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Abstract. In a reachability-time game, players Min and Max choose moves so
that the time to reach a final state in a timed automaton is minimised or max-
imised, respectively. Asarin and Maler showed decidability of reachability-time
games on strongly non-Zeno timed automata using a value iteration algorithm.
This paper complements their work by providing a strategy improvement algo-
rithm for the problem. It also generalizes their decidability result because the
proposed strategy improvement algorithm solves reachability-time games on all
timed automata. The exact computational complexity of solving reachability-time
games is also established: the problem is EXPTIME-complete for timed automata
with at least two clocks.

1 Introduction

Timed automata [3] are a fundamental formalism for modelling and analysis of real-
time systems. They have a rich theory, mature modelling and verification tools (e.g.,
UPPAAL, Kronos), and have been successfully applied to numerous industrial case
studies. Timed automata are finite automata augmented by a finite number of continuous
real variables, which are called clocks because their values increase with time at unit
rate. Every clock can be reset when a transition of the automaton is performed, and
clock values can be compared to integers as a way to constrain availability of transitions.
The fundamental reachability problem is PSPACE-complete for timed automata [3].
The natural optimization problems of minimizing and maximizing reachability time in
timed automata are also in PSPACE [13].

The reachability (or optimal reachability-time) problems in timed automata are fun-
damental to theverificationof (quantitative timing) properties of systems modelled by
timed automata [3]. On the other hand, the problem ofcontrol-program synthesisfor
real-time systems can be cast as a two-player reachability (or optimal reachability-time)
games, where the two players, say Min and Max, correspond to the “controller” and the
“environment”, respectively, and control-program synthesis corresponds to computing
winning (or optimal) strategies for Min. In other words, for control-program synthe-
sis, we need to generalize optimization problems tocompetitive optimizationproblems.
Reachability games [5] and reachability-time games [4] on timed automata are decid-
able. The former problem is EXPTIME-complete, but the elegant result of Asarin and
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Maler [4] for reachability-time games is limited to the class of strongly non-Zeno timed
automata and no upper complexity bounds are given. A recent result of Henzinger and
Prabhu [15] is that values of reachability-time games can be approximated for all timed
automata, but computatability of the exact values was left open.

Our contribution. We show that exact values of reachability-time games on arbitrary
timed automata are uniformly computable; here uniformity means that the output of our
algorithm allows us, for every starting state, to compute efficiently the value of the game
starting from this state. Unlike the paper of Asarin and Maler [4], we do not require
timed automata to be strongly non-Zeno. We also establish the exact complexity of
reachability and reachability-time games: they are EXPTIME-complete and two clocks
are sufficient for EXPTIME-hardness. For the latter result, we reduce from a recently
discovered EXPTIME-complete problem of countdown games [16].

We believe that an important contribution of this paper are the novel proof tech-
niques used. We characterize the values of the game byoptimality equationsand then
we usestrategy improvementto solve them. This allows us to obtain an elementary and
constructive proof of the fundamental determinacy result for reachability-time games,
which at the same time yields an efficient algorithm matching the EXPTIME lower
bound for the problem. Those techniques were known for finite state systems [17, 19]
but we are not aware of any earlier algorithmic results based on optimality equations
and strategy improvement for real-time systems such as timed automata.

Related and future work. A recent, concurrent, and independent work [12] establishes
decidability of slightly different and more challenging reachability-time games “with
the element of surprise” [14, 15]. In our model of timed games, players take turns to
take unilateral decisions about the duration and type of subsequent game moves. Games
with surprise are more challenging in two ways: in every round of the game, players
have a “time race” to be the first to perform a move; moreover, players are forbidden
to use strategies which “stop the time,” because such strategies are arguably physically
unrealistic and result in Zeno runs. In our reachability-time games, player Max may use
such Zeno strategies in order to prevent reaching a final state. We conjecture that our
techniques can be generalized to prevent player Max from using Zeno strategies.

A generalization of timed automata to priced (or weighted) timed automata [7]
allows a rich variety of applications, e.g., to scheduling [6, 1, 18]. While the funda-
mental minimum reachability-price problem is PSPACE-complete [6, 8], the two-player
reachability-price games are undecidable on priced timed automata with at least three
clocks [9]. The reachability-price games are, however, decidable for priced timed au-
tomata with one clock [11], and on the class of strongly price-non-Zeno timed au-
tomata [2, 10]. Future work should include adapting the techniques of optimality equa-
tions and strategy improvement to (competitive) optimization problems on priced timed
automata.

2 Timed Automata and Reachability-Time Games

We assume that, wherever appropriate, setsN of non-negative integers andR of reals
contain a maximum element∞, and we writeN>0 for the set of positive integers and
R≥0 for the set of non-negative reals. Forn ∈ N, we writeJnKN for the set{0, 1, . . . , n},



andJnKR for the set{r ∈ R : 0 ≤ r ≤ n} of non-negative reals bounded byn. For
setsX andY , we write[X → Y ] for the set of functionsF : X → Y , and[X ⇁ Y ]
for the set of partial functionsF : X ⇁ Y .

Timed automata.Fix a constantk ∈ N for the rest of this paper. LetC be a finite set
of clocks. A (k-bounded)clock valuationis a functionν : C → JkKR; we writeV for
the set[C → JkKR] of clock valuations. Ifν ∈ V andt ∈ R≥0 then we writeν + t for
the clock valuation defined by(ν + t)(c) = ν(c)+ t, for all c ∈ C. For a setC ′ ⊆ C of
clocks and a clock valuationν : C → R≥0, we define Reset(ν, C ′)(c) = 0 if c ∈ C ′,
and Reset(ν, C ′)(c) = ν(c) if c 6∈ C ′.

The set ofclock constraintsover the set of clocksC is the set of conjunctions of
simple clock constraints, which are constraints of the formc ./ i or c − c′ ./ i, where
c, c′ ∈ C, i ∈ JkKN, and./ ∈ { <,>,=,≤,≥ }. There are finitely many simple clock
constraints. For every clock valuationν ∈ V , let SCC(ν) be the set of simple clock
constraints which hold inν ∈ V . A clock regionis a maximal setP ⊆ V , such that
for all ν, ν′ ∈ P , we have SCC(ν) = SCC(ν′). In other words, every clock region is
an equivalence class of the indistinguishability-by-clock-constraints relation, and vice
versa. Note thatν andν′ are in the same clock region iff all clocks have the same integer
parts inν andν′, and if the partial orders of the clocks, determined by their fractional
parts inν andν′, are the same. For allν ∈ V , we write[ν] for the clock region ofν.

A clock zoneis a convex set of clock valuations, which is a union of a set of clock
regions. Note that a set of clock valuations is a zone iff it is definable by a clock con-
straint. ForW ⊆ V , we writeW for the smallest closed set inV which containsW .
Observe that for every clock zoneW , the setW is also a clock zone.

Let L be a finite set oflocations. A configurationis a pair(`, ν), where` ∈ L is
a location andν ∈ V is a clock valuation; we writeQ for the set of configurations.
If s = (`, ν) ∈ Q andc ∈ C, then we writes(c) for ν(c). A region is a pair(`, P ),
where` is a location andP is a clock region. Ifs = (`, ν) is a configuration then
we write [s] for the region(`, [ν]). We writeR for the set of regions. A setZ ⊆ Q
is a zoneif for every ` ∈ L, there is a clock zoneW` (possibly empty), such that
Z = {(`, ν) : ` ∈ L andν ∈ W`}. For a regionR = (`, P ) ∈ R, we writeR for the
zone{(`, ν) : ν ∈ P}.

A timed automatonT = (L,C, S, A,E, δ, ρ, F ) consists of a finite set of loca-
tions L, a finite set of clocksC, a set ofstatesS ⊆ Q, a finite set ofactionsA, an
action enabledness functionE : A→ 2S , a transition functionδ : L×A→ L, aclock
reset functionρ : A → 2C , and a set offinal statesF ⊆ S. We require thatS, F , and
E(a) for all a ∈ A, are zones.

Clock zones, from which zonesS, F , andE(a), for all a ∈ A, are built, are typically
specified by clock constraints. Therefore, when we consider a timed automaton as an
input of an algorithm, its size should be understood as the sum of sizes of encodings of
L, C, A, δ, andρ, and the sizes of encodings of clock constraints defining zonesS, F ,
andE(a), for all a ∈ A. Our definition of a timed automaton may appear to differ from
the usual ones [3, 7]. The differences are, however, superficial and mostly syntactic.

For a configurations = (`, ν) ∈ Q andt ∈ R≥0, we defines+t to be the configura-
tion s′ = (`, ν+t) if ν+t ∈ V , and we then writes −⇀t s′. We writes −→t s′ if s −⇀t s′

and for allt′ ∈ [0, t], we have(`, s+ t′) ∈ S. For an actiona ∈ A, we define Succ(s, a)



to be the configurations′ = (`′, ν′), where`′ = δ(`, a) andν′ = Reset(ν, ρ(a)), and
we then writes

a−⇀ s′. We write s
a−→ s′ if s

a−⇀ s′; s, s′ ∈ S; ands ∈ E(a). For
technical convenience, and without loss of generality, we will assume throughout that
for everys ∈ S, there existsa ∈ A, such thats

a−→ s′.
Fors, s′ ∈ S, we say thats′ is in the future ofs, or equivalently, thats is in the past

of s′, if there ist ∈ R≥0, such thats −→t s′; we then writes −→∗ s′. For R,R′ ∈ R,
we say thatR′ is in the future ofR, or thatR is in the past ofR′, if for all s ∈ R,
there iss′ ∈ R′, such thats′ is in the future ofs; we then writeR −→∗ R′. We say that
R′ is thetime successorof R if R −→∗ R′, R 6= R′, and for everyR′′ ∈ R, we have
that R −→∗ R′′ −→∗ R′ implies R′′ = R or R′′ = R′; we then writeR −→+1 R′ or
R′ ←−+1 R. Similarly, forR,R′ ∈ R, we writeR

a−→ R′ if there iss ∈ R, and there is
s′ ∈ R′, such thats

a−→ s′.
We say that a regionR ∈ R is thin if for every s ∈ R and everyε > 0, we have

that [s] 6= [s + ε]; other regions are calledthick. We writeRThin andRThick for the sets
of thin and thick regions, respectively. Note that ifR ∈ RThick then for everys ∈ R,
there is anε > 0, such that[s] = [s + ε]. Observe also, that the time successor of a thin
region is thick, and vice versa.

A timed actionis a pairτ = (a, t) ∈ A× R≥0. Fors ∈ Q, we define Succ(s, τ) =
Succ(s, (a, t)) to be the configurations′ = Succ(s+ t, a), i.e., such thats −⇀t s′′

a−⇀ s′,
and we then writes

a−⇀t s′. We writes
a−→t s′ if s −→t s′′

a−→ s′. If τ = (a, t) then we
write s

τ−⇀ s′ instead ofs
a−⇀t s′, ands

τ−→ s′ instead ofs
a−→t s′.

A finite run of a timed automaton is a sequence〈s0, τ1, s1, τ2, . . . , τn, sn〉 ∈ S ×
((A×R≥0)×S)∗, such that for alli, 1 ≤ i ≤ n, we havesi−1

τi−→ si. For a finite runr =
〈s0, τ1, s1, τ2, . . . , τn, sn〉, we define Length(r) = n, and we define Last(r) = sn to be
the state in which the run ends. We write Runsfin for the set of finite runs. An infinite
run of a timed automaton is a sequencer = 〈s0, τ1, s1, τ2, . . .〉, such that for alli ≥ 1,
we havesi−1

τi−→ si. For an infinite runr, we define Length(r) = ∞. For a runr =
〈s0, τ1, s1, τ2, . . .〉, we define Stop(r) = inf{i : si ∈ F} and Time(r) =

∑Length(r)
i=1 ti.

We define ReachTime(r) =
∑Stop(r)

i=1 ti if Stop(r) < ∞, and ReachTime(r) = ∞ if
Stop(r) =∞, where for alli ≥ 1, we haveτi = (ai, ti).
Strategies.A reachability-time gameΓ is a triple(T , LMin , LMax), whereT is a timed
automaton(L,C, S, A,E, δ, ρ, F ) and(LMin , LMax) is a partition ofL. We define sets
QMin = {(`, ν) ∈ Q : ` ∈ LMin}, QMax = Q\QMin , SMin = S∩QMin , SMax = S\SMin ,
RMin = {[s] : s ∈ QMin}, andRMax = R \RMin .

A strategyfor Min is a functionµ : Runsfin → A × R≥0, such that if Last(r) =
s ∈ SMin and µ(r) = τ then s

τ−→ s′. Similarly, a strategy for Max is a function
χ : Runsfin → A×R≥0, such that if Last(r) = s ∈ SMax andχ(r) = τ thens

τ−→ s′. We
write ΣMin andΣMax for the sets of strategies for Min and Max, respectively. If players
Min and Max use strategiesµ andχ, respectively, then the(µ, χ)-run from a states is
the unique run Run(s, µ, χ) = 〈s0, τ1, s1, τ2, . . .〉, such thats0 = s, and for everyi ≥ 1,
if si ∈ SMin or si ∈ SMax, thenµ(Runi(s, µ, χ)) = τi+1 or χ(Runi(s, µ, χ)) = τi+1,
respectively, where Runi(s, µ, χ) = 〈s0, τ1, s1, . . . , si−1, τi, si〉.

We say that a strategyµ for Min is positionalif for all finite runsr, r′ ∈ Runsfin, we
have that Last(r) = Last(r′) impliesµ(r) = µ(r′). A positional strategy for Min can



be then represented as a functionµ : SMin → A×R≥0, which uniquely determines the
strategyµ∞ ∈ ΣMin as follows:µ∞(r) = µ(Last(r)), for all finite runsr ∈ Runsfin.
Positional strategies for Max are defined and represented in the analogous way. We write
ΠMin andΠMax for the sets of positional strategies for Min and for Max, respectively.

Value of reachability-time game.For everys ∈ S, we define itsupper and lower
valuesby Val∗(s) = infµ∈ΣMin supχ∈ΣMax

ReachTime(Run(s, µ, χ)), and Val∗(s) =
supχ∈ΣMax

infµ∈ΣMin ReachTime(Run(s, µ, χ)), respectively. The inequality Val∗(s) ≤
Val∗(s) always holds.

A reachability-time game isdeterminedif for everys ∈ S, the lower and upper val-
ues are equal to each other; then thevalueVal(s) = Val∗(s) = Val∗(s) is defined. For a
strategyµ ∈ ΣMin , we define its value Valµ(s) = supχ∈ΣMin

ReachTime(Run(s, µ, χ)),
and forχ ∈ ΣMax, we define Valχ(s) = infµ∈ΣMin ReachTime(Run(s, µ, χ)). For an
ε > 0, we say that a strategyµ ∈ ΣMin or χ ∈ ΣMax is ε-optimal if for everys ∈ S, we
have Valµ(s) ≤ Val(s) + ε or Valχ(s) ≥ Val(s) − ε, respectively. Note that if a game
is determined then for everyε > 0, both players haveε-optimal strategies.

We say that a reachability-time game ispositionally determinedif for every s ∈ S,
and for everyε > 0, both players havepositionalε-optimal strategies froms. Our re-
sults (Lemma 1, Theorem 2, and Theorem 4) yield a constructive proof of the following
fundamental result for reachability-time games.

Theorem 1 (Positional determinacy).Reachability-time games are positionally de-
termined.

Optimality equations OptMinMax (Γ ). Our principal technique is to characterize the
values Val(s), for all s ∈ S, as solutions of an infinite system ofoptimality equations,
and then to study the equations. We write(T,D) |= OptMinMax(Γ ), and we say that
(T,D) is a solution ofoptimality equationsOptMinMax(Γ ), if for all s ∈ S, we have:

– if D(s) =∞ thenT (s) =∞; and
– if s ∈ F then(T (s), D(s)) = (0, 0);
– if s ∈ SMin \ F , thenT (s) = infa,t{t + T (s′) : s

a−→t s′}, and
D(s) = min

{
1+ d′ : T (s) = infa,t{t+T (s′) : s

a−→t s′ andD(s′) = d′}
}

; and

– if s ∈ SMax \ F , thenT (s) = supa,t{t + T (s′) : s
a−→t s′}, and

D(s) = max
{
1 + d′ : T (s) = supa,t{t + T (s′) : s

a−→t s′ andD(s′) = d′}
}

.

Intuitively, in the equations above,T (s) andD(s) capture “optimal time to reach a final
state” and “optimal distance to reach a final state in optimal time” from states ∈ S,
respectively. The following key lemma establishes that in order to solve a reachability-
time gameΓ , it suffices to find a solution of OptMinMax(Γ ).

Lemma 1 (ε-Optimal strategies from optimality equations). If T : S → R and
D : S → N are such that(T,D) |= OptMinMax(Γ ), then for all s ∈ S, we have
Val(s) = T (s) and for everyε > 0, both players havepositionalε-optimal strategies.



3 Timed Region Graph

In this section we argue that the task of solving OptMinMax(Γ ) can be reduced to solving
a simpler system of equations OptMinMax(Γ̂ ), which is also infinite, but whose right-
hand sides are minima or maxima of only finitely many expressions.

Simple timed actions.Define the finite set ofsimple timed actionsA = A× JkKN×C.
For s ∈ Q andα = (a, b, c) ∈ A, we definet(s, α) = b − s(c) if s(c) ≤ b, and
t(s, α) = 0 if s(c) > b; and we define Succ(s, α) to be the states′ = Succ(s, τ(α)),

whereτ(α) = (a, t(s, α)); we then writes
α−⇀ s′. We also writes

α−→ s′ if s
τ(α)−−−→ s′.

Note that ifα ∈ A ands
α−→ s′ then[s′] ∈ RThin. Observe that for every thin region

R′ ∈ RThin, there is a numberb ∈ JkKN and a clockc ∈ C, such that for everyR ∈ R
in the past ofR′, we have thats ∈ R implies (s + (b − s(c)) ∈ R′; we then write
R −→b,c R′. Forα = (a, b, c) ∈ A andR,R′ ∈ R, we writeR

α−→ R′ or R
a−→b,c R′, if

R −→b,c R′′
a−→ R′, for someR′′ ∈ RThin.

Timed region graph Γ̂ . Let Γ = (T , LMin , LMax) be a reachability-time game. We
define thetimed region graphΓ̂ to be the finite edge-labelled graph(R,M), where
the setR of regions of timed automatonT is the set of vertices, and the labelled edge
relationM ⊆ R×A×R is defined in the following way. Forα = (a, b, c) ∈ A and
R,R′ ∈ R we have(R,α,R′) ∈ M, sometimes denoted byR

α
 R′, if and only if

one of the following conditions holds:

– there is anR′′ ∈ R, such thatR −→b,c R′′
a−→ R′; or

– R ∈ RMin , and there areR′′, R′′′ ∈ R, such thatR −→b,c R′′ −→+1 R′′′
a−→ R′; or

– R ∈ RMax, and there areR′′, R′′′ ∈ R, such thatR −→b,c R′′ ←−+1 R′′′
a−→ R′.

Observe that in all the cases above we have thatR′′ ∈ RThin andR′′′ ∈ RThick. The
motivation for the second case is the following. LetR→∗ R′′′

a−→ R′, whereR ∈ RMin

andR′′′ ∈ RThick. One of the key results that we establish is that in a states ∈ R,
among allt ∈ R≥0, such thats + t ∈ R′′′, the smaller thet, the “better” the timed
action(a, t) is for player Min. Note, however, that the set{t ∈ R≥0 : s + t ∈ R′′′}
is an open interval becauseR′′′ ∈ RThick, and hence it does not have the smallest
element. Therefore, for everys ∈ R, we model the “best” time to wait, when starting
from s, before performing ana-labelled transition from regionR′′′ to regionR′, by
taking the infimum of the set{t ∈ R≥0 : s + t ∈ R′′′}. Observe that this infimum
is equal to thetR′′ ∈ R≥0, such thats + tR′′ ∈ R′′, whereR′′ −→+1 R′′′, and that
tR′′ = b − s(c), whereR →b,c R′′. In the timed region grapĥΓ , we summarize this
model of the “best” timed action from regionR to regionR′ via regionR′′′, by having
a move(R,α,R′) ∈ M, whereα = (a, b, c). The motivation for the first and the third
cases of the definition ofM is similar.

Regional functions and optimality equations OptMinMax (Γ̂ ). Recall from Section 2
that a solution of optimality equations OptMinMax(Γ ) for a reachability-time gameΓ is
a pair of functions(T,D), such thatT : S → R andD : S → N. Our goal is to define
analogous optimality equations OptMinMax(Γ̂ ) for the timed region grapĥΓ .

If R
α
 R′, whereR,R′ ∈ R and α ∈ A, then s ∈ R does not imply that

Succ(s, α) ∈ R′; however,s ∈ R implies Succ(s, α) ∈ R′. In order to correctly capture



the constraints for successor states which fall out of the “target” regionR′ of a move
of the formR

α
 R′, we consider, as solutions of optimality equations OptMinMax(Γ̂ ),

regional functionsof typesT : R → [S ⇁ R] andD : R → [S ⇁ N], where for
everyR ∈ R, the domain of partial functionsT (R) andD(R) is R. Sometimes, when
defining a regional functionF : R → [S ⇁ R], it will only be natural to defineF (R)
for all s ∈ R, instead of alls ∈ R. This is not a problem, however, because defining
F (R) on the regionR uniquely determines the continuous extension ofF (R) to R. For
a functionF : R → [S ⇁ R], we define the functioñF : S → R by F̃ (s) = F ([s])(s).

If F, F ′, G,G′ : S → R then we writeF ≤ F ′ or (F,G) ≤lex (F ′, G′), if for
all s ∈ S, we haveF (s) ≤ F ′(s) or (F (s), G(s)) ≤lex (F ′(s), G′(s)), respectively,
where≤lex is the lexicographic order. Moreover,F < F ′ or (F,G) <lex (F ′, G′), if
F ≤ F ′ or (F,G) ≤lex (F ′, G′), and there iss ∈ S, such thatF (s) < F ′(s) or
(F (s), G(s)) <lex (F ′(s), G′(s)), respectively.

If α ∈ A; R,R′ ∈ R; R
α−→ R′; andT : R′ → R andD : R′ → N, then we define

the functionsT⊕α : R → R andD�
α : R → R, by T⊕α (s) = t(s, α) + T (Succ(s, α))

andD�
α (s) = 1 + D(Succ(s, α)), for all s ∈ R. We write(T,D) |= OptMinMax(Γ̂ ) if

for all s ∈ S, we have the following:

– if D̃(s) =∞ thenT̃ (s) =∞; and
(
T̃ (s), D̃(s)

)
= (0, 0) if s ∈ F ;

–
(
T̃ (s), D̃(s)

)
= minlex

m∈M
{(

T (R′)⊕α (s), D(R′)�
α (s)

)
: m = ([s], α,R′)

}
if

s ∈ SMin \ F ; and
–

(
T̃ (s), D̃(s)

)
= maxlex

m∈M
{(

T (R′)⊕α (s), D(R′)�
α (s)

)
: m = ([s], α,R′)

}
if

s ∈ SMax \ F .

Solutions of OptMinMax (Γ ) from solutions of OptMinMax (Γ̂ ). In this subsection we
show that the function(T,D) 7→ (T̃ , D̃) translates solutions of OptMinMax(Γ̂ ) to so-
lutions of OptMinMax(Γ ). In other words, the functionΓ 7→ Γ̂ is a reduction from the
problem of computing values in reachability-time games to the problem of solving op-
timality equations for timed region graphs.

In order to prove correctness of the reduction, however, we need extra properties of
the solution(T,D) of OptMinMax(Γ̂ ), namely thatT is regionally simple, and thatD is
regionally constant. LetX ⊆ Q. A functionT : X → R is simple[4] if either: there is
e ∈ Z, such that for everys ∈ X, we haveT (s) = e; or there aree ∈ Z andc ∈ C, such
that for everys ∈ X, we haveT (s) = e− s(c). Observe that ifR ∈ R andT : R→ R
is simple, then the unique continuous extension ofT to R is also simple. We say that
a functionF : R → [S ⇁ R] is regionally simpleor regionally constant, if for every
regionR ∈ R, the functionF (R) : R→ R is simple or constant, respectively.

Theorem 2 (Correctness of reduction to timed region graphs).If T : S → R and
D : S → N are such that(T,D) |= OptMinMax(Γ̂ ), T is regionally simple, andD is
regionally constant, then(T̃ , D̃) |= OptMinMax(Γ ).

4 Solving Optimality Equations by Strategy Improvement

In this section we give a strategy improvement algorithm to compute a solution(T,D)
of OptMinMax(Γ̂ ), and we argue that it satisfies the assumptions of Theorem 2, i.e.,T is
regionally simple andD is regionally constant.



Positional strategies.A positional strategy for player Max in a timed region graphΓ̂
is a functionχ : SMax→M, such that for everys ∈ SMax, we haveχ(s) = ([s], α,R),
for someα ∈ A andR ∈ R. A strategyχ : SMax→M is regionally constantif for all
s, s′ ∈ SMax, we have that[s] = [s′] impliesχ(s) = χ(s′); we can then writeχ([s]) for
χ(s). Positional strategies for player Min are defined analogously. We write∆Max and
∆Min for the sets of positional strategies for players Max and Min, respectively.

If χ ∈ ∆Max is regionally constant then we define the strategy subgraphΓ̂ �χ to be
the subgraph(R,Mχ) whereMχ ⊆ M consists of: all moves(R,α,R′) ∈ M, such
thatR ∈ RMin ; and of all movesm = (R,α,R′), such thatR ∈ RMax andχ(R) = m.
The strategy subgrapĥΓ �µ for a regionally constant positional strategyµ ∈ ∆Min for
player Min is defined analogously. We say thatR ∈ R is choicelessin a timed region
graphΓ̂ if R has a unique successor in̂Γ . We say that̂Γ is 0-player if allR ∈ R are
choiceless inΓ̂ ; we say thatΓ̂ is 1-player if either allR ∈ RMin or all R ∈ RMax

are choiceless in̂Γ ; every timed region grapĥΓ is 2-player. Note that ifχ andµ are
positional strategies in̂Γ for players Max and Min, respectively, then̂Γ �χ andΓ̂ �µ are
1-player and(Γ̂ �χ)�µ is 0-player.

For functionsT : R → [S → R] andD : R → [S → R], ands ∈ SMax, we define
setsM∗(s, (T,D)) andM∗(s, (T,D)), respectively, of moves enabled ins which are
(lexicographically)(T,D)-optimal for player Max and Min, respectively:

M∗(s, (T,D)) = argmaxlex

m∈M

{(
T (R′)⊕α (s), D(R′)�

α (s)
)

: m = ([s], α,R′)
}
, and

M∗(s, (T,D)) = argminlex

m∈M

{(
T (R′)⊕α (s), D(R′)�

α (s)
)

: m = ([s], α,R′)
}
.

Optimality equations Opt(Γ̂ ), OptMax(Γ̂ ), OptMin (Γ̂ ), Opt≥(Γ̂ ) and Opt≤(Γ̂ ). Let

T : R → [S → R] andD : R → [S → N]. We write (T,D) |= OptMax(Γ̂ ) or
(T,D) |= OptMin(Γ̂ ), respectively, if for alls ∈ F , we have

(
T̃ (s), D̃(s)

)
= (0, 0),

and for alls ∈ S \ F , we have, respectively:(
T̃ (s), D̃(s)

)
= maxlex

m∈M

{(
T (R′)⊕α (s), D(R′)�

α (s)
)

: m = ([s], α,R′)
}
, or(

T̃ (s), D̃(s)
)

= minlex

m∈M

{(
T (R′)⊕α (s), D(R′)�

α (s)
)

: m = ([s], α,R′)
}
.

If Γ̂ is 0-player then OptMax(Γ̂ ) and OptMin(Γ̂ ) are equivalent to each other and denoted
by Opt(Γ̂ ).

We write(T,D) |= Opt≥(Γ̂ ) or (T,D) |= Opt≤(Γ̂ ), respectively, if for alls ∈ F ,

we have
(
T̃ (s), D̃(s)

)
≥lex (0, 0) or

(
T̃ (s), D̃(s)

)
≤lex (0, 0), respectively; and for all

s ∈ S \ F , we have, respectively:(
T̃ (s), D̃(s)

)
≥lex maxlex

m∈M

{(
T (R′)⊕α (s), D(R′)�

α (s)
)

: m = ([s], α,R′)
}
, or(

T̃ (s), D̃(s)
)
≤lex minlex

m∈M

{(
T (R′)⊕α (s), D(R′)�

α (s)
)

: m = ([s], α,R′)
}
.

The following Propositions 1 and 2 are simple but key properties of optimality equa-
tions and simple functions, which allow us to establish that if(T,D) is a solution of



0-player, 1-player, or 2-player optimality equations forΓ̂ , thenT is regionally simple
andD is regionally constant.

Proposition 1. Let α ∈ A; R,R′ ∈ R; and R
α−→ R′. If F : R′ → R is simple, then

F⊕α : R→ R is simple.

The following lemma can be proved by induction on the value of the functionD,
using Proposition 1.

Lemma 2 (Solution of Opt(Γ̂ ) is regionally simple).LetΓ̂ be a 0-player timed region
graph. If(T,D) |= Opt(Γ̂ ) thenT is regionally simple andD is regionally constant.

4.1 Solving 1-Player Reachability-Time Optimality Equations OptMax(Γ̂ )

In this subsection we give a strategy improvement algorithm for solving maximum
reachability-time optimality equations OptMax(Γ̂ ) for a 1-player timed region grapĥΓ .

Let Choose: 2M → M be an arbitrary function such that for every non-empty
set of movesM ⊆ M, we have Choose(M) ∈ M . We define the following strategy
improvement operator ImproveMax:

ImproveMax(χ, (T,D))(s) =

{
χ(s) if χ(s) ∈M∗(s, (T,D)),
Choose(M∗(s, T )) if χ(s) 6∈M∗(s, (T,D)).

For F, F ′ : X → R, we define functionsmax(F, F ′),min(F, F ′) : X → R by
max(F, F ′)(s) = max{ F (s), F ′(s) } andmin(F, F ′)(s) = min{ F (s), F ′(s) }, for
everys ∈ X. The following closure of simple functions under minimum and maximum
operations, together with Proposition 1, yields the important Lemma 3.

Proposition 2. Let F, F ′ : R → R be simple functions defined on a regionR ∈
R. Then eithermin(F, F ′) = F and max(F, F ′) = F ′, or min(F, F ′) = F ′ and
max(F, F ′) = F . In particular,min(F, F ′) andmax(F, F ′) are simple functions.

Lemma 3 (Improvement preserves regional constancy of strategies).If χ ∈ ∆Max

is regionally constant,T : R → [S → R] is regionally simple, andD : R → [S → N]
is regionally constant, then ImproveMax(χ, (T,D)) is regionally constant.

Algorithm 1. Strategy improvement algorithm for Opt Max(Γ̂ ).

1. (Initialisation) Choose a regionally constant positional strategyχ0 for player Max
in Γ̂ ; seti := 0.

2. (Value computation) Compute the solution(Ti, Di) of Opt(Γ̂ �χi).
3. (Strategy improvement) If ImproveMax(χi, (Ti, Di)) = χi, then return(Ti, Di).

Otherwise, setχi+1 := ImproveMax(χi, (Ti, Di)); seti := i + 1; and goto step 2.

Proposition 3 (Solutions of OptMax(Γ̂ ) from fixpoints of Improve Max). Let χ ∈
∆Max and let(Tχ, Dχ) |= Opt(Γ̂ �χ). If ImproveMax(χ, (Tχ, Dχ)) = χ then we have
(Tχ, Dχ) |= OptMax(Γ̂ ).



If F, F ′, G,G′ : R → [S ⇁ R] then we writeF ≤ F ′ or (F,G) ≤lex (F ′, G′), if
for all R ∈ R ands ∈ R, we haveF (R)(s) ≤ F ′(R)(s) or

(
F (R)(s), G(R)(s)

)
≤lex(

F ′(R)(s), G′(R)(s)
)
, respectively. Moreover,F < F ′ or (F,G) <lex (F ′, G′), if

F ≤ F ′ or (F,G) ≤lex (F ′, G′), and there isR ∈ R ands ∈ R, such thatF (R)(s) <
F ′(R)(s) or

(
F (R)(s), G(R)(s)

)
<lex

(
F ′(R)(s), G′(R)(s)

)
, respectively.

The following characterization of the solution of Opt(Γ̂ ) as themaximumsolution
of Opt≤(Γ̂ ) yields Lemma 4 which is key for termination (see the proof of Lemma 6).

Proposition 4 (Solution of Opt(Γ̂ ) dominates solutions of Opt≤(Γ̂ )). If (T,D) |=
Opt(Γ̂ ) and (T≤, D≤) |= Opt≤(Γ̂ ), then we have(T≤, D≤) ≤lex (T,D), and if

(T≤, D≤) 6|= Opt(Γ̂ ) then(T≤, D≤) <lex (T,D).

Lemma 4 (Strict strategy improvement for Max). Let χ, χ′ ∈ ∆Max, let (T,D) |=
OptMin(Γ̂ �χ) and(T ′, D′) |= OptMin(Γ̂ �χ

′), and letχ′ = ImproveMax(χ, (T,D)). Then
(T,D) ≤lex (T ′, D′) and ifχ 6= χ′ then(T,D) <lex (T ′, D′).

The following theorem is an immediate corollary of Lemmas 2 and 3 (the algorithm
considers only regionally constant strategies), of Lemma 4 and finiteness of the number
of regionally constant positional strategies for Max (the algorithm terminates), and of
Proposition 3 (the algorithm returns a solution of optimality equations).

Theorem 3 (Correctness and termination of strategy improvement).The strategy
improvement algorithm terminates in finitely many steps and returns a solution(T,D)
of OptMax(Γ̂ ), such thatT is regionally simple andD is regionally constant.

4.2 Solving 2-Player Reachability-Time Optimality Equations OptMinMax (Γ̂ )

In this subsection we give a strategy improvement algorithm for solving optimality
equations OptMinMax(Γ̂ ) for a 2-player timed region grapĥΓ . The structure of the al-
gorithm is very similar to that of Algorithm 1. The only difference is that in step 2. of
every iteration we solve 1-player optimality equations OptMax(Γ̂ �µ) instead of 0-player
optimality equations Opt(Γ̂ �χ). Note that we can perform step 2. of Algorithm 2 below
by using Algorithm 1. Define the following strategy improvement operator ImproveMin :

ImproveMin(µ, (T,D))(s) =

{
µ(s) if µ(s) ∈M∗(s, (T,D)),
Choose(M∗(s, (T,D))) if µ(s) 6∈M∗(s, (T,D)).

Lemma 5 (Improvement preserves regional constancy of strategies).If µ ∈ ∆Min

is regionally constant,T : R → [S → R] is regionally simple, andD : R → [S → R]
is regionally constant, then ImproveMin(µ, (T,D)) is regionally constant.

Algorithm 2. Strategy improvement algorithm for solving Opt MinMax (Γ̂ ).

1. (Initialisation) Choose a regionally constant positional strategyµ0 for player Min
in Γ̂ ; seti := 0.

2. (Value computation) Compute the solution(Ti, Di) of OptMax(Γ̂ �µi).



3. (Strategy improvement) If ImproveMin(µi, (Ti, Di)) = µi, then return(Ti, Di).
Otherwise, setµi+1 := ImproveMin(µi, (Ti, Di)); seti := i + 1; and goto step 2.

Proposition 5 (Fixpoints of ImproveMin are solutions of OptMinMax (Γ̂ )). Let µ ∈
∆Min and (Tµ, Dµ) |= OptMax(Γ̂ �µ). If ImproveMin(µ, (Tµ, Dµ)) = µ then we have
(Tµ, Dµ) |= OptMinMax(Γ̂ ).

Proposition 6 (Solution of OptMax(Γ̂ ) is dominated by solutions of Opt≥(Γ̂ )). If

(T,D) |= OptMax(Γ̂ ) and(T≥, D≥) |= Opt≥(Γ̂ ), then we have(T≥, D≥) ≥lex (T,D),
and if (T≥, D≥) 6|= OptMax(Γ̂ ) then(T≥, D≥) >lex (T,D).

Lemma 6 (Strict strategy improvement for Min). Let µ, µ′ ∈ ∆Min, let (T,D) |=
OptMax(Γ̂ �µ) and(T ′, D′) |= OptMax(Γ̂ �µ

′), and letµ′ = ImproveMin(µ, (T,D)). Then
(T,D) ≥lex (T ′, D′) and ifµ 6= µ′ then(T,D) >lex (T ′, D′).

Proof. First we argue that(T,D) |= Opt≥(Γ̂ �µ′) which by Proposition 6 implies that
(T,D) ≥lex (T ′, D′). Indeed for everys ∈ S \ F , if µ(s) = ([s], α,R) andµ′(s) =
([s], α′, R′) then we have(

T̃ (s), D̃(s)
)

=
(
T (R)⊕α (s), D(R)�

α (s)
)
≥lex

(
T (R′)⊕α′(s), D(R′)�

α′(s)
)
,

where the equality follows from(T,D) |= OptMax(Γ̂ �µ), and the inequality follows
from the definition of ImproveMin . Moreover, ifµ 6= µ′ then there iss ∈ SMin \ F

for which the above inequality is strict. Then(T,D) 6|= OptMax(Γ̂ �µ
′) because every

vertexR ∈ RMin in Γ̂ �µ′ has a unique successor, and hence again by Proposition 6 we
conclude that(T,D) >lex (T ′, D′). �

The following theorem is an immediate corollary of Theorem 3 and Lemma 5, of
Lemma 6 and finiteness of the number of regionally constant positional strategies for
Min, and of Proposition 5.

Theorem 4 (Correctness and termination of strategy improvement).The strategy
improvement algorithm terminates in finitely many steps and returns a solution(T,D)
of OptMinMax(Γ̂ ), such thatT is regionally simple andD is regionally constant.

5 Complexity

Lemma 7 (Complexity of strategy improvement).Let Γ̂0, Γ̂1, and Γ̂2 be 0-player,
1-player, and 2-player timed region graphs, respectively. A solution of Opt(Γ̂0) can be
computed in timeO(|R|). The strategy improvement algorithms for OptMax(Γ̂1) and
OptMinMax(Γ̂2) terminate inO(|R|) iterations.

Since the number|R| of regions is at most exponential in the size of a timed automa-
ton [3], it follows that the strategy improvement algorithm runs in exponential time,
and hence solving reachability-time games is in EXPTIME. The reachability problem
for timed automata with three clocks is PSPACE-complete [13]. We show that solving
2-player reachability games on timed automata with two clocks is EXPTIME-complete.
We use a reduction from countdown games [16] for EXPTIME-hardness.



Theorem 5 (Complexity of reachability(-time) games on timed automata).Prob-
lems of solving reachability and reachability-time games are EXPTIME-complete on
timed automata with at least two clocks.
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19. J. V̈oge and M. Jurdziński. A discrete strategy improvement algorithm for solving parity
games. InCAV 2000, volume 1855 ofLNCS, pages 202–215. Springer, 2000.


