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Abstract. In a reachability-time game, players Min and Max choose moves so
that the time to reach a final state in a timed automaton is minimised or max-
imised, respectively. Asarin and Maler showed decidability of reachability-time
games on strongly non-Zeno timed automata using a value iteration algorithm.
This paper complements their work by providing a strategy improvement algo-
rithm for the problem. It also generalizes their decidability result because the
proposed strategy improvement algorithm solves reachability-time games on all
timed automata. The exact computational complexity of solving reachability-time
games is also established: the problem is EXPTIME-complete for timed automata
with at least two clocks.

1 Introduction

Timed automata [3] are a fundamental formalism for modelling and analysis of real-
time systems. They have a rich theory, mature modelling and verification tools (e.g.,
UPPAAL, Kronos), and have been successfully applied to nhumerous industrial case
studies. Timed automata are finite automata augmented by a finite number of continuous
real variables, which are called clocks because their values increase with time at unit
rate. Every clock can be reset when a transition of the automaton is performed, and
clock values can be compared to integers as a way to constrain availability of transitions.
The fundamental reachability problem is PSPACE-complete for timed automata [3].
The natural optimization problems of minimizing and maximizing reachability time in
timed automata are also in PSPACE [13].

The reachability (or optimal reachability-time) problems in timed automata are fun-
damental to theerificationof (quantitative timing) properties of systems modelled by
timed automata [3]. On the other hand, the probleneaftrol-program synthesifor
real-time systems can be cast as a two-player reachability (or optimal reachability-time)
games, where the two players, say Min and Max, correspond to the “controller” and the
“environment”, respectively, and control-program synthesis corresponds to computing
winning (or optimal) strategies for Min. In other words, for control-program synthe-
sis, we need to generalize optimization problemsampetitive optimizatioproblems.
Reachability games [5] and reachability-time games [4] on timed automata are decid-
able. The former problem is EXPTIME-complete, but the elegant result of Asarin and
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Maler [4] for reachability-time games is limited to the class of strongly non-Zeno timed
automata and no upper complexity bounds are given. A recent result of Henzinger and
Prabhu [15] is that values of reachability-time games can be approximated for all timed
automata, but computatability of the exact values was left open.

Our contribution. We show that exact values of reachability-time games on arbitrary
timed automata are uniformly computable; here uniformity means that the output of our
algorithm allows us, for every starting state, to compute efficiently the value of the game
starting from this state. Unlike the paper of Asarin and Maler [4], we do not require
timed automata to be strongly non-Zeno. We also establish the exact complexity of
reachability and reachability-time games: they are EXPTIME-complete and two clocks
are sufficient for EXPTIME-hardness. For the latter result, we reduce from a recently
discovered EXPTIME-complete problem of countdown games [16].

We believe that an important contribution of this paper are the novel proof tech-
niques used. We characterize the values of the ganaptimality equationsand then
we usestrategy improvemend solve them. This allows us to obtain an elementary and
constructive proof of the fundamental determinacy result for reachability-time games,
which at the same time yields an efficient algorithm matching the EXPTIME lower
bound for the problem. Those techniques were known for finite state systems [17, 19]
but we are not aware of any earlier algorithmic results based on optimality equations
and strategy improvement for real-time systems such as timed automata.

Related and future work. A recent, concurrent, and independent work [12] establishes
decidability of slightly different and more challenging reachability-time games “with
the element of surprise” [14, 15]. In our model of timed games, players take turns to
take unilateral decisions about the duration and type of subsequent game moves. Games
with surprise are more challenging in two ways: in every round of the game, players
have a “time race” to be the first to perform a move; moreover, players are forbidden
to use strategies which “stop the time,” because such strategies are arguably physically
unrealistic and result in Zeno runs. In our reachability-time games, player Max may use
such Zeno strategies in order to prevent reaching a final state. We conjecture that our
techniques can be generalized to prevent player Max from using Zeno strategies.

A generalization of timed automata to priced (or weighted) timed automata [7]
allows a rich variety of applications, e.g., to scheduling [6, 1, 18]. While the funda-
mental minimum reachability-price problem is PSPACE-complete [6, 8], the two-player
reachability-price games are undecidable on priced timed automata with at least three
clocks [9]. The reachability-price games are, however, decidable for priced timed au-
tomata with one clock [11], and on the class of strongly price-non-Zeno timed au-
tomata [2, 10]. Future work should include adapting the techniques of optimality equa-
tions and strategy improvement to (competitive) optimization problems on priced timed
automata.

2 Timed Automata and Reachability-Time Games

We assume that, wherever appropriate, 8etsf non-negative integers aritl of reals
contain a maximum elemenb, and we writeN,( for the set of positive integers and
R, for the set of non-negative reals. FoE N, we write[n]y for the sef0, 1, ...,n},



and[n]g for the set{r € R : 0 < r < n} of non-negative reals bounded hy For
setsX andY, we write[X — Y] for the set of functiond” : X — Y, and[X — Y]
for the set of partial functiong' : X — Y.

Timed automata. Fix a constank € N for the rest of this paper. L&t be a finite set
of clocks A (k-bounded)lock valuationis a functionv : C — [k]r; we write V' for
the sef{C' — [k]r] of clock valuations. Ifiv € V andt € Rx( then we writev + ¢ for
the clock valuation defined by +t)(c¢) = v(c) + ¢, forallc € C. Foraset”’ C C of
clocks and a clock valuation : C — R, we define Resét, C’)(c) = 0if c € C’,
and Resév, C')(c) = v(c) if c ¢ C".

The set ofclock constraintver the set of clockg’ is the set of conjunctions of
simple clock constraintsvhich are constraints of the formxi 7 or ¢ — ¢’ < ¢, where
¢, € C,i € [k]n, and € { <, >, =, <, > }. There are finitely many simple clock
constraints. For every clock valuatiene V', let SCQv) be the set of simple clock
constraints which hold iv € V. A clock regionis a maximal sef? C V, such that
for all v,' € P, we have SCQr) = SCQ%/'). In other words, every clock region is
an equivalence class of the indistinguishability-by-clock-constraints relation, and vice
versa. Note that andv’ are in the same clock region iff all clocks have the same integer
parts inv andy/, and if the partial orders of the clocks, determined by their fractional
parts inv andy/’, are the same. For all € V, we write[v] for the clock region ob.

A clock zones a convex set of clock valuations, which is a union of a set of clock
regions. Note that a set of clock valuations is a zone iff it is definable by a clock con-
straint. ForlV C V, we write W for the smallest closed set in which containgV'.
Observe that for every clock zof&, the sefV is also a clock zone.

Let L be a finite set ofocations A configurationis a pair(¢,v), where? € L is
a location and» € V is a clock valuation; we writ&) for the set of configurations.

If s = (¢,v) € Q andc € C, then we writes(c) for v(c). A regionis a pair(¢, P),
where/ is a location andP is a clock region. Ifs = (¢,v) is a configuration then
we write [s] for the region(¢, [v]). We write R for the set of regions. A sef C Q
is azoneif for every ¢ € L, there is a clock zon&V, (possibly empty), such that
Z ={(t,v) : £ € Landv € W,}. For aregionRk = (£, P) € R, we write R for the
zone{(4,v) : v € P}.

A timed automator? = (L,C, S, A, E, ¢, p, F) consists of a finite set of loca-
tions L, a finite set of clocks”, a set ofstatesS C @, a finite set ofactions A4, an
action enabledness functidi: A — 2°, atransition functiony : L x A — L, aclock
reset functiorp : A — 2¢, and a set ofinal statesF’ C S. We require thafS, F', and
E(a)foralla € A, are zones.

Clock zones, from which zone F', andE(a), foralla € A, are built, are typically
specified by clock constraints. Therefore, when we consider a timed automaton as an
input of an algorithm, its size should be understood as the sum of sizes of encodings of
L, C, A, ¢, andp, and the sizes of encodings of clock constraints defining zohés
andE(a), for alla € A. Our definition of a timed automaton may appear to differ from
the usual ones [3, 7]. The differences are, however, superficial and mostly syntactic.

For a configuration = (¢,v) € Q andt € R>(, we defines+¢ to be the configura-
tions’ = (¢,v+t)if v+t € V, and we then write —; s’. We writes —; s’ if s —=; ¢’
and for all¢’ € [0, ], we have(¢, s+t') € S. For an actiom € A, we define Suds, a)



to be the configuratior’ = (¢',v"), where?’ = §(¢,a) andrv’ = Resetr, p(a)), and

we then writes = 5. We writes = 5" if s & s'; 5,8’ € S; ands € E(a). For
technical convenience, and without loss of generality, we will assume throughout that
for everys € S, there exists: € A, such that % s'.

Fors,s’ € S, we say that’ is in the future ofs, or equivalently, that is in the past
of &, if there ist € R>(, such thats —; s’; we then writes —, s’. ForR, R’ € R,
we say thatR’ is in the future ofR, or thatR is in the past ofR?, if for all s € R,
there iss’ € R’, such that’ is in the future ofs; we then writeR —, R’. We say that
R’ is thetime successoof R if R —, R, R # R/, and for everyR” € R, we have
thatR —, R” —, R impliesR” = Ror R” = R’; we then writeR —; R’ or
R’ 1 R. Similarly, for R, R’ € R, we write R % R’ if there iss € R, and there is
s’ € R', such that % ',

We say that a regio® € R is thin if for every s € R and everye > 0, we have
that[s] # [s + ¢]; other regions are calletiick. We write Rthin and Rrhick for the sets
of thin and thick regions, respectively. Note thatife Rk then for everys € R,
there is are > 0, such thafs] = [s + £]. Observe also, that the time successor of a thin
region is thick, and vice versa.

A timed actionis a pairr = (a,t) € A x R>¢. Fors € @, we define Suqs, 7) =
Sucds, (a,t)) to be the configuratios = Sucds+t,a), i.e., such that —; s” % &,
and we then writgg %, s’. We writes %, s’ if s —; s % /. If 7 = (a,t) then we
write s = s’ instead ofs %, ¢/, ands = s’ instead ofs %, s’

A finite run of a timed automaton is a sequer{eg, 71, S1, 72, - -, Tn, Sn) € S X
((AxRs>q)xS)*, suchthatforall,1 < i < n,we haves;_; T, s;. For afinite runr =
(80,71, 81, T2y - - -, Tn, Sn), We define Lengthr) = n, and we define Laét) = s,, to be
the state in which the run ends. We write Rginfor the set of finite runs. An infinite
run of a timed automaton is a sequemce (sg, 71, s1, 72, - - .), such that for ali > 1,
we haves; _; —~ s;. For an infinite run-, we define Lengtfr) = co. For a runr =
(s0,71,51,72, .. .), we define Stopr) = inf{i : 5; € F} and Timdr) = S5 ¢,
We define ReachTinte) = Zf;"f(” t; if Stop(r) < oo, and ReachTime) = oo if
Stop(r) = oo, where for alli > 1, we haver; = (a;, ;).

Strategies.A reachability-time gamé” is a triple (7', Lmin, Lmax), WhereT is a timed
automatonL,C, S, A, E, §, p, F) and (Lwin, Lmax) IS @ partition ofL. We define sets
Qmin = {(67 V) €Q:le LMin}a QMax = Q\QMina Smin = SNQMin, SMax = S\SMin-
Rwmin = {[S] RS QMin}- andRMax =R \ Rmin -

A strategyfor Min is a functiony : Runsin — A x Rxg, such that if Lagtr) =
s € Swmin andu(r) = 7 thens = s'. Similarly, a strategy for Max is a function
X : Rungn — A xRsq, suchthatif Lagtr) = s € Swax andy(r) = 7 thens = s’. We
write Xvin and Xvax for the sets of strategies for Min and Max, respectively. If players
Min and Max use strategigsandy, respectively, then thgu, x)-run from a state is
the unique run Rufs, 1, x) = (so, 71, s1, T2, . . .), such that, = s, and for every > 1,
if s; € Smin OF 8; € Smax, thenu(Run;(s, i, x)) = 741 or x(Run,(s, i, x)) = Tit1,
respectively, where Ruyfs, i, x) = (S0, 71,51, -« - Si—1, Ti, Si)-

We say that a strategyfor Min is positionalif for all finite runsr, ' € Runs,, we
have that Lagt') = Last(r’) implies u(r) = u(r'). A positional strategy for Min can



be then represented as a functjon Suyin — A x R>¢, which uniquely determines the
strategyp™ € Xwin as follows:u>(r) = p(Last(r)), for all finite runsr € Runsip.
Positional strategies for Max are defined and represented in the analogous way. We write
IIvin andIlyay for the sets of positional strategies for Min and for Max, respectively.

Value of reachability-time game.For everys € S, we define itsupper and lower
valuesby Val*(s) = inf,ex,;, sup,cs,,, ReachTiméRun(s, 1, x)), and Val(s) =
SUD, ¢ 5o 10 e 5, REACHTIMERUN(S, 11, X)), respectively. The inequality Vials) <
Val*(s) always holds.

A reachability-time game ideterminedf for every s € S, the lower and upper val-
ues are equal to each other; thenvhkieVal(s) = Val.(s) = Val*(s) is defined. For a
strategyu € Yvin, we define its value V(s) = sup, ¢ 5, ReachTimeRun(s, u, x)),
and forx € Xvax, We define Va|(s) = inf x5, ReachTiméRun(s, 11, x)). For an
e > 0, we say that a strategy € Xwin Or x € Ymax iS e-optimalif for every s € S, we
have Vat'(s) < Val(s) + ¢ or Val, (s) > Val(s) — ¢, respectively. Note that if a game
is determined then for eveey> 0, both players have-optimal strategies.

We say that a reachability-time gamepissitionally determinedf for every s € S,
and for everye > 0, both players havpositionale-optimal strategies from. Our re-
sults (Lemma 1, Theorem 2, and Theorem 4) yield a constructive proof of the following
fundamental result for reachability-time games.

Theorem 1 (Positional determinacy).Reachability-time games are positionally de-
termined.

Optimality equations Opty;,vax (I). Our principal technique is to characterize the
values Va(s), for all s € S, as solutions of an infinite system optimality equations
and then to study the equations. We wii#& D) = Optyimax({ ). @nd we say that
(T, D) is a solution ofoptimality equation®©ptyi,vax (L), if for all s € S, we have:

— if D(s) = oo thenT(s) = oo; and
— if s € F'then(T(s), D(s)) = (0,0);
— if 5 € Smin \ F, thenT'(s) = inf, {t + T(s') : s = s'}, and
D(s) =min{14d" : T(s) = infa {t+T(s') : s 5, s’ andD(s') = d’}}; and
— if 5 € Svax \ F, thenT'(s) = sup, ,{t + T(s') : s = s'}, and
D(s)=max{1+d : T(s) =sup, {t+T(s') : s 5 s andD(s') = d'}}.

Intuitively, in the equations abov&)(s) andD(s) capture “optimal time to reach a final
state” and “optimal distance to reach a final state in optimal time” from stateS,
respectively. The following key lemma establishes that in order to solve a reachability-
time gamel’, it suffices to find a solution of Ol yax(1)-

Lemma 1 (e-Optimal strategies from optimality equations). If 7" : S — R and
D : S — N are such that(T, D) &= Oply,.wmax(L), then for alls € S, we have
Val(s) = T'(s) and for every > 0, both players haveositionale-optimal strategies.



3 Timed Region Graph

In this section we argue that the task of solving @i« (I") can be reduced to solving

a simpler system of equations (g,p,‘gvlax(f), which is also infinite, but whose right-
hand sides are minima or maxima of only finitely many expressions.

Simple timed actions.Define the finite set adimple timed actiongl = A x [k]y x C.
Fors € Q anda = (a,b,c) € A, we definet(s,a) = b — s(c) if s(¢) < b, and
t(s,a) = 0if s(c) > b; and we define Sugs, o) to be the state’ = Sucds, 7(«)),

wherer(a) = (a, (s, a)); we then writes 2 s'. We also writes % ' if s "% .

Note that ifa € A ands = s’ then[s’] € Rrhin. Observe that for every thin region
R’ € Rrhin, there is a numbér € [k]y and a clock: € C, such that for evenR € R

in the past ofR’, we have thas € R implies (s + (b — s(c¢)) € R’; we then write
R —y. R.Fora = (a,b,c) € AandR, R’ € R, wewriteR = R’ or R %, . R/, if

a

R —y.. R" — R’, for someR” € Rrhin.

Timed region graph . Let I = (T, Lmin, Lvax) be a reachability-time game. We
define thetimed region graphf to be the finite edge-labelled grayi®, M), where
the setR of regions of timed automatoh is the set of vertices, and the labelled edge
relationM C R x A x R is defined in the following way. Fat = (a,b,c) € A and
R,R' € R we have(R,a,R') € M, sometimes denoted kg ~> R, if and only if
one of the following conditions holds:

a

— thereisank” € R, such thatR —, . R — R'; or
— R € Ruin, and there ar&®”, R € R, such thatR —; . R —_1 R L R or

a

— R € Rmax, and there ar&®”, R € R, suchthatR —; . R «—_,1 R — R'.

Observe that in all the cases above we have ftiatc Ryhin and R € Rhick. The
motivation for the second case is the following. IRt-, R” % R’, whereR € Ruin
and R € Rrnick- One of the key results that we establish is that in a state R,
among allt € Rxg, such thats + ¢t € R"’, the smaller the, the “better” the timed
action(a, t) is for player Min. Note, however, that the sgte R : s+t € R"}
is an open interval becaud®” € Rthick,» and hence it does not have the smallest
element. Therefore, for evegye R, we model the “best” time to wait, when starting
from s, before performing am-labelled transition from regio®’”’ to region R’, by
taking the infimum of the seft € R>o : s+t € R"}. Observe that this infimum
is equal to the g, € Rxq, such thats + tg» € R”, whereR” —; R, and that
trr = b — s(c), whereR —;, . R". In the timed region graplt’, we summarize this
model of the “best” timed action from regid® to regionR’ via regionR’”’, by having
amove(R, o, R') € M, wherea = (a, b, c). The motivation for the first and the third
cases of the definition of is similar.
Regional functions and optimality equations Opjinmax (f). Recall from Section 2
that a solution of optimality equations Q. (L") for a reachability-time gameé' is
a pair of functiongT, D), such thafl’ : S — R andD : S — N. Our goal is to define
analogous optimality equations %tv,ax(f) for the timed region graph.

If R < R, whereR,R' ¢ Randa € A, thens € R does not imply that
Sucds, a) € R'; howevers € Rimplies Suc€s, o) € R'. In order to correctly capture



the constraints for successor states which fall out of the “target” regiosf a move

of the formR <% R’, we consider, as solutions of optimality equations, @ty (I),
regional functionsof typesT : R — [S — R]andD : R — [S — N], where for
everyR € R, the domain of partial functionl§(R) and D(R) is R. Sometimes, when
defining a regional functiod : R — [S — R], it will only be natural to defineg”(R)

for all s € R, instead of alls € R. This is not a problem, however, because defining
F(R) on the regionk uniquely determines the continuous extensiof'6R) to R. For
afunctionF : R — [S — R], we define the functiol : S — R by F(s) = F([s])(s).

If F,F',G,G' : S — R then we writeF' < F’ or (F,G) <" (F’",&"), if for
all s € S, we haveF'(s) < F'(s) or (F(s),G(s)) <'® (F'(s),G'(s)), respectively,
where <'* is the lexicographic order. MoreoveF, < F' or (F,G) <'® (F',G"), if
F < F'or (F,G) <" (F',@"), and there iss € S, such thatF(s) < F’(s) or
(F(s),G(s)) <'® (F'(s),G'(s)), respectively.

Ifac A R R cR, R R;andT : R — RandD : R — N, then we define
the functionsT® : R — RandDZ : R — R, by T®(s) = t(s,a) + T(Sucds, a))
andDE(s) = 1+ D(Sucds,a)), for all s € R. We write (T, D) = Optyimax(L) if
for all s € S, we have the following:

— if D(s) = oo thenT (s) = oo; and(T'(s), D(s)) = (

— (T(s), D(s)) = min'™,,cpq {(T(R)E(s), D(R)E
s € Swin \ F'; and

— (T(s),D(s)) = max'®,,cpq {(T(R)2(s), D(RNE(s)) + m = ([s], e, R') } if
s € Swvax \ F.

Solutions of Optyimax (I7) from solutions of Optyinvax (I7)- In this subsection we

~

show that the functioT’, D) — (T, D) translates solutions of Qpfyax({") t0 so-
lutions of Opfyinmax(L)- IN other words, the functiofi’ — I'is a reduction from the
problem of computing values in reachability-time games to the problem of solving op-
timality equations for timed region graphs.

In order to prove correctness of the reduction, however, we need extra properties of
the solution(7', D) of Opty,i,max (L"), N@amely thafl” is regionally simple, and thd? is
regionally constant. LeX C @. A functionT : X — R is simple[4] if either: there is
e € Z, such that for every € X, we havel'(s) = e; or there are € Z andc € C, such
that for everys € X, we havel'(s) = e — s(c). Observe thatiR €¢ R andT : R — R
is simple, then the unique continuous extensiofi'db R is also simple. We say that
afunctionF' : R — [S — R] is regionally simpleor regionally constantif for every
regionR € R, the functionF'(R) : R — R is simple or constant, respectively.

s)) + m=(s],a,R)} if

Theorem 2 (Correctness of reduction to timed region graphs)lf 7 : S — R and

~

D : S — Nare such tha(7', D) = Optyiamax(L), 7' is regionally simple, and) is
regionally constant, the(il’, D) = Optyinmax(L)-

4 Solving Optimality Equations by Strategy Improvement

In this section we give a strategy improvement algorithm to compute a sol#ian)
of Optyinmax (L"), @nd we argue that it satisfies the assumptions of Theorem Ziie.,
regionally simple and is regionally constant.



Positional strategies A positional strategy for player Max in a timed region graph
is a functiony : Smax — M, such that for everg € Swax, Wwe havex(s) = ([s], «, R),
for somea € AandR € R. A strategyy : Smwax — M is regionally constanif for all
s,8" € Smax, We have thafs] = [s'] impliesx(s) = x(s'); we can then write¢([s]) for
X (s). Positional strategies for player Min are defined analogously. We wjtg and
Apin for the sets of positional strategies for players Max and Min, respectively.

If x € Amax is regionally constant then we define the strategy subgigphto be
the subgraptiR, M, ) whereM, C M consists of: all moveéR, a, R') € M, such
that R € Ruwin; and of all movesn = (R, «, R’), such thatR € Ruax andx(R) = m.
The strategy subgrapﬁ [u for a regionally constant positional strategye Awin for
player Min is defined analogously. We say tifate R is choicelessn a timed region
graphF if R has a unique successorﬂh We say that’ is O- player if allR € R are
choiceless in’’; we say thatl” is 1- -player if either allR € Rwmin or all R € Ruax
are choiceless if’; every timed region grapW is 2-player. Note that ify and . are
positional strategies iy for players Max and Min, respectively, théﬁx andF[u are
1-player and I'x)[u is O-player.

For functionsT : R — [S — R]andD : R — [S — R], ands € Suax, we define
setsM*(s, (T, D)) and M. (s, (T, D)), respectively, of moves enabled srwhich are
(lexicographically) T, D)-optimal for player Max and Min, respectively:

M*(s,(T, D)) = ar;gireliilclex {(T(R’)f(s),D(R’)f(s)) : m=([s],a, R")}, and

M, (s, (T, D)) = arinelj\g'ex{(T(R’)S?(S),D(R’)f(s)) :m = ([s], a, R')}.

Optimality equations Opt(I"), Optya (1), Opty, (1), Opt.. (I I') and Opt (I" ) Let
T:R —[S—RandD : R — [S — N. We write (T, D) = Oplyq, (I’ I') o
(T, D) = Opty, (I), respectively, if for alls € F, we have(T'(s), D(s)) = (0,0),
and for alls € S\ F, we have, respectively:

(T(), D(s)) = max® { (T(R)3 (), DIR)D(5)) : m = ([s],, )}, or

(T(s), D(s)) = minf® { (T(R)E(s). D(R)T(s)) : m = ([s], 0 B}
If I"is O-player then Optx (I I') and Opt,;, (I') are equivalent to each other and denoted
by Opt(I').
We write (7', D) = Opt, (I ) or(T,D) = Opt (I I'), respectively, if for alls € F,
we have(T'(s), D(s)) >'*% (0,0) or (T'(s), D(s)) <'** (0,0), respectively; and for all
s € S\ F, we have, respectively:

(T(), D(s)) =™ max'™ {(T(R)(s), D(R')F(s)) : m = ([s],, R)}, or

meM

(T(s),f)(s)) <lex mln'ex{(T(R’)f(s), D(R’)iﬂ(s)) :m = ([s], a, R’)}.

meM

The following Propositions 1 and 2 are simple but key properties of optimality equa-
tions and simple functions, which allow us to establish thdfifD) is a solution of



O-player, 1-player, or 2-player optimality equations farthenT is regionally simple
andD is regionally constant.

Proposition 1. Leta € A; R,R' € R;andR % R.If F : R" — R is simple, then
F?: R — Ris simple.

The following lemma can be proved by induction on the value of the fundiipn
using Proposition 1.

Lemma 2 (Solution of Opt(f) is regionally simple).Letf be a 0-player timed region
graph. If (T, D) = Opt(I") thenT is regionally simple and is regionally constant.

4.1 Solving 1-Player Reachability-Time Optimality Equations Opp,,ax(f')

In this subsection we give a strategy improvement algorithm for solving maximum
reachability-time optimality equations Qg (I") for a 1-player timed region graph.

Let Choose: 2 — M be an arbitrary function such that for every non-empty
set of movesM C M, we have Choogd/) € M. We define the following strategy
improvement operator Improyg,:

Improve,, (x (T, D))(s) = {é(hs) . ) x(s) € M*(S’ (T D)),
00s€M* (s, 7)) if x(s) & M*(s, (T, D)).

For F, F’ : X — R, we define functionsnax(F, F’), min(F,F’) : X — R by
max(F, F')(s) = max{ F(s), F'(s) } andmin(F, F')(s) = min{ F(s), F'(s) }, for
everys € X. The following closure of simple functions under minimum and maximum
operations, together with Proposition 1, yields the important Lemma 3.

Proposition 2. Let F, I’ : R — R be simple functions defined on a regidh
R. Then eithemin(F, F') = F andmax(F,F’) = F’, or min(F,F’) = F’ and
max(F, F') = F. In particular, min(F, F’) andmax(F, F’) are simple functions.

Lemma 3 (Improvement preserves regional constancy of strategiedf. x € Amax
is regionally constant]” : R — [S — R] is regionally simple, and : R — [S — N]
is regionally constant, then Improye,(x, (T, D)) is regionally constant.

Algorithm 1. Strategy improvement algorithm for Opt Max(f).

1. (Initialisation) Choose a regionally constant positional strasegfor player Max
in I"; seti := 0. R

2. (Value computation) Compute the soluti@h, D;) of Opt(I'[x;).

3. (Strategy improvement) If Improyg, (x:, (Ti, D;)) = x.., then return(T;, D;).
Otherwise, set;+1 := Improvey,, (x:, (T3, D;)); seti :== i + 1; and goto step 2.

Proposition 3 (Solutions of Op';\,,ax(f) from fixpoints of Improve,,,,). Let x €
Apax and let(TX, DX) = Opt(I'[x). If Improveg,,(x, (T%, DX)) = x then we have

~

(T, DX) |= Optyax(1)-



If F,F',G,G': R — [S — R] then we writeF’ < F' or (F,G) <" (F',G"), if
forall R € R ands € R, we haveF (R)(s) < F'(R)(s) or (F(R)(s), G(R)(s)) <"
(F'(R)(s),G'(R)(s)), respectively. Moreover]” < F’ or (F,G) <'* (F',G"), if
F < F'or(F,G) <™ (F',G"), and there ik € R ands € R, such thatF'(R)(s) <
F'(R)(s) or (F(R)(s), G(R)(s)) <" (F'(R)(s),G'(R)(s)), respectively.

The following characterization of the solution of Qﬁ‘t) as themaximumsolution
of Opt. (f) yields Lemma 4 which is key for termination (see the proof of Lemma 6).

Proposition 4 (Solution of Opt(I") dominates solutions of Opg(f)). If (T,D) =
Opt(I') and (T<, D<) | Opt ('), then we havgT<, D<) <" (T,D), and if
(T<, D<) = OpY(T) then(T<, D<) <" (T, D).

Lemma 4 (Strict strategy improvement for Max). Let x, x’ € Awax let (T, D) =
Optyin (') and(T”, D') [= Oply;n(I'1x'), and lety’ = Improvey,, (v, (T, D)). Then
(T, D) <" (T",D’) and if y # X’ then(T, D) <'** (T", D").

The following theorem is an immediate corollary of Lemmas 2 and 3 (the algorithm
considers only regionally constant strategies), of Lemma 4 and finiteness of the number
of regionally constant positional strategies for Max (the algorithm terminates), and of
Proposition 3 (the algorithm returns a solution of optimality equations).

Theorem 3 (Correctness and termination of strategy improvement)The strategy
improvement algorithm terminates in finitely many steps and returns a solfian)

of Opt,.(I"), such thatl" is regionally simple and is regionally constant.

4.2 Solving 2-Player Reachability-Time Optimality Equations Opjinvax (f)

In this subsection we give a strategy improvement algorithm for solving optimality
equations ORk.vax (1) for a 2-player timed region graph. The structure of the al-
gorithm is very similar to that of Algorithm 1. The only difference is that in step 2. of
every iteration we solve 1-player optimality equations,QptI"[ 1) instead of 0-player
optimality equations opﬁx). Note that we can perform step 2. of Algorithm 2 below
by using Algorithm 1. Define the following strategy improvement operator Imgypve

fuls) f 1u(s) € Ma (s, (T, D),
Improvayn (1, (T, D))(s) = {ChooséM*(s, (T, D)) if u(s) & M. (s, (T, D)).

Lemma5 (Improvement preserves regional constancy of strategiedyf. u € Awin
is regionally constant]” : R — [S — R] is regionally simple, and : R — [S — R]
is regionally constant, then Improyg (u, (T, D)) is regionally constant.

~

Algorithm 2. Strategy improvement algorithm for solving Opt sinmax (17)-

1. (Initialisation) Choose a regionally constant positional strajegfor player Min
in I"; seti := 0. R
2. (Value computation) Compute the soluti@h, D;) of Optmax (L[ p;)-



3. (Strategy improvement) If Improye, (1, (T3, D;)) = u;, then return(T;, D;).
Otherwise, sefl; 1 := Improve, (i, (T3, D;)); seti :== ¢ + 1; and goto step 2.

Proposition 5 (Fixpoints of Improvey;, are solutions of Optimax (I'). Letp €
Awin and (T, D*) = Optya (I [1). If Improvey,, (i, (T#, D*)) = u then we have
(T”, D#) }: Optl\/linMax(f)-

Proposition 6 (Solution of Opty,, (') is dominated by solutions of Opt, (I)). If
(T, D) |= Optym(I') and(T%, Ds) = Opt, (I), then we havéls, Dx) > (T, D),
and if (T, D) i~ Optya (D) then(Ts, D) >' (T, D).

Lemma 6 (Strict strategy improvement for Min). Let u, ' € Awmin, let (T, D) =
Optyax(L'[ 1) and (1", D') |= Optya,(I'[ 1), and lety” = Improvey, (1, (T, D)). Then
(T, D) >'** (T",D') and if u # 4’ then(T, D) >'** (1", D’).

Proof. First we argue thatT', D) = Optz(f“[u’) which by Proposition 6 implies that
(T, D) >'* (T', D). Indeed for everys € S\ F, if u(s) = ([s],a, R) andp/(s) =
([s], &/, R") then we have

(T(s), D(s)) = (T(R)E(s), D(R)Z(s)) =" (T(R")2(s), D(R)E(s)),

where the equality follows fron(T, D) = Opq\,lax(fm), and the inequality follows
from the definition of Improvg,,. Moreover, ify # p/ then there iss € Syin \ F

for which the above inequality is strict. Théf', D) [~ OptMaX(fm’) because every
verteXxR € Ryin IN fr;/ has a unique successor, and hence again by Proposition 6 we
conclude thatT, D) >'® (1", D"). O

The following theorem is an immediate corollary of Theorem 3 and Lemma 5, of
Lemma 6 and finiteness of the number of regionally constant positional strategies for
Min, and of Proposition 5.

Theorem 4 (Correctness and termination of strategy improvement)The strategy
improvement algorithm terminates in finitely many steps and returns a soldfian)

-~

of Optyinmax(L). such thatl” is regionally simple andD is regionally constant.

5 Complexity

Lemma 7 (Complexity of strategy improvement).Let f\o, ﬁ andfg be O-player,
1-player, and 2-player timed region graphs, respectively. A solution oﬁﬁpban be
computed in time)(|R]). The strategy improvement algorithms for Qég((ﬁ) and
OptlminMax(FQ) terminate inO(|R|) iterations.

Since the numbelfR| of regions is at most exponential in the size of a timed automa-

ton [3], it follows that the strategy improvement algorithm runs in exponential time,

and hence solving reachability-time games is in EXPTIME. The reachability problem
for timed automata with three clocks is PSPACE-complete [13]. We show that solving
2-player reachability games on timed automata with two clocks is EXPTIME-complete.
We use a reduction from countdown games [16] for EXPTIME-hardness.



Theorem 5 (Complexity of reachability(-time) games on timed automata)Prob-
lems of solving reachability and reachability-time games are EXPTIME-complete on
timed automata with at least two clocks.
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