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Abstract

Thecomputationalcomplexity of a textureclassi�cationalgorithmis limited
by thedimensionalityof thefeaturespace.Although�nding theoptimalfea-
turesubsetis a NP-hardproblem[1], a featureselectionalgorithmthat can
reducethedimensionalityof problemis oftendesirable.In this paper, were-
portwork onafeatureselectionalgorithmfor textureclassi�cationusingtwo
subband�ltering methods:a full waveletpacketdecompositionanda Gabor
typedecomposition.Thevalueof a costfunctionassociatedwith a subband
(feature)is usedasa measureof relevanceof thatsubbandfor classi�cation
purposes.This leadsto a fast featureselectionalgorithmwhich ranksthe
featuresaccordingto their measureof relevance.Experimentson a rangeof
testimagesandboth�ltering methodsprovide resultsthatarepromising.

1 Intr oduction

In many real-world classi�cationapplications,anumberof featuresareoftencomputedto
aid thesupervisedlearning.Someof thecandidatefeatures,however, maybeirrelevant,
in that they maybe addingnoiseto useful information,or redundantin the presenceof
otherrelevantfeatures.A featureselectionalgorithmaddressesthis problemby selecting
a subsetof featureswhich are directly relevant to the target concept,which is texture
classi�cationhere.Eigenspacemethodslike theprincipalcomponentanalysis(PCA)can
beusedto transformthefeaturespaceto asetof independentandorthogonalaxesandrank
thoseaxesby theextentof variation. This is oneway to reducethesetof featureswith
regardto theglobaldatacovariance.Fisher's lineardiscriminantanalysis(LDA), on the
otherhand,�nds thefeaturespacemappingwhich maximisestheratio of between-class
to within-classvariationjointly for eachfeature(dimension).PCAcanbefurtherapplied
to �nd a compactsubspaceto reducethe featuredimensionality. The centralthemeof
almostall featuresubsetselectionmethodsis to reducethe computationalcomplexity
andimprove the classi�cation performanceby discardingthosefeatureswhich may be
irrelevantor redundant(see,for instance,[2] for asurvey of suchalgorithms).

Despitetheadvancesin featureselection,textureclassi�cationalgorithmshaveoften
usedasmany featuresaspossible[3] without considerationof whetherthe featuresare
independentanddiscriminating,giving rise to unnecessarycomputationandsometimes
hinderingthe subsequentclassi�cationprocess.In this paper, we presenta fastfeature
selectionschemethat usesa costfunction associatedwith eachfeatureasa measure of
relevanceof thatfeatureto textureclassi�cation.Featuresarerankedsothattheproblem



of selectingasubsetof featuresreducesto pickingthe�rst mfeaturesonly. Suchfeatures
canalsobetermedasdiscriminantfeatures,offeringthebene�t thatonly thediscriminant
featuresubsetneedsto becomputedon theobservationdata,unlike PCA or LDA meth-
ods. This hassigni�cant advantagewhendealingwith texture classi�cationproblemin
3D [4] becauseof reducedcomplexity. We notethatBoz [1] hasproposedasimilaralgo-
rithm whichusesQuinlan'sgainratio [5] to sortthefeaturesaccordingto their relevance.
It is alsoworth notingthatour approachto theproblemseparatesfeatureselectionfrom
classi�cationstage,thereforeputtingit in the�lter categoryof Kohavi etal. [2].

Thepaperis organisedasfollows. In thenext section,a statementof theproblemis
providedwith a descriptionof thecostfunctionsthatcanbeusedto measurethefeature
relevance.In Section3, two multiresolutionfeaturespacemappingsinvestigatedin this
work andbasedon subbanddecompositionaredescribed.Experimentalresultsarepre-
sentedanddiscussedin Section4, andthe paperconcludeswith a summaryandfuture
directions.

2 Discriminant FeatureSelection

Textureclassi�cationcanbecastinto thegeneralsignalclassi�cationproblemof �nding
the bestmapping,d : X ! Y , of a setof input signals,X � Rn, on to the classla-
bels,Y = f 1; :::;Kg. Evengivena setof trainingsamples,in mostinterestingproblems,
the dimensionalityof the input space,n, is too greatto estimatethe optimal classi�er,
suchastheBayesclassi�er. Featureextractionallows us to discardmuchof the redun-
dantinformation.Multivariatedataoftencontainimportantstructures(features)at lower
dimensionsandthat the problemhassomeintrinsic dimensionm < n is of coursegoal
dependent[6]. It is thereforeprudentto employ a classi�er, k : F ! Y , on a subspace,
F of X . We canwrite the featurespacemappings : X ! F . Furthermore,we can
try to extractadiscriminantsubspaceof F usinga featureselectorQm thatpicksasetof
dimensionsm whichwe wouldhopeis theintrinsicdimensionof theproblem:

d = k� Qm � s (1)

The focusof our studyhereis to investigatetwo popularmultiresolutionfeaturespace
mappingsfor textural data: a specialkind of wavelet packet transformand a Fourier
transform,subband�ltering akin to a Gabordecomposition,andto employ a “greedy”
featureselectorwhichoperatessequentiallyon thefeaturedimensions(subbands).

Let usde�ne the featureselectionproblemin thecontext of subbanddecomposition
as follows. Given a test imagex that hasbeendecomposedinto n subbands,eachof
which canberegardedasa feature,thegoal is to selectm subbandssuchthat theresult-
ing misclassi�cationerror is minimal. Herewe show that it is still possibleto gaugethe
discriminationpower of a subbandindependentof the classi�er conditionedon K rep-
resentative texture samples,T = f (x1;y1); :::; (xK ;yK)g. Given the natureof subband
decompositionsunderconsideration,a subbandcanberegardedasbeinghighly discrim-
inant if it highlightsthefrequency characteristicsof oneclassbut not theother. In other
words,if thecoef�cients of aparticularsubbandlight up(ie, arehigherin magnitude)for
oneclassbut arerelatively insigni�cant for theotherclass,thesubbandcanprove to be
helpful in termsof classi�cationperformance.

Rajpoot[7] haspreviously proposedto usea symmetricversionof Kullback-Leibler
distance,betweenthenormalisedenergiesof asubbandfor trainingimages,asameasure



of relevanceor an estimateof thediscriminationpower of a subband.In this paper, we
investigatethe effectivenessof a list of cost functionsdescribedbelow for our feature
selectionalgorithmusingtwo featurespacemappingsanda rangeof testimages.Let F
andG denotethetransformcoef�cients of aparticularsubbandfor trainingimagesx1 and
x2, belongingto two differenttextureclasses,respectively. We consideredthreewaysof
formingpseudo-distributions f from thesubbandcoef�cients F:

f1(x;y) = F(x;y); f2(x;y) = jF(x;y)j2; f3(x;y) = jF(x;y)j2=kx1k2 (2)

Similarly, the pseudo-distributionsgi (i = 1;2;3) canbe obtainedby usingthe subband
coef�cients G(x;y) andtexture imagex2. Four discriminantmeasureswereusedin our
experiments:symmetricKullback-Leibler(KL) divergence,Fisherdistance(FD), Bhat-
tacharyyadistance(BD), and Euclideandistance(ED) – denotedrespectively by KL i ,
FDi , BDi , andEDi – de�ned asfollows.

KLi (F;G) = I( fi ;gi) + I (gi; fi ); (3)

FDi(F;G) =
jm( fi ) � m(gi)j

2

s 2( fi ) + s 2(gi)
; (4)

BDi(F;G) =
1
4

�
log

�
(s 2( fi ) + s 2(gi))2

4s 2( fi )s 2(gi)

�
+ FDi(F;G)

�
; (5)

and
EDi (F;G) = k fi � gik2 (6)

where

I( f ;g) = å
x
å
y

f (x;y) log
f (x;y)
g(x;y)

is the relative entropy betweenf andg, k�k2 denotesthe l2-norm, andm( f ) ands 2( f )
respectively arethe meanandvarianceof f . The featureselector, Qm, operatesby se-
lectingthem subbandswith thelargestdiscriminationpowerusingoneof theabovefour
measures.

Saitoet al. [6] warnthat theapproachof sequentiallymeasuringtheef�cacy of each
dimensionof the featurespaceindependentlymay be “too greedy” as 2D and higher
dimensionalstructuresin the featurespacemay be missed. The principal advantage,
however, is that we canmake a featureselectionsolely on training datawhich reduces
the complexity of the �nal classi�er on testsamples.Whencomparedwith traditional
multivariatefeatureprojectionmethodslikePCAor LDA, this advantageis signi�cant.

3 Subband Decompositions

3.1 Full WaveletPacket Decomposition

Thewaveletpacket (WP)decomposition[8] extendsthestandarddyadicdiscretewavelet
transformsuchthat thehigh frequency waveletsubbandsaredecomposedaswell asthe
low frequency subbands,to an arbitrary numberof levels. The frequency intervals of
varying bandwidthscanbe adaptively selected,e.g. by picking the mostenergeticsub-
bands,to extractspeci�c frequenciespresentin thegivensignalfrom this overcomplete



(a) D9D19grass/paper (b) D15D9f straw/grass (c) D77D15cloth/straw

(d) D9D3grass/reptile (e) D4D12cork/bark (f) D65D65rfence/fence

Figure1: Testimagescreatedfrom Brodatzalbumexamplesshow combinationsof gran-
ular, orientedandperiodictextures(naturalandsynthetic).

representation.Thefull waveletpacket decomposition(FWP),sometimesalsoknown as
theuniformwaveletsubbanddecomposition,is aspecialtypeof waveletpackettransform
whereinall subbandsaredecomposedup to agivennumberof levels.

Thediscretewaveletpacket transformof a1D discretesignal f (x), x = 0;1; : : : ;N � 1
canbecomputedasfollows. Thewaveletpacketcoef�cients arede�ned as

w0
0(x) = f (x) (7)

wl
2 j (x) = å

k
g(k� 2x) wl � 1

j (k)

wl
2 j+ 1(x) = å

k
h(k� 2x) wl � 1

j (k)

x = 0; : : : ;N2� l � 1 (8)

wherel = 1;2; : : : ;L; L = log2N, wl
j (x) is thetransformcoef�cient correspondingto the

waveletpacket functionwhich hasrelative supportsize2l , frequency j2l andis located
at j2l . In otherwords, l , j andx canbe regardedas the scale,frequency andposition
indicesof thecorrespondingwaveletpacket functionrespectively. Thecoef�cients f hxg
andf gxg correspondto the lowpassandhighpass�lters respectively for a two-channel
�lter bankandthetransformis invertibleif appropriatedual�lters f h̃xg, f g̃xg areusedon
thesynthesisside.

TheFWPcanbeusedasa featurespacemappingby generatinga featureimagefrom
eachof its subbandsat a given level. A featureimagecorrespondingto a subbandcan
begeneratedby computingthemagnitudeof contribution of thecoef�cients of thatsub-
bandto the input image,andsmoothingit with a Guassian�lter . As canbe seenfrom
Figure2(b), which shows sixteenfeaturesfor thegrass/straw imagecomputedfrom the
subbandsof a two-level FWP, someof the featuresmay be addingmerelynoiseto the
performanceof a textureclassi�cationalgorithm.



3.2 Wilson-SpannDecomposition

The Wilson-Spanndecomposition[9] usesa set of real, band-limitedbasisfunctions
which cover the Fourier half-plane. The decompositionis multiresolutionand resem-
blesGabor�ltering andhasbeenshown to performwell in representingimagefeatures
exhibiting granularityandlocal orientation.In [9], theauthorsproposedusing�nite pro-
latespheroidalsequences(FPSS)becausethey areoptimal in maximisingenergy in both
spatialandspatial-frequency domains.For easeof implementation,we useinsteadtrun-
catedGaussianfunctionsof similar shape,centredin the frequency subband.The sub-
bandcoef�cients sl

j (u) for subbandj at level (or scale)l of the decompositionof a 2D
signal f (x);x = (x;y)T , x;y = 0;1; : : : ;N � 1 , canbecomputedby applyingasetof band-
limiting operatorsL l

j to the�ltered discreteFouriertransformcoef�cients:

sl
j (u) = L l

j

h
g(u;ml

j ;S
l
j )F(u)

i
(9)

whereg(u) is an isotropicGaussianfunction with centrefrequency ml
j andbandwidth

determinedby Sl
j , andF(u) is theDFT of f (x). Variousarrangementsof these�lters are

possible:a centre-surroundtessellationwith a low-passregion in the interval [p=2;p=2]
and6 bandsof size[p=4;p=4] createsa setof subbandsthathave beendemonstratedto
capturewell textural variationin frequency andorientation.At thenext level of thede-
composition,thecentralLP region is itself tessellatedby a low-LP regionsize[p=4;p=4]
bandwidthsurroundingoriented�lters size[p=8;p=8], andsoon (Figure2(a)).

4 Experimentsand Discussion

Thediscriminantfeatureselectionalgorithmdescribedin Section2 wastestedon texture
examplestaken from the Brodatztexture catalogue.We createdtwo-classimagescon-
tainingpairsof textureswith granularity(D9=grass,cork=D4,bark=D12),principalori-
entation(D15=straw) andperiodicity (D3=reptile,D103=burlap,D65=fence),asshown
in Figure1.

Subbanddecompositionof theseimagesusingboththeFWP(2 levelsusingDuabechies-
8 �lters) andtheWilson-Spannscheme(for 3 and5 levels)weremade.Givena pair of
trainingsamples,a setof discriminantvalueswerecalculatedusingED3, KL2, FD2 and
BD1 for correspondingsubbanddecomposition.Thesevalueswerethensortedinto de-
creasingorder. We then useda k-meansclassi�er to classify the two-classtest image
taking increasingnumbersof subbandfeaturesin the orderde�ned by the discriminant
valueof eachfeature. The percentagemisclassi�cationerror wasthencalculatedgiven
a binary maskfor the true result. Figure3 show errorplots for the testimagesD15D9f
(grass/straw), D9D3(reptile/grass),andD65D65r(fence/fence)for bothsubbanddecom-
positions.Theseplotsarerepresentative of the resultsoverall andwe canbegin to draw
someconclusionson theeffectivenessof particularcostfunctionsandsubbanddecompo-
sitiongivena pair of textures.

For texturescontainingacombinationof granularityandorientation,suchasstraw/grass,
theplotsshow FD andBD performbetterasa featurerelevancemeasurethanKL or ED,
which performsleastwell (Figures3(a)and3(b)). BD is ableto bring themisclassi�ca-
tion error to about5% for 4 bands.Theerror thenreducesmarginally with theaddition
of morefeaturesto theclassi�er. Imagescontaininganaturalperiodictexture,likereptile



skin againsta granular/randomtexture like grass(Figure1(d)), show themean-variance
costmeasures,FD andBD, to signi�cantly outperformthepoint-wisemeasures,KL and
ED.But again,arelatively smallsubsetof featuresis ableto achieveagoodclassi�cation.
Notethatin thecaseof theFWP, Figure3(c),theplotsfor BD andFD show poorerresults
beyond10 featuresindicatingthatbands11-16do not have usefuldiscriminatingpower
andareworkingagainsttheclassi�er.

Figure3(f) revealsthatFD doeslesswell whena periodictexture is pairedwith an-
otherperiodictexture (Figure1(f) which hasfenceagainstrotatedfence). In this case,
both thepoint-wisemeasures,KL andED, canidentify thesubbandswherethespectral
distributionsvary (likely to be a periodicpatternin the Fourier domain),whereas,the
averageenergy difference,which is whatFD estimates,cannotrevealweathera bandis
discriminating.The�rst termof BD measuretakesinto accountthevariability whichex-
plainsits betterperformancefor theseimages.For theFWP(Figure3(e)),theKL andED
continueto performworsewhich canbe explainedby the transformcoef�cients having
spatialcoordinates.A point-wise,pseudodistribution measurelike KL, is fooledby the
energy voidsin aperiodictexturealigningwith energy peaksfrom theothertextureat the
samecoordinate.KL, however, is widely usedin WP basisselection[10] becauseit is
additive andcanbe usedto comparethe relative energy whenchoosingchild subbands
over parentfor an imageregion. Figure4 shows four mostdiscriminantfeatureimages
andcorrespondingclassi�cationresultsfor thestraw/grassimage.It canbeseenfrom this
�gure thatthefeaturesselectedby our algorithmprove to berelevantto thetaskat hand,
ie textureclassi�cation.

As regardsthe optimality or otherwiseof the sequentialranking, we have experi-
mentedwith reversingthediscriminantrankingorderandcomparingwith randomfeature
selectionorders.Figure5 shows a plot of themisclassi�cationcurve for anexampleim-
agewith differentfeatureselections.Notethatthe`best' performanceis obtainedby the
decreasingdiscriminantrankingof our featureselection,whereas the `worst' is given
by reversingthe bestrankingorder. The randomfeatureselectionsfall somewherein
between.This indicatesthat themisclassi�cationcurvesareapproximatelyboundedby
the two decreasingand increasingdiscriminantrank orders. It is not surprisingto see
all ordersconvergerapidly beyondn=2 featuresasthenumberof possiblewaysto select
theremainingfeaturesdecreases- thereis n! possiblerankordersat thestartand(n=2)!
half way alongandso on. If it is to be believed that the randomordersfall alongthe
centroidof this distribution, thenit would appearthat the likelihoodthatour `best' rank
orderingcouldhave beenobtainedsimply by chanceis small. Thedecreasingrankorder
is probablyclosethereforeto theoptimalfeatureselectionorder.

5 Conclusions

Theprimarygoalof a featureselectionalgorithmin supervisedclassi�cationapplications
is to reducethe dimensionalityof problemby selectingonly relevant featuresanddis-
cardingfeaturesthat are irrelevant or redundant. In this paper, we describeda simple
yet effective featureselectionalgorithmfor supervisedtextureclassi�cationproblemsby
associatinga measureof relevancewith eachof the features. Although the algorithm
canbe usedwith any type of features,its effectivenesswasdemonstratedby applying
it to featuresextractedfrom two subbanddecompositions:a full waveletpacket decom-



positionanda Gabortype representation.From our experiments,we canconcludethat
measuresbasedon BD (or FD) seemto bethebestfor featureselectionfrom FWPsub-
bands.For Fourier domainsubbands,like Wilson-Spann,BD is bestbut, KL canwork
marginally betterwhenenergy distribution is periodic. Experimentalresultsalsoshow
that the rankingof featuresaccordingto a sortedmeasureof relevanceproducesplausi-
ble resultsevenusingasimplek-meansclassi�er. Investigationinto a moresophisticated
classi�er andtheextensionof measuresto a multi-classproblemsaremattersof further
interest. Combininga discriminantfeatureselectionmethodwith a basisselectionand
compactrepresentationalsoremainsto beinvestigated.
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(a)

(b)

Figure 2: Wilson-spannand FWP subbanddecompositionsof exampletexture image
D15D9f (straw/grass)in Figure1(b). (a) Threelevelsof theWilson-Spannsubbandde-
compositionusingacentre-surroundarrangementof subbandsacrosstheFourierdomain.
(b) Two levelsof a Full WaveletPacket decomposition.Notehow in bothcasescertain
subbandsclearlycontrastthetwo textures.
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Figure3: Classi�cationresultsfor FWPandWilson-Spannsubbands.



(a) Feature6 (b) Feature12 (c) Feature11 (d) Feature10 (e) Classi®ed

(f) Feature7 (g) Feature8 (h) Feature2 (i) Feature14 (j) Classi®ed

Figure4: (a)-(d) The �rst 4 mostdiscriminantsubbandfeatureimagesfrom 3rd order
Wilson-Spanndecompositionof grass/straw imageD15D9f. (e) k-meansclassi�cation
result using �rst 4 featuresonly. (f)-(i) The �rst 4 most discriminantsubbandfeature
imagesfrom 2 levels of FWP on grass/straw imageD15D9f. (j) k-meansclassi�cation
resultusing�rst 4 featuresonly.
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Figure5: Comparingdifferentdiscriminantrankorderingsto assesstheoptimalityof the
decreasingrankorder(`Best') againstincreasingrankorder(`Worst') andthreerandom
orderings.Thebestandworstorderingsaretheboundariesthedistribution of all n! rank
orderingsandtherandomorderingsappearto clusternearthecentroidof thisdistribution.


