Achieving Precise M echanical Control in Intrinsically Noisy
Systems
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Abstract. How can precise control be realised in intrinsically noiggtems? Here, we
develop a general theoretical framework that provides a wwagchieve precise control in
signal-dependent noisy environments. When the controbsigas Poisson or supra-Poisson
noise, precise control is not possible. If, however, thetrmdrsignal has sub-Poisson noise,
then precise control is possible. For this case, the preois&ol solution is not a function, but
a rapidly varying random process that must be averaged asibect to a governing probability
density functional. Our theoretical approach is applietheocontrol of straight-trajectory arm
movement. Sub-Poisson noise in the control signal is showe tapable of leading to precise
control. Intriguingly, the control signal for this systerasha natural counterpart, namely the
bursting pulses of neurons—trains of Dirac-delta functian biological systems to achieve
precise control performance.
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1. Introduction

Many mechanical and biological systems are controlled gyas which contain noise. This
poses a problem. The noise apparently corrupts the comngredls thereby preventing precise
control. However, precise control can be realised, deipg@ccurrence of noise, as has been
demonstrated experimentally in biological systems. Famgxe, in neural-motor control,
as reported in [1], the movement error is believed to be ngainle to inaccuracies of the
neural-sensor system, and not associated with the newtalrisystem.

The minimum-variance principle proposed in [2, 3] has dygatluenced the theoretical
study of biological computation. Assuming the magnitud¢hef noise in a system depends
strongly on the magnitude of the signal, the conclusion p8]2s that a biological system is
controlled by minimising the execution error.

A key feature of the control signal in a biological systemhattbiological computation
often only takes on a finite number of values. For examplerstimg’ neuronal pulses in
the neural-motor system control seem very likely to haveg timlee states, namely inactive,
excited, and inhibited. This kind of signal (neuronal ps)sean be abstracted as a dynamic
trajectory which is zero for most of the time, but intermitilg takes a very large value.
Generally, this kind of signal looks like a train of irregdjaspaced Dirac-delta functions. In
this work we shall theoretically investigate the way signalrealistic biological systems are
associated with precise control performance. We shall usstihg neuronal pulse trains as a
prototypical example of this phenomenon.

In a biological system, noise is believed to be inevitable assential; it is a part of a
biological signal and, for example, the magnitude of thesadypically depends strongly on
the magnitude of the signal [2, 3]. One characteristic ofthise in a system is the dispersion
index, «, which describes the statistical regularity of the consighal. When the variance in
the control signal is proportional to tle:-th power of the mean control signal, the dispersion
index of the control noise is said to e It was shown in [2, 3] and elsewhere (e.g., [4, 5])
that an optimal solution of analytic form can be found whea #iiochastic control signal
is supra-Poisson, i.e., when > 0.5. However, the resulting control is not precise and a
non-zero execution error arises. In recent papers, a nppebach was proposed to find the
optimal solution for control of a neural membrane [6], and@led of saccadic eye movement
[7]. 1t was shown that if the noise of the control signal is moegular than Poisson process
(i.e., if it is sub-Poisson, witln < 0.5), then the execution error can be shown to reduce
towards zero [6, 7]. This work employed the theory of Youngmswees [13, 14], and involved
a very specific sort of solution (a ‘relaxed optimal paramizésl measure solution’). We
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note thatmanybiological signals are more regular than a Poisson procegs; within in-
Vivo experiments, it has often been observed that neuraraésignals are sub-Poisson in
character¢ < 0.5) [15, 16]. However, in [6, 7], only a one-dimensional lineaodel was
studied in detail. Thus the results and methods cannot bleedpp the control of general
dynamical systems. The work of [6, 7] however, leads to a ninazder problem: the general
mathematical link between the regularity of the signal’ssaaand the control performance
that can be achieved.

In the present work we establish some general mathematroadigles linking the
regularity of the noise in a control signal with the preamsiof the resulting control
performance, fogeneralnonlinear dynamical systems of high dimension. We estalais
general theoretical framework that yielggcise controfrom anoisy controllerusing modern
mathematical tools. The control signal is formulated as asSian (random) process with a
signal-dependent variance. Our results show that if thérgbsignal is more regular than a
Poisson process (i.e., if < 0.5), then the control optimisation problem naturally invave
solutions with a specific singular character (parametdnmeasure optimal solutions), which
can achieve precise control performance. In other wordsshwesv how to achieve results
where the variance in control performance can be made arbjtismall. This is in clear
contrast to the situation where the control signals areg@ai®r more random than Poisson
(o« > 0.5), where the optimal control signal is an ordinary functiolwt a parameterized
measure, and the variance in control performance does povagh zero. The new results
can be applied to a large class of control problems in noatidgnamical systems of high
dimension. We shall illustrate the new sort of solutionshvah example of neural-motor
control, given by the control of straight-trajectory armvaments, where neural pulses act as
the control signals. We show how pulse trains may be realisedture which lead towards
the optimisation of control performance.

2. Model and M athematical For mulation

To establish a theoretical approach to the problem of nomyrol, we shall consider the
following general system

d
= = alw(t),t) + b(a(t). Hu(t) (1)
where: t is time ¢ > 0), z(t) = [z1(1),...,z,(t)]" is a column vector of ‘coordinates’

describing the state of the system to be controlled {superscript denotes transpose) and
u(t) = [ui(t),...,un|", is a column vector of the signals used to control.treystem. The
dynamical behaviour of the system, in the absence of a control signal, is determined by
a(z,t) andb(z,t), wherea(z,t) consists ofn functions: a(z,t) = [ai(z,1),...,a.(z,t)]"
andb(z, t) is ann x m ‘gain matrix’ with elements;;(x, t). The system (1) is a generalisation
of the dynamical systems studied in the literature [2, 3]6, 7

As stated above, the control signaly), contains noise. We follow Harris’s work [2, 3]
on signal-dependent noise theory by modelling the compsradrthe control signal as

ui(t) = Ni(t) + Gi(?) (2)
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where\;(t) is the mean control signal at tinteof the i'th component ofu(¢) and all noise
(randomness) is contained @A(t). In particular, we take thé&;(¢) to be an independent
Gaussian white noises obeyil(;(t)] = 0, E[(;(t);(t)] = o,(t)o;(t)o(t — t')d;; where
E ] denotes expectationj(-) is Dirac-delta function, and,; is Kronecker delta. The
quantitiess;(t), which play the role of standard deviations of th& ), are taken to explicitly
depend on the mean magnitudes of the control signals:

(1) = mi M (D)) 3)

wherex; is a positive constant andis the dispersion index of the control process (described
above).

Thus, we can formulate the dynamical system, Eq. (1), as @mysf It0 diffusion
equations:

de = Az, t,\)dt + B(z,t, \)dW, 4)

where: ()W, = [Wi,...,W,.,]" containsm independent standard Wiener processes;
(i) the quantity A(x, ¢, \) denotes the column vectdd, (z,¢, \), ..., A, (z,t,\)]", thei'th
component of which has the fora(z, ¢, \) = a;(x,t) + >_7°, bij(z,)A;; (iii) the quantity
B(z,t, ) is the matrix, the, j'th element of which is given b3, (x, ¢, \) = b;;(x, t)k;|\;|*
wherei = 1,---,nandj = 1,..., m. We make the assumption that the range of egak
bounded:— My < \; < My with My a positive constant. Le&d = [—My, My |™ be the
region where the control signal takes values, Withenoting then-order Cartesian product.
Let = be state space of. In this paper we assume it be bounded.

Let us now introduce the functiop(z, t) = [¢1(x,t),-- -, ¢x(x, )] T, which represents
the objective that is to be controlled and optimised. FongXa, for a linear output we can
take¢(z,t) = Cx for somek x n matrix C'; in the case that we control the magnitude:pive
can takep(z,t) = ||x||o; we may even allow dependence on time, for example if theututp
decays exponentially with time, we can take(—~t)x(¢) for some constani > 0.

The aim of the control problem we consider here is: (i) to easiie expected trajectory
of the objectivep(x(t), t) reaches a specified target at a given tiffieand (ii) to minimise the
execution erroraccumulated by the system, during the timgthat the system is required to
spend at the ‘target’ [2, 3, 6, 7, 8, 9, 10, 11]. In the present&xt, we take the motion to start
at timet = 0 and subject to the initial condition(0). The target has coordinateg) and we
need to choose the controllei(t), so that for the time intervall < ¢ < T + R the expected
state of the objective(z(t), t) of the system satisfids|[¢(x(¢),t)] = z(t). Theaccumulated
execution errotis fTﬂR > var (¢i(x(t),t)) dt and we require this to be minimised.

Statistical properties of(¢) can be written in terms gf(z, t), the probability density of
the state of the system (4) at timewhich satisfies the Fokker-Plank equation

Op(z,t)
ot

=Lop; p(x,0) = —=x(0)), t €[0,T + R] (5)

with
L Olai(w,t) + D00 by, 1) A;(t))p(, 1))

Lop=-2 “on

i=1
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L1 2”: 02 {3 ey mkbik (. )by, )| M (0)*p(w, )}

ij=1
Three important quantities are the following:

(A) Theaccumulated execution ermjﬂR [Nz, t) = 2(0)||? p(x, t)dadt;

(B) Theexpectation conditiomn z(t): [Z ¢(x,t)p(z,t)dz = z(t), for all ¢ in the interval
T'<t<R+T,
(C) Thedynamical equatiownf p(z,t) described as (5).

3. The Young M easure Optimal Solution

To illustrate the idea of the solutions we introduce heranelgt Young measure optimal
solutions, we provide a simple example. Consider the stmawherex and v are one-
dimensional functions, while(x,t) = pz, b(z,t) = q, k = 1, 2(t) = zp and¢(x,t) = x.
Thus (1) becomes

X
o = bhrtau. (6)

This has the solutions(t) = xgexp(pt) + [;exp(p(t — 5))gA(s)ds + [; exp(p(t —
$))q|A(s)|*dWs. Thus, its expectation IB(z(t)) = x¢ exp(pt) +f(f exp(p(t—s))gA(s)ds and
its variance isvar (z(t)) = [ exp(2p(t — 5))g*|\(s)|**ds. The solution of the optimisation
problem is the minimum of the following functional:

= [ [ ewtentt - sy s
w [ moeston + [ ettt - parisyis —

T

- TH@POR = FOND) + a0t (7)

g(t) = {

(

f(t) o T+R q’}/(S) eXp(p(S - t))ds t S T

- T v(s)exp(p(s —t))ds T+ R>t>T

pu(t) =~(t) [xo exp(pt) — 2],

for some integrable functiof(t), which serves as a Lagrange auxiliary multiplier.

In the general case, we minimise (A) using (B) and (C) as caim$ via the introduction
of appropriater and¢ dependent Lagrange multipliers. This leads to a functiohdie mean
control signal H [A], with the form H[\] = f*R h(t, \(t))dt (see below and Appendix A).

with
<p(2p(T + R — ) = exp(2p(T — )| ¢<T
[exp(QpT+R—t))—1 T+R>t>T

B PR
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Let us use& = [&1,---,&,]" to denote the value of(t) at a given time of, i.e.,& = \(t); &
will serve as a variable of the Young measure (see below). ide fi

h(t,§) = Z[gi(t)|§i|2a — fi(t)&] + 2(1) (8)
i=1
whereg;(t), f;(t) andz(t) are functions with respect tobut are independent of the variable
€.

The abstract Hamiltonian minimum (maximum) principle (ARM[12] provides a
necessary condition for the optimal solution of minimisi#9 with (B) and (C), which is
composed of the points in the domain of definitiomphamelyf?, that minimize the function
h(t, &) in (8), at each timet, which is nameddamiltonian integrand This principle tells us
that the optimal solution should pick values of the minimuink @, &) with respect tc, for
eacht.

If the control signal is supra-Poisson or Poisson, namedydibpersion index: > 0.5,
for eacht € [0,7 + R], the Hamiltonian integrand(t, {) is convex (or semi-convex) with
respect tos and so has a unique minimum point with respect to egachSo, the optimal
solution is a deterministitunction of time: for eacht,, \;(¢y) can be regarded as picking
value at the minimum point di(¢, &) for t = ¢,.

Whena < 1/2, namely when the control signal is sub-Poisson, it follolest f.(¢, &)
is no longer a convex function. Figs. 1 show the possible mimnh points of the term
g(D)|&)?> — f:(H)& with g;(t) > 0 and f;(t) > 0. From the assumption that the range of
each¢; is bounded, namely- My < & < My, it then directly follows, from the form of
h(t, ), that the value of; which optimisesh(t,¢) is not unique; there arthree possible
minimum values— My, 0, and My, as shown in Table 1. So, no explicit functiaft) exists
which is the optimal solution of the optimisation problem{&). However, an infinimum of
(8) does exist.

Proceeding intuitively, we first make an arbitrary choiceook of the three optimal
values for§; (namely one of- My, 0, and My) and thenaverageover all possible choices
at each time. Withy,;(£) the probability density of, at timet, the average is carried out
using the distribution (probability density functionaj)\] oc [T, ;7:.:(§) which represents
independent choices of the control signal at each time. Tlonsexample, the functional
H[)\] becomesfunctionally averagedver A\(-) according tofTﬂR (J h(t, \)n[A]d[A]) dt.
The optimisation problem has thus shifted from determiraniginction (as required when
a > 1/2) to determining gorobability density functionaly[A]. This intuitively motivated
procedure is confirmed by optimisation theory- and thissaaglto Young measure theory.

Let us spell it out in a mathematical way. Young measure th¢bB, 14] provides
a solution to an optimization problem where a solution, Whveas a function, becomes
a linear functional of a parameterized measure. By way ofaggtion, a function\(¢),
yields a single value for each but a parameterized measurmg(-)} yields aset of values
on which a measure (i.e., a weighting)-) is defined for each. A functionalwith respect
to a parameterized measure can be treated in a similar wagdtuton that is an explicit
function, by averaging over the set of values of the paranzet® measure at eac¢hin detail,
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a functional of the formH [\ fo ))dt, of an explicit function,\(¢), can have its
definition extended to a parameterlzed meask(re namelyH [n)] fo Jo h(t, E)m(dE)dL.

In this sense, an explicit function can be regarded as aasatution that is a ‘parameterized
concentrated measure’ (i.e., involving a Dirac-delta fiom) in that we can write/[\] =

fo Jo h(t,£)0(& — A(t))dédt. Thus, we can make the equivalence between the explicit
functlon)\( ) and a parameterized concentrated mea&te— \(¢))}; and then replace this
concentrated measure, when appropriate, by a Young measure

Technically, a Young measure is a class of parameterizedunesithat are relatively
weak*-compact such that the Lebesgue function space cagglaeded as its dense subset in
the way mentioned above. Thus, by enlarging the solutionesfram the function space to
the (larger) Young measure space, we can find a solution ilatger space and the minimum
value of the optimisation problem, in the Young measure spamincides with the infinimum
in the Lebesgue function space.

For any function(z, ¢, £), we denote a symbehs the inner product of(z, ¢, £) over the
parameterized measung d¢), by averaging-(z, t, ) with respect tc via n;(-). That is we
definer(z, ¢, &) -, to represent, r(z, ¢, £)n,(d€). In this way we can rewrite the optimisation
problem (A)-(C) as:

min,, TR o, t) — 2(8)]?p(x, t)dadt
subject to ap(a; = [(L- 77) op|(z,t), on [0,T] x Z, p(x,0) =p
reZ, tel0,T+R]
Jz oz, t)p(x, t)dx = =(t), on [T, T+ R], n€ Y.
Here, ) denotes the Young measure space, which is defined on thesgtate= with
t € [0,T + R], whilen = {n(-)} denotes a shorthand for the Young measure associated
with control; (£ - n) o p is defined as

£ -nlop= / E(t2.€) 0 pla, ()

— /Q{ _ i 8[Ai($>gxi)p(x,t)]

4= Z 8 l‘ l éanz(aZ]t f)]sz(l' t)}}nt(d€>

" 9)

zjl

 Olai(w,t) + 3752, bij (2, 1)&)p(w, 1))

i=1

1 ¢ 82{2?:1 “2%(% t)bjk(xv t)|§k|2ap(l‘, t)}
* 2 ”21 0z;0x; }m<d€)'

So, we can study the relaxation problem (9) instead of thggraai one, (A)-(C). We assume
that the constraints in (9) admit a nonempty set(@f, which guarantees that the problem (9)
has a solution. We also assume the existence and uniquees@auchy problem of the
Fokker-Plank equation (5).

The abstract Hamiltonian minimum (maximum) principle (drem 4.1.17 [12]) also
provides a similar necessary condition for the Young measafution of (9), if it admits a
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solution, that is composed of the pointstinwhich minimise the integrand of the underlying
‘abstract Hamiltonian’. By employing variational calcalwith respect to the Young measure,
we can derive the form (8), for the Hamiltonian integrande 8ependix A for details.

Via this principle, the problem conceptively reduces to ifaigdthe minimum points of
h(t,€). From Table 1, for a sufficiently largé/y, it can be seen that, ik < 0.5, then
the minimum points for eachwith ¢;(¢) > 0 may be TWO pointg0, My } or {—My,0}.
Hence, in the case of < 0.5, the optimal solution of (9) is a measure ¢i/y,0} or
{—My,0}. This implies that the optimal solution of (9) should have following form
e (-) = me(-) X, -+, mm(+), wherex stands for the Cartesian product, and eaghwe adopt
is a measure ofi— My, 0, My }:

Mit(+) = pi()0ary () + vi(8)0-asy () + [1 = pi(t) — vi()]00(-) (10)
where p;(t) and v;(t) are non-negative weight functions. The optimisation peobl
corresponds to the determination of thgt¢) and v;(¢). Averaging with respect to;
corresponds to the optimal control signal when the noisallisPoisson¢ < 0.5). This
assignment of a probability density for the solution at é&ole is known in the mathematical
literature as a Young Measure [12, 13, 14]. Foriahdt, the weight functions satisfy: (i)
wi(t)+v;(t) < 1and (i) u;(t)v;(t) = 0 (owing to the properties mentioned above tht &;)
cannot simultaneously have batly, and— A1y as optimal).

Consider the simple one-dimensional system (6). We shallipe the explicit form of
the optimal control signak(t) as a Young measure. Taking expectation for both sides in (6),
we have

dE (x)

dt
Since we only minimise the variance [ih, T + R] for someT" > 0 and R > 0, the control
signalu(t) for ¢ € [0,T) is picked so that the expectation ©ft) can reach, at the time
t = T. After some simple calculations, we find a determinig{i¢) as follows:

= pE(z) + gA(?).

2o — xg exp(pT)
Tq

such thatE(x(T)) = 2. Then we pick\(t) = —pzy/q for t € [T,T + R] such that

dE(z(t))/dt = 0forallt € [T,T + R]. Hence,E(z(t)) = 2, forallt € [T,T + R]. In

the interval[T, T + R], as discussed above, for a sufficiently lafge, the optimal solution

of \(¢) should be a Young measure that picks value§in/y-, — My }. To sum up, we can

construct the optimal(¢) as follows:

OIQ) te[0,T)
() =19 Omy () his + 0oL+ B2 te [T+ RJif —pz/qg>0or
0nty ()50 +00( )1 — Al t € [T, T+ R]if pzo/q > 0.
)

It can be seen that i, T'), 7,(-) is in fact a deterministic function same ag).

A(t) = exp(p(—=T +1)), t € [0,T]
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4. Precise Control Performance

We now illustrate the control performance when the noisalisRoisson. For the general
nonlinear system (1), we cannot obtain an explicit expogs$or the probability density
functionaln[\], Eq. (10), or the value of the variance (execution error)weker, we can
adopt anon optimalprobability density functional which illustrates the pesty of the exact
system, that the execution error becomes arbitrarily smb#n the bound of the control
signal, My, becomes arbitrarily large. In the simple case (6), we rnuwaeif there is ai(t),
such that(z(t)) = z(t), then the variance becomes, expressed by Young measuyre

/ / exp(2p(t — 5))?|€[2*7(d€)ds

uls
= [ eptnte - a5
0 Y

which converges to zero a4, — oo, due toa < 0.5. That is, the minimised execution error
can be arbitrarily small if the bound of the control signél,-, goes sufficiently large.

In fact, this phenomenon holds for general cases. The namapprobability density
functional is motivated by assuming that there is a detestiincontrol signali(t) which
controls the dynamical system
CZ = A(z,t,u(t)) (11)
which is the original system (1yvith the noise removed he deterministic control signal)
causes:(t) to precisely achieve the target trajectafy) = z(¢t) for 7' < ¢ < T + R.

Then, we add the noise with the signal-dependent variarnce:x;|\;|* with somea <
0.5, which leads a stochastic differential equatidn,= A(x, ¢, \(t))dt + B(x,t, A(t))dW;.
The non optimal probability density that is appropriate fone ¢, namely 7, ;(§), is
constructed to have a mean over the control vafues/y , 0, My }, which equalsi(t). This
probability density is

. |G (1)] @i (1)
Nit(Ni) = My do(tynry (Ni) + (1 = My )60(Ai) (12)
whereo(t) = sign(u;(t)) and, by definition,u;(t) fMY Niflit(Ai)dA;. We establish in

Appendix B that the expectation condition ((B) above) h(aislymptotlcally when/y — oo,
which shows that the non optimal probability density fuoctl is appropriately ‘close’ to
the optimal functional. The accumulated execution err@oested with the non optimal
functional is estimated as

min \/ / T ettt = o(ﬁ) (13)

T
and, in this way, optimal performance of control, with sutid3on noise, can be seen to
become precise aly is made large. By contrast, if > 0.5, the accumulated execution
error is always greater than some positive constant.
To gain an intuitive understanding of why the effects of pase eliminated fotv < 0.5
we discretise the timeinto small bins of identical sizA¢. Using the ‘noiseless contral;(¢),
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we divide the time bir¢, ¢t + At] into two complementary interval§:, ¢ + |a(t)|At/My ] and

[t + |u(t)|At/ My, t + At], and assign\; = o(t)My for the first interval and\; = 0 for

the second. Wherht — 0 the effect of the control signal;(¢) on the system approaches
that of ,(¢), although\;(¢) and;(t) are quite different. The variance of the noise in the
first interval isx; MZ* and is0 in the second. Hence, the overall noise effect of the bin is
02 = =L pr2e = il (t)| M3, Remarkably, this tends to zero a, — oo if

a < 1/2 (i.e., for sub-Poisson noise). The discretisation preskntay be regarded as a
formal stochastic realisation of the probability densiindtional (Young measure) adopted.
The interpretation above can be verified in a rigorous maétiead way. See Appendix B for

details.

5. Application and Example

Let us now consider an application of this work: the contrblstraight-trajectory arm
movement, which has been widely studied [8, 9, 10, 11] andiegppo robotic control.
The dynamics of such structures are often formalised ingehcoordinate transformations.
Nonlinearity arises from the geometry of the joints. Theng®in spatial location of the
hand that results from bending the elbow depends not onljheraimplitude of the elbow
movement, but also on the state of the shoulder joint.
For simplicity, we ignore gravity and viscous forces, antya@onsider the movement of

a hand on a horizontal plane in the absence of friction. . etenote the angle between the
upper arm and horizontal direction, afdbe the angle between the forearm and upper arm
(Fig. 2). The relation between the position of hand z,| and the angle®,, 0, is

0, = arctan(zy/x1) — arctan(lysinfy/(l; + I3 cos 0z))

0y = arccos|[(x] + 25 — I — 13)/(20115)],
wherel, , are moments of inertia with respect to the center of masgh®upper arm and
forearm. When moving a hand between two points, a human maretheir arm so as
to make the hand move in roughly a straight line between tliepaints. We use this to
motivate the model by applying geostatics theory [8]. Thiplies that the arm satisfies an
Euler-Lagrange equation, which can be described as thenioly nonlinear two-dimensional
system of differential equations:

N(6,,6,) [ g-l +O(91,92,é1,92) [ gl ] =% [ gl ] ;
61(0) = =5, 62(0) = 5, 61(0) = 6:(0) = 0. (14)

In these equations

I 2 ?
LT ety Iy + mar3 + k cos Oy

N = +15 + mar + 2k cos 0, ,
Iy + mor3 + kcos b, I + myr3
0, 0,+6 AW,
C =ksinfy | - Lo ; Qi = Ni(t) + Kol Ni(2)” ,
6 0O dt
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wherem;, [;, andl; are, respectively the mass, length, and moment of inertiangspect to
the center of mass for th&h part of the system and = 1 ( = 2) denotes the upper arm
(forearm),r, , are the lengths of the upper- and fore-arms, @nid the scale parameter of the
force. Additionally,k = masl;75, while A, »(t) are themeansof two torques); »(t), which
are motor commands to the joints. The torques are acconthbyisignal-dependent noises.
All other quantities are fixed parameters. See [8] for thedetails of the model. The values
of the parameters we pick here are listed in Table 2.

For this example, we shall aim to control the hand such thatatts att = 0,
with the initial condition of (14), reaches the target at ihoatesH = [H,, H,| at time
t = T, and then stays at this target for a time interval/of We use the minimum
variance principle to determine the optimal task, which isrenadvantageous than other
optimisation criteria to control a robot arm [8, 11]. Lt (¢),z2(¢)] be the Cartesian
coordinates of the hand that follow from the anglégt), 6,(¢)]. The minimum variance
principle determinesin,, ,, ferR[var(xl(t)) + var(zy(t))]dt, subject to the constraint that
Elxi(t), xo(t)] = [Hy, Ho) for T <t < T + R, with —My < \; < My. Despite not being in
possession of an explicit analytic solution, we can corelilit ifo > 0.5, the optimisation
problem results from the unique minimum to the Hamiltoniategrand and hence yields
A1(t) and \y(t) which areordinary functions However, ifa < 0.5, the optimal solution
of the optimisation problem follows from a probability dégsunctional analogous to Eq.
(10) (i.e., a Young measure over € {—My, 0, My }). Thus, we can relax the optimisation
problem via Young measure as follows:

Qi = /_MY (fi + /€0|§i(t)|asz‘/dt> i (d§), i = 1,2,

and
ming, o [y var(e () + varfe(2()?)dt
Subject to E[z1(T), xo(T)| = [H1, Hs], t € [T, T + R| (15)
& € [=My, My].

We used Euler's method to conduct numerical computationts, avtime step 00.01
msec in (14). This yields a dynamic programming problem {@e#hods). Fig. 3 shows the
means of the optimal control signals,(¢) with a = 0.25 and My = 20000:

My

;\i(t> = /_ fni,t(dé’)a 1=1,2.

My
According to the form of the optimal Young measure, the optisolution should be

Wi’ém(s) +(1- ﬁg—@)ao(s)] ds  N(t) >0
ni,t(dS) = [%57My<s> + (1 — ‘S‘_t)‘)éo(é,)} ds j\z(t) <0

i
My
do(s)ds otherwise.
It can be shown (derivation not given in this work) that in #iesence of the noise term,
the arm can be accurately controlled to reach a given taogetfy7” > 0. In this case, Fig. 4
shows the dynamics of the angles, their velocities, andaaters, in the controlled system,
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removed noise. See, in comparison, the dynamical systemmwise, whose dynamics of the
angles, velocities, and accelerations are illustratedgn%; and its dynamics are exactly the
same as those in the case with noise removed. However, thkeetton dynamics of a noisy
dynamic system appear discontinuous since the contrchlsigihat have noises and are added
to the right-hand sides of the mechanical equations, amedisuous (noisy) in a numerical
realisation. However, according to the theory of stoclkadifferential equations [17], (14)
has continuous solution. Hence, these discontinuouseretiein dynamics lead very smooth
dynamics of velocities and angles, as shown in Fig. 5.

Figs. 6 (a) and (b) illustrate that the probability densiiydtional, for this problem,
contains optimal control signals that are similar to neptases. Despite the optimal solution
not being an ordinary function when < 0.5, the trajectories of the anglés andd, of the
arm appear quite smooth, as shown in Fig. 5 (a), and the tergeached very precisely if
the value ofMy is large. By comparison, when> 0.5 the outcome has a standard deviation
betweerd to 6 cm, which may lead to a failure to reach the target. A direchgarison
between the execution error of the cases 0.8(> 0.5) anda = 0.25(< 0.5) is shown in the
supplementary movies (supplementary videos ‘Video S1"®tto S2’) of arm movements
of both cases. Our conclusion is that a Young measure opsaiation, in the case of sub-
Poisson control signals, can realize a precise controbpmdnce even in the presence of
noise. However, Poisson or Supra-Poisson control sigraaiaat realise a precise control
performance, despite the existence of an explicit optirait®n in this case. Thus < 0.5
significantly reduces execution error compared with 0.5.

With differentT" (the starting time of reaching the target) aRdthe duration of reaching
the target), under sub-Poisson noise, hes 0.5, the system can be precisely controlled by
optimal Young measure signals with a sufficiently lafge. Since the target in the reachable
region of the arm, itimplies that the original differentsgistem of (14) with the noise removed
can be controlled for any’ > 0 andR > 0 [8, 9]. According to the discussion in Appendix
B (Theorem 2), the execution error can be arbitrarily smddew/y is sufficiently large.
However, for a smallef’, i.e., the more rapid the control is, the larger means of trerol
signals will be. As for the duratioR, by picking the control signals as fixed values (zeros in
this example) such that the velocities keep zeros, the athstay at the target for arbitrarily
long or short. Similarly, with a largé/,-, the error (variance) of staying at the target can be
very small. To illustrate these arguments, we tédke- 100 (msec) and? = 100 (msec) for
example (all other parameters are the same as above). Figowsghat the means of the
optimal Young measure control signals before reachingatget have larger amplitudes than
those wherl’ = 650 (msec) and Fig. 8 shows that the arm can be precisely cosdrodl
reach and stay at the target.

The movement error depends strongly on the value of the digpeindex,«, and the
bound of the control signall/y. Fig. 9 indicates a quantitative difference in the exegutio
error between the two cases< 0.5 anda > 0.5, if « is close to (but less thar)5. The
execution error can be appreciable unless a larfgeis used. For example i = 0.45, as
in Fig. 9, the square root of the execution error is approtetyd.6c cm whenMy = 20000.
From (13), the error decreases s increases, behaving approximately as a power-law, as
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illustrated in the inner plot of Fig. 9. The logarithm of theusire root of the execution error is
found to depend approximately linearly on the logarithmdGf whena = 0.25, with a slope
close to—0.25, in good agreement with the theoretical estimate (13).

We note that in a biological context, a set of neuronal pulam$ can achieve precise
control in the presence of noise. This could be a natural wagpproximately implement
the probability density functional whem < 0.5. All other parameters are the same as
above ¢« = 0.25). The firing rates are illustrated in Fig. 6 (a) and (b) andalifg coincide
with the probability density functional we have discussé&dparticular, at each timg the
probability n, , can be approximated by the fraction of the neurons that angfiwith the
mean firing rates equal the means of the control signals (stbdds). The approximations
of the components of the noisy control signals are showngs.FL0 (a) and (b) respectively.
Fig.10 (c) and (d) illustrate such an implementation of th8roal solution by neuronal pulse
trains. Using the pulse trains as control signals, we calisesprecise movement control.
We enclose two videos ‘movieUP.avi’ and ‘'movieDOWN.avi’'demonstrate the efficiency
of the control by pulse trains with two different targets. tAsy show, the targets are precisely
accessed by the arm. We point out that the larger the ensdambilee more precise the
control performance will be, because a large number of theams in an ensemble can
theoretically lead to a larg&/,, as we mentioned above, which results in an improvement
of the approximation of a Young measure and decreases tatexeerror as stated in (13).

We note that these kinds of patterns of pulse trains have haeely reported in
experiments, for example, the synchronous neural burstipgrted in [18]. This may provide
a mathematical rationale for the nervous system to adogegdike signals to realise motor
control.

6. Conclusions

In this paper, we have provided a general mathematical framefor controlling a class
of stochastic dynamical systems with random control sgmdiose noisy variance can be
regarded as a function of the signal magnitude. If the dsperindex,«, is < 0.5, which is
the case when the control signal is sub-Poisson, an optohatien of explicit function does
not exist but has to be replaced by a Young measure solutlue.pirameterized measure can
lead a precise control performance, where the controllingy €an become arbitrarily small.
We have illustrated this theoretical result via a widelyes¢d problem of arm movement
control.

In the control problem of biological and robotic systemggéacontrol signals are needed
for rapid movement control [21]. When noise occurs, thisgdlise imprecision in the control
performance. As pointed out in [9, 22, 23, 24, 25], a tradesbbuld be considered when
conducting rapid control with noises. In this paper, wd g8k a "large” control signal but
with different contexts. With sub-Poisson noises, we pdayat a sufficiently largé/y, i.e.,

a sufficiently large region of the control signal values, tead precise control performance.
Hence, a large region of control signal values plays a clugli@in realising precise control in
noisy environments, for both "slow” and "rapid” movemenntwl. In numerical examples,
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the largerMy we pick, the smaller control error will be, as shown in theeinglot of Fig. 9
as well as (13) (Theorem 2 in Appendix B).

Implementation of the Young measure approach in biologscaltrol appears to be a
natural way to achieve precise execution error in the pesai sub-Poisson noise. In
particular, in the neural-motor control example illustihttbove, the optimal solution in the
case ofv < 0.5 is quite interesting. Assume we have an ensemble of neurbichfire pulses
synchronously within a sequence of non overlapping timedaivs, as depicted in Figs. 6 C
and D. We see that the firing neurons yield control signalsiviare very close, in form, to
the type of Young measure solution. This conclusion may idea mathematical rationale
for the nervous system why to adopt pulse-like trains toigeahotor control. Additionally,
we point out that, our approach may have significant ramiéoatin other fields, including
robot motor control and sparse functional estimation, Wiaiee issues of our future research.
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M ethods

Numerical methods for the optimisation solution. We used Euler's method to conduct
numerical computations, with a time stepf = 0.01 msec in (14) withv < 0.5. This yields

a dynamic programming problem. First, we divide the time donf0, 7'] into small time bins
with a small sizeAt. Then, we regard the process, in each time binnAt, (n + 1)At]
as a static measure variable. Thus, the solution reducesdindi two series of nonnegative
parametersg,; ,, andv; ,, with p; ,, + v;, < 1 andy; ,v;,, = 0 such that

My  nAt <t < (n+ pi,)At
0 (N4 pim + vin) At <t < (n+1)At.

The approximate solution of the optimisation problem regginonnegativg; ,, andy; ,, that
minimise the final movement errors. We thus have a dynamigraroming problem. We
should point out that in the literature, a similar method waxposed to solve the optimisation
problem in a discrete system with control signals taking/dawo values [11, 19, 20]. Thus,



Precise Mechanical Control 15

the dynamical system (1) becomes the following differergpgagions via the Euler method:

.CL'Z(k'—l— 1) :xz(k)+At{az tk +wa tk ,Lij —Vj k]My}

+ Z bw(l‘(k‘), tk)lij V At(ﬁ%k + I/jvk)M%I/j, k= 0, 1, 2, T,
7j=1
wherev;, j = 1,...,m, are independent standard Gaussian random variables. Wiedse
difference equations for the expectations and variance$/gf by ignoring the higher order
terms with respect ta\¢:

E(zi(k + 1)) = E(x(k)) + At{Ela(x(k), )]
3 Bl (k) ) [y — vi) M |

cov(zi(k+1),zy(k + 1)) = cov(x;(k),zs(k)) + Atcov <:ci/(k), {ai(x(k), tx)

+ Z bij (x(k), ti) [k — vip) My } )

+ Atcov (xl(k), {ai(z(k), tx) + Z birj(x(k), t) [ h — l/ng]My})
+ AtZ cov (B (o (R} t), by (o), 14)) g+ Vi) M.

Thus, Eq. (9) becomes the following discrete optimizatioybem:

min#i,k#’i,k Zk; Val”( ( ( ) tk))
subject to  E(¢(z(k),tr)) = 2(tk), mik +vip < 1, (16)
Mig = 0, Vi =0

with z(k) a Gaussian random vector with expectatiBiz(k)) and covariance matrix
cov(z(k), x(k)).

Neuronal pulse trains approximating Young measure solution. At each timet, the
measure); can be approximated by the fraction of the neuron ensemhleatie firing. In
detail, assuming that the means of the optimal control $sgaee R, ;(¢), ¢ = 1,2, and
there are one ensemble of excitatory neurons and anotheméies of inhibitory neurons.
A fraction of the neurons fire so that the mean firing ratesBati

X() = 7 {BIR(1)] - BRI (1)]},

where R¢*'(t) and Ri"'(t) are the firing rates of the excitatory and inhibitory neurons
respectively, and, is a scalar factor. In occurrence of sub-Poisson noise, ¢isy rcontrol
signalsu; (t) = Aj () + G;(¢) are approximated by

ui (t) = y[RE™ () — R™(¢)-
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Both ensembles of neurons are imposed with baseline aesiyivhich bound the minimum
firing rates away from zeros, given the spontaneous aets/f neurons when no explicit
signal is transferred. A numerical approach involves @sse timet into small bins of
identical sizeAt. The firing rates can be easily estimated by averaging theilatpn
activities in a time bin. We have usdd0 neurons to control the system, with two ensembles
of neurons with equivalent numbers that approximate thé dinsl second components of
control signal, respectively. Each neuron ensemble béd@meurons withl 00 excitatory and
100 inhibitory neurons.

Appendices

Appendix A: Derivation of formula (8)

Let: W be the time-varying p.d.fp(z, t) that is second-order continuous-differentiable with
respect tor andt that is embedded in the Sobolev function spHcg?; 1V, be the function
space ofp(z, ty), regarding as a function with respectitavith a fixedty; 1, be the function
space of(zo, t), regarding as a function with respectttwith a givenz,. The spaces$l’; »
can be regarded being embeddediin In addition, let:7/ be the function space where the
imageL[W] is embedded]. be the space of linear operat6r denoted aboveZ’ (Z, E) be
the space composed of bounded linear operator from lineaespto £; andZ* be the dual
space of the linear space 7* = Z(Z,R). Furthermore, led) be the tangent space of
Young measure spade Y = {n—1' : n,n/ € Y}. For simplicity, we do not specify the
spaces and just provide the formalistic algebras, and tefotlowing is similar to Chapter
4.3 in [12] with appropriate modifications.

Define

D) = / / |6z £) — () |Ppla, )t

(p,n) = <ap (£-n)ep,p(z,0) - (x)>

ot
— [ 6t 0. )iz - =(0) a7
Thus, (9) can be rewritten as:
min, (p)
{ subject to II(p,n) =0, J(p) = 0. (18)

The Gateaux differentials of these maps with respepttot), denoted byv -, are:

T+R
(V,8) 0 (p—p) = / 16z, t) — ()P [p(z t) — pla, D)dardt

T =

(Vo (p—p) = (222 —<£-n>o@—p),ﬁ(x,m—p(x,m)
(Vpd) o / oz, ) [p(x,t) — p(a, t)]de
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for two time-varying p.d.f. p,p € W. Here,V,® € W* V,II € LW, W x W),
V,J € Z(W,W,). And, the differentials of these maps with respect to thengpmeasure
are:

(V@) - G =) = 0
(Vull) - (7 =) = ((Lop) - (7= n).0)
(Vd) - (=) =0

for two Young measureg,n € Y. Here,V,® ¢ Y*, V,II € Z(Y,W x W), and
V,J €LV, Wy).

Then, we are in the position to derive the result of (8) by tieoWing theorem, as a
consequence from Theorem 4.1.17 in [12].

Theorem1l &: W — W* I1: W x)Y —RandJ: W — W, as defined in (17). Assume
that: (1). the trajectory of(¢) in (4) is bounded almost surely; (2)(x, t), b(z, t) and¢(x, t)

are C? with respect tqz, t). Let(n*, p*) be the optimal solution of (9). Then, there are some
A€ LW x Wi, W*), Ao = [har, Aao] T With Mgy € ZL(W, Ws), and Ay, € Z(Wy,, W),
such that

Ao VII(p*,n") = V,@(p"), Ao V,II(p*,n*) =V, J(p%), (29)
and the abstract maximum principle
nj{minima of h(t,&) w.r.t f} =1,Vte|0,T+R]. (20)

holds with "abstract Hamiltonian”:

i=

i1 i [B(x, t,€)B(a, t g)Ty&}dx (21)
2 by T T Y 001 '

Proof. Under the conditions in this theorem, we can conclude thatRbkker-Planck
equation has a unique solutigrin) that is continuously dependent gffrom theory of
stochastic differential equation [17Ji(-, ) : W — W* is Fréchet differentiable at = 7(n)
becauser(t) is assumed to be almost surely bound&dp,-) : YV — W* andJ (in fact
V.,J = 0) is Gateaux equi-differentiable aroupd: W because of € W C W22 with (z,t)
bounded [26]; the partial differential, I is weak-continuous with respect fadbecause it is
linearly dependent of.

In addition, from the existence and uniqueness of the FeRkamnck equation,
VI(p,n) : W — Im(V,I(p,n)) C W x W, has a bounded inverse. This implies that
the followingadjoint equation

o Vpll = V@ + c(t) 0V, J,
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has a solution fop = p(n), denoted by:. Let . = [u1, po], which should be solution of the
following equation

B (L) o = =gl 1) — 21| = e(t)(a, 1)

p2(z) = pa(,0) (22)

pi(z, T+ R)=0 tel0,T+R| zeZ,
with the dual operatof* of £ (the operator in the back-forward Kolmogorov equatiori)l, st
dependent ofz, t) and the value oh(t ) (namelyg in Young measure):

n 82(]
* _ T
qu_;az(xtﬁ Z (x,t,&)B xt&)]zjﬂ.
We pick\; o(t) with 11 = A\ +¢(t) A1 andpg = A1 +c(t)Aa2. S0O,); 2 should satisfy equation
(19). Infact,\; » can be regarded as functions (or generalized functionk)re#pect tdz, ¢).
Thus, the conditions of Lemma 1.3.16 in [12] can be verifietjclv implies that the

gradients of the map® and.J with respect ta;, by regarding = p(n) fromIl(p,n) = 0, as
follows:

0=V, o -\ oV,II 0J=V,J - 0oV,IL
From the abstract Hamilton minimum principle (Theorem#7in [12]), applied to each
solution of (9), denoted by*, there exists a nonzero functiofY) such that
H(n) = 02(n") - 11+ (c(t), 0] (") - ), Vij € Y (23)
is an "abstract Hamiltonian’, with respect#o With the definitions of\, », (23) becomes
H(ﬁ) = VWCI) ’ 77 + Can ’ 77 - <,u7 VnH ’ ﬁ) = _<,u7 VnH ' ﬁ>7
owingtoV,® =V, J = 0.
By specifyingu with A, 5, we have
H() = — {p, V,yIL- 1) <u1,[£op] ) ==L om]-7)

s (3eero;

T 82M1 -
4= Z (2,4,€)B(x, 1,€) ]ijm}mdé)dmt,

wherep* stands for the time-varying density corresponding to theénogd Young measure
solutionn*. From this, lettingg = ), we have the "abstract Hamiltonian” in the form of (21)
as the Hamiltonian integrand &f (-).

The Hamiltonian abstract minimum (maximum) principle icatties the optimal Young
measure,); is only concentrated at the minimum pointsigt, ) with respect ta for eacht,
namely. That is, (20) holds. This completes the proof. |

From this theorem, since the variances depend on the madegnit the signal as
described in (3), removing the terms withaytit is equivalent to look at the minima of
h(t,€) in the form of

h(t, &) = Z hi(t,&),  hi(t, &) = gi(®)]&[** — fi()& (24)
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instead ofi(¢, ¢), where

0
]Zl/a xtﬂxtauldx
2m
iy

J,k=1

0
Ot dzx.

p x,t)bj;(z, )bk (x, t)ax]@xk

\

This gives formula (8).

Appendix B: Derivation of precise control performance (13)
The control performance inequality (13) can be derived ftbenfollowing theorem.

Theorem 2 Let 2 be the solution of equation (11) ald< « < 0.5. Assume that there
are a positive measurable functieiz) and a positive constart; such that||A(x,t,u) —

Ay, tuw)ll < w@lle =yl 1B, bl < w() 305 [wl* andé(z,t) — ¢y, 1) <
Ci||lx — y|| hold for all z,y € R™ and¢ > 0. Then, for any non-random initial value,
namelyx(0) = E(x(O)), with the non-optimal Young measure (12), we have

Q) [ IE@E) - 20)] = 0;

(i) min, \/fT T Var(x)dt = O(W)

asMy — oo.

Proof. Comparing the differential equation of i.e. (4), and that oft, (11), we have
d(x—1z) = [A(z, t,u) — A(Z, t,0)|dt + B(z, t, A(t))dW;. And, replacing\(¢) with the Young
measurey(-), in the form of (12), from the conditions in this theorem, vwavé

Blle(r) — o) = B{ [ [A(e(t).t.) - AG(0). 1. )t}
+B{ / B, t, )it}

<B{ [ 5Ot~ a(0)at +Z/ ()M -yt
S/OTKZ(S)d / E||z(t) H2dt+2/ 7 L ()]dt,

for anyr > 0. By using Gronwall’s inequality, we have

T+R T+R
/ E|lz(r) — ()| drdt</ Ela(r) — i(r)|2drdt <
/ o exp / o / des — 5 Zm: r(t)|ag(t)|dt. (25)

Y k=1

Noting that for0 < a < 0.5, limy;, e 1/ML 72 = 0 implies that [} " El|z(r) —
2(7)||?drdt = O(1/My**) as Mygoes to infinity. This proves the second item in this
theorem.
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In addition,

T+R T+R
/ [E(z(t)) = 2(0)] < @\/E/T {llz(t) — 2(@t)|]>dt}

T

also approaches zero a$, goes to infinity. This proves the first item of the theorem.sThi
completes the proof. [ ]

Hence, as\/y goes to infinity, the non optimal solution (12) can asymgtty satisfy
the constraint and the error variance goes to zerd/asgoes to infinity. Therefore, the
performance error of the REAL optimal solution of the opsation problem (9) approaches
zero asMy — oo in the case ofv < 0.5. Furthermore, we can conclude from (25) that the
execution error, measured by the standard deviation, capf®ximated as (13).
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Figure 1. lllustration of possible minimum points of the functign(t)|&;|>* — f:(t)&; in
hi(t,&;) with respect to the variablg; with ¢;(t) = 1, fi(t) = 2 and My = 10 for

a = 0.8 > 0.5 (blue curves) andv = 0.25 < 0.5 (red curves): (a). the plots of
gi(t)|& %> — fi(t)& with respect tog; for a = 0.8 (blue) anda = 0.25 (red) and their
mimimum points; (b) the inner plot af; (t)|&:]%* — fi(t)¢; for & € [0,0.2] to show that the
& = 0 does be a minimum point far = 0.25 (red); (c). the plots of the derivatives of
gi(t)|&: 1> — fi(t)&; with respect tc; for a = 0.8 (blue) andx = 0.25 (red).

Target

X

H=(x, (1).%,(1)

Figure 2. lllustration of the arm control. Arm is composed of threenisi(P, @, and H),
whereP is fixed and others not, and two arms (upper &t and the forearnd) /). Button
H is to reach some given target (red cross) by moving front-eaud-arms.

Table 1. Summary of the possible minimum points of (8).
gi(t) > 0 gi(t) <0
a > 0.5 onepointin[—My, My] {My}or{—My}
a<05 {0,My}or{0,—My} {My}or{—My}
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Figure 3. The means of the optimal control signals(t) (blue solid) and\, (green solid) in
the straight-trajectory arm movement example with= 0.25 and My = 20000. The blue
and red dash vertical lines stand for the start and end tinrgof the duration of reaching
the target respectively.
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Figure 4. Optimal control of straight-trajectory arm movement modéh parameters listed

in Table 2. Targetis set b§; (1') = —1 and6>(T") = 7 butwithout noise The dynamics of
the angles (a), the angle velocities (b) and acceleratn$he blue solid curves for those of
#, and the green solid curves fé5). The blue and red dash vertical lines stand for the start
and end time points of the duration of reaching the target.
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Table 2. Parameters.

Parameters Values
masses (of the inertia w.r.t the mass center) my = 2.28 kg, my = 1.31 kg
lengths (of the inertia w.r.t the mass center) [ =0.305m, 1l =0.254m
moments (of the inertia w.r.t the mass centel) = 0.022 kg - m?; I, = 0.0077 kg - m?
lengths of arms ry = 0.133m, ry, = 0.109 m
reach time T = 650 ms (exceptin Figs. 7 and 8)
duration R = 10 ms (except in Figs. 7 and 8)
target 0 (T)=—1,05(T) =7/2
scale parameter ro =1
noise scale ko =1
bound of the control signal My = 20000, except in Figs. 1 and 6
and the inset plot of Fig. 9
time step At =0.01 ms
2
o @ i
D
_2 | | | | | |
0 0.1 0.2 0.3 0.4 05 0.6
§N (b) / \
%4

|
0 0.1 0.2 0.3 0.4 0.5 0.6
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Figure5. Optimal control of straight-trajectory arm movement modith noiseand the same
model parameters as in Fig. 4, and= 0.25, My = 20000: The dynamics of the angles (a),
the angle velocities (b) and accelerations (c) (the bluiel sirves for those of; and the red
solid for6;). The blue and red dash vertical lines stand for the stareaddime points of the
duration of reaching the target.
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Figure 6. Optimal control signal of Young measure of straight-trégeg arm movement
model with noise, illustrations fok; (a) andX; (b) in discrete-time way with\/y = 5,
where width of each bar stands for measur@/ff at each time bin.
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Figure7. Means of the optimal control signals (¢) (blue solid) and\,(¢) (green solid) in the
straight-trajectory arm movement example with= 100 (sec) and? = 100 (msec). The blue

and red dash vertical lines stand for the start and end tinmegof the duration of reaching
the target.
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Figure 8. Optimal control of straight-trajectory arm movement modéth noise with
T = 100 and R = 100 (msec): The dynamics of the angles (a), the angle veloqitigs
and accelerations (c) (the blue solid curves for those, adnd the red solid curves fok).
The blue and red dash vertical lines stand for the start addiere points of the duration of
reaching the target.
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Figure 9. Performance of optimal control of straight-trajectory amovement model:
Relationship between the executive error, measured by staadard variance, and dispersion
indexa with My = 20000 and Log-log plot (the inner plot) of the the relationshipveetn
executive error and bound of the Young measlufg with o« = 0.25 where the dash line is
reference line with slope 1/2 + o« = —0.25, as shown in (13).
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Figure 10. Spiking control of straight-trajectory arm movement modal). Approximation
of first component«(;(¢)) of the optimal Young measure control signal by spike tra{b$.
Approximation of second componenti(t)) of the optimal Young measure control signal by
spike trains; (c) and (d). Approximation of optimal contsanal(), » by spike trains of a set
of neurons.



