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Abstract. We introduce and study hybrid automata with strong resets. They gen-
eralize o-minimal hybrid automata, a class of hybrid automata which allows mod-
eling of complex continuous dynamics. A number of analysis problems, such
as reachability testing and controller synthesis, are decidable for classes of o-
minimal hybrid automata. We generalize existing decidability results for con-
troller synthesis on hybrid automata and we establish new ones by proving that
average-price and reachability-price games on hybrid systems with strong resets
are decidable, provided that the structure on which the hybrid automaton is de-
fined has a decidable first-order theory. Our proof techniques include a novel
characterization of values in games on hybrid systems by optimality equations,
and a definition of a new finitary equivalence relation on the states of a hybrid
system which enables a reduction of games on hybrid systems to games on finite
graphs.

1 Introduction

Hybrid systems and automat&ystems that exhibit both discrete and continuous be-
havior are referred to dsybrid system§l]. Continuous changes to the system’s state

are interleaved with discrete ones, which may alter the constraints for future contin-
uous behaviorsHybrid automataare a formalism for modeling hybrid systems [2].
Hybrid automata are finite automata augmented with continuous real-valued variables.
The discrete states can be seen as modes of execution, and the continuous changes of
the variables as the evolution of the system’s state over time. The mode specifies the
continuous dynamics of the system, and mode changes are triggered by the changes in
variable’s values.

Verification and controller synthesis-ormal verification of hybrid systems is an active
field of research in computer science (e.g. [3—7]). When augmented with price informa-
tion, they can serve as models for resource consumption. The price does not constrain
the behavior of the system, but gives quantitative information about it. This research
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directions ha recently received substantial attention. Timed automata[3] have been ex-
tended with price information [8, 9]. Similarly, the model of o-minifhlaybrid systems
has been extended with price functions [10].

The designer of the system often lacks full control over its operation. The behavior
of the system is a result of an interaction between a controller and the environment.
This gives rise to theontroller synthesigproblem, where the goal is to design a pro-
gram such that, regardless of the the environment’s behavior, the system behaves cor-
rectly and optimally. A game-based approach to the controller synthesis problem was
first proposed by Church [11], and was applied to hybrid automata [12, 10] and timed
automata [13]. There are two playecsntroller andenvironmentand they are playing
a zero-sum game. The game is played on the hybrid automaton and consists of rounds.
In this paper, we use player Min to denote the controller and player Max to denote the
environment. These are standard player names in zero-sum games. In each round, Min
proposes a transition. Based on that, and in accordance with the game protocol, Max
performs this or another transition.

Hybrid games with strong reset8Ve are considering a subclass of hybrid automata: hy-
brid automata with strong resets (HASR). In order to represent the automaton finitely,
we require that all the components of the system are first-order definable over the or-
dered field of reals. The term “strong resets” comes from the property of the system
that all the continuous variables are non-deterministically reset after each discrete tran-
sition. As opposed to timed automata, where flow rates are constant, and reseting of the
variables upon a discrete transition is not compulsory [3], HASR allow for rich contin-
uous dynamics [5, 10, 12]. In the game setting, we allow only for alternating sequences
of timed and discrete transitions [12, 10]. Allowing an arbitrary number of continuous
transitions prior to a discrete one, without the requirement of o-minimality, renders it
impossible to construct a bisimulation of finite index [14, 15].

Contributions. We are considering hybrid games with strong resets which generalize
the previously studied-minimal hybrid gameEL2, 10]. The o-minimality assumption,
together with the decidability of the first-order theory, was crucial in establishing pre-
vious decidability results [10].

For controller synthesis, onlgeachability-pricegames were studied so far [10].
However, the decidability result was limited to o-minimal hybrid games, where the
price function is positive and non-decreasing. In this work, we extend the previous
results to arbitrary price functions. Moreover, we show decidability of solving average-
price games which, until now, were studied only in a discrete time setting [16].

In order to characterize the concepigafme valugwe use a technique optimality
equationg17]. For each game we introduce a set of equations. We prove that, if a pair
of functions from the states to real numbers satisfies those equations, then the values of
those functions are actually game values. We also show how to find solutions to such
equations. This technique is new in the area of infinite state systems and we believe that
its introduction contributes to the value of our results.

4 O-minimality refers to the underlying algebraic structure. A structure is said terbmimal
if every first-order definable subset of its domain is a finite union of points and intervals.



We introduce a new equivalence relation over the state space of the game. This
equivalence is coarser then the previously considered in this context [12, 10] and also
induces a finite bisimulation.

To compute solutions to the optimality equations, we construct a finite priced graph,
using the introduced equivalence relation. We prove that we can derive solutions to the
original problem from solutions to the finite problem. Both average-price and reachabi-
lity-price games on finite graphs are known to be decidable.

It is worth noting that our results can be easily extendedetaxed hybrid au-
tomata[7], where the strong reset requirement is replaced by a requirement that every
cycle in the control graph has a transition that resets all the variables. This extension
can be achieved by a refinement of the equivalence relation and a minor modification
of the finite graph obtained from it. We decided against considering this more general
model, as it would have a negative impact on the clarity of presentation and exposition
of our results.

Organization of the papeiThe paper is organized as follows. Sec. 2 introduces notions

of computability, definability, and zero-sum games. We recall the known results for
finite average-price and reachability-price games. Sec. 3 introduces zero-sum hybrid
games with strong resets. We characterize game values using optimality equations, and
prove that if these equations have solutions then the games are determined and almost-
optimal strategies exist. In the rest of the paper we are showing that the solutions to the
optimality equations indeed exist. A finite abstraction over the state space of the hybrid
game is introduced in Sec. 4. It is used to construct a finite priced game graph. In Sec. 5,
we show that solutions to optimality equations for finite average-price and reachability-
price games on this graph coincide with solutions to the optimality equations for their
hybrid analogues.

2 Preliminaries

We introduce key notions and results that will be used further in the paper, such as com-
putability, definability, decidability, and two-player zero-sum games on priced graphs.
We also briefly summarize known results for average-price and reachability-price games
on finite graphs.

Throughout the papék., denotes the set of real numbers augmented with positive
and negative infinities, an®; andRg denote the sets of positive and non-negative
reals, respectively. I& = (V, E) is a graph then for for a vertex we write vE to
denote the sefv’ : (v,v') € E}.

2.1 Computability and definability

Computability. Let f : X — R be a partial function, which is defined on a getC

X C R™ We say thatf is computablef f(x) is rational for every rationat € D,
and there exists an algorithm that computes it giveh is approximately computable
if for every rationalz € D, and every= > 0, we can compute g € R such that
ly — f(z)] < e. Itis decidableif the following problem is decidable: given a rational



x € D andc € Q, decide whethef (z) < c¢. A setX C R” is decidableif there is an
algorithm that, given a rational, can decide whether € X.

Proposition 1. If a function is decidable then it is approximately computable. If a de-
cidable set contains a rational element, then there is an algorithm that outputs one.

Earlier definitions apply to the broadly accepieding machinanodel of computa-
tion. When dealing with real computation, tBume-Shub-Smale (BS8pdel [18, 19]
can also be considered. In the BSS model all real numbers are among the valid inputs
and outputs.

Definability. Let M = (R,0,1,+,-, <) be the field of reals We will say that a set
X C R™ is definablein M if it is first-order definablen M . Thefirst-order theory
of M is the set of all first-order sentences that are trua4nA well known result by
Tarski [20] is that the first-order theory of the ordered field of reals is decidable.

It is possible to enrich the structuye! with more operations (e.g., trigonometric
functions, exponential function, etc.), but decidability of the respective first-order the-
ory might be broken. Decidability of is necessary to establish Cor. 19 and 21, and
Thm 22. Unlike results in [6, 10, 12], definability ove¥! is not necessary to estab-
lish determinacy and existence of almost-optimal strategies (Thms 7, 11, 17, and 20).
These results are a direct consequence of the “strong reset” property mentioned in the
introduction.

Note that, if a real partial function is definable it is decidable, and if a set is definable
it is decidable.

2.2 Zero-sum games

Priced game graphslLet S be a set ofstatesE C S x S be anedge relation and
7 : E — R aprice function A priced game grapiis I" = ((S, E), SM", SM& 1) where
S = SMin .y SMax_Note thatS andE do not have to be finite or even countable.

A run of I' is a sequence = (sg, s1,...) of elements ofS, wherep(0) = sg
is called the initial state, an¢s;,s;+1) € E for all i € N. A finite run is a finite
sequence = (sq, ..., sx) of elements of, satisfying the same conditions. We write
Runs (Rung,) to denote the set of all runs (finite runs) of

Strategies.A strategyfor player Min is a functioru : Rung, — S, such that for every
p = (50,51,...,5,) € Rung, if s,, € SM" then(s,,, u(p)) € E. A positional strategy
for player Min is a function: : SM" — S that satisfies the same conditions. A positional
strategyp naturally induces the strategy Rynss (so, s1,...,8n) — w(sn) € S,
which, for simplicity, we also refer to gs. (Positional) strategies for player Max are
defined analogously. We writByi, and X\1ax for the sets of strategies for player Min
and Max, respectively, and we writBy;, and ITyax for the sets of their positional
strategies. Fos € S and strategieg € Yvin andy € Yvax, We define the run starting
at s and followingu andy by Run(s, u, x) = (so, s1, S2, . - .), Wheresy = s and for all
>0, 1u(so,...,8) =si41if 55 € gMin andx(so, - .., 5;) = s;41 if 5; € SM&X,

LetP, : Runs— R, andP* : Runs— R, belower andupper payoff functions
respectively. In a two-player zero-sum game, player Min wants to minimize the value



of P* of a play and player Max wants to maximize the valuePgfof the play. We
require thatt* > P,, and ifP = P, = P* then we callP the payoff function Payoff
functions define aero-sum gamen a priced game graph.

Example 2.Let us consider a very simple priced game graph, consisting of one vertex
and two edges. One of these edges bears a priéeanfd the other one the price of
For the sake of the definition completeness, we say that the set of vertices of player Min
is empty.

If we use the average-price payoff functions (see Sec. 2.3 for the definition) and
consider an infinite rup of the form_10 110011110000 . .. one can see, after a brief
calculation, thaP..(p) = 1/2 which is not equal t®*(p) = 2/3.

Determinacy.We define lower valu¥al. (s) = sup, ¢ s,,.. inf e sy, P«(Run(s, 11, X)),
and upper valu®/al®(s) = inf e 5, sup, e 5, P*(Run(s, i, x)), for all s € S. Note
that Val, < Val*, and if these values are equal, then we will refer to them as the
value of the game from this state, denotedMfy(s). We will also say that the game
from this state isdetermined We say that it igpositionally determinedif Val(s) =
SUDPy e Myax inf;LEEMm P.(Run(s, i, X)) = inf;tEHMin SUPy € Syax P*(Run(s, 1, x)).

Forallp € Yvin ands € S, we defineVal”(s) = sup,/cy,,  P*(Run(s, i, x)).
Analogously, fory € YXuax we defineVal, (s) = inf,/cx,, P«(Run(s, z, x)). For
e > 0, we say thap € Ywi, is e-optimalif for every s € S, we have thaval”(s) <
Val*(s) + . We define=-optimality of strategies for Max analogously.

Decidability and computabilityWe will say that a zero-sum game on a game grAph
is decidableif the partial functionVal : S — R is decidable. A game haomputable
e-optimal strategiesf there exists-optimal strategies for both players, which are com-
putable.

2.3 Average-price and reachability-price games on finite graphs

We recall the known results that will be used later, when discussing hybrid games. We
characterize the game values using optimality, equations and recall strategy improve-
ment algorithms, used for finding solutions to these equations. The games are deter-
mined (Thms 3 and 4), decidable and have computable optimal strategies (Cor. 5).

Average-price gamedhe goal of player Min in thaverage-price gamen [” is to min-
imize an average price per step in a run, and the goal of player Max is to maximize it. For
every runp = (sg, 1, $2, . - .), we defineP . (p) = liminf,,_, ., (1/n) Z?;Ol (S84 Sit1)s

andP*(p) = lim Supnﬁoo(l/n) Z?gol ﬂ-(s’iv Si-‘rl)'

Optimality equations for average-price gamdset I" be a priced game graph, and let
G, B : S — R. We say that the pair of functiori&, B) is a solution obptimality equa-
tionsfor the average-price gamié, denoted by(G, B) = Opty,4(1"), if the following
conditions hold for all states € SM":

G(s) = (;rslli)réE{G(s’)}, B(s) = (sr,rsl’i)IéE {n(s,s")=G(s)+B(s) : G(s') = G(s)},



and the analogous two equations hold, withix instead ofnin in both, for alls € SM&,

The two functions= and B are calledjainandbias cf. [17]. Solutions of the gain-bias
optimality equations for a finite game graph always exist and they are used to establish
positional determinacy of average-price games. For every stat§, the gain ofs is
uniquely determined by optimality equations and it is equal to the value of the average-
price game starting fror.

Theorem 3. For everyfinite priced game graph’, there is a pair of functions§;, B :

S — R, such that(G, B) = Opty,4(I'), and for every state € S, the average-price
game!” from s is determined anal(s) = G(s). Both players have positional optimal
strategies.

Reachability-price gamesA reachability-price gaméI’, F) consists of a priced game
graphl” and a set ofinal states C S. The goal of player Min is to reach a final state
and the goal of player Max is to prevent it. Moreover, player Min wants to minimize the
total price of reaching a final state, while player Max wants to maximize it. For a run
p = (so, $1, $2, . - .), we defineStop(p) = inf,,{s, : s, € F}. The reachability-price
payoffP(p) of the runp = (sq, 51, s2, . . .) is defined byP(p) = Zf:g(p)_l 7(8i,8i41)

if Stop(p) < oo, andP(p) = co otherwise.

Optimality equations for reachability-price gameket P : S — RandD : S — N.
We say thai P, D) is a solution of theoptimality equationgor the reachability-price
game(I, F), denoted by P, D) |= Optze.c L F), if the following conditions hold for
all statess € S. If s € FthenP(v) = D(v) = 0; if s € SM" \ F then

P(s) = min {r(s,s") + P(s")},
(s,s’)€E

D(s) = ( m/i)réE {14+ D(s) : P(s)=m(s,s')+ P(s)},
and the analogous two equations hold, withx instead ofmin, for all s € SMa\ F.
Intuitively, in the equations abové(s) andD(s) capture “optimal price to reach a final
state” and “optimal number of steps to reach a final state with optimal price” from state
s € S, respectively.

Let WM& C S be the set of non-final states from which player Max can prevent
ever reaching a final state. This set can be easily computed inQifi% + |E|) for a
finite game grapi”. Moreover, letiW’Mn C S\ WMaX pe the set of states which have
a negative value in the average-price game obtained frdiy removing all states from
the seti’™a_ It is easy to argue that for all € WM we haveVal(s) = +oo, and for
all s € WM we haveVal(s) = —oo. LetS™ = S\ (WM y 7wMin) and let"" be
the priced game graph obtained frdfrby restricting to the set of stat68".

Theorem 4. For everyfinite priced game graph”, there is a pair of functiong” :
S — RandD : S™ — N, such that(P, D) |= Opigeaf 1™, F), and for every state
s € Sin, the reachability-price gamé' from s is determined an¥al(s) = P(s).

Strategy improvement algorithms [17, 13, 21] can be used to prove Thms 3 and 4,
and to compute solutions of optimality equations Qpt/") and OPkeac{ 1™, F).



Corollary 5. Average-price and reachability-price games on finite priced game graphs
are decidable and have computable optimal strategies.

3 Games on hybrid automata with strong resets

We introduce hybrid automata with strong resets and define zero-sum hybrid games
on these automata, which fit in the general framework presented in Sec. 2.2. The key
result is that optimality equations characterize the game values of average-price and
reachability-price hybrid games (Thms 7 and 11). This allows us to later prove the main
result of this paper, i.e., that these games are positionally determined and decidable.

Our definition of a hybrid automaton varies from that used in [12, 10], as we hide
the dynamics of the system into guard functions. This approach allows for cleaner and
more succinct notation and exposition, without loss of generality.

Priced hybrid automata with strong resetiset L be a finite set ofocations Fixn € N
and define the set aftatesS = L x R™. Let A be a finite set ofctionsand define the
set oftimesT = Ry We refer to action-time pairz, ) € A x T astimed actions
A priced hybrid automaton with strong resets (PHASR)= (L, A, G, R, w) consists
of finite setsL of locationsandA of actions aguard functionG : A — 25<T areset
functionR : A — 2%, and a continuouprice function7 : S x (A x T) — R. We say
that™ is adefinable PHASH the setsG, R, and the functionr are definable.

For statess, s’ € S and a timed actiorfa,t) € A x T, we write s —, s’ iff
(s,t) € G(a) ands’ € R(a). If 5,5 € S, 7 = (a,t) € A x T, ands %, s’ then we
write s = s’. We define thenovefunctionM : S — 22%T by M(s) = {(a,t) : (s,t) €
G(a)}. Note thatM is definable ifG is definable. Arun from states € S is a sequence
(80,71, 51,72, 82,...) € Sx ((AxT) xS)¥, such thatsy = s, and for alli > 0, we
havesi & Sit1-

We say that the hybrid automatonpgce-boundedf there exists a constai > 0,
suchthatforalk € Sandr € M(s), we haver(s, 7)| < B. For technical convenience,
we only consider price-bounded hybrid automata in this paper. Without it, it would be
necessary to account for non-determinacy. This would have a negative effect on clarity
of the paper.

Hybrid games with strong resetsA hybrid game with strong resets (HGSR) =

(H, MMin _MMax) consists of a PHASR{ = (L, A, G, R, ), aMin-movefunctionMMin .

S — 2A%T and a Max-movefunction MM . S x (A x T) — 2A%T. We require
that for alls € S, we haveMM"(s) C M(s), and that for alr € MMn(s), we have
MMax(s ) C M(s). W.l.0.g., we assume that for allc S, we haveMM"(s) # ), and

that for all7 € MM (s), we haveMM&(s, ) = (). If H and the move functions are
definable then, we say thatis definable

A hybrid game with strong resets is played in rounds. In every round, the following

three steps are performed by the two players Min and Max from the current steie

1. Player Min proposes a timed actiore MM (s).
2. Player Max responds by choosing a timed actioe: (a’, ') € MM&(s, 7).



3. Player Max chooses a statec R(a’), i.e., such that ', & The state’ becomes
the current state for the next round.

A play of the gamd” from states € S is a sequencésy, 71, 71, 51, T2, Ta, 82, - . .} €
Sx ((AxT)x (AxT)xS)¥, such thatsy = s, and for alli > 0, we haver;;; €
MMIn(s;) andr/, ; € MM®(s;, 7,11). Note that if(sg, 71, 7{, 51, 72, 75, 52, .. .) is a play
then the sequendgy, 71, $1, 74, S2, . . .) is a run of the hybrid automatdH.

A hybrid game with strong resets can be viewed as a game on a priced game graph.
The set of stateS' is a subset ofSU(Sx (Ax T))U((AxT)). TheE’ relation is defined
as follows:(s, (s, 7)) € E'iff 7 € MM"(s), and((s,7),7’) € Eiff 7/ € MM&(s 1),
and((da/,t'),s") € E'iff ' € R(a’). We definel” = ((S,E’),S,5’ \ S, 7’), where
7'((s,7),(a',t')) = w(s,t’"), and0 for all other edges. Additionally we require that
S\ S contains all states reachable fréhand does not contain those that are not. For
all (a,t), (d,t') € S',if a = d’ then(a,t)E' = (a’, V') E’.

Itis clear that plays of" directly correspond to runs aff. Moreover, any run of
uniquely determines a run &f. To recall the definitions of strategies, payoff functions
and game values, see Sec. 2.2. We define payoffé nfns as functions of the uniquely
determinedH runs.

In the following, we lift the concept of reachability-price and average-price games,
as defined in Sec. 2.3, to hybrid games with strong resets. We show that values of these
games are characterizable by optimality equations and we argue that if the game is
determinedg-optimal positional strategies are definable.

Average-price hybrid gamesThe goals of players Min and Max in an average-price
game are to minimize and maximize, respectively, the average price per round of a
play. This corresponds to defining the lower and upper payoffs as follows. For a run
p = (so, s1, . . .) of H, we define the lower payoff. and the upper payoff* by

n—1 n—1

1 1
P.(p) = liminf — Z 7(Siy Tit1), P*(p) = limsup . Z 7(Siy Tig1)-

e S oo i=0

As we did in the case of finite game graphs (Thm 3), we prove determinacy and
characterize the values of average-price games on hybrid automata with strong resets by
optimality equations involving gain and bias. l@&t B : S U (S x (A x T)) UA—R.
We say that(G, B) is a solution toaverage-price optimality equationsenoted by
(G, B) = Opty4(1), if the following equations hold for alf € S. If s € S, then

Gls) = i [G(s.), )
B(s) = TG,\iﬂI&ﬁ(s){—G(s) + B(s,7) : G(s,7) =G(s)}; (2)

if s € Sandr € MMn(s), then

Glor) =, max (G, @
B(s,7) = sup {m(s,d',t") = G(s,7) + B(d') : G(a') =G(s,7)};(4)

(a’,t") eMMX(s,T)



and ifa € A

G(a) = m&x){G(s)}, B(a) = sup {—G(a)+ B(s) : G(s) = G(a)}.
s€R(a s€R(a)

Note that the above optimality equations referItq which allows us to model
optimal choices that both players make in all steps of the hybrid game. Also note that in
the definition of gain we usain andmax rather tharinf andsup. This is valid because
gain has a finite range, nama®(A), andA is finite.

Remark 6.0bserve that ifl" is definable then the left hand sides of the optimality
equations are definable functions of the right hand side arguments.

Theorem 7. If (G, B) = Opty4(1) then for every state € S, the average-price
hybrid gamel” from s is determined and we hawél(s) = 3 - G(s). Moreover, for
everye > 0, positionale-optimal strategies exist for both players.

The factor of3 in the statement of Thm 7 is due to the fact that the value of gain
is subtracted in each of the three bias equations. This is necessary because a round
of a hybrid gamel” is encoded by a sequence of three edges in the finite gfaph
(introduced in Sec. 4). This is a technical detail needed in the proof of Thm 17.

Corollary 8. If there exists(G, B) such that(G, B) = Opty,(I') and I" definable
then positionak-optimal strategies are definable.

The theorem and corollary follow from the following two lemmas and their proofs,
which imply that for all states € S, we have thaval*(s) < 3 - G(s) andVal.(s) >
3 - G(s), respectively.

Lemma 9. Let (G, B) = Opty4(1). Then for alle > 0, there isp. € Ilmin, Such that
for all x € Xmax and for all s € S, we haveP*(Play(s, ue, x)) < 3-G(s) +¢.

Lemma 10. Let (G, B) = Opty,4(I7). Then for alle > 0, there isx. € Ilvax, Such
that for all x € Xin and for alls € S, we haveP .. (Play(s, i, x¢)) >3- G(s) —e.

We prove Lem. 9 by observing that for every > 0, player Min can choose €
MMn(s) in such away thatG(s) = G(s,7) and B(s) > B(s,7) — ¢’, We call this
choices’-optimal. To complete the proof, we prove thapif € I7M" is such that for
every,s € S u.(s) is e-optimal, thenu. is e-optimal. The proof of Lem. 10 is similar.

Reachability-price hybrid gamegA hybrid reachability-price game with strong resets
(I', F) consists of a hybrid game with strong resEtand of a (definable) s&t C S of
final states.

For a runp = (sg, s1, $2,...) of H, we defineStop(p) = inf,{s, : s, € F}.

The reachability-price payofP(p) is defined byP(p) = Zi;’g(”)_lw(si,nﬂ) if
Stop(p) < oo, andP(p) = oo otherwise.

As in the case of finite reachability-price games, we prove determinacy and char-
acterize game values using optimality equations (Thm 4). We adapt the optimality
equations in the same way as for average-price hybrid games. We (#ife) =
Opteaci{ I F) to denote a solution of theeachability-price optimality equations



Theorem 11. If (P, D) = Optzeaa{ L, F) then for every state € S, the reachability-
price hybrid gaméI’, F) from states is determined and we ha¥al(s) = P(s). More-
over, for every > 0, positionale-optimal strategies exist for both players.

Corollary 12. If there existg P, D) such that (P, D) |= Optge.af [ F) and I" defin-
able then positionat-optimal strategies are definable.

4 A finite abstraction

We introduce a finitary equivalence relation over the state space of the hybridigame
Itis used to construct a finite priced game grdph
Fors € Sand(a,t) € MM (s), we define

AMX(s (a,t)) = {a' € A : (d',t') € MM*(5 (a,t)) for somet’ € T},

i.e., AMX(s (a,t)) is the set of actiona’ € A, such that there is a valid response
(a’,t") € A x T of player Max to the proposdk, t) of player Min. Fors € S and
teT,let

/—\MinMaX(s,t) = {(a,AMax(s, (a,t))) : (a,t) € MMin(s)},

i.e., the seAMI"Max(s ) is the set of all pairga, A’) € A x 2”, such that player Min
can propose the timed actidn, t) from states, and the set of actions, appearing in
valid responses of player Max to the propogalt) of player Min, is exactlyA’.

LetR ={ Ry, Rs,..., R, } be suchthaR; C Sforalli. Fors, s’ € S, we define
s ~x s’ to hold iff the following conditions are satisfied: for all= 1,2,...,n, we
have thats € R; iff s € R;; AMNMaX (5 T) = AMInMax (o T,

We will useR = {R(a)}qca for average-price games afil= {F} U {R(a)}seca
for reachability-price games. If the sRtis understood from the context, or if for the
purpose of our discussion the exact identity of theBeis not important then, we
often write simply~ instead of~%. Note that the second condition in the definition
of ~ states that the function"inMax (s .y AMInMax( g/ .y . T _, A x 2A have the same
ranges. Therefore, § € S/~, then it makes sense to $8f"™a (. T) to be the range
of the functionAM"Max (s ) for any s € Q.

Remark 13.0bserve that- is an equivalence relation on the set of st&eand that
there are finitely many equivalence classes-oMoreover, ifI" is definable then every
equivalence class is also definable.

From I to the finite game.The main goal of this section is to define a finite game
graphl” whose plays correspond to sequences of rounds, each of which consists of the
following steps. Lets” € A be thecurrentaction.

1. Max chooses) € S/~ such that) C R(a").
2. Min chooses a paffa, A’) € AMMMax( T),
3. Max chooses an actiari € A’, which becomes the current action.



Note that, unlike in the hybrid gam&, here in every step players make choices out of
finite sets of options. It is instructive to think of mapping choices made by the players
in steps 3, 1, and 2 of the hybrid gameo steps 1, 2, and 3 of the finite garhan the
following way.

1. Max’s choice ofs € R(a") is mapped to his choice of the equivalence claps.
2. Min’s choice of(a,t) € MM"(s) is mapped to his choice ¢, AM®(s, (a, t))).
3. Max’s choice of(a’, ') € MM3(s_ (a,t)) is mapped to his choice af.

The above finitary abstraction of choices made by players in every round of the
hybrld gameF = (H,MMin MMax) js formalized by the following finite game graph
= (S,E), where:

S=AUS/~U{(QaA) : QeS/~and(a,A') € AMMX() T)],
E=

{(a,Q) : QCR(a)} U {(Q,(Q,a,A")) : (a,A") € AM™MQ T)}
U{((Q,a,A"),d") : a’ € A'}.

We define the finite game gragh= (H,SMn SMax %) where(SMn S'V'ax) is a parti-
tion of S and7 : E — R is a price functlon LeSM'n = S/~ and letSMax — G\ GMin,
The price functiort is defined to bé for edges of the fornfa, Q) or (Q, (Q, a, 4)),
and for edges of the forf(Q, a, 4’), a’) we define

ﬁ((Q,a,A’),a’) = sup inf sup (s, (d’, 1)), where
sEQ tGTg Na, a7y V'E TMax

s,(a,t),a’
Tgi&Al) ={teT: (at) € MM"(s)andA’ = AM¥*(s, (a,1))},
T';’[E(‘Z,t)’a, ={t'eT: (d,t) e MM¥*(s,(a,1))}.

The seth’f’fi(r‘a7A,) is the set of timeg, such that if Min proposes the timed action ¢)

from states, then A’ is the set of actions which occur in valid responses of Max. Sim-
ilarly, the setTg"?g 1),a0 1S the set of time¢’ € T, for which the timed actioifa’, ') is
a valid response of Max to the proposal ¢) of Min.

Note that the value af always exists. This follows from the assumption that hybrid

automata with strong resets under consideration are price-bounded.

Theorem 14. If I" is definable then the finite priced game gra@h’s also definable.

Discussion.In the hybrid gamd, each step of a round has a hybrid nature, i.e., consists
of both a discrete and a continuous component. In the first two steps, players Min and
Max make a discrete choice of an action followed by a continuous choice of time. In
the last step, player Max makes a discrete choice of an equivalence class (resall the
equivalence), followed by a continuous choice of a state in that class.

The construction of " is built upon an idea to separate the discrete and continuous
choices of both players. This separation is achieved by reconstructing the round of
a game in such a way that first players make their discrete choices (in three steps)
and then they make their continuous choices, which must be sound with respect to the
discrete choices made earlier.



In I, the discrete steps of the reconstructed round are encoded in the choices of
edges. The continuous choices are not present, however. Instead, we set the prices of
edges as if, after making the discrete choices, the players were making optimal contin-
uous choices (with respect to the discrete ones). This reduces the problem of solving
a hybrid gamd to a finite problem. The correctness of this approach will follow from
Thms 17 and 20, which can be found in Sec. 5.

Example 15.To make the construction dt clearer, we provide a simple example. Let
Vi={(z,y) : 2 +y =10}, Vo =R*\V;, Vs = {(z,y) : y+2> <0}, [1 = (1,2),

I, = (3,4) andI3 = (5,6). We define the hybrid automatdd = (L,A,G,R,7) as
follows: L = {¢}, A = {a,b},S =L xR% G = {a} x (Sx I3) U{b} x (L x V3) x I,

R = A x (L x V1), and the price function is given by(z, y, A, t) = —(t + 22 + y?).
Fig 1(a-c) provides more insight into the definition7gf

Recall thatM(s) = {(c,t) : (s,t) € G(c)}. We definel” by settingMMn(s) =
M(s) N {a} x T and ift € I; thenMM& (s a,t) = {(a,t)} otherwise, ift € I3 then
MM (s a,t) = {(a,t)} U {b} x Is.

Now we can construct the equivalense, whereR = {R(a), R(b)}. All elements
of L x V; are contained in botR(a) andR(b). If we look at the seAM™MaX (s T) then it
is easy to see that for alle L x (V1 \ V3) itis equal to{(a, {a})}, and for all elements
s € L x V3, to{(a,{a}), (a,{a,b})}. Onthe other hand, elements L x V5 are not
contained in any set i, and the seAM"Max (5 T) is alway equal tq(a, {a})}. This
gives us three equivalence classes-@f, namelyQ; = L x V3, Q2 = L x (V1 \ V3) and
Qs = L x V4. The finite priced game grapﬁ obtained from/” using~x is depicted
on Fig 1(d).

a b !
Vi y=—z+10

c) Tl

4 = -
2 |
|
1 a Z |
|
<= =S Jertices of player Mini! Vertices of player Max :
‘/'1 ‘/:; ‘/2 :\Glﬂ(,eh() player 1n:L ertices ol player ax :

Fig. 1. a) Graph structure underlyintf. b) State space df. c) Guard function ofH. d) The
priced game graph' obtained from/” through finite abstractiom; stands fof (a, {a})} andA,
for {(a,{a}), (a,{a,b})}. Edge price is omitted when it is equal to zero.

5 Solving average-price and reachability-price games

The key result of this section is that solutions of optimality equations for the average-
price gamel” and for the reachability-price gan{é’, F) on the finite priced game



graphf coincide with the solutions of the optimality equations for the hybrid average-
price gamel” and of the hybrid reachability-price gani€, F) respectively (Thms 17
and 20). In addition (by Thms 7 and 11) it follows that average-price and reachability-
price hybrid games are positionally determined and decidable (Cor. 19 and 21).

Average-price gamesT he following are the optimality equations for the average-price
game on the finite priced game graphForQ € S/~ = SM" we have:

GQ = min {GQ,aA)},
(Q,(Q,a,A"))€E

Q= min {-GQ) +B(Q,a4): GQ)=GQ,aA)}
(Q,(Q,a,A"))€E

Eg)

for (Q,a, A') € (S/~ x A x 2*) C SMa e have:

é(Q,a,A') = max A{@(Q,a,A’)},
((Q,a,A"),a’)€E
B(Q,a,AY=  max {7((Q,a,A"),d') — G(Q,a,A") + B(d') :

((Q,a,A’),a’)EE

G(Q.a,A") = G(d)};
and fora € A C SM we have:

G(a) = max {G(Q)},  B(a)= max {~G(a)+ B(Q) : G(a) = G(Q)}.
(a,Q)€E (a,Q)€E

Our goal is to show that a solutioi@, E) of Opi;wg(f) can be used to obtain a so-
lution (G, B) of Opty4(1). Recall that a solution of optimality equations QgtI")
for a hybrid average-price game is a p@i, B) of functionsG,B : S U (S x (A x
T)) UA— R.

Proposition 16. If I" is a hybrid average-price game, then for all states S and for
all 7 € MMIn(s), the valuesG(s), B(s), G(s,7), and B(s, 7) satisfying equations (1—
4), respectively, are uniquely determined and first-order definable (provided theat
definable) from the (finitely many) valug&§(a), B(a) : a € A}.

Theorem 17. Let I be a hybrid average-price game and (&, B) = OptAVg(f). If
G,B:SU (Sx(AxT))UA — R satisfy equations (1-4), and for all€ A, it holds
thatG(a) = G(a) and B(a) = B(a), then(G, B) |= Optyq(I').

Example 18.Recall the game grapﬁ from Ex. 15. Fig 2 depicts the optimal choices
of both players in the average-price game and the solution to the optimality equations
for finite average-price games. The value of the game from every stafy & because
(G. B) = Oplyq(D). A
We use the solutions to O (1") to obtain solutions to O, (1"). We setG =

—2, B(a) = B(a) = 0 and B(b) = B(b) = 0. The remaining values are uniquely



determined by these. One can see that the value of the average-price gahie-e2

and that the players haeeoptimal strategies as follows: from every stat&jn player

Min should play(a, 6 —¢), and from every state i@- U @3, Min should play(a, 2 —¢).

Player Max on the other hand has always to play Min’s choice unless he is in the state
(s,a,t) andt > 5, when he should make the movie 3 + ). From every state i,

Max should choose choose to plgy 0) € Q-.

1
Vertices of player Min ' Vertices of player Max
_______________ | e e e e e e e e e e e e e e e e e e - ———

Fig. 2. Solid arrows denote the optimal strategies of both players. Above each vertex one can find
its gain and bias.

Corollary 19. Definable average-price hybrid games with strong resets are decidable.

Reachability-price gamesAs in the case of average-price hybrid games the solutions
to the optimality equations for the finite gamﬁ, E) coincide with the solutions to the
optimality equations for the hybrid gani&, F). The main results are as follows, and is
proved in a similar fashion as Thm 17.

Theorem 20. Let (P, D) = Optgeau( I’ F), where(I', F) is a hybrid reachability-
price game. If for alla € A, we setP(a) = P(a) and D(a) = D(a), then there are
unique extensions @, D : A - Rto P,D:S U (Sx (AxT)) U A — Rsuch that

(P, D) = Opteac I ).

Corollary 21. Definable reachability-price hybrid games with strong resets are decid-
able.

Computability ofs-optimal strategies.Definable average-price and reachability-price
admite-optimal strategies. We present the following computability result.

Theorem 22. If I" is a definable hybrid game with strong resets then, if in the average-
price (reachability-price) game a player can always make a ratianaptimal move,
thens-optimal strategies are computable.
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