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Abstract

Over the past decade, numerous algorithms have been
developed using the fact that the distances in any n-point
metric (V,d) can be approximated to within O(logn)
by distributions D over trees on the point set V' [3, 9].
However, when the metric (V,d) is the shortest-path
metric of an edge weighted graph G = (V| E), a natural
requirement is to obtain such a result where the support
of the distribution D is only over subtrees of G. For
a long time, the best result satisfying this stronger
requirement was a exp{+/log nloglogn} distortion result
of Alon et al. [1]. In a recent breakthrough, Elkin et al. [8]
improved the distortion to O(log® nloglogn). (The best
lower bound on the distortion is Q(logn), say, for the
n-vertex grid [1].)

In this paper, we give a construction that improves
the distortion to O(log?n), improving slightly on the
EEST construction. The main contribution of this paper
is in the analysis: we use an algorithm which is similar to
one used by EEST to give a distortion of O(log® n), but
using a new probabilistic analysis, we eliminate one of
the logarithmic factors. The ideas and techniques we use
to obtain this logarithmic improvement seem orthogonal
to those used earlier in such situations—e.g., Seymour’s
decomposition scheme [4, 8] or the cutting procedures
of CKR/FRT [5, 9], both which do not seem to give
a guarantee of better than O(log® nloglogn) for this
problem. We hope that our ideas (perhaps in conjunction
with some of these others) will ultimately lead to an
O(logn) distortion embedding of graph metrics into
distributions over their spanning trees.

1 Introduction

The area of finite metric spaces and their embeddings
into “simpler” metrics lies in the intersection of the areas
of mathematical analysis, computer science and discrete

*{kedar, anupamg, harry}@cs.cmu.edu. The research of the
first and third authors supported in part by NSF grant no. CCR-
0122581 (The ALADDIN project), and the research of the second
author partly supported by an NSF CAREER award CCF-0448095,
and by an Alfred P. Sloan Fellowship.

geometry. This area, loosely called metric embeddings,
has seen a tremendous amount of activity in the past
decade, fueled by the many algorithmic applications of
these techniques. Many such examples can be found
in the survey by Indyk [12].

Some of the results in metric embeddings that have
had the most impact have been on approrimating metric
spaces by distributions over dominating trees. Formally,
given a metric space M = (V,d), the goal is to find a
distribution D over edge-weighted trees on the vertex set
V which satisfy the following conditions: (a) for any tree
T in the support of D, we want that d(z,y) < dr(z,y),
i.e., the distances in T dominate those in M; and (b) the
expected distance Epepldr(z,y)] < ad(z,y) for all
z,y € V. We call this quantity « the distortion of
the embedding M < D, and the goal is to find the
smallest « possible. Given an optimization problem II
defined on a metric space, where the objective function
is a linear function of the distances, it is easy to show
that obtaining a [-approximation to the problem II
on tree metrics immediately gives a randomized « - 3-
approximation algorithm for IT on the metric M.

A succession of influential papers [1, 3, 4, 6, 7, 9]
recently culminated in the result that one can embed
any n-point metric M into a distribution of trees with a
distortion of & = O(logn), and that O(logn) is the best
possible guarantee for general metrics. (Better results
are known for some special classes of metrics [11, ?].)
These results form the basis for the best approximation
algorithms known for many problems: e.g., buy-at-
bulk network design [2], group Steiner tree [10], metric
labeling [13], etc.

A Stronger Requirement: Random Subtrees. In
some situations, one is given a edge-weighted graph
G = (V, E), and the metric M is the shortest-path metric
dg of the graph with respect to these edge-weights. In
such cases, it is natural to require that the distribution
D have only subtrees of the graph G in its support.
(Note that this is a more general problem: the metric
M = (V,d) can be obtained by taking the complete
graph on V, and assigning a weight of d(u,v) to the



edge (u,v).) For a long time, the best value of o known
for this case was exp{+y/lognloglogn}, which was given
by a paper of Alon et al. [1]. In a recent breakthrough,
Elkin et al. [8] gave a construction with a distortion of
appst = O(log? nloglogn); for brevity, we henceforth
refer to this as the FEST construction. The bound
agpsT is not known to be tight, as the best lower bound
for this case is also Q(logn), e.g., for the n-vertex grid [1].

1.1 Our results. The main quantitative result of this
paper is the following:

THEOREM 1.1. Any n-point metric metric can be embed-
ded into a distribution over spanning trees with distortion
a = O(log®n).

This result improves upon the EEST bound (by a factor
of O(loglogn)). The contribution of the paper, however,
is not merely in this quantitative improvement, but in the
new techniques and ingredients of our analysis, which
we briefly sketch now.

Loosely, most constructions of embeddings into tree
distributions have been based on the following idea:
given a graph of diameter D, partition it into subgraphs
of diameter about D/2 (while ensuring that the probabil-
ity of an edge (u,v) being cut is & Py, (D) = 1103%1 d(u,v)),
recursively build random trees for these subgraphs, and
then combine these trees together to get a tree for the
entire graph. For the case of non-subtrees, one can per-
form this combination step whilst ensuring the diameter
of the new tree is only O(D), and hence the expected
increase in the (u,v) distance due to the partition (and
combination) step at diameter D is

__logn

~ de(u,v) -O(D) = O(logn) d(u,v).

(1.1)
Since there are O(log(diam(G))) levels of recursion, each
of which resulting in an increase of (1.1) in the expected
(u,v) distance, it follows that the final distortion is
O(log(diam(G)) logn). Indeed, this is essentially Bar-
tal’s scheme to get @ = O(log?n).! This non-subtree
result was subsequently improved by analyses that did
account for increases more carefully, and did not pay
O(logn) at each of the O(logn) levels of the recursion:
Bartal [4] (see also [7]) obtained o = O(lognloglogn),
and Fakcharoenphol et al. [9] obtained o = O(logn).

The Trouble with Subtrees. However, now requiring
the random tree to be a subtree of G makes things more
complicated: since we cannot combine two subtrees by

LIf the diameter diam(G) is not polynomial, an additional trick
is required to get O(log2 n)—however, this is tangential to our
current story, so let us assume for now that the diameter of G is
polynomially bounded in n.

connecting “non-edge” pairs in (V x V) \ E, it becomes
difficult to ensure that the eventual diameter of the ran-
dom subtree is bounded above by O(D). In order to
do this two things are important. Firstly it is necessary
to ensure that the cluster that result from the parti-
tioning for diameter D form a tree of constant diameter
(and—as previously—each cluster should have diameter
< D/2). Then directly after a partitioning step it is
possible to connect a pair v and v by a path of length
O(D) that uses only tree edges between clusters (see
Figure 1). In a second step however it is important to
ensure that the length of such a path does not increase
too much in later levels of the recursion (see Figure 1 for
an example where the length of the u-v path changes in
the recursion). The most convenient way to show this
is to show that clusters generated in a partioning step
do not increase their diameter by more than a constant
factor due to the recursion.

The simpler EEST construction ensures this by a
partitioning scheme that cuts more aggressively—their
“cone decompositions” cut an edge with probability ~

O(lDoifzn)d(u,v) = O(logn) - puy(D), and use this to
bound the eventual diameter of the tree by O(D).

Since the cutting probability increases by a factor of
O(logn), the expected increase in the (u, v) tree-distance
due to the partition (and combination) step at diameter
D is now O(log®n) d(u,v), by a calculation similar to
that in (1.1). And since there are O(log n) levels, one gets
a total distortion of O(log3 n) by summing over all levels.
Note that this loss of an O(log? n) factor within a fixed
level of the recursion makes it unlikely that the better
accounting schemes of Bartal, and of Fakcharoenphol et
al. would yield an a = o(log®n) result. In fact, these
ideas [4, 7, 9] only seem to get the distortion down
to aggsT = O(loanloglogn). (See Section 7 for a
detailed discussion of these schemes.)

Our Technical Ideas. In this paper, we revert back to
decompositions which cut edge (u,v) at diameter D with
probability & p,, (D), and hence lose only O(logn) dis-
tortion at each level of the recursion. Our approach is to
ensure that the distance between u and v in the random
subtree is bounded by O(D) only with high probabil-
ity. The first idea is based on the fact that the standard
graph partitioning scheme of Bartal not only decomposes
a graph into subgraphs of diameter D/2 w.h.p., but the
expected diameter is much smaller—only D - O(1/logn).
From this it follows that in expectation when using the
Bartal scheme the diameter of a component increases by
a factor of only O(1 + 1) in a recursion level. If now
the behavior at each level is close to the expectation,
then the diameter of the random tree over L = O(logn)
levels would only be D(1+0(1)/logn)l = O(D). While




this intuition is correct, proving this formally requires
us to develop some concentration bounds.

In summary, we give embeddings of graphs into
their random subtrees, where we improve the distortion
from the previous best of O(log”nloglogn) down to
O(log? n). The techniques we develop for our result seem
to be orthogonal to those previously used by [4, 7, 9] to
improve the distortion for random tree embeddings (not
into subtrees); while we do not see an immediate way to
combine our techniques with these previous techniques to
get o(log2 n) distortion, we surmise that the techniques
we present will prove useful in achieving a O(logn)
distortion result for random subtrees.

2 Notation and Preliminaries

In the following we use G = (V, E) to denote an un-
weighted graph and we use d(u, v) to denote the shortest
path distance between two nodes u,v in V. Note that the
restriction to unweighted graphs is only done in order to
state the main concepts of the paper as clearly and simple
as possible. All results hold for weighted graphs, as well.

In [8] Elkin et al. introduce the concept of a star-
decomposition of a graph G.

DEFINITION 2.1. (STAR-DECOMPOSITION) A star de-
composition of a graph G with a designated root node
ro 18 a set of disjoint connect components of Gy =
Vo, Eo), ..., Gx = (Vi, Ex) together with a collection of
root nodes rog,...,r, such that r; € V; for all0 <i <k
and each r;, 1 <1 <k has a neighbor in V.

They use an algorithm for finding a star-decomposition
to recursively construct a spanning tree of the graph
G in the following way.

Construct Spanning Tree:

e Construct a star-decomposition of G.

e Let G’ denote the (multi-)graph obtained from G
by merging each connected component G; of the
star-decomposition into a single super-node, and
let vy denote the node in G’ that corresponds to
component Gy. Select a spanning tree 77 on G’
such that 7" is a star with center node vg.

e Recursively construct spanning trees for each com-
ponent GG; with root r;.

e The set of all selected edges forms a spanning tree

of G.

3 Finding a star-decomposition

We use the following randomized algorithm to create a
star-decomposition of a given graph G with root ry and

radius A. This algorithm can be applied recursively as
described in the above scheme to obtain a spanning tree
of G. In the following section we will prove that the
spanning tree that results from this process has low av-
erage stretch. The algorithm first creates the component
Gy using a random radius cut around center rg.

Construct component G, (forward cut):

Choose a radius v uniformly at random from
the interval [A/4,A/2]. Cut all edges at dis-
tance 7y from the root ry (more formally: cut
edges (u,v) € E for which d(r,u) < v <
d(r,v)). Let V denote the connected compo-
nent that contains rg.

Let @1, ..., zs denote the vertices in V'\ V4 that had
a neighbor in Vj (which is now cut away). We call these
nodes portal nodes. In order to select the components
Vi, ..., Vi we successively cut pieces from the remaining
graph G\ Vp. We will again use random radius cuts to do
this; however we first introduce a new distance function
on the node set X =V \ V; and the random radius will
then be interpreted with respect to this distance function.

For the definition of the new distance function we
replace each edge in G \ Vy by two directed edges in
opposite direction. We define the length ¢(u,v) of such
a directed edge (u,v) as

1 if d(rg,v) =d(ro,u) — 1
Lu,v) =< 1 if d(ro,v) = d(ro,u)
0 ifd(ro,v) =d(rg,u) +1

By this length-definition we get a shortest path distance
on X which we call the backward-edge distance in the
following (the distance from x to y counts how often an
edge has to be used in backward or sidewards direction
according to distance from rg in order to reach y from
x). Using the new distance function we construct the
components Gq,...,Gy in the following way. (Note
that we only used directed edges to define the new
distance function on X. In the following all edges are
undirected again.)

Construct components Gi,...,Gj (back-
ward cuts):

As long as there exists a portal node z; that is
not yet assigned to any component, construct
a new component as follows.

Choose a random radius v with distribution
A-Exp()) for A = O(logn) and cut all edges at
backward-edge distance v from z; to create a
new component (we cut edge (u,v) if £(x;, u) <
v < £(z,v)). The portal z; becomes the root
of the new component.



Figure 1: Recursive application of the star-decomposition. Note that the initial u-v path increases in length due

to later levels of the recursion.

Note that the definition of backward-edge distance guar-
antees that whenever there is a node that is not yet
assigned to a component then there is a portal node
that is not assigned to a component. This property is in
fact the reason behind the definition of the backward-
edge distance.

4 Basic Properties

In this section we prove some basic properties about the
randomized star-decomposition algorithm introduced in
the previous section and about the spanning tree con-
struction based on this algorithm. The actual analysis
of the average stretch of the spanning tree is done in
Section 5.

The first two claims analyze the probability for
an edge to be cut in the froward-cut or backward-cut,
respectively, of the star-decomposition.

CONDITION 4.1. The probability that an edge is cut by
the forward cut is at most %.

Proof. Consider an edge e = (u,v). If v is closer than
A/4 or farther than A/2 from the root rg, then (u,v)
cannot be cut by the forward cut step. Otherwise e
will be cut iff v € [d(r,u),d(r,v)]. Since v is chosen
uniformly at random from the interval [A/4, A/2], this
happens with probability at most 4/A. [

CONDITION 4.2. The probability that an edge is cut by
a backward cut is at most O(logn/A).

Proof. Recall that in the backward cut step, we create
a component V; by choosing a random radius R; accord-
ing to distribution A - Exp(A) and cutting all edges at
backward-edge distance R; from the root r;.

Consider an edge e = (u,v). This edge is cut, if
exactly one of u and v is inside the ball V;. Without loss
of generality, assume that v is closer (in backward-edge
distance) to r; than v. We consider three separate cases.
If R; > £(r;,v), then the edge (u,v) is inside the ball V;
and won’t be cut. If ¢(r;,u) < R; < £(r;,v), then the
ball V; cuts the edge e. Finally, if R; < £(r;,u), then
the edge e is outside ball V; and some other ball can cut
it. Let p denote the probability that the edge e is cut.
Then we have

p < Prll(r;,u) < R; < l(r;,v)] + Pr[R; < £(r;,u)]-p

By the triangle inequality we have £(r;,v) < £(r;,u) +
l(u,v). Let d = £(r;,u). Then

Prld < R; < d+l(u,v)]

P="" 1 " Pr[R: < d]
_ Pr[R;>d N Ry <d+{(u,v)]

=Pr[R; < d+ l(u,v) | R; > d]
= Pr[R; < {(u,v)]

<1 — e a

A
< N O(logn/A) .
The third step follows from the memoryless property of
the exponential distribution and the fourth step follows
since £(u,v) < 1. ]

Combining the previous two claims we get the fol-
lowing simple corollary that forms one cornerstone for
the analysis in Section 5.

COROLLARY 4.1. The probability that an edge e is cut

during the star-decomposition for a graph of radius A is
less than O(logn/A).



The following claim allows us to bound the num-
ber of recursion levels needed by the recursive spanning
tree construction based on our star-decomposition al-
gorithm.

CONDITION 4.3. With high probability the radius of
component V; is at most %A.

Proof. Let § denote the length of a shortest path in G;
from root 7; to some other node v € V;. We show that
with high probability § < %A.

With high probability the random radius « for the
backward cut that created component G; is at most
A/16. This means that all but A/16 edges on the
path from r; to v increase the distance from the initial
root node 9. The node r; is at least at distance A/4
from ro because of the parameters in the definition of a
forward cut. This means that v is at least at distance
0 — 2% + A/4 from r;. Since this has to be less than A
we get § < %A. ]

COROLLARY 4.2. The star decomposition algorithm has
O(logn) levels of recursion.

5 Analysis

A crucial term for analyzing the average stretch created
when applying the above star-decomposition algorithm
recursively to get a spanning tree is the probability that
a given edge is cut by the decomposition algorithm. In
the previous section we showed e.g. that this probability
is O(logn/A) for a star-decomposition on a graph of
radius A.

If we only wanted to find a tree embedding with low
average stretch, then this would be sufficient. We could
create a parent node (which represents network G), add
k+1 child-nodes (representing networks Gy, ..., G} ) and
create a link of length A from each child to the parent
node. Doing this recursively would result in a tree with
expected distance of O(log2 n) between the end-points
uw and v of an edge (u,v) € E. This holds because if u
and v are separated in this hierarchical decomposition
on level A (i.e., the least common ancestor is a tree node
that was created when decomposing a network of radius
A), then their final distance in the tree will be O(A).
Now, summing over the expected contribution of each
level to the distance between u and v gives O(log®n).
However, in our scenario when the final tree has to be a
spanning tree of G, this is more involved. The problem
is that we cannot immediately guarantee that a pair
that is separated on level A will be at distance O(A)
in the final tree. However, as captured by the following
theorem, this guarantee is still still true, and implies

THEOREM 5.1. Let (u,v) denote an edge that is sepa-
rated in the recursive spanning tree construction by the

star-decomposition of a sub-graph G with radius A. Then
with high probability the distance between u and v in the
final tree is O(A).

Before we prove this result, let us see how it implies
the main theorem of the paper.

THEOREM 5.2. The spanning tree computed by recur-
swely applying the star-decomposition algorithm has ex-
pected stretch O(log® n).

Proof of Theorem 5.2. Fix an edge e = (u,v). It is
sufficient to show that the expected length of the final
distance dy,(u,v) between u and v is O(log”>n). From
Theorem 5.1 we know that if v and v are separated
during a star-decomposition for a sub-graph of radius
A, then the final distance between them is O(A), w.h.p.
Note that in the following it is sufficient to consider
events that only happen with high probability because
the worst distance that an edge can get is n. This means
that events that occur with probability only po%yn can
be ignored as their contribution to the expected distance
is low.

Now, we get that

Eldi(u,v)] = Y Prleis cut at level A]- O(A)

levels A

< ¥ 0(102”) -0(A)

levels A
= O(log®n) .

Proof of Theorem 5.1. Let G; and G; denote the
sub-graphs of G that contain « and v respectively in the
star-decomposition for G. As argued in Claim 4.3 both
graphs G; and G; have radius less than %A < A, w.h.p.
Let p; and p; denote the neighbor in V; of r; and r;,
respectively. Furthermore, the distances d(rg,r;) and
d(ro,r;) are less than A/2 + 1, since the forward cut is
made at distance at most A/2.

The cuts for the star-decomposition of G increases
the distance between w and v only to d(u,r;) + 1+
d(pi,ro) + d(ro,p;) + 1 4+ d(r;,v) < 4A + 2. This
means that right after the separation of u and v the
distance between w and v is ok. However, deeper
in the recursion it might happen that the distances
d(u,r;),d(pi, o), d(ro, p;) or d(r;,v) change due to ad-
ditional cuts that are made while replacing Gy, ..., Gy
by spanning trees. The following lemma, whose proof
appears below, shows that with high probability this
increase is not too large.

LEMMA 5.1. Let G = (V, E) denote a sub-graph rooted
at r that appears during the recursive spanning tree



construction. The final distance between the root r and
a node v € V is O(d(r,v)) w.h.p.

Since right after the star-decomposition of G the distance
between u and v is O(A) and by the above Lemma the
distance only changes by constant factors during the fur-
ther recursion, this completes the proof of Theorem 5.1.
[

Proof of Lemma 5.1. We can view the spanning tree
construction algorithm for G as an iterative algorithm
in the following way. The algorithm maintains a set
of connected components G and a set Er of tree edges.
Initially, G contains only G and the set Ep is empty.
In a round of the algorithm every component H € G is
replaced by the set of connected components obtained
by applying a star-decomposition to H, and the edges
(ri,pi) between the new components are added to Er.

We now analyze how the length of an r — v path
changes over the course of this iterative process. At any
time the shortest path node v and r consists of a set
of tree-edges together with a set of sub-paths through
components, where each sub-path goes from some node
of the respective component to its root. Fix a round
1. Let m denote the number of components that are
currently visited by the v — r path after this round, and
let G; denote the j-th such component. Further let v;,
1 < j < m denote the vertex where the path enters G,
and let 7; denote the last node in this component (note
that v; = v and r, = r). We use A; to denote the
radius of component G, and for any two nodes z,y € V'
we use d;(x,y) to denote the distance between them after
the i-th round.

We first analyze how the distance between v and r
changes in the (i + 1)-st round. For this we calculate
how the length of a v; — r; sub-path changes. Suppose
that the length d;(vj,7;) of the sub-path is less than
A, /4 before the (i + 1)-st round. Then v; and r; will
be contained in the same component after the round
because the forward-cut will not cut the path. Hence,
diy1(vj,rj) = d;(vj,r;) in this case.

Now, suppose that the forward-cut separates v; from
rj. Let G’ denote the new component that contains
v; and let r’ denote the root of this component. The
distance between v; and r; increases at most by twice
the number of backward edges on the path from r’ to
v;. This number is bounded by twice the backward-
edge radius of the new component G’ which is chosen
randomly according to distribution A; - Exp(\). Let R;
denote the backward-radius of G’, and let X; = R;/A;.
The total increase in the distance between v; and r; is
bounded by 2A;X; < 8d;(vj,r;)X;.

This holds for every j. Therefore, we can bound the

distance d;11(v,r) between v and r by
dH_l('U,T') § d('U ’I”) + Z : 8d'(’[}j,7’j)Xj
< di(v,r)(1 +Z a; X;)

where a; = 8d;(vj,r;)/d;(v, 7). Note that >, a; < 8.
Let p;y1 = dip1(v,7)/d;(v,r) denote the relative increase
of the v — r distance in round i + 1. We have p; 11 =<
14> a;X;, and using Proposition 6.1 and Lemma 6.1
from the next section we can choose parameters 3 = 16
and v = 96/ log n such that p; < 14 §-Y; 41+, where
Yit1 ~ Exp()) is an exponentially distributed variable.

The final distance di(v,r) for & = O(logn) can be

bounded by
de(v,7) = d(v, 1) - H’“
< d(v,r) - Hz(l +6-Y;+7)
< d(v,7) - exp (32,(BY; +7))
< d(v,r) - exp(96k/A) - exp(B)_; Vi)
< d(v,r)-exp(O(1)) , w.h.p,

where the last inequality follows from the tail bound
proven in Lemma 6.2 in the next section. This finishes
the proof of Lemma 5.1. [

6 Stochastic Domination and Tail Bounds

In this section we prove various lemmas that are used
in the proof of Lemma 5.1. The first proposition is a
standard result from probability theory and its proof
is incorporated for completeness.

PROPOSITION 6.1. The following facts hold:
e If X <Y andY <X Z, then X 2 Z.

e Let X,Y, and Z be independent r.v.s, with Z > 0.
If X XY, then XZ <YZ.

Proof. Recall that X < Y holds iff Pr[X > t] <
PrlY > t] for all t. The first property follows from the
fact that

Pr[X >t] < Pr[Y > t] < Pr[Z > {]

To prove the second property, assume that f(z) is the
probability density function for the random variable Z.
Then we have

Pr[XZ > t] = /Pr[Xz >t f(2)dz

/ <Pr[Yz>tf(z)dz =Pr[YZ >t].



The following lemma shows that a conic combina-
tion of exponentially, independently and identically dis-
tributed random variables can be dominated by a suit-
ably scaled and shifted exponentially distributed variable
with the same arrival rate.

LEMMA 6.1. Let Xy,...,X,, ~ Exp()\) be independent,
exponentially distributed random variables with mean A
and let aq, ..., an, denote m non-negative real numbers
whose sum is bounded by «. Then for B = 2a and
v = 2% we have

D Xi <Y 47,

where Y ~ Exp(\) is again exponentially distributed.
Equivalently,

Pr} o, X; >t+~] <Pr[fY >t] forallt>0 .

Proof. In order to prove the bound we first calculate
the moment generating function M (s) for >, a; X;. Re-
call that the moment generating function of a random
variable Z is defined as E[esz ] Using this definition we
get that the moment generating function M; for «a;X;
is M;(s) = ﬁ for s < A/a; (otherwise M;(s) is un-
bounded). The moment generating function for ) a; X;
is then given by

1
M(s) = .
() H 1—- s
2
The following upper bound holds for M (s), s < A/a. An
inductive argument shows that [, 1#‘% < 17135 (The
e z
1 1 1
1-% Z§;11 Qg . 1—anx S -5 f:l 0‘7?)'

This gives M(s) < i for s < 2.

Now, we can use Markov’s inequality to get a bound on
Pr> o, X; > t+17].

induction step is

Pr[y o X; > t+7] < E[e?] e ()
1

Lo s(t+)
1-— %s ©

<

Now, we choose s = 2= < A/a. Then

Pr[Ya;X; > t+4] <2 e 5+

e—s(t+2T°‘)

IN

e -

A
—2i-1

IN
®

(&
2
2c

IN

e
=Pr[2aY >1¢] .

The following lemma gives a concentration result for
the sum of exponentially distributed variables.

LEMMA 6.2. Let X1, Xo,..
dom variables. Then

., X ~ Exp()\) be i.i.d. ran-

Pr [27 X, > 204%] < e (a—Dk

Proof. Let M(s) denote the moment generating func-
tion of ), X;. Using standard techniques, we get

B (1(13/A>>k

Using Markov’s inequality gives

1
M= 1=57m

i

Pr[y, X; = 2ak] < e <1<1$/A>>k

for all 0 < s < A. Now choosing s = \/2 gives
Pr [El X, > Qaf] < e (a—Dk
]

COROLLARY 6.1. For A = Q(logn) the above lemma
gives that

P}, X; > a-0(1)] <n @)

which implies that Y, X; = O(1) with high probability.

7 Alternative Schemes: A Brief Discussion

There were two approaches that led to improvements
over the original result of Bartal [3], namely that of
Bartal [4] (see also [7]), and that of Fakcharoenphol
et al. [9]. While it is impossible to get a partitioning
scheme with diameter A in which edges e = (u, v) are cut
with probability less than O(log n)%, both of these
schemes are based on the fact that clever accounting
of costs can help avoid the loss of O(logdiam(G)) due
to the recursion.

Take I: Using Seymour’s Partitioning Lemma.
The scheme of Bartal [4] used a graph partitioning lemma
inspired by Seymour [14] that made more aggressive cuts
when the resulting subgraphs were smaller (since the
cost of recursion on those subgraphs would be less), and
resulted in an O(log n log log n)-distortion embedding. A
similar idea was used in the subtree case by Elkin et
al. [8] to get reduce their basic embedding with O(log® n)-
distortion to an improved O(log2 nloglogn)-distortion
one. It is unclear how to improve on these techniques
to remove the O(loglogn) term.

Take II: Using the FRT Partitioning Lemma.
The other improvement in the non-subtree case was



Fakcharoenphol et al. [9], who used a scheme in which
the chance of an edge e being cut at radius A was ap-
proximately d(zv) log \lfﬁ(:ﬁz))‘l' While this could be

W O(logn) for some radius, the contribution nicely

telescopes to give an O(logn) distortion overall. In this
section, we show how to use a partitioning scheme simi-
lar to theirs to get another O(log? nloglogn) distortion
embedding. In fact, we only change the backward-cut
subroutine in the star-decomposition:

Construct components Gi,...,G, (FRT
backward cuts):

Pick a random permutation m of vertices and
a radius v € [A/logn,2A/logn] u.a.r.

For i =1,2,..., if vy(; is not yet assigned to
any component, construct a new component as
follows.

Let x; be a portal node such that £(z;, v ;) =
0. Cut all edges at backward-edge distance ~y
from x; to create a new component. (We cut
edge (u,v) if £(x;,u) < < £(xj,v)). The por-
tal x; becomes the root of the new component.

Note that while the vertices are considered in the
order given by random permutation, the root of the
components are still the portal nodes, so that we still
obtain a star-decomposition. If an edge e can be cut
by v, then £(xj,e) < 2A/logn: and a necessary
condition for this is that d(v,(;)) < A. Thus, only the
vertices in By(e, A) can centers that cut the edge e.

On the other hand, edge e is “saved” by vy, if the
sideways distance £(vy(),e) < A/logn. Thus all the
vertices in By(e, A/logn) can save the edge e. Note
that edge e is cut by v.(;) if and only if v,(;) appears
before all the vertices from the ball By(e, A/logn) in
the permutation 7. This gives us the following claim:

CONDITION 7.1. The probability that an edge e is cut
by some backward-cut is bounded above by

O(logn) |Ba(e,A)|
A8 (Bd(eilA/logn))'

Furthermore, since v < 2A/logn, the radius of the
graph increases by only a 1+ 2/logn factor in each level
of recursion. Since the number of levels of recursion can
be bounded by O(logn), we get the following result.

CONDITION 7.2. The radius of the resulting tree is
bounded above by A(1 +2/logn)C0os™) = O(A).

LEMMA 7.1. The distortion of the FRT based star de-
composition is bounded by O(log? nloglogn).

Proof. To bound the distortion, we sum up the contri-
bution over different levels:

Eldr(u,v)]
= Z Pr[(u,v) is cut at level A]-O(A)
levels A
O(logn) | Bale, &) )
T (Bt a7 10gry) 0

< O(log® nloglogn)

Note that the factor loglogn appears since the sum
telescopes, but in a “delayed” fashion, where each vertex
appears in O(loglogn) balls around each of the edges. m

The reader may wonder why we work with balls
By(e, A) and not with the “cones” (By(e, A)): the reason
is that the notion of cones is not stable over various levels
of recursion—the vertices at a backward-edge distance
r from some edge e change during the recursion in an
unpredictable way, and hence it seems difficult to remove
the O(loglogn) term in this analysis.
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