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ABSTRACT

We construct a continuous-time martingale to analyze two queue-
ing systems: One is the GIX/M/1 queue with light-tailed batch
arrivals for which we obtain an exact result in closed-form when X
has a Geometric distribution, and stochastic bounds otherwise. The
second application concerns queues with Semi-Markovian (SM)
inter-arrival times; of particular interest is the scenario with multi-
plexed SM sources whose aggregate loses the SM property. Unlike
existing exact but implicit solutions which rely on numerical trans-
form methods, even in the M"/M/1 case, our stochastic bounds are
in closed-form and shown to be (mostly) numerically accurate.
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1 INTRODUCTION

Martingale-based methods can address many challenging queues in
terms of closed-form stochastic bounds; these are numerically accu-
rate especially in heavy-traffic and significantly improve upon alter-
native bounds obtained using large-deviations or network calculus
approaches. Starting with the GI/G/1 analysis by Kingman [16], in
terms of exponential bounds, recent studies addressed diverse sce-
narios with Markovian arrival processes [4, 7, 9, 13, 14, 21], various
scheduling algorithms [23], or multiple-access protocols [24].

In this paper we construct a continuous-time martingale which
is structurally similar to existing martingales but is formulated
in terms of the counting processes corresponding to arrivals and
services, as opposed to using compound arrival processes as in [9].
This simple twist enables our main result in queues with batch
arrivals, which are a natural abstraction in a variety of scenarios in-
cluding sensor networks, cloud computing, or even cognitive radio
networks [25]. Concretely, we provide an exact result in closed-
form for the GIX/M/1 queue, whereby the arrivals follow a renewal
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process but occur in batches/bulks of a (Geometric) random size
X1, In the more general case, when X has a light-tailed distribution,
our results are expressed as stochastic bounds. We note that the
classical GIX/M/1 analysis rests on transform methods; these are
numerically challenging even in the M" /M/1 case with determinis-
tic X = r (see §3).

The second application is in queues with Semi-Markovian arrival
processes (SMPs), which jointly generalize renewal and Markov
processes: the inter-arrival times not only can have general distribu-
tions but can also be correlated. Studying these models is motivated
both by measurements (e.g., [5, 10, 19, 30, 33]) and analytical studies
demonstrating a wide variability in the queue size as a function of
the autocorrelation. For a specific queue with Markov-dependent
interarrivals and exponential service times, the queue size can grow
by as much as a factor of 9 at high utilizations depending on the
lag-1 autocorrelation r (i.e., the correlation coefficient between two
consecutive inter-arrivals) [31]; the baseline (renewal) case is r = 0.
Significantly larger differences have been reported in [22], in the
case of a queue with Markov renewals inter-arrivals (the modulating
Markov chain has two states only) and exponential inter-arrivals.
In the case of high utilizations (around 0.9), the queue size can
grow by a factor of 100 by increasing the lag-1 autocorrelation from
r = 0.1 to 0.7. Other extraordinary queueing effects when injecting
autocorrelation in the interarrival times were reported in [18].

There are several computational/algorithmic methods to exactly
analyze SM queues: One of the earliest works used transform meth-
ods for SM/M/1 [6]. Wiener-Hopf factorization was considered
in [11] for SM/SM/1; explicit factorizations are available in special
cases, e.g., the SM/M/1 queue, subject to some technical conditions
(see also [12]). An iterative procedure was proposed in [29] for
the SM/PH/1 queue. Transform methods are used in [1, 3] for the
analysis of the SM/SM/1 queue, additionally subject to correla-
tion between arrivals and service (there is a single Markov chain
modulating both arrivals and service times); a related more general
model is analyzed in [2] using matrix-analytical methods. Earlier
applications of matrix-analytical methods were considered for the
SM/PH/1 queue in the classical text [20], p. 159. As pointed out
in [11], some of these methods are insufficiently understood from
a numerical/computational point of view.

Using the newly constructed martingale, the SM/M/1 analysis
proceeds similarly as for the GIX/M/1 queue. While an identical
analysis could be obtained using a (discrete-time) martingale, for
suitable random embedding points (see § 4.1), the key advantage of
the proposed (continuous-time) martingale is that it also applies to
the ZSM/M/1 queue involving a superposition (the ‘%’ of multiple
SM arrivals. The key challenge arising in these systems is that the
superposed arrival process is not stationary, let alone SM. The same
idea has recently been used for XGI/G/1 [9] but using a different

! This model corresponds to a GI/M/1 queue given that a geometric sum of iid expo-
nential random variables yields an exponential random variable.
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(continuous-time) martingale, which does however not lend itself
to the GIX/M/1 exact solutions herein.

In the following, we first introduce the model and present two
key Lemmas for the construction of continuous-time martingales.
Next we analyze the GIX/M/1 and then the SM/M/1 and SSM/M/1
queues, along with some numerical comparisons of the bounds
against simulations. Some conclusions and an Appendix including
some helpful auxiliary results conclude the paper.

2 MODEL AND TWO LEMMAS

Jobs arrive in the order n+k—1,n+k—2, ..., 0 with the convention
that job 0 is the last before time 0. For i > 1, the inter-arrival
time between jobs i and i — 1 is denoted by T;; job 0 arrives Ty
time units before time 0. The service time of job i is denoted by
Si. The sequences (Tn)nen and (Sn)nenufo} are stationary and
independent of each other. Let E[T},] = %, n>1E[S,] = /ll’ n>0,
and assume for stability that the intensity p := % <1

We are interested in the number of jobs Q in the system (queue +
service) at time 0, whose steady-state distribution can be written as

n+k—1 Jj-1 n+k—1
> = li
P(Q = k) nlgl(lx)IP ksr})2§+k IZ: Tl+l;151 > IZ(; T;
=j k- =

By changing the subscript in S; from [ to I — k + 2 this can be
rewritten as

POQ=2k)=P(@m=1:S1+--+Su>To+ -+ Tpyg_2)
=P (sup{A(t) -S(t)} = k) ,
>0

where A(t) is the number of arrival points within the interval
[-%,0) and

S(t) :=inf{n >0:S51+---+Sp41 > t}

is the other counting process corresponding to the service times’
process. By abuse of notation, let

Q= S;lilg{A(t) —-S(0)}. 1)

Besides P(Q > k), we also consider the corresponding Palm
distribution conditional of an arrival at time 0, i.e.,

Po(Q > k) = imP(Q > k | A(S) > 0),
510

where A(5) denotes, with abuse of notation, the number of arrival
points in (0, §]; the limit is the right-limit. The Palm probability
P4 (-) is to be understood as the probability of an event just before
an arrival; denote also by E, the corresponding expectation.

2.1 Two Lemmas

Our technique relies on the construction of (continuous-time) mar-
tingales from the counting processes A(t) and S(¢). The next two
lemmas offer the technical support.

Let (Q, 7, P) be a common probability space and £! the class of
integrable random variables (i.e, E[|X]|] < o0). Let X = (X;)s>0 be
a (continuous-time) stochastic process in £! and ; = o(Xs, 0 <
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s < t) be the corresponding natural filtration. By definition, X; is a
(continuous-time) martingale if X; € £! and

E[X: | Fs]=XsYVO<s<t.
Define the auxiliary (random) functions V¢ > 0
fi(s) =E[Xiss | Fz] Vs = 0 and
gi(s) = fe(s) = £e(0) _ E [Xt+s — X¢ | T2l

S S

Vs > 0 a.s.

LEMMA 1. The process X; € L is a martingale if and only if it
satisfies the following conditions for all t > 0:
(i) f:(s) is continuous in s;
(ii) fi(s) is (right-)differentiable at s = 0 and f/(0) = 0;
(iti) 38; > 0 3Y; € L1 such that |g:(s)| < Yz Vs € (0,6).

This result generalizes a particular result from [9] for the con-
struction of martingales from MAPs.

Proor. The necessity of the three properties is trivial: The first
two follow from f;(s) = X; Vt > 0; the last follows from g;(s) =
0Vs>0.

For the other direction, fix t > 0 and s > 0. We can write

+9) - E[X -X,
206) i BOTD O B Ky~ Xres | 7
510 ) 510 8
- lim E [E [Xt+s+5 — Xit+s | 7:t+s] | 7:t]
310 1

~lmE (g1 (8) | 7] =2 [g%gm(a) | ﬂ]

lim frs(8) = frs(0) | Tt]
510 1

=E[f/s(0) | 7] =E[0]| F2] = 0.

In the first line we used the Tower Property for conditional expecta-
tions. In the next we applied (iii) and the Dominated Convergence
Theorem, and lastly we applied (ii). This shows that f/(s) is right-
differentiable and f/(s) = 0 Vs > 0. Using the continuity of f;(s)
from (i) it then follows that f;(s) is a constant, i.e.,

E[Xess | F1] = fe(s) = f2(0) =E[X; [ F2] = X; Vs 2 0.

=E

]

Note that the continuity condition (i) is needed for the last
argument, whereas (iii) is needed for the interchange of the limit
with the expectation.

We shall use Lemma 1, and more precisely the differentiability
condition (ii), for martingale constructions?. Because validating
the condition (iii) is exceptionally difficult/tedious, we will prove
the martingale property using the next result.

LEMMA 2. Let Y; be a Markov process on a state space E with
generator (A, D(A)). Assume that there exist a sequence of stopping
times 1 T 00, K € N, such that {Yiary, t > 0} is a stopped Markov
process with state space Ex C E, foreachK e N. Let f : E > R be a
measurable function bounded on Ex, for each K € N. IfAf(Y;) =0

2 An example of a stochastic process which does not satisfy (ii) is X; = |B; |, where
B; is the standard Brownian motion. Indeed f3(s) = E[|Bs| | %o] = E[|Bs|] =

2
I~ PR = Py L. o .
fo 2x st 2s dx = /2, which is not right-differentiable at 0.
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forallt < tx then {f (Yenzg ), t =
{f(Y:),t > 0} is a local martingale.

0} is a martingale, and hence

This is an application of Dynkin’s Formula (see Appendix § A).
This result along with a careful technical argument (see the proofs
of Corollaries 3 and 5) are particularly needed because Dynkin’s
Formula cannot be directly applied to show that the constructed
processes X (t) are martingales, because they are not bounded.

Proor. Fix K € N and let f|g, : Ex — R be a bounded measur-
able function. Applying Dynkin’s Formula for {Y; a7, t > 0} yields
the martingale

¢
M; = f(Yearg) — /0 Af (Ysarg)ds

and hence
IANTK
Munog = fTinn) = [ AF(R)ds = f(Yinzg)
0
by using Af(Ys) = 0 for s < rg. The rest is clear. O
3 GI*¥/M/1

We can now proceed with the general analysis of the GIX /M/1
queue and then consider several special cases.

The arrivals are driven by a renewal process; denote by f(¢) and
F(t) the density and distribution, respectively, of the inter-arrivals.
The arrivals occur in bulks/batches following the distribution of
a (non-negative) discrete random variable X > 0; the arrival rate

is thus AE[X] and the service rate is scaled to y := ’UE[ I Let the
moment generating function (MGF) Mx (0) := Zl‘:’ 1 ]P’(X k)efk,

1f 1(7 <)t) be the hazard rate of T} and

L({)=E [e‘ng] be the corresponding Laplace transform, where

for some 6 > 0. Let also y(t) :=

{ = p(1 — e~?). Denote also by R(t) the remaining lifetime of
the arrival process at time —t; recall that we are interested in the
steady-state queue size Q = sup,({A(t) — S(¢)} at time 0.
We assume that the batch size is light-tailed, i.e., it admits finite
moment generating functions. Concretely, we assume that
sup{6 > 0 : E[eax] < o0} € (0,00]
and also that there exists 8 > 0 such that

9(0) =B[e?X]L({) € [1,00) . )
This latter condition prevents X from having a ‘thin’ tail; such
a case could be easily treated by our framework by constructing
super-martingales rather than martingales, as done next. A certainly
interesting case, but not covered by our framework, is when X has
a heavy-tailed distribution.

CoROLLARY 3. (THE MARTINGALE) The process
X; = h(R(t))e?AD=SW) 4 5 ¢
is a (continuous-time) martingale, where
Mx (0) [ e €5 f(s)ds
(1-F(t)e ¢!
and 0 > 0 is the largest solution of
Mx ()™ = L() . ®)

h(t) =
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Moreover, h(t) is bounded.

A key element in the structure of X; is the random function h()
which takes as parameter the ‘memory’ R(t) at time —t. This is
needed to compute the probability of an arrival within the inter-
val [—(t + §), —t) in terms of the corresponding hazard rate, i.e.,
Y(R(#))8 +0(J) for some small § > 0, where limg_, (5) = 0. Note
that the hazard rate replaces the rate A, had the arrival process been
a Poisson process.

Proor. Fix t > 0. The expressions for 6 and h(t) follow by

invoking condition (ii) from Lemma 1, i.e.,

E [Xt+5 - X: | ]

ffo=0e g?g 5 =0
B [h(R(t+5))69(A(t,t+5)—5(t,t+5)) —h(R(D)) | 7_}]
< lim =0.
510 8

Expanding the expectation yields
hrl% ( (R(£))6(1 = p6)h(0)Mx ()

+(1 = y(R(1))8)(1 — pd)h(R(t) + )

+(1 = y(ROIOOR(R(1) +8)e™0 = hR(1)) +0(8)) =0 (@)
We note that on an arrival R(t + §) = 0, i.e., the residual lifetime
resets itself, whence the term h(0) in the first line; we also used the

conditional independence of A and S. Denoting for convenience
R(t) = t and rearranging terms we obtain

h'(t) = (y(t) + Oh(t) — y(H)h(0)Mx (0) .
Setting the initial value problem with A(0) = 1 (note that A(t) can
be arbitrarily scaled) yields

1- My (6) [ e f(s)ds
(1-F(t))e5!
Imposing that A(t) is to be bounded, Mx (6) fom e’gsf(s)ds =1
must necessarily hold because (1 — F(r)e %t - 0. This yields

h(t) =

the expression of h(t) and the condition on 6 from the Corollary.
To show the existence of 0 we need to show that there exists a
solution to g(0) = 1. Using g(0) = 1, the assumption from (2), and
the stability condition ¢’ (0) = E[X] — pE[T,+1] < 0 the existence
of 0 is proved. We take 6 := max{r : g(r) = 1}.
Next, to show that h(t) is bounded we integrate by parts:

_ [ e F(s)ds — et
h(t) = Mx(e)(“ (1= F(t)e ¢!
g/[ —§5ds—e
< Mx(e)(l+W)

Mx(0) .

Finally, to prove that X; is a martingale, let the Markov process
= (A(t) = S(t),R(t)),t > 0 and define

=inf{t > 0:A(t) - S(t) > K}
for all K € N, with the convention that inf ¢ = oo, and
FN,£) = h()eN |
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for all N € N and ¢t > 0. Consider the stopped Markov process
Yinrg- We have for N < K -1

Af(N,t) = Sim %E[f(Ya) —f(N,t) | Yo = (N, 1)]

-~ lim 28| At + 8)e™N (1 = y()5 - o)

—0 0

+h(0)e?XeNy(1)5 + h(t +8)e? NV s + 0(5)]

= N (0 = (@ +y(Dh(1) +y(OROE[] |
Therefore Af (N, t) = 0 if and only if

R (8) = (L +y(D)h(2) + Y (E[eXTh(0) = 0,

which holds by construction. Hence, by Lemma 2, f(Y;) = X; is
a local martingale. According to Theorem 9, the local martingale
f(Y:) is a martingale if and only if it is of class DL, i.e, for every t > 0

the set {f(Yr), stopping time 7 < t a.s.} is uniformly integrable.

We have for 7 < ¢t
[F(Yo)] < [hloe?4 D
and

9A(t) ZE 0x kP(Al(t) — k)
k=1

where A1(t) :=inf{n > 0: To+T; +--- + T, > t}. By applying
Lemma 12 for A we get E[eeA(t)] < co. Therefore, f(Y;) = X;,t >
0 is a martingale. O

THEOREM 4. (QUEUE DISTRIBUTION) Let
Kx(i) =E[e?XD | X >i]ieN.
Then for allk > 1

o0k o0k
———— <P(Q2k) <
sup; ey Kx (i) ~ a(Q = inf; eny Kx (i)
and
X7 _
p E[e""] -1 0k < p(Q > k)
E[X] sup; ey Kx () (1 — e9)
P E[efX] -1 o0k

>

~ E[X] inf; e Kx (i) (1 — e79)
with 6 and h(t) from Corollary 3.

Proor. Fix k > 0 and let the stopping time
=inf{t: A(t) - S(¢t) 2 k} .

For some ¢t > 0, applying the Optional Stopping Theorem to the
martingale X; from Corollary 3 yields:

Eq[Xo] = Eq [XTAt] = Ea [X71T<4] + Bq [ X 75 ¢]
= Ba |h(R(T)" A= 1r |+ Eq [Xedrse]
where 1. denotes the indicator function. A key observation is that
h(R(T)) = h(0) = 1, because T must happen at an arrival point

(of a batch). Moreover, E4[Xo] = Eq[h(R(0))] = 1 because R(0) =
0 (there is an arrival right after 0). Taking t — oo the second
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term in the derivation above vanishes according to Lemma 11 (see
Appendix § A) and hence

1= B, [XAN-SM gy | (5)

For small § > 0 we can write
Ea[ee(A(T)—S(T)) ﬂt<TSt+6] =E, [ee(A((t,z+5])—5((z,t+a]))

ee(A(t)_S(t))ﬂt<T]1A((t,t+6])—$((t,t+§])2k—A(t)+S(t)] +0(8)

- E, [ o[FAELBDLAD-SEN 1, or i ames(

| T4 At £+ 61) > 0] 1y cx a((rivs)) 0| +0(8)

=Eq [Ea[69(X+A([)_S(t))]lXZk—A(t)+S(t) | F2. A((t,t +6]) > 0]

1 1( (t,t+5])>0] +0(8)

= e"Eq [Kx (k= A(D) + (D) Uxk-ary+5(6) Ir> (0481 >0
+0(5)
= % By [Kx (k= A(D) + S()) Ly<r<r48] +0(5) ,
immediately implying that
inf Ky (I/Fa(t <T < t+8)ek? +0(8)
1€

< Eq [eg(A(T)_S(T)) ]1t<TSt+6]

< supKx ()eXP(t < T < t+68) +0(5) .
ieN
Further integrating over [0, co) yields

inf Kx (i/Ba(T < c0)ek? < B, [e"WT)—S(T))ﬂTm]
1€

< supKX(i)ekePa(T < ),
ieN
and finally using (5) we obtain
-0k e Ok

¢ <Pa(Q 2 k) = Pa(T < o0) <

sup; ey Kx (1) infjen Kx (i) °
The second result proceeds similarly. Note that h(R(T)) = 1 for
the same reason as above;the rest follows by immediate integration

X7 _
Bl =BIhRO)) = [ A 2 g L EE DL

[m]

In the literature, the distribution of Q is available implicitly
in terms of the probability generating function (PGF) of Q, i.e.,
G(z) = ZZ":O qkzk, where gy := P(Q = k). The PGF G(z) is implicit
itself in terms of the roots inside the unit circle |z| = 1 of the
equation L(p(1 — z)) = z", which are guaranteed by Rouché’s
Theorem ([8], p. 118). In the M"/M/1 case, G(z) is explicit ([8], p
121), ie.,

(1-2)(1-p)

(1—z)—§(l—z’) ’

However, the derivation of the g;’s and consequently of P(Q > k)
requires numerical inversions of G(z), which is a “reasonable task
when r is small" ([15], p. 120).

Therefore, the contribution of Theorem 4 are closed-form (and
transform-free) bounds on Q’s distribution for GIX/M/1; see also

G(z) =
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below for some cases with exact results. We note that while the pa-
rameter 6 is implicit, it can be obtained using a simple (logarithmic-
time) binary search. For instance, in the M"/M/1 case, 0 satisfies

269 + e —(A+p)=0.

Denoting x = ee, this can be rewritten as
X+ +x = ——, (6)

which has a unique (real) solution when p < 1. Some numerical
results will be shown in § 4.2.

3.1 Special Cases: M/M/1, GI/M/1, GI®®°/M/1
When the arrival process is Poisson there is no need for tracking
the ‘memory’ R(t), due to the memoryless property, and hence
h = 1. The martingale process becomes

X; = fAD=S(1) 450,

where 6 := —In p. Remarkably, the bound on P(Q > k) becomes
exact,ie,P(Q > k) = pk; the reason is that A(T) — S(T) = k when
the batch size is 1, as a by-product of using counting processes in
the representation of X;. The exact result is also captured using
Kingman’s (discrete-time) martingale

Xy = 0 Zm ST yp e N

The GI/M/1 analysis follows by simply letting X = 1. For the
same reason as in the M/M/1 case, i.e., A(T) — S(T) = k, the exact
result (shown in (7) below) is recovered. We point out that both
Kingman’s martingale as well as an alternative recent (continuous-
time) martingale for GI/G/1 from [9]

X; = h(R(1))e? E5 7D g > ¢,

only yield upper bounds, due to the existence of an overshoot at
time T’ here, the martingale is built in terms of a compound process
drained at a rate 1 corresponding to the ‘~¢’ term in the exponent.
An exact result was obtained however earlier by Ross [27] using
an additional stopping time, a neat conditioning argument, and the
memoryless property of the service times.

Lastly, the GI*/M/1 analysis when X has a Geometric distribu-
tion with parameter p, i.e., P(X = i) = p(1 — p)'1,i € N, follows
by noting that Kx (i) = l—e(fﬁ is invariant to i (as a by-product
of the memoryless property of X). Applying Theorem 4 we obtain
the exact result for k > 1

P(Q > k) = pef(17F) 7)

This is the same result as for GI/M/1 except for the value of 0
driven by (3) from Corollary 3. We also note that our solution
drastically simplifies the standard GI/M/1 solution (see, e.g., [15],
p-259), especially concerning the existence of the unique solution
which relies on a much more involved argument based on Rouché’s
Theorem from complex analysis. While only the existence of 6 was
proven in Corollary 3, we note that in both GI/M/1 and GIS¢° /M /1
cases unicity is an immediate by-product of the exact result since
limy 0o P(Q > k) /K = ¢70,
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4 SM/M/1

A Semi-Markovian Process (SMP), also called Markov Renewal
Process or (discrete) Markov Additive Process [4], is defined by the
kernel

Fi,j(x) ::P(Mnﬂ =j,Tor1 < x| My = i)
=PMps1=j,Tnt1 Sx | My =i, My, Mp—2....T0,Ty1...) ,

foralln € Z, i,j € S, x > 0, where the stationary process M,
denotes the state after n transitions and T, denotes the sojourn
time in the n — 118 state; the state space S is finite and denote the
number of states by |S|. The stochastic process (My, T,),, itself is
called a Markov Renewal Process.

At one extreme, if there is a single state (i.e., |S| = 1), then
the point process Ty, (i.e., the collection of points generated by the
intervals Ty,) is a renewal process and hence the SM/M/1 queue
instantiates to the GI/M/1 queue. At the other extreme, if the
sojourn times in all of the states are exponentially distributed (i.e.,
Fi(x) = 1—e ¥ Vi), then the SMP instantiates to a Markov process.

In an SMP, the sojourn times in the states not only follow general
distributions but are not necessarily independent; they are however
conditionally independent on the states, e.g.,

P(Ths1 < %, Tn < y | Mps1, My, Mp—1)
= IED(Tn+1 <x | Mn+1,Mn)P(Tn <y | Mann—l) .

The transition probabilities of the embedded (and assumed er-
godic) Markov chain are

qi,j ZP(Mn+1 =j | M, Zi) Vi, j = 1,...,|S| N
and the stationary distribution is
gi=P(Mp=i)VneZ ieS,

ie, qQ = g, where Q = (gij); j=1,..,|S|- Therefore,

1 1
z:Zin—i,

where /1% =E [Th41 | My = i] is the expected sojourn time in state i.
Due to the representation of Q from (1), we assume without loss of
generality that the Markov chain M, is reversible. Otherwise, one
would need to construct and work with the corresponding reversed
process, and more exactly to replace Q and F; j by

{Q* — D—IQTD

* _Dp..
Fl',j T qi Fji,

where D is a diagonal matrix with the g;’s on its main diagonal.

We also assume that at time 0 the state is M such that the asso-
ciated SMP is M(t) = My(;), i.e., the state at time —¢. Its stationary
distribution is ([17], p. 411)

1
qiy;

= ®)
quj,%j

T

=qi

o B

The distribution of the sojourn time in state i is denoted by

Fi(x) =P (Tp1 < x | Mp =) .



Conference’17, July 2017, Washington, DC, USA

If this distribution is (absolutely) continuous?, the corresponding
density is denoted by f;(x) and the hazard rate by

P(x<Tn+1Sx+5|x<Tn+1,Mn=i)_ fi(x)
5 “T-R()

Denoting f; j(x) = F] j (x) we also consider the hazard rate

vi(x) = 151?3

. P(x <Tpp1 x4 6, Mpy1 = j | x < Tyy1, My = i)
¥i,j(x) := lim
810 1
_ i)
1-Fi(x)

We can now proceed to the construction of an SM/M/1 mar-
tingale, similarly as in the GI*/M/1 case. First, let L;j({) be the
Laplace transform of the sojourn time in state i with a transition to
state j, i.e., L;j({) := /Ooo e’évxdFi,j(x), where { := u(1 - e™?) for
some 6 > 0.

COROLLARY 5. (THE MARTINGALE - CONSTRUCTION) Lete_e, with
0 > 0, and h(0) = (hi(0));cs be respectively the (unique) Perron
eigenvalue (i.e., positive and maximal) and eigenvector of the matrix
[Lij (D], jes- The process
X = hay () (R(1)?AOSW) 15 g
is a martingale, where*
B ¥ 3 hj(0) [T e85 j(s)ds

i (1- F(D)e Lt

are bounded.

PRrROOF. As in the proof of Corollary 3, we determine 6 and h;(t)
by applying condition (ii) from Lemma 1. Writing for simplicity
R(t) =t the differentiability condition becomes for alli € S

lim %(;m(t)au — 18)h; (0)e” + (1= yi(1)3) (1~ pS)hi(t +9)

(1= yi()8)ushi (¢ +8)e™0 = hi(1)) = 0,
which leads to the system of ODEs:
Ry(1) = (ri(8) + Ohi(t) = € " i (1) (0) .
7

Setting the initial value problem with some values h;(0) yields

hi(0) = X, hi(0) [ e 45 5(s)e0ds
(1= Fi(t))e~¢t '

Because (1 — F(t))e ¢! = 0, in order for h;(t) to be bounded

hi(t) =

Mx (0) /Ow e’évsf(s)ds = 1 necessarily holds, whence the expres-
sions of h;(t) and the condition on 6 from Corollary 5.

Next we show that the solution to the eigenvalue problem exists
and is unique. By Perron-Frobenius Theorem, for some arbitrary
¢ = p(1—e79) > 0, there exists a unique positive and maximal
eigenvalue e ¥(¢) and a positive vector h(©) for the positive matrix
[Lij (D], ie.,

[Lij(g)]h@) = e KD p)
3While the construction of martingales require (absolute) continuity, the produce

martingales hold for general distributions.
4 All sums in this (sub-)section are taken over the state-space S of the chain M,,.
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We have to show that there exists a unique solution 6 > 0 for
the fixed point equation

k(p(1-¢%)=9. ©
Define the function f(0) = x(p(1 — e~ ?)) — 6. Then f(0) =
f(o0) = —o0, and f”(0) = pux’(0) — 1. By Corollary X1.2.9 from [4
x'(0) = Z 9iqi,jE[Tn+1 | Mp = i, Mn41 = j]
i,jeS

1
= D GE[Tusr | My =] = 5.,
ieS

0,
1

i.e., the inverse of the arrivals’ (stationary) rate. From the stability
condition % > 1 it follows that f’(0) > 0 and hence there exists
a zero root for the function f. This proves the existence of § and
h(0). Let us now briefly refer to the follow-up Theorem 6 and note
that limy_,, P(Q > k)/* = ¢=¢ which proves that 6 is unique. By
Perron-Frobenius theorem, there is no other positive eigenvector
of [L;j({)] except for positive multiples of h(0).

Showing that h;(t)’s are bounded follows as in the proof of
Corollary 3, i.e., foralli € S

hi(t) < e’ Z hi(0) .
i
Finally, to prove that X; is indeed a martingale, let the Markov
process Yy := (A(t) — S(t), R(t), M(¢)),t > 0 and define
g = inf{t > 0: A(t) — S(t) =K},
for all K € N, with the convention that inf () = co, and
FN10) = hi(0)e™N

forall N e N, ¢t > 0,and i € S. For the stopped Markov process
Yinri We can write for N < K -1

Af(N,t,i) = (%lg}) %E[f(Ya) - f(N.t,i) | Yo = (N,£,1)]

m — [k (t +8)e®N (1 - y(£)5 — pd)

1
51—>0 1)

+ (Z pi,jhj(o)) SNy ()8 + k(2 + )P NV s +0(5)
J

=N Rj(1) = (u(1 = ™) + y(O)hi(t) + y()e? D pijhj(0)
J

Note that Af(N, t,i) = 0 if and only if

Ri(r) = (u(1 = )+ y () hi(r) + y(r)e? ) pijhj(0) =0,
Jj

which holds by construction. Hence, by Lemma 2, f(Y;) = X;
is a local martingale; according to Theorem 9, this is further a
martingale if and only if it is of class DL, i.e, for every t > 0 the set
{f(Y;), stopping time 7 < t a.s.} is uniformly integrable. We have
forr <t

F ()] < [hlooe®™ )

Because E[e‘%(t)] < oo from Lemma 12, it finally follows that
f(Y:),t > 0 is a martingale. o
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THEOREM 6. (QUEUE DISTRIBUTION) Denote by P, ; the Palm
probability of an event just before an arrival with state i. Then for all
k>0

hi(0) —0k ) hi(0) -0k
max; h;(0) ¢ = Pa’l(Q 2 k) < min; h; (0) ¢
and
2 9ihi(0) _g(k-1) 2i qihi(0) _g(k-1)
pmax,- hi(O)e sPQ=zk =< pmin,- hi(0) ¢ ’

with 6 and h;(t) from Corollary 5.

ProoF. Fix k > 0. The Palm distribution proceeds exactly as in
the proof of Theorem 4. For the other we need to compute

E[Xo] E[hpm (o) (R(0))] = Z miE[hi(R(0)) | M(0) = i]

Yt [ hi) 1 - Fids
i 0

(1 - Fi(x))dx

(1-Fi(x))e4x
o y
Zainie‘);hj(o)/o e—@fi,j(y)/o X dxdy
U}
Z/lﬂ?e D hj(0)(gij - Lij(0))
i 7

and the rest follows from (8) and the construction of e % and h 7(0)
from Corollary 5. O

/°° e ¥ ih; [T etV i(y)dy
Z/lﬂri
i 0

4.1 >3SM/M/1

The input is a superposition of two®> SMP processes. We use the
same notation as earlier except for subscripting the parameters
accordingly (e.g., A; for the arrival rates of the SMPs); the overall
service rate is y > A1 + Az.

The fundamental difficulty of such a system is that the super-
posed input is not stationary, even when the individual inputs are
renewals (unless Poisson). To see why our continuous-time mar-
tingale is particularly suitable to capture this system, consider the
alternative (discrete-time) SM/M/1 F7, -martingale

X 1= hyg(gyy A =S@) s g

where 7, := inf{t > 0 : A(t) = n} are the arrival points and h; =
h;i(0) for brevity. The proof follows from ([4], Proposition XI.2.4) by
noting that J, := M(ty) is an #7,,-MAP; it can be shown that this
martingale yields the same results as Theorem 6. The key reason
why this martingale is not suitable for the superposed process is
that the embedding points corresponding to the individual arrivals
are different (i.e., r,ll and ‘L',Zl)

In continuous time, however, multiplexing martingales proceeds
by first building two martingales for two fictitious SM/M/1 queues
with service rates p1 and py, respectively, such that pq +p2 = ; also,
pi > A; for the stability of the two queues. Applying Corollary 5,
the two martingales are

Xiyt = hi,M,-(t) (Ri(t))egi(Ai(t)_Si(t)) ,i=1,2,t2>0,

5The general case of multiple processes follow similarly.
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where S;(t) is a Poisson process with rate y;. Recall that 6; depends
on y;, and we write this dependency in terms of the functions
01(p1) and 02 (p2), which are positive (see the argument about the
existence and uniqueness of ‘0’ from Corollary 5).

Next we show how to find y; to obtain a suitable martingale for
the original XSM/M/1 queue from X ; and X3 ;. First, the stability
conditions yield the following margins for the parameter y;:

Al<,u1<,u—lg.

From the last part of the proof of Corollary 5, involving the existence
of 0 > 0, we obtain that

lim 6 =01(A1)=0.
i 1(p1) = 01(A1)

Note that when p; = Ay the first SM/M/1 queue becomes unstable
and € = 0 would be the only solution of the fixed point equation (9).
Similarly,
lim 62(p2) = lLm  Oy(p—p1) =62(A2) =0.
P P v B
From continuity (of the eigenvalue solution), there exists a value
p1 € (A1, gt — A2) such that

O1(p1) = O2(p — 1) = 02(p2) =: 0.

Using this value of py, the product of the two (independent) mar-
tingales Xj ; and Xy is itself a martingale

Xt = hy v, (1) (RU(E) g, (1) (Re (1)) 81 (D +42(0) =5 (1)

where S(t) = S1(t) + S2(¢) is a Poisson process with rate y, by the
superposition property of Poisson processes.

The key reason for finding yq to guarantee the same 6 for the
individual martingales X; ; and Xj ; is that we could express the
martingale X; in terms of A (t) + A2(t) — S(t); this term drives the
queueing process in the original XSM/M/1 queue (recall (1)). There-
fore, stochastic bounds on Q follow immediately as in Theorem 6:

2iq1ihi(0) X q2ih2,i(0)

e—9(k—2)
inf; min; hl,i(t) inf; min; h2,i (t) ’

P(Q 2 k) < p1p2

and similarly for the lower bound, where p; = ff note the exponent
(k — 2), whereby the ‘-2’ stems from the calculations of E[X; ]
(see the proof of Theorem 6). Moreover, the additional ‘inf;’ (to
be replaced by ‘sup,’ for the lower bound) are needed because in
the case of two arrival streams the stopping time T can happen
on an arrival from a single stream only, i.e., either R1(T) = 0 or

Ry(T) = 0.

4.2 Numerical Results and Open Problem(s)

Figs. 1.(a-b) illustrate the bounds’ accuracy for M" /M /1, with the
decay rate 6 obtained from (6). While reasonably accurate, the
exponential upper bounds from Theorem 4 do not capture the
concave-like behavior (on a log-scale) for k € {1,...,r + 1}, as
clearly seen in (b) at 75% utilization®.

Moving to SM/M/1, an intuitive SM but non-renewal process
is an alternating renewals (AR) process with states M(t) € {1, 2},

%We observed the same behavior at all the values of r we simulated.
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Figure 1: M" /M/1 and AR/M/1: bounds on the CCDF P(Q > k)

in (a-b) and Pg2(Q > k) in (c-d); A = 1in (a-b) and }; = 1,
A2 = 0.11in (c-d); p = 0.75, 0.9

alternating distributions Fi(¢) and F2(t), and means All and /%2
respectively. The corresponding kernel is

0 Fi(x)
Fa(x) 0
and the stationary distributions of the chain M, and SMP M(t) are
1 As—i .
inEandm:m,z:LZ.

The correlation structure can be explained in an extreme scenario
with small A; and large A: if an arbitrary interarrival is large then
the next is likely small, and vice-versa.

Fig. 1.(c-d) illustrate the bounds’ accuracy for AR/M/1 scenarios,
the latter with a Weibull(2,1) distribution with shape 2 and scale 1
(ie,P(h <x)=1- e_xz) alternating with an Exponential with
rate Ay. The service rate p depends on the intensity p. We consider
the bounds Py 2(Q > k), i.e., concerning the queue size just before
triggering the Exponential interarrival with rate A (the bounds are
immediate applications of Theorem 6).”

Fig. 3 illustrates the accuracy of the SM/M/1 bounds from The-
orem 6. The underlying Markov chain has two states (see Fig. 2)
and the corresponding kernel is detailed in the caption (the dis-
tributions are as in the AR/M/1 case). We consider two scenarios
depending on which distribution (Weibull or Exponential) is trig-
gered much more frequently than the other: the former in (c), given
that q1,2 < g2,1, and the latter in (d).

Lastly, Fig. 4 illustrates the accuracy of the XSM/M/1 bounds;
the caption details the precise numerical settings. We only consider
the upper bounds to highlight their crucial challenge. In scenarios
with burstiness, driven by the underlying Markov chains from
Fig. 2.(a,b), the ‘true’ tail of the queue (on a log-scale) is clearly not
a straight line. This behavior has already been apparent in the other
scenarios (including the M* /M /1 case) but it is more pronounced in

7 All simulation results are obtained from 10° runs, which is sufficient to yield stable
results; we omit confidence intervals to avoid clutter.
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Figure 2: The SMP processes used for the numerical evalu-
ations of the SM/M/1 and SM/M/1 bounds; the state label
denotes the distribution of the sojourn time in that particu-
lar state; W (2, 1) stands for Weibull distribution with shape 2
and scale 1; Exp(42) stands for exponential distribution with
rate Ay; according to the transition probabilities, W(2,1) is
the dominating distribution (i.e., triggered more frequently)
in (a), whereas Exp(1;) is the dominating one in (b).

10°

Probability

(b) q1,2 = 0.9, g21 = 0.1

(@) q12=0.1, g21 =0.9

Figure 3: SM/M/1: bounds on the CCDF P,2(Q > k); 2-
state Markov chain with transition probabilities (g; ;); F1,j =

) (1 - e‘xz), Foj=qa; (1 - e—/lzx), d2=0.1,p =075 0.9

the current XSM/M/1 case, subject to the two SMPs with different
combinations of burstiness and sojourn times distributions.

[— Upper Bound]
--= Simulations

Probability
o o o
N o o =
-
/
/

o
=)
/

o
o

Figure 4: XSM/M/1: bounds on the CCDF P(Q > k); the super-
posed SMPs are those from Fig. 2.(a,b); p = 0.9

The upper bounds are tight at small k (i.e., k = 1); however, as
they have an exact asymptotic rate (the ‘0’) and their prefactor
is independent of k, they follow a straight line which inevitably
deviates from the real behavior. In some scenarios, depending on
burstiness, the lower bounds which also follow straight lines be-
come tight in the tail (see Fig. 3.(b)). In others, they are consistently
loose as apparent from Fig. 3.(a), which is subject to the SMP from
Fig. 2.(a) dominated by the Weibull distribution; the same holds in
the ZSM/M/1 case, as it accounts for the same SMP from Fig. 2.(a).
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The crucial and arguably remaining challenge for the bounds’
accuracy is to properly capture the initial ‘bend’ characteristic to
the ‘true’ behavior of the tail. From a technical point of view, the
open problem is to more precisely characterize

E [hp(r) (R(T) I7<oo ]

where T is the recurring stopping time from all the proofs. In the
GI/M/1 case, in which there is a single state for the underlying
Markov chain, whereas T happens on an arrival (i.e., R(T) = 0),
exact results could be obtained; as a side remark, the assumption
of exponential service times is also crucial for the exact results,
as there is no need for an additional random function ‘h%()’ to
capture the remaining lifetime in the service process due to the
memoryless property. In the AR/M/1 or SM/M/1 cases, in which
the Markov chains can have more than one state, or in the XSM/M/1
case, in which there is more than a single SMP, the current tech-
nique only uses ‘rough’ and deterministic bounds. In particular, the
deterministic nature of these bounds is sufficient to break the above
expectation and capture the key metric E [17<] = P(Q > k).

5 CONCLUSIONS

We have developed a methodology to construct a wide class of
continuous-time martingales, which were used to derive stochas-
tic bounds in several practically motivated queueing systems. The
overall methodology is not only an intuitive and much simpler
alternative to rediscover the classical GI/M/1 exact result but it
enables a modular treatment of significantly more complex queues
by manipulating martingales from simpler queues. Several exten-
sions to other even more complex queueing systems are possible,
e.g., SMX/SM/1 or $SM/SM/1. Moreover, our queueing results
retain the expressiveness of the exact GI/M/1 result, are asymp-
totically optimal, and are also computationally light — essentially
involving an eigenvalue problem in the number of states |S| and
binary searches. Further improving the bounds’ accuracy, including
capturing the non-exponential initial behavior (e.g., for M"/M/1 or
3SM/M/1), remains an open problem.
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through all stopping times satisfying P(t < t) = 1, is uniformly
integrable.

THEOREM 9 (E.G., [26], P. 124). A local martingale is a martingale
if and only if it is of class DL.

TuEOREM 10 (DYNKIN’S FORMULA (E.G., [32], P. 110). Let X be a
homogeneous Markov process with state space E with cadlag paths for
allw € Q and transition function {Py(x, A)}. Let {T(t);t > 0} denote
its semigroup T(t) f(x) = /Ef(y)Pt(x, dy), f € Bg and (A,D(A))
its generator. Then, for any bounded function g € D(A), the stochastic
process {My, t > 0} is an {FX,t > 0} martingale, where

t
My = g(X0) - /0 Ag(Xs)ds |

Next we provide some useful variations of known results con-
cerning the process

X, = h(1)e?AD-51)

which plays the role of a martingale for the SM/M/1 queue. A(t) an
S(t) are counting processes associated to stationary interarrival and
service times, respectively. The function h(t) = Ay (R(1)) was
shown to be bounded from above, where M(t) is the Semi-Markov
Process and R(t) is the remaining lifetime corresponding to the
arrivals. Recall first the definition of T := inf{t : A(t) — S(¢) = k}.

LEmMA 11. The following limit holds
thm E [Xt]lt<T] =0.

This result enables the parallel derivation of both upper and
lower bounds. It first appeared in [9] in a less general setting. We
present a (simpler) proof for completeness.

Proor. If the interarrivals T, form a renewal process then as
t — oo (see, e.g., [28], p. 102)
A(t) 1
S SEANEN ,
t E (7]
as an immediate consequence of the Strong Law of Large Numbers.
The result extends immediately to the (stationary) SMP case, using
Birkhoff’s Ergodic Theorem. Similarly,
S(t) 1
2, ,
t E[$1]
and using p < 1 we obtain that
A(t) - 5(1)
i SO SO
t
for some a < 0. This convergence implies that for any 0 < ¢ < ||

there exists T such that A(t) — S(t) < t(a + ¢) Vt > T, and hence
A(t) = S(t) > —o ass.

>

Because 0§ > 0 it immediately follows that X;1,.7 — 0. Also,
|X;1;<7| < ||hlleoe?*, where the infinite norm ||h]|eo = sup; h(t)
is finite. We can now apply the Dominated Convergence Theorem
and conclude that lim; E [ X; 1; 7] = E [lim; X; 1;.7] = 0. O

LEMMA 12. The moment generating function (MGF) E [eeA(t)] is
bounded for all@ > 0 andt > 0.

Sima Mehri and Florin Ciucu

Proor. Fix 6 > 0 and t > 0, and assume without loss of gener-
ality that there is an arrival at time 0. For clarity, we first give the
proof in the renewal case. We can write

Aty =min{n : Ty +To+-- -+ Tpy1 > t}.
Construct the renewal process
Tan = alg, > Yn >0,
for some a > 0 such that p := P(T} > ) satisfies b := ef(1 -p) <L
The corresponding counting process is
Ag(t) =min{n: Ty1 + Tp2+ -+ Tyn+1 > t}.

Denoting k := | £ | and noting that

P (Aa(t) = m) = pF1(1 _p)"—k(nf ) Vns k,

we obtain that
k+n p k1
E[ €Aa(t)]= Ok k+1 b = Hk( ) ’
e e’ p Z 0 13
n>0

which is bounded.

Finally, T, > Ty, implies that A(t) < A,(t) and therefore the
MGF of A(t) is also bounded.

In the SMP case, we ce can write

A(t) :min{n UL+ U+ -+ Upyp > t},

where U, = Tz?é'\’/r n) and v(M,, n) is the number of visits of state
My, during steps {1,2,...,n}.

For each i € S construct the renewal processes
Tan =algis, Yn >0,
for some & > 0. Denote p; := P(T;{ 1 = @) and assume without loss

of generality that p; = min;cg p;.
Let now the counting processes

Ag(t) =min{n : Ug1 +Uga + -+ Ugpns1 > t},

—_— Mn
where Uy p, == Ta’v (M)

and
ALty =min{n: T+ T} +-- + T >t}.
We can now write
P (bt 2 n) =P(T} 4o 4 Thy <) 2 P (Ugg 4+ + Ugpn <)
=P (Aq(t) 2 n) 2P (A(t) 2 n)
The first inequality follows from the choice of p;: Té’n is stochasti-
cally smaller than Uy, for all n. The second follows from To’;,n < TE
Therefore, the MGF of A(t) is bounded by the MGF of AL (t),

which is subject to a renewal structure. The rest follows as in the
renewal case by properly choosing a. O
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