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ABSTRACT rate-distortion behaviour of a memoryless Laplacian source

In the context of transform coding of still images, the distri- Without actually doing the quantization.

bution of high frequency transform coefficients has been ap-

proximated by a Laplacian distribution. In this short paper, 2. THE RATE-DISTORTION RELATIONSHIP

an efficient way of simulating the rate-distortion behaviour

of a memory|ess Lap|acian source is presented_ Simu|a_|n this section, we will derive a relationship between rate

tion results show that the estimated behaviour very closelyand distortion, as defined earlier in the previous section,
matches the empirical one. for a memoryless Laplacian source (with zero mean) which

may provide the governing distribution for non-DC DCT or
high-frequency wavelet transform coefficients. hét) de-
note the probability of occurence, also known as the prob-

In transform coding, it has been established that the statis-2Pility density function (pdf), of the source valuegiven

tics of individual high-frequency subbands (wavelet or wave- by \
let packet) and non-DC discrete cosine transform (DCT) p(z) = §e—klwl (1)

coefficients can best be approximated by a Laplacian dis- _ o .
tribution, for most natural images. Earlier research [5, 2] on where\ is the distribution parameter related directly to the

the DCT transform coding schemes employed the intuitive SOUrCe variance? by A = \/2/02. In order to investigate

assumption that the DC and the non-dc DCT coefficients the distortion-rate function for this distribution, let us sup-
for images are more likely to follow Guassian and Lapla- POSe that the uniform step siZe producen + 1 equally

cian distributions respectively. Later on, these assumptionsSPaced pointsz ..., x_1,20,21,...,&n); 7 = iA,
were experimentally verified to be valid upto a reasonable Yielding the distortionDs and requiringR; bits/sample, at
extent by the goodness-of-fit tests usingnorm as a dis-  the least, for encoding. The quantiti& and Ds can thus
tance measure [3] between both the distributions: the actualP® €xpressed as follows,

one and the one under consideration. Some researchers have , ,

also proposed generalized Gaussian distribution (GGD) for Rs =~ Zp () logy p' (i) @
both DCT and wavelet coefficients in image coding appli- !

cations [4]. However, it was shown recently, in [1], that and

1. INTRODUCTION

the GGD assumption performs better than the Laplacian one Ds = Z d;, 3)
by no more than 0.08 bits/pixel using a mean square error i
(MSE) distortion measure. where
In this short paper, analytical expressions are developed , b
for rate (entropy) and distortion (MSE) resulting from the P(i) = /ai p(z)dz )

uniform scalar quantization of data generated by a memo-. .
) L L . is a new pdf for the quantized source data, and
ryless Laplacian source. This is helpful in simulating the

b
Part of this work was completed while the author was visiting Depart- o 2
ment of Mathematics, Yale University, USA. di = u p(e)(z — @) dz ®)
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is the distortion due to mapping of the source data values
S (ai,bi) tox;, witha; = x; — % andb; = x; + % The
new pdfp’(z;) for quantized coefficients given in equation
(4) can be simplified as follows,

2sinh 28
% (6)

The above equation can be derived by integrating (4). It
shows thap’(z;) is directly proportional tg(x;), with the
value of constant increasing monotonically with the step
size A. The obvious fact thap(z;) = p'(z;) for small
values ofA is also clearly decipherable from this equation.
Now putting the value op(z) from (1) in (5), we obtain

P () “p(;)

A
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/ (z — 2;)2e MNolda; Vi, i#£0
a.

i

and
%
do = )\/ z2e M dz.
0

Integration of the right hand sides of above equations yields
the following expression fod; andd,

A2 2 A A, .
d; = {4 + 2 )\cothQ}p (z;); Vi, i#£0 (7)
and A2 A
2 2 _aA
do_/\2_<4+/\2+/\>6 ©)
We also know thap/(zo) = p/(0) = 2 [/* p(x)de =

1 —e % and so
S pe)=1-p0)=c
i; i£0

Replacingd; in (3) with the expressions in (7) and (8), we
obtain the following expression for total distortion
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The above equation confirms the fact that the distorfign
approaches towards the source varianée= 2/)\? as the
stepA increases. As for the rat®;s, (2) can be re-written

as
’ / D VAN Mgl )
Rs = —p/(0) log, p'(0)— ) _ log,  sinh e (i)
i 0
or

A
log 2

Rs = —p/'(0)log, p' (0) — e~ %" log, sinh A8 4 S

(10)
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Figure 1: Typical plots ofDs and Rs versusA

wherep/(0) = 1 — e=*2/2 andS is given by

/ K AA S VAN
S—zi:\xl|~p(x,)—2A-51nh 5 ;ze (11)
From (10), it is clear that as the step sixdncreases, both
e~*A/2 andS approach towards zero and thBs has more
of the contribution to its value from the source values
[—%. 2], which are quantized to zero, than for smaller val-
ues of A. The typical curves folDs and Rs when plot-
ted againstA (for A = 1) are shown in Figure 1. As is
clear from their corresponding expressioig, — 0 and
Ds — o as the step sizA becomes very large.

3. SIMULATION RESULTS

Equations (9) and (10) provide us a fast way of approxi-
mating the Rs,D;) points of the rate-distortion curve for a
given data which is assumed to follow a Laplacian distribu-
tion. The only parameter that we need to know about this
data is its variance? (with \ given by = \/2/c2).

We generated data sets of various sizes coming from a
memoryless Laplacian source with= 1. The operational
rate-distortion curve was obtained by simply quantizing the
data uniformly with different step sizA values and then
computing the corresponding values for distortion (MSE)
and rate (order-1 entropy). To obtain a fast approximation
to the operational rate-distortion curve, (9) and (10) were
used to compute theRs,Ds) points. Both the empirical
and the approximated operational curves for rate-distortion
for the number of data pointy = 4K and N = 16K are
shown in Figures 2 and 3 respectively.
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Figure 2: Empirical and approximated operational rate-

distortion curves for a Laplacian data with = 1 and
N =4K
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Figure 3: Empirical and approximated operational rate-

distortion curves for a Laplacian data with = 1 and
N = 16K

4. CONCLUSIONS

A fast method of approximating the rate-distortion curve of
a memoryless Laplacian source is presented. The simula-
tion results verify the validity of expressions (9) and (10).
An important problem in data compression where this may
be helpful is the following: Given fixed rate and/or distor-
tion value, find a fixed step siZg\) to quantize the trans-
form coefficients such that the given rate and/or distortion
value are achieved. However, finding an analytical solution
for this problem does not appear to be straightforward and
needs some attention.
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