
IMA GE VOLUME DENOISING USING A FOURIER-WAVELET BASIS

RolandG. Wilson NasirM. Rajpoot

Departmentof ComputerScience
Universityof Warwick

CoventryCV4 7AL, UnitedKingdom

e-mail: rgw,nasir@dcs.warwick.ac.uk

ABSTRACT

A novel approachto the removal of noise from three-
dimensionalimagedatais described. The imagesequence
is representedusinga non-adaptive wavelet basis,carefully
chosenfor its ability to compactlyrepresentlocally planar
surfaces.This is importantin many 3-D applications,includ-
ing videosequences,wherethey representmoving luminance
edges,and medicalvolume data,where they representthe
interfacesbetweentissueandbone,for example. The new
basis,calleda Fourier-WaveletBasis,is an extensionof the
complex waveletbaseswhich have beenincreasingin popu-
larity in recentyears.Becausetransformationto thenew basis
is ef�cient computationally, theoveralldenoisingalgorithmis
highly ef�cient. Thesuccessof theapproachis demonstrated
usinga noisy video sequenceanda noisy humankneeMR
imagevolume.

1. INTRODUCTION

The useof multiresolutionimagerepresentationsin the re-
storationof noisy imagesdatesback to the late 1980's [1],
in which a statisticalestimatorbasedon a simple quadtree
imagemodelwasusedin smoothingimagescorruptedby ad-
ditiveGaussiannoise.Althoughthemodelwassimple,it suf-
feredfrom blockingartefactsassociatedwith Haarwavelets,
due to their non-overlappingsupport. In recentyears,con-
siderableinteresthasbeenshown in imagerestorationtech-
niquesbasedon wavelets [2, 3]. While theseare ef�cient
computationally, they avoid the worst aliasingartefactsand
arequiterobust.At its simplest,wavelet`denoising'is partic-
ularly attractive, requiringcomputationof the transformand
its inverse,combinedwith a suitablethresholdfunction. A
variety of choicesof wavelet have beenadvocatedandvari-
ous`hard'or `soft' thresholdingschemeshavebeenproposed
[2]. Nevertheless,thereareclearly caseswherelack of se-
lectivity in theFourierdomainlimits thescopeof suchtech-
niques:the effectivenessof the techniquerelieson theabil-
ity of thebasisto concentratesignalenergy in relatively few
coef�cients. This is particularlyimportantin denoising3-D
imagedata,wherelocally planarstructures,suchasmoving
edgesor interfacesbetweenvolumes,convey mostinforma-
tion. For example,in imagesequences,moving edgessweep
out locally planarshapes.Similarly, the surfacesof objects
within medicalimagesshouldbe preserved during �ltering.

Preservation of suchfeaturesrequiresa basisin which they
aresparselyrepresented.Furthermore,translationinvariance
hasbeenshownto beimportantin thisapplication,asin many
others[3]. An obviouschoicemight,therefore,seemto bethe
Fourierbasis,sincea planesurfacein a volumecorresponds
to a line in theFourierdomain.Of course,thismissesthekey
epithet: local; all imagedatashow only local planarity, with
curvatureasigni�cant featureat largerscales.

For this reason,we have developeda modi�cation of the
complex waveletbasesproposedin [4, 5], whichshow trans-
lation invariance,good direction-selectivity and yet can be
implementedef�ciently . The new basis,which we label a
Fourier-Wavelet Basis (FWB), has a combinationof scal-
ing, locality and directional characteristicswhich are well
matchedto the locally planarsurfacesof interestin applica-
tions.Furthermore,it is easyto computeandis invertible.Af-
ter brie�y presentingthenew basis,we shalldemonstrateits
effectivenessin thedenoisingof animagesequence,basedon
a modi�ed, adaptive versionof a soft thresholdingtechnique
[2]. Thecomputationalcomplexity of ouralgorithmis essen-
tially equivalentto awindowedFouriertransform(WFT) and
it doesnot requireany motionestimation.

In thenext section,thenew basisis brie�y describedandits
invertibility demonstrated.This is followedby anoutlineof
the denoisingalgorithm. Experimentalresultsarepresented
anddiscussedfor two imagedatasets:anoisyvideosequence
andanMR imagevolume.Thepaperis concludedwith some
remarkson the limitationsof thecurrenttechniqueandsug-
gestionsfor its improvement.

2. FOURIER-WAVELET BASIS

The discreteFourier-Wavelet transformis a combinationof
two well known imagetransforms:theLaplacianpyramid[6]
andthewindowedFouriertransform.In someways,it is sim-
ilar to theoctave bandGaborrepresentationproposedin [7],
but avoidssomeof themoreunpleasantnumericalproperties
of the Gaborfunctions. Although the pyramid is overcom-
plete,by some33% in 2-D, this becomesnegligible in 3-D
(14%) unlessoverlappingwindowsareusedin theWFT. Thus
in 1-D, in thecontinuousdomain,a prototypicalFWB vector
hastheform
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where� ; ! anda arerespectively thelocation,frequency and
scaleparametersof thefunction. Thefunctionw(:) is a win-
dow function,chosenalongwith thesamplinginterval to en-
sureinvertibility of thediscreteform of thetransform.In 3-D,
thebasiscomprisesthesetof Cartesianproductsover � ; ! at
eachscalea. That the continuoustransformde�ned by (1)
is invertible follows directly from the observation that it is
simply themultiresolutionFouriertransform(MFT) [4].

Thediscreteform, however, is signi�cantly differentfrom
thatdescribedin [4], for in thepresentcase,thetransformof
animagevolumef , in vectorform, is givenat scalem by

^f m = F n ( I � Gm;m +1 Gm +1 ;m ) f m (2)

wherê denotestheFWT atscalem, F n is theWFT operator
with blocksizen � n � n, I is theidentityoperator, f m is the
Gaussianpyramidrepresentationof f on level m
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0
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and Gm;m +1 ; Gm +1 ;m are the raising and lowering opera-
torsassociatedwith transitionsbetweenlevelsin theGaussian
pyramid. Invertibility followsdirectly from equations(2) and
(3):

Theorem1 Therepresentationde�nedbyequation(2) is in-
vertible.

Proof

FirstwenotethattheWFT operatorF n hasaninverse,which
canbedenotedF � 1

n . Secondly, weknow from BurtandAdel-
sonthattheLaplacianpyramidis invertible,since,trivially,

f m = f m � Gm;m +1 f m +1 + Gm;m +1 f m +1 (4)

andtheproof is completedby inductiononm.
Importantly, althoughboth the pyramid andFT operators

areCartesianseparable,theclosenessof theBurt andAdel-
son�lter to a Gaussianfunction givesthe pyramid virtually
isotropicbehaviour, which canbeexploitedwell by thehigh
frequency resolutionof a Fourier basis. Although the non-
orthogonalityof theFWB maybea handicapin someappli-
cations,this is nota signi�cant disadvantagein denoising.

3. THE DENOISING ALGORITHM

Thedenoisingalgorithmworksin threesteps:forwardFWT,
adaptive thresholding,andinverseFWT. The coef�cients of
three-dimensionalforward FWT of the image volume are
computedusing the algorithmoutlined in the previous sec-
tion. Since the presenceof additive Gaussianwhite noise
meansthat almostall the FWT coef�cients are affectedby
it, soft thresholdingwould reducethe contribution of noise
to therestoredimagevolume. Basedon theassumptionthat
the coef�cients relatively small in magnitudeat eachreso-
lution (ie, below a certainthreshold)aremostprobablydue
to the noisevariation, coef�cients with magnitudeabove a

certainthresholdarekept while the remainingonesaredis-
carded.The inverseFWT, therefore,providesan estimation
of theoriginaluncorruptedimagevolume.

The choiceof thresholdis crucial to the performanceof
this typeof transformdomaindenoising.DonohoandJohn-
stone[2] haveshown thatanadaptive threshold� givenby

� = �
p

2logn (5)

is anasymptoticallyoptimalchoicefor thresholdvaluewhen
denoisinga 1-D noisy signal, wheren denotesthe number
of samplesin the signal and � is standarddeviation of the
additive Gaussianwhite noise.Our experimentsshowedthat
usingan adaptive thresholdfor coef�cients at different res-
olutionsgivesbetterdenoisingresultsascomparedto using
samethresholdvaluefor transformcoef�cients at all resolu-
tions. We usethresholdvalue� i for coef�cients at level i of
thepyramidasgivenby

� i = L(� )
p

2logn i (6)

wheren i denotesthenumberof pixelsat level i of thepyra-
mid andL(� ) is a suitablychosenfunction of � . The fol-
lowing expressionfor L (� ) wasempirically chosenfor our
experiments

L (� ) = a log10 � + b (7)

wherea; b2< andb = 2a.

4. EXPERIMENT AL RESULTS

Thealgorithmdescribedabovefor denoising3-D imagedata
wastestedon theMissAmericasequenceof size1283 anda
humankneeMR imagevolumeof size256� 256� 64. The
imagedatawascorruptedwith additive Gaussiannoise,and
adaptivethresholdingwasappliedto transformcoef�cients of
the noisy sequencerepresentedin a 3-level Fourier-wavelet
domainusing a 163 window. Experimentalresultsfor the
FWB denoisingandtranslationinvariantwavelet (TIW) de-
noising [3] of the noisy Miss Americasequenceand noisy
humankneeimagevolumefor signal-to-noise-ratio(SNR)of
0dB, 5dB, and10dB areshown in Figures1 and2. Thevalue
of a = 0:46 for equation(7) waschosenempirically using
leastsquares�tting.

As is evident from theseresults,the FWB denoisingper-
forms quite well when comparedto the TIW denoising,in
termsof bothvisualquality andSNRgain. In particular, the
SNRgainof 7:6dB overTIW denoisingfor noisyMissAmer-
ica sequenceof 0dB SNRshowsthepromisethatFWB repre-
sentationoffersfor ef�ciently representingplanarstructures.
However, SNRgainsfor kneeimagevolumearenot sohigh,
whichcanbeexplainedby thefactthatmoststructurespreva-
lent in this volumearemainly solid ratherthanplanar. Two
typesof artifactscanbeobservedfrom theseresults:blocky
artifactsdue to the useof a 163 window, and fake textures
which sometimespersistwithin thesewindows due to sup-
pressinga signi�cant amountof high frequency details.

The computationalcomplexity of our algorithm is O(n)
ascomparedto O (n log2(n)) in caseof theTIW denoising,
makingour algorithmfasterby ordersof magnitude.It is to



benoted,however, thattheTIW denoisingwith asoft thresh-
oldingwasappliedto theindividual2-D frames(or slices)as
opposedto theFWB denoisingwhichbene�tsfrom represen-
tation of the noisy imagevolume in a 3-D Fourier-wavelet
domain. This meansa higher storagerequirementfor our
method.

Experimentalresultsin termsof theSNRgainfor � ve dif-
ferentSNR valuesof the noisy Miss Americasequenceand
thehumankneeMR imagevolumeareprovidedin Tables1
and2, respectively. Overall,theseresultscomparefavourably
with thosefound in the literature[8], in termsof bothvisual
qualityandSNRgain.

NoisyVolume TIW Denoising FWB Denoising
0 9:5 17:1
5 12:6 18:9
10 15:3 20:9
15 18:1 23:5
20 20:6 25:3

Table 1. SNR(in dB) valuesfor theMissAmericavideosequence

NoisyVolume TIW Denoising FWB Denoising
0 10:2 13:1
5 12:3 14:9
10 14:6 16:7
15 17:0 18:8
20 19:4 21:3

Table2. SNR(in dB) valuesfor thehumankneeMR imagevolume

5. CONCLUSIONS

This paperhasintroduceda new, computationallyef�cient
waveletrepresentationparticularlysuitedto thesurfacestruc-
tureswhichareimportantin many 3-D imagingapplications.
After a brief review of its properties,the new representa-
tion wasusedin a denoisingschemebasedonsoft threshold-
ing andwasshown to give high gainsin termsof signal-to-
noise-ratio.Thiswasachievedwithoutmotioncompensation.
Although the techniqueappearspromising,it remainsto be
demonstratedjusthow effectiveit mightbewith amorecom-
plex, adaptive thresholdingmethod.Theeffectsof oversam-
pling andusingtaperedwindowsfor theWFT alsoremainto
beinvestigated.
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Fig. 1. Denoisingresultsfor theMissAmericavideosequence

Frame#90: (a) Original (b) Noisy (SNR=0dB) (c) TIW Denoised(SNR=9:5dB) (d) FWB Denoised(SNR=17:1dB)

Frame#70: (e) Original (f) Noisy (SNR=5dB) (g) TIW Denoised(SNR=12:6dB) (h) FWB Denoised(SNR=18:9dB)

Frame#75: (i) Original (j) Noisy (SNR=10dB) (k) TIW Denoised(SNR=15:3dB) (l) FWB Denoised(SNR=20:9dB)
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Fig. 2. Denoisingresultsfor humankneeMR imagevolume

Slice#20: (a) Original (b) Noisy (SNR=0dB) (c) TIW Denoised(SNR=9:5dB) (d) FWB Denoised(SNR=13:1dB)

Slice#45: (e) Original (f) Noisy (SNR=5dB) (g) TIW Denoised(SNR=12:3dB) (h) FWB Denoised(SNR=14:9dB)

Slice#30: (i) Original (j) Noisy (SNR=10dB) (k) TIW Denoised(SNR=14:6dB) (l) FWB Denoised(SNR=16:7dB)


