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Game theory [1] is a formalism for the study of competitive interaction in the
rich spectrum of relationships ranging between conflict and cooperation. Origi-
nally conceived as a mathematical foundation of economics, it proved its robust-
ness by providing new techniques and insights in logic and set theory [15, 13],
evolutionary and population biology [22], auction design and implementation,
the design and study of the internet [19], analysis of cold war strategies, etc.

Dynamic games are used to model competitive processes evolving over time.
Stochastic transitions are used for abstraction in modelling or to formalize inher-
ent uncertainty, leading to quantitative statistical analysis. Stochastic games are
dynamic games with stochastic transitions. They enjoy rich and mature math-
ematical theory [11, 23] and a wide range of applications including economics,
cell, population and evolutionary biology [26], queueing theory and performance
evaluation, and quantitative temporal model checking [17, 8].

In this tutorial we explore the spectrum of competitive dynamic behavioural
models ranging from Markov chains, to transition systems, to Markov deci-
sion processes [20], to 2-player and multi-player perfect-information and general
stochastic games [11]. We also consider the spectrum of qualitative and quan-
titative objectives for the players contained in the class of Borel-measurable
functions [16], and we survey most popular concrete choices: discounted and
limiting-average objectives [20, 11] used in economics and performance evalua-
tion, and omega-regular objectives [13] encompassing safety, liveness and fair-
ness objectives used in temporal logic model checking.

We present the general determinacy result for zero-sum stochastic games
with Borel-measurable objectives due to Martin [16], as well as its many refine-
ments for stochastic games with discounted, limiting-average, and omega-regular
objectives [11, 6, 9, 17, 4, 28]. Then we survey algorithmic techniques for solv-
ing various classes of stochastic games and Markov decision processes, including
value iteration and strategy improvement [20, 7], convex optimization [7, 27, 2]
and graph-theoretic algorithms [3]. Special attention is given to algorithmic so-
lutions of (perfect-information) omega-regular stochastic games [14, 3, 4] laying
the foundation for automated quantitative temporal model checking.

We also consider non-zero sum stochastic games. After defining the funda-
mental notion of a Nash equilibrium we survey recent results [24, 21, 5] on its
existence in various classes of stochastic games as well as a few challenging open
problems in the area.

Then we present the gquantitative mu-calculus [10, 17, 8] which is a very
expressive, robust, and yet algorithmically feasible logical formalism for speci-
fication and automated quantitative analysis. We argue that the quantitative



mu-calculus can be as fundamental to the quantitative temporal analysis as the
modal mu-calculus is for the qualitative temporal model checking by showing
how it subsumes various quantitative temporal logics proposed in literature.
The unification of semantic and algorithmic techniques for quantitative spec-
ification and verification that the quantitative mu-calculus offers is an added
benefit.

Finally, we present a game theoretic semantics for the quantitative mu-
calculus [17] by reducing its satisfaction problem to solving stochastic omega-
regular games. This allows to apply the rich theory of stochastic games both to
the semantic study and to the algorithmic applications of the the quantitative
mu-calculus in automated quantitative model checking.

Recent surveys of related material include invited presentations at CSL’02 [18],
CONCUR’03 [8], STACS’04 [12] and LICS’04 [25].
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