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ABSTRACT

A novel approachto the removal of noise from three-
dimensionalimage datais described. The image sequence
is representedising a non-adaptie wavelet basis,carefully
chosenfor its ability to compactlyrepresentocally planar
surfaces.Thisis importantin mary 3-D applicationsjnclud-
ing videosequencesyherethey represenimoving luminance
edges,and medical volume data, where they representhe
interfacesbetweentissueand bone, for example. The new
basis,called a FourierWavelet Basis, is an extensionof the
comple waveletbaseswvhich have beenincreasingn popu-
larity in recentyears.Becauseransformatiorio thenew basis
is ef cient computationallytheoveralldenoisingalgorithmis
highly ef cient. Thesuccessf theapproachs demonstrated
using a noisy video sequencend a noisy humanknee MR
imagevolume.

1. INTRODUCTION

The useof multiresolutionimagerepresentations the re-
storationof noisy imagesdatesbackto the late 1980’ [1],
in which a statisticalestimatorbasedon a simple quadtree
imagemodelwasusedin smoothingmagescorruptedby ad-
ditive Gaussiamoise.Althoughthemodelwassimple, it suf-
feredfrom blocking artefactsassociatedvith Haarwavelets,
dueto their non-overlappingsupport. In recentyears,con-
siderableinteresthasbeenshavn in imagerestoratiortech-
niguesbasedon wavelets[2, 3]. While theseare ef cient
computationallythey avoid the worst aliasingartefactsand
arequiterobust. At its simplestwavelet denoising'is partic-
ularly attractive, requiringcomputationof the transformand
its inverse,combinedwith a suitablethresholdfunction. A
variety of choicesof wavelet have beenadvocatedand vari-
ous hard' or “soft' thresholdingscheme$iave beenproposed
[2]. Neverthelessthereare clearly caseswherelack of se-
lectivity in the Fourierdomainlimits the scopeof suchtech-
nigues: the effectivenessf the techniquerelies on the abil-
ity of the basisto concentratesignalenegy in relatively few
coefcients. This is particularlyimportantin denoising3-D
imagedata,wherelocally planarstructuressuchasmoving
edgesor interfacesbetweenvolumes,convey mostinforma-
tion. For example,in imagesequencesnoving edgesweep
out locally planarshapes.Similarly, the surfacesof objects
within medicalimagesshouldbe presered during Itering.

Preseration of suchfeaturesrequiresa basisin which they
aresparselyrepresentedrFurthermoretranslationinvariance
hasbeenshavnto beimportantin thisapplicationasin mary
otherq3]. An obviouschoicemight,thereforeseento bethe
Fourier basis,sincea planesurfacein a volumecorresponds
to aline in the Fourierdomain.Of coursethis misseghekey
epithet:local; all imagedatashav only local planarity with
cunatureasigni cant featureatlargerscales.

For this reasonwe have developeda modi cation of the
complex waveletbasegproposedn [4, 5], which shav trans-
lation invariance,good direction-selectiity andyet canbe
implementedef ciently. The new basis,which we label a
Fourier-Wavelet Basis (FWB), has a combinationof scal-
ing, locality and directional characteristicavhich are well
matchedo the locally planarsurfacesof interestin applica-
tions. Furthermoreit is easyto computeandis invertible. Af-
ter brie y presentinghe new basis,we shalldemonstratéts
effectivenessn thedenoisingof animagesequencehasedn
amodi ed, adaptve versionof a soft thresholdingechnique
[2]. Thecomputationatomplexity of our algorithmis essen-
tially equivalentto awindowedFouriertransform(WFT) and
it doesnotrequireary motionestimation.

In thenext sectionthenew basiss brie y describedandits
invertibility demonstratedThis is followed by anoutline of
the denoisingalgorithm. Experimentakesultsare presented
anddiscussedor two imagedatasetsanoisyvideosequence
andanMR imagevolume.Thepapelis concludedvith some
remarkson the limitations of the currenttechniqueandsug-
gestiondor its improvement.

2. FOURIER-WAVELET BASIS

The discreteFourierWavelet transformis a combinationof
two well known imagetransformsthelLaplacianpyramid[6]
andthewindowedFouriertransform.In someways, it is sim-
ilar to the octare bandGaborrepresentatioproposedn [7],
but avoids someof the moreunpleasantumericalproperties
of the Gaborfunctions. Although the pyramid is overcom-
plete,by some33%in 2-D, this becomesegligible in 3-D
(14%) unlessoverlappingvindowsareusedn theWFT. Thus
in 1-D, in thecontinuousdomain,a prototypicalFWB vector
hastheform
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where ;! anda arerespectiely thelocation,frequeny and
scaleparametersf the function. Thefunctionw(:) is awin-
dow function,choseralongwith the samplinginterval to en-
sureinvertibility of thediscreteform of thetransform.In 3-D,
the basiscompriseghe setof Cartesiarproductsover ;! at
eachscalea. Thatthe continuoustransformde ned by (1)
is invertible follows directly from the obsenation that it is
simply the multiresolutionFouriertransform(MFT) [4].
Thediscreteform, however, is signi cantly differentfrom
thatdescribedn [4], for in the presentase the transformof
animagevolumef , in vectorform, is givenat scalem by
i = Fn(l 2
where*denotegshe FWT atscalem, F, isthe WFT operator
with blocksizen n n,| istheidentity operatorf , isthe
Gaussiarpyramidrepresentationf f onlevelm
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and Gmm +1 ; Gm+1.m arethe raising and lowering opera-
torsassociatewvith transitiondbetweerevelsin theGaussian
pyramid. Invertibility follows directly from equationg2) and

(3):

Theorem1 Therepresentatiorde nedby equation(2) is in-
vertible

Proof

Firstwe notethatthe WFT operator-,, hasaninversewhich
canbedenoted-, 1. Secondlyweknow from BurtandAdel-
sonthatthe Laplacianpyramidis invertible,since trivially,
fm Gm;m +1fm+l + Gm;m +1fm+1 (4)
andthe proofis completeddy inductionon m.

Importantly althoughboth the pyramid and FT operators
are Cartesianseparablethe closenes®f the Burt and Adel-
son lter to a Gaussiarfunction givesthe pyramid virtually
isotropicbehaviour, which canbe exploited well by the high
frequeng resolutionof a Fourier basis. Although the non-
orthogonalityof the FWB may be a handicapin someappli-
cations thisis notasigni cant disadantagdn denoising.

3. THE DENOISING ALGORITHM

Thedenoisingalgorithmworksin threesteps:forward FWT,
adaptve thresholdingandinverseFWT. The coefcients of
three-dimensionaforward FWT of the image volume are
computedusing the algorithm outlinedin the previous sec-
tion. Sincethe presenceof additive Gaussiarwhite noise
meansthat almostall the FWT coefcients are affectedby
it, soft thresholdingwould reducethe contribution of noise
to the restoredmagevolume. Basedon the assumptiorthat
the coefcients relatively small in magnitudeat eachreso-
lution (ie, below a certainthreshold)are mostprobablydue
to the noisevariation, coefcients with magnitudeabove a

certainthresholdare kept while the remainingonesaredis-
carded. The inverseFWT, therefore providesan estimation
of the original uncorruptedmagevolume.

The choiceof thresholdis crucial to the performanceof
this type of transformdomaindenoising.DonohoandJohn-
stong[2] have showvn thatanadaptve threshold givenby

(®)

is anasymptoticallyoptimal choicefor thresholdvaluewhen
denoisinga 1-D noisy signal, wheren denotesthe number
of samplesin the signaland is standarddeviation of the
additive Gaussiarwhite noise. Our experimentsshavedthat
using an adaptve thresholdfor coefcients at differentres-
olutions givesbetterdenoisingresultsas comparedo using
samethresholdvaluefor transformcoefcients at all resolu-
tions. We usethresholdvalue ; for coefcients atlevel i of
the pyramidasgivenby

= P 2logn

= L()" Zlogn, ©)
wheren; denoteghe numberof pixelsatlevel i of the pyra-
mid andL( ) is a suitably chosenfunction of . The fol-
lowing expressionfor L ( ) wasempirically chosenfor our
experiments

+b

L( ) = alog,g (7)

wherea; b2< andb= 2a.

4. EXPERIMENT AL RESULTS

Thealgorithmdescribedabove for denoising3-D imagedata
wastestedon the Miss Americasequencef size128° anda
humanknee MR imagevolume of size256 256 64. The
imagedatawas corruptedwith additive Gaussiamoise,and
adaptvethresholdingvasappliedto transformcoefcients of
the noisy sequenceepresentedn a 3-level Fourierwavelet
domainusinga 16> window. Experimentalresultsfor the
FWB denoisingandtranslationinvariantwavelet (TIW) de-
noising [3] of the noisy Miss Americasequencend noisy
humankneeimagevolumefor signal-to-noise-rati¢SNR) of
0dB, 5dB, and10dB areshavn in Figuresl and2. Thevalue
of a = 0:46 for equation(7) was chosenempirically using
leastsquarestting.

As is evidentfrom theseresults,the FWB denoisingper
forms quite well when comparedto the TIW denoising,in
termsof bothvisualquality and SNR gain. In particular the
SNRgainof 7:6dB over TIW denoisingor noisyMissAmer
icasequencef 0dB SNRshovsthepromisethatFWB repre-
sentatioroffersfor ef ciently representinglanarstructures.
However, SNR gainsfor kneeimagevolumearenot sohigh,
which canbeexplainedby thefactthatmoststructuregreva-
lent in this volumearemainly solid ratherthanplanar Two
typesof artifactscanbe obseredfrom theseresults:blocky
artifactsdue to the useof a 16® window, and fake textures
which sometimesersistwithin thesewindows dueto sup-
pressinga signi cant amountof high frequeng details.

The computationalcompleity of our algorithmis O(n)
ascomparedo O (nlog,(n)) in caseof the TIW denoising,
makingour algorithmfasterby ordersof magnitude.lt is to



benoted however, thatthe TIW denoisingwith asoftthresh- [4] R.G.Wilson,A.D. Calway, andE.R.S.PearsonA gener

olding wasappliedto theindividual 2-D frames(or slices)as
opposedo the FWB denoisingwhich bene tsfrom represen-
tation of the noisy imagevolumein a 3-D Fourierwavelet
domain. This meansa higher storagerequirementfor our
method.

Experimentatesultsin termsof the SNRgainfor ve dif-
ferent SNR valuesof the noisy Miss Americasequencend
the humankneeMR imagevolumeare providedin Tablesl
and2, respectiely. Overall,theseresultscompargavourably
with thosefoundin the literature[8], in termsof bothvisual
gualityandSNRgain.

Noisy Volume | TIW Denoising| FWB Denoising
0 9:5 17:1
5 12:6 189
10 15:3 20:9
15 18:1 235
20 20:6 253

Table 1. SNR(in dB) valuesfor the Miss Americavideosequence

Noisy Volume | TIW Denoising| FWB Denoising
0 10:2 131
5 12:3 149
10 14:6 167
15 170 188
20 194 21:3

Table 2. SNR(in dB) valuesfor thehumarkneeMR imagevolume

5. CONCLUSIONS

This paperhasintroduceda new, computationallyef cient
waveletrepresentatioparticularlysuitedto the surfacestruc-
tureswhich areimportantin mary 3-D imagingapplications.
After a brief review of its properties,the new representa-
tion wasusedin adenoisingscheméasedn soft threshold-
ing andwasshawn to give high gainsin termsof signal-to-
noise-ratio.Thiswasachievedwithoutmotioncompensation.
Although the techniqueappeargromising,it remainsto be
demonstrateflisthow effectiveit mightbewith amorecom-
plex, adaptie thresholdingmethod. The effectsof oversam-
pling andusingtaperedvindows for the WFT alsoremainto
beinvestigated.
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Fig. 1. Denoisingresultsfor the Miss Americavideosequence
Frame#90: (a) Original (b) Noisy (SNR=0dB) (c) TIW Denoised SNR=9:5dB) (d) FWB Denoised SNR=17:1dB)
Frame#70: (e) Original (f) Noisy (SNR=5dB) (g) TIW Denoised SNR=12:6dB) (h) FWB Denoised SNR=18:9dB)

Frame#75: (i) Original (j) Noisy (SNR=10dB) (k) TIW Denoised SNR=15:3dB) (I) FWB Denoised SNR=20:9dB)
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Fig. 2. Denoisingresultsfor humankneeMR imagevolume
Slice#20: (a) Original (b) Noisy (SNR=0dB) (c) TIW Denoised SNR=9:5dB) (d) FWB Denoised SNR=13:1dB)
Slice#45: (e) Original (f) Noisy (SNR=5dB) (g) TIW Denoised SNR=12:3dB) (h) FWB Denoised SNR=14:9dB)

Slice#30: (i) Original (j) Noisy (SNR=10dB) (k) TIW Denoised SNR=14:6dB) (I) FWB Denoised SNR=16:7dB)



