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Abstract

Thecomputationatompleity of atextureclassi cationalgorithmis limited

by thedimensionalityof thefeaturespace Although nding theoptimalfea-

ture subsetis a NP-hardproblem[1], a featureselectionalgorithmthat can
reducethedimensionalityof problemis oftendesirable In this paperwere-

portwork on afeatureselectionalgorithmfor textureclassi cationusingtwo

subbandltering methods:afull waveletpaclketdecompositioranda Gabor
type decompositionThe valueof a costfunction associatedavith a subband
(feature)is usedasa measuref relevanceof thatsubbandor classi cation
purposes.This leadsto a fastfeatureselectionalgorithmwhich ranksthe
featuresaccordingto their measuref relevance.Experimentson a rangeof

testimagesandboth Itering methodgrovide resultsthatarepromising.

1 Intr oduction

In mary real-world classi cationapplicationsa numberof featuresareoftencomputedo
aid the supervisedearning. Someof the candidatdeatureshowever, maybeirr elevant,
in thatthey may be addingnoiseto usefulinformation,or redundantin the presencef
otherrelevantfeatures A featureselectionalgorithmaddressethis problemby selecting
a subsetof featureswhich are directly relevant to the target concept,which is texture
classi cationhere.Eigenspacenethoddik e the principalcomponenainalysigPCA) can
beusedo transformthefeaturespacdo asetof independenandorthogonabxesandrank
thoseaxesby the extent of variation. This is oneway to reducethe setof featureswith
regardto the global datacovariance.Fishers linear discriminantanalysis(LDA), onthe
otherhand, nds the featurespacemappingwhich maximiseshe ratio of between-class
to within-classvariationjointly for eachfeature(dimension).PCA canbefurtherapplied
to nd a compactsubspacéo reducethe featuredimensionality The centralthemeof
almostall featuresubsetselectionmethodsis to reducethe computationakcomplexity
andimprove the classi cation performanceby discardingthosefeatureswhich may be
irrelevantor redundan{see for instance[2] for a surwey of suchalgorithms).
Despitethe advancedn featureselectiontexture classi cationalgorithmshave often
usedasmary featuresaspossible[3] without consideratiorof whetherthe featuresare
independenainddiscriminating,giving rise to unnecessargomputationand sometimes
hinderingthe subsequentlassi cation process.In this paper we presenta fastfeature
selectionschemehat usesa costfunction associatedvith eachfeatureasa measue of
relevanceof thatfeatureto texture classi cation. Featuresrerankedsothatthe problem



of selectinga subsebf featuregeducedo pickingthe rst mfeatureonly. Suchfeatures
canalsobetermedasdiscriminantfeaturespfferingthebene t thatonly thediscriminant
featuresubseneedso be computedon the obsenationdata,unlike PCA or LDA meth-
ods. This hassigni cant advantagewhendealingwith texture classi cationproblemin
3D [4] becaus®f reducecdcomplexity. We notethatBoz[1] hasproposeda similar algo-
rithm which usesQuinlan's gainratio [5] to sortthefeaturesaccordingo theirrelevance.
It is alsoworth noting that our approacho the problemseparatefeatureselectionfrom
classi cationstagethereforeputtingit in the Iter category of Kohavi etal. [2].

The paperis organisedasfollows. In the next section,a statemenbf the problemis
providedwith a descriptionof the costfunctionsthatcanbe usedto measurehe feature
relevance.In Section3, two multiresolutionfeaturespacemappingsnvestigatedn this
work andbasedon subbanddecompositioraredescribed.Experimentakesultsare pre-
sentedanddiscussedn Section4, andthe paperconcludeswith a summaryandfuture
directions.

2 Discriminant Feature Selection

Textureclassi cationcanbe castinto the generakignalclassi cationproblemof nding
the bestmapping,d : X ! Y, of a setof input signals,X R", on to the classla-
bels,Y = f1;:::;Kg. Evengivena setof trainingsamplesijn mostinterestingproblems,
the dimensionalityof the input space,n, is too greatto estimatethe optimal classi er,
suchasthe Bayesclassi er. Featureextractionallows usto discardmuchof the redun-
dantinformation. Multivariatedataoften containimportantstructureqfeaturesit lower
dimensionsand that the problemhassomeintrinsic dimensionm < n is of coursegoal
dependen[6]. It is thereforeprudentto employ aclassier, k: F ! Y , onasubspace,
F of X . We canwrite the featurespacemappings: X ! F . Furthermorewe can
try to extractadiscriminantsubspacef F usingafeatureselectorQm, thatpicksa setof
dimensionsn which we would hopeis theintrinsic dimensiorof the problem:

d=k Qm s 1)

The focusof our study hereis to investigatetwo popularmultiresolutionfeaturespace
mappingsfor textural data: a specialkind of wavelet paclet transformand a Fourier
transform,subbandltering akin to a Gabordecompositionandto employ a “greedy”
featureselectowhich operatesequentiallyon the featuredimensiongsubbands).

Let usde ne thefeatureselectionproblemin the contect of subbandlecomposition
asfollows. Givena testimagex that hasbeendecomposednto n subbandsgachof
which canberegardedasa feature the goalis to selectm subbandsuchthatthe result-
ing misclassi cationerroris minimal. Herewe show thatit is still possibleto gaugethe
discriminationpower of a subbandndependenbf the classi er conditionedon K rep-
resentatie texture samples,T = f(X1;y1);::5; (Xk;Yk)0. Given the natureof subband
decompositionsinderconsiderationa subbandanbe regardedasbeinghighly discrim-
inantif it highlightsthe frequeng characteristicef oneclassbut notthe other In other
words,if thecoefcients of aparticularsubbandight up (ie, arehigherin magnitudefor
oneclasshut arerelatively insigni cant for the otherclass,the subbandcanprove to be
helpfulin termsof classi cationperformance.

Rajpoot[7] haspreviously proposedo usea symmetricversionof Kullback-Leibler
distancepetweerthe normalisecenegiesof asubbandor trainingimagesasa measure



of relevanceor an estimateof the discriminationpower of a subband.In this paper we
investigatethe effectivenessof a list of costfunctionsdescribedbelow for our feature
selectionalgorithmusingtwo featurespacemappingsanda rangeof testimages.Let F

andG denotethetransformcoefcients of aparticularsubbandor trainingimagesx; and
X2, belongingto two differenttexture classesrespectiely. We consideredhreewaysof

forming pseudo-distribtionsf from the subbandcoefcients F:

oY) = ey fa06y) = JFOayi% faxy) = JFOay)i®=kak®  (2)

Similarly, the pseudo-distribtionsg; (i = 1;2;3) canbe obtainedby usingthe subband
coefcients G(x;y) andtextureimagex,. Four discriminantmeasuresvereusedin our

experiments:symmetricKullback-Leibler(KL) divergence Fisherdistance(FD), Bhat-

tacharyyadistance(BD), and Euclideandistance(ED) — denotedrespectiely by KL,

FDi, BDj, andED; —de ned asfollows.
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is the relative entrofy betweenf andg, k k, denoteshe l,-norm, and () ands ?(f)
respectiely arethe meanandvarianceof f. The featureselector Qm, operatedy se-
lectingthe m subbandsvith the largestdiscriminationpower usingoneof theabove four
measures.

Saitoetal. [6] warnthatthe approactof sequentiallymeasuringhe ef cacy of each
dimensionof the featurespaceindependentlymay be “too greedy”as 2D and higher
dimensionalstructuresin the featurespacemay be missed. The principal advantage,
however, is that we can male a featureselectionsolely on training datawhich reduces
the complexity of the nal classi er on testsamples.When comparedwith traditional
multivariatefeatureprojectionmethoddike PCA or LDA, this advantagds signi cant.

3 Subband Decompositions

3.1 Full WaveletPacket Decomposition

Thewaveletpaclket (WP) decompositiorj8] extendsthe standardlyadicdiscretewvavelet
transformsuchthatthe high frequeny waveletsubbandsaredecomposedswell asthe
low frequeng subbandsto an arbitrary numberof levels. The frequeng intervals of
varying bandwidthscan be adaptvely selectedg.g. by picking the mostenegetic sub-
bandsto extractspeci ¢ frequenciegpresentin the given signalfrom this overcomplete
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(d) D9D3grass/reptile  (e)D4D12cork/bark  (f) D65D65rfence/fence

Figurel: Testimagescreatedrom Brodatzalbum examplesshov combinationof gran-
ular, orientedandperiodictextures(naturalandsynthetic).

representationThefull waveletpacketdecompositio(FWP),sometimeslsoknown as
theuniformwaveletsubbandlecompositionis aspeciatypeof waveletpaclettransform
whereinall subbandsrredecomposedp to agivennumberof levels.
Thediscretewaveletpaclettransformof a 1D discretesignal f(x), x= 0;1;:::;N 1
canbecomputedasfollows. Thewaveletpaclket coefcients arede ned as
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wherel = 1;2;:::;L; L = log, N, vv']-(x) is thetransformcoefcient correspondindo the
wavelet paclet function which hasrelative supportsize2', frequeng j2' andis located
at j2'. In otherwords, |, j andx canbe regardedasthe scale,frequeny and position
indicesof the correspondingvavelet packet functionrespectiely. The coefcients f hyg
andf gyg correspondo the lowpassand highpasslters respectiely for a two-channel
Iter bankandthetransformis invertibleif appropriatedual lters fﬁxg, f §xg areusedon
thesynthesiside.

The FWP canbeusedasa featurespacemappingby generatinga featureimagefrom
eachof its subbandst a givenlevel. A featureimagecorrespondindo a subbandcan
be generatedby computingthe magnitudeof contrikbution of the coefcients of thatsub-
bandto the input image,and smoothingit with a Guassianlter. As canbe seenfrom
Figure2(b), which shavs sixteenfeaturesfor the grass/stra imagecomputedrrom the
subbandof a two-level FWPR, someof the featuresmay be addingmerely noiseto the
performancef atexture classi cationalgorithm.



3.2 Wilson-SpannDecomposition

The Wilson-Spanndecomposition[9] usesa set of real, band-limitedbasisfunctions
which cover the Fourier half-plane. The decompositioris multiresolutionand resem-
blesGabor ltering andhasbeenshownn to performwell in representingmagefeatures
exhibiting granularityandlocal orientation.In [9], theauthorsproposedising nite pro-
late spheroidakequence@~PSS)ecausehey areoptimalin maximisingenegy in both
spatialandspatial-frequeng domains.For easeof implementationye useinsteactrun-
catedGaussiarfunctionsof similar shape centredin the frequeng subband.The sub-
bandcoefcients s'j(u) for subbandj at level (or scale)l of the decompositiorof a 2D
signalf(x);x= (xy)T,xy= 0;1;:::;N 1, canbecomputedy applyingasetof band-
limiting operators_'j to the Itered discreteFouriertransformcoefcients:

h i
si(u) = L} g(u;m!;ShF(u) 9)

whereg(u) is anisotropic Gaussiarfunction with centrefrequeny m'j andbandwidth
determinedy S'J-, andF (u) istheDFT of f(x). Variousarrangementsf theselters are
possible:a centre-surrountessellatiorwith alow-passregion in the interval [p=2; p=2]
and6 bandsof size[p=4; p=4] createsa setof subbandshathave beendemonstratedo
capturewell textural variationin frequeng andorientation. At the next level of the de-
compositionthecentralLP regionis itself tessellatedby alow-LP region size[p=4; p=4]
bandwidthsurroundingpriented Iters size[p=8; p=8], andsoon (Figure2(a)).

4 Experimentsand Discussion

Thediscriminantfeatureselectionalgorithmdescribedn Section2 wastestedon texture
examplestaken from the Brodatztexture catalogue.We createdtwo-classimagescon-
taining pairsof textureswith granularity(D9=grasscork=D4,bark=D12),principal ori-
entation(D15=strav) and periodicity (D3=reptile, D103=hurlap, D65=fence) asshavn
in Figurel.

Subbandiecompositiorf theseémageausingboththe FWP (2 levelsusingDuabechies-
8 lters) andthe Wilson-Spanrschemgfor 3 and5 levels) weremade. Given a pair of
training samplesa setof discriminantvalueswerecalculatedusingéD3, KL,, FD, and
BD; for correspondingubbanddecomposition.Thesevalueswerethensortedinto de-
creasingorder We then useda k-meansclassi er to classify the two-classtestimage
taking increasingnumbersof subbandeaturesin the orderde ned by the discriminant
value of eachfeature. The percentagenisclassi cationerror wasthencalculatedgiven
a binary maskfor thetrue result. Figure 3 shav error plots for the testimagesD15D9f
(grass/strar), D9D3 (reptile/grass)andD65D65r(fence/fencejor bothsubbandlecom-
positions. Theseplots arerepresentatie of the resultsoverall andwe canbegin to draw
someconclusion®ntheeffectivenes®of particularcostfunctionsandsubbandiecompo-
sition givena pair of textures.

Fortexturescontainingacombinatiorof granularityandorientation suchasstraw/grass,
theplotsshav FD andBD performbetterasa featurerelevancemeasurghanKL or ED,
which performsleastwell (Figures3(a)and3(b)). BD is ableto bring the misclassi ca-
tion errorto about5% for 4 bands.The errorthenreducesmaminally with the addition
of morefeaturego theclassi er. Imagescontaininga naturalperiodictexture,lik e reptile



skin againsta granular/randontexture lik e grass(Figure 1(d)), shov the mean-ariance
costmeasures-D andBD, to signi cantly outperformthe point-wisemeasures{L and
ED. Butagain,arelatively smallsubsebf featuress ableto achieveagoodclassi cation.
Notethatin thecaseof theFWR Figure3(c), theplotsfor BD andFD shav poorerresults
beyond 10 featuresndicatingthatbandsl11-16do not have usefuldiscriminatingpower
andareworking againstthe classi er.

Figure3(f) revealsthat FD doeslesswell whena periodictextureis pairedwith an-
other periodictexture (Figure 1(f) which hasfenceagainstrotatedfence). In this case,
boththe point-wisemeasuresKL andED, canidentify the subbandsvherethe spectral
distributions vary (likely to be a periodic patternin the Fourier domain),whereasthe
averageenenpy difference which is what FD estimatescannotreveal weathera bandis
discriminating.The rst termof BD measurdakesinto accounthe variability which ex-
plainsits betterperformancédor theseimages.For the FWP (Figure3(e)),theKL andED
continueto performworsewhich canbe explainedby the transformcoefcients having
spatialcoordinates A point-wise,pseudadistribution measurdike KL, is fooled by the
enegy voidsin a periodictexturealigningwith enegy peaksrom theothertextureatthe
samecoordinate.KL, however, is widely usedin WP basisselection[10] becauset is
additive and canbe usedto comparethe relative enegy whenchoosingchild subbands
over parentfor animageregion. Figure4 shavs four mostdiscriminantfeatureimages
andcorrespondinglassi cationresultsfor thestrav/grassmage. It canbeseerfrom this

gure thatthefeaturesselectedy our algorithmprove to berelevantto the taskat hand,
ie textureclassi cation.

As regardsthe optimality or otherwiseof the sequentialranking, we have experi-
mentedwith reversingthediscriminantrankingorderandcomparingwith randomfeature
selectionorders.Figure5 shawvs a plot of the misclassi cationcurve for anexampleim-
agewith differentfeatureselections Note thatthe "best' performances obtainedby the
decreasingliscriminantranking of our featureselection,whereasthe “worst' is given
by reversingthe bestranking order The randomfeatureselectionsfall somavherein
between.This indicatesthatthe misclassi cationcurvesare approximatelyboundedoy
the two decreasingndincreasingdiscriminantrank orders. It is not surprisingto see
all orderscorvergerapidly beyond n=2 featuresasthe numberof possiblewaysto select
the remainingfeaturesdecreasesthereis n! possiblerank ordersat the startand(n=2)!
half way alongandsoon. If it is to be believed that the randomordersfall alongthe
centroidof this distribution, thenit would appeatthatthelikelihoodthatour “best' rank
orderingcould have beenobtainedsimply by chancds small. The decreasingank order
is probablyclosethereforeto the optimalfeatureselectionorder

5 Conclusions

Theprimarygoalof afeatureselectionalgorithmin supervisealassi cationapplications
is to reducethe dimensionalityof problemby selectingonly relevant featuresand dis-

cardingfeaturesthat areirrelevant or redundant. In this paper we describeda simple
yet effective featureselectionalgorithmfor supervisedexture classi cationproblemsby

associatinga measureof relevancewith eachof the features. Although the algorithm
canbe usedwith ary type of features,its effectivenesswas demonstratedby applying
it to featuresextractedfrom two subbanddecompositionsa full wavelet paclet decom-



positionanda Gabortype representationFrom our experimentswe canconcludethat
measuredvasedon BD (or FD) seemto be the bestfor featureselectionfrom FWP sub-
bands. For Fourierdomainsubbandslike Wilson-SpannBD is bestbut, KL canwork
maminally betterwhenenepy distribution is periodic. Experimentalresultsalso shov
thatthe rankingof featuresaccordingto a sortedmeasureof relevanceproduceslausi-
ble resultsevenusinga simplek-meanslassi er. Investigatiorinto a moresophisticated
classi er andthe extensionof measureso a multi-classproblemsare mattersof further
interest. Combininga discriminantfeatureselectionmethodwith a basisselectionand
compactepresentatioalsoremaingo beinvestigated.
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(@)
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Figure 2: Wilson-spannand FWP subbanddecomposition®f example texture image
D15D9f (straw/grass)in Figure1(b). (a) Threelevels of the Wilson-Spanrsubbandle-
compositiorusinga centre-surroundrrangemensf subbandscrossheFourierdomain.
(b) Two levels of a Full Wavelet Packet decomposition.Note how in both casescertain
subbandsglearly contrasthetwo textures.
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Figure3: Classi cationresultsfor FWP andWilson-Spanrsubbands.



(a) Features (b) Featurel2 (c) Featurell (d) Featurel0 (e)Classi®ed

(f) Featurer (g) Feature8 (h) Feature? (i) Featurel4 (j) Classi®ed

Figure4: (a)-(d) The rst 4 mostdiscriminantsubbandeatureimagesfrom 3rd order
Wilson-Spanrmdecompositiorof grass/stra imageD15D9f. (e) k-meansclassi cation
resultusing rst 4 featuresonly. (f)-(i) The rst 4 mostdiscriminantsubbandfeature
imagesfrom 2 levels of FWP on grass/stra imageD15D9f. (j) k-meansclassi cation
resultusing rst 4 featuresonly.

Comparative Feature Ordering Results for d15d9f Using BD
T T T T T

Figure5: Comparingdifferentdiscriminantrank orderingsto asseshe optimality of the
decreasingank order ("Best') againstincreasingrank order ("Worst') andthreerandom
orderings.The bestandworstorderingsarethe boundarieshe distribution of all n! rank
orderingsandtherandomorderingsappeato clusterearthecentroidof this distribution.



