (see Fig. 5). Of
course we can easily include temporal relationship, as we mentioned above. Another
way to include temporal relationship is to introduce nonhomogeneous point process
as developed in [2]. It would be interesting to see how the current results can
be improved if we combine two approaches together: to perform decoding with a
nonhomogeneous point process and with a mixture of distributions as its interspike

interval distribution.

4.5 Other approaches

In the literature, we have seen that there are a few other approaches to analyze and
model the similar data we have here. We have tested some of them, for example,
the Hidden Markov chain approach[9]. The obtained results are quite disappointing.
Neuronal data, for example, those generated from the HH model, can not be well
fitted by a Hidden Markov chain model. The hidden Markov chain model is tested
in data collected from oxytocin and vasopressin neurons and again the outcome is

not encouraging.
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4.6 Uniqueness of parameters

Finally, as we pointed out above, the estimated parameters are usually not unique.

This poses a serious problem for the physiological explanation of the fitted param-

eters. Technically, the problem is common for a complex problem such as we deal

here: there are usually more than one solution.
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