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Abstract. We consider the problem of a monopolist seller who wants to
sell some items to a set of buyers. The buyers are strategic, unit-demand,
and connected by a social network. Furthermore, the utility of a buyer
is a decreasing function of the number of neighbors who do not own the
item. In other words, they exhibit negative externalities, deriving utility
from being unique in their purchases. In this model, any fixed setting of
the price induces a sub-game on the buyers. We show that it is an exact
potential game which admits multiple pure Nash Equilibria. A natural
problem is to compute those pure Nash equilibria that raise the most and
least revenue for the seller. These correspond respectively to the most
optimistic and most pessimistic revenues that can be raised.
We show that the revenues of both the best and worst equilibria are hard
to approximate within sub-polynomial factors. Given this hardness, we
consider a relaxed notion of pricing, where the price for the same item
can vary within a constant factor for different buyers. We show a 4-
approximation to the pessimistic revenue when the prices are relaxed by a
factor of 4. The interesting aspect of this algorithm is that it uses a linear
programming relaxation that only encodes part of the strategic behavior
of the buyers in its constraints, and rounds this relaxation to obtain a
starting configuration for performing relaxed Nash dynamics. Finally, for
the maximum revenue Nash equilibrium, we show a 2-approximation for
bipartite graphs (without price relaxation), and complement this result
by showing that the problem is NP-Hard even on trees.

1 Introduction

This paper considers pricing and allocations over a social network, when buyers
derive utility from being unique in their purchase. Such negative externalities
arise in several consumer goods where buyers derive value from “showing off”
the product to friends lacking it. Consider the following example. For many
years, the DVD publication industry has utilized the so called ”double-dipping”
policy, a term for releasing multiple versions of the same movie on discs. A
quick search for the movie “The Matrix” shows besides the original, there are
“The Matrix Revisited”, “The Matrix: Platinum Limited Edition Collector’s
Set”, and “The Ultimate Matrix Collection”. It is often the case that these
editions have the same core content (in this case, the movie), while they differ in



the some “unique” different material that is packed with the disc, for instance,
sound tracks of the music, toy character of the figures in the movie, etc. And
it is often the case that the price discrepancy between these versions outweighs
the “real value” or intrinsic value the extra material provides. An incentive as
observed in [22] is that “..the extra 20 or 30 bucks . . . is discreet enough to
display without geek alarms flashing and whirling anytime I have friends and/or
new people over”. The same marketing policy exists in many other different
industries, book publishing, expensive electronic gadgets to name a few.

The model for negative externalities we study in the paper is simple: The
buyers are unit-demand and connected by a social network that we model as a
graph; the edges in the graph represent friendships. There are two types of items,
each with unlimited supply - a “cheap” item and an “expensive” item. Each user
has an intrinsic value for each type of item; however, buyers of the expensive item
also derive additional extrinsic utility from friends who only possess the cheaper
item. We assume the edges in the graph are weighted, so that the extrinsic utility
is the sum of the weights of edges leading to friends possessing the cheaper item.

In this model, a monopolist wishes to price the items to maximize revenue.
Any fixed setting of prices induces a sub-game on the buyers where they decide
which item to purchase in order to maximize their individual utility. If a buyer
buys the cheaper item, then she gets its intrinsic valuation; else if she buys the
more expensive item, she gets the sum of its intrinsic and extrinsic valuations.
The whole process can be viewed as a strategic game occurring in two rounds:
The seller commits to the two prices in advance, and then each buyer simulta-
neously decides which item to purchase. We term this the Pricing Game, and
investigate two natural questions for a fixed setting of prices:

– What is the pessimistic Nash equilibrium, i.e., one that raises minimum
revenue? This gives a guarantee on the revenue the seller raises regardless
of the behavior of the buyers; a risk-averse seller will choose prices at which
this revenue is as large as possible.

– What is the best Nash equilibrium, i.e., one that raises largest revenue? This
will give the most optimistic view of the buyers’ behavior, and is appropriate
when the seller can recommend which item to buy via targeted advertising.

Given efficient algorithms for the above problems, the seller can treat them as
subroutines while iterating over all possible prices. This will help her set the
prices in such a way that maximizes the pessimistic (resp. optimistic) revenue.

Sequential Pricing: Though our model is motivated by negative externalities,
the same model arises in an entirely different context that is well-studied in
economics. In sequential pricing, buyers derive positive utility from neighbors
who bought the item earlier in time, and strategically decide when to buy the
item to maximize their utility. The goal of the seller is to decide the prices to
set for each stage, with later stages having higher prices, so that the resulting
subgame among the buyers raises large revenue. Such a model of externality is
motivated by buyers deciding to wait on a purchase if a lot of her friends buy



now, since waiting will lead to more product feedback and hence raise utility.
This is a well-studied problem: Exact and approximation algorithms are known
for models with no network effects [11, 7, 9, 13, 21], non-atomic buyers [5, 2], or
with non-strategizing buyers [14, 1, 3]. Our formulation exactly models two-stage
sequential pricing for a single item with strategic, atomic buyers on a network:
Buyers derive both an intrinsic utility from the item as well as linear utility
from neighbors who have bought the item in the previous stage. To map this
to our problem, simply note that the buyers in the second stage of sequential
pricing correspond to buyers of the more expensive item, and those in the first
stage, to the cheaper item. As we show next, the presence of atomic, strategizing
buyers on a network causes the problem to become structurally different from
previously considered versions.

1.1 Our Results

We first show that the Pricing Game is an exact potential game, and hence
admits to a pure Nash Equilibrium (Theorem 1). As a corollary, the Nash dy-
namics converges in poly-time when the edge-weights are polynomially bounded
integers. It is straightforward to check that not only are there multiple pure
Nash equilibria in this game, but also they have vastly different revenue prop-
erties for the seller. This motivates us to focus on computing equilibria with
certain optimality properties. In particular, we show the following results:

– For the Pessimistic (minimum) Nash equilibrium problem, we show that its
revenue is NP-Hard to approximate within a factor of O(n1/3−ε), where n
is the number of nodes in the social network (Theorem 2). Interestingly, our
hardness results hold even when the buyers derive significantly large intrinsic
utility compared to the externalities.

– In view of the above lower bound, we focus on a δ-relaxed notion of Nash
equilibria,1 where the seller posts different prices to different buyers of the
expensive item, but these prices are within a factor of δ of each other. We
give an algorithm (Theorem 6) for computing a 4-relaxed NE that is a 4-
approximation to the pessimistic revenue. The algorithm uses a linear pro-
gram relaxation to bound the revenue of the pessimistic NE. It is interesting
to note that this linear program only encodes the constraint that the buyers
do not deviate from buying the cheaper item to the more expensive item, al-
lowing the buyers of the more expensive item to deviate. Based on the ideas
from vertex cover, we present a rounding scheme for this LP, and use the
resulting solution as a starting point for performing relaxed Nash dynamics.

– We show (Theorem 7) that the Best Nash equilibrium problem is also hard to
approximate within a factor of O(n1/3−ε) by reduction from the independent
set problem. However, in contrast with independent set, our problem is NP-
Hard even on trees (Theorem 8). We finally present a 2-approximation to
maximum revenue when the underlying network is bipartite (Theorem 9).

1 Refer to the discussion in the beginning of Section 3.1 for more details.



We emphasize that all the three hardness results (Theorems 2, 7, 8) hold even if
the edge-weights are small integers so that Nash dynamics converges quickly to
some Nash equilibrium. In contrast, both the algorithms presented in this paper
- a 4 approximation with relaxed prices to the revenue of the Pessimistic Nash
Equilibrium, and a 2 approximation to the revenue of the Best Nash Equilibrium
on bipartite graphs - run in polynomial time for arbitrary edge-weights.

Remark. All the missing proofs appear in the Appendix.

1.2 Related Work

Viral Marketing: Marketing strategies in social networks have been studied ex-
tensively, starting with the seminal paper by Kempe et. al. [17]. Several recent
papers [2, 14, 1, 3, 12] consider pricing and auction design in social networks
when buyers exhibit positive network externalities, meaning they derive positive
utility from neighbors possessing the product. Our main contribution is to show
that the structure induced by uniqueness and negative externalities is very dif-
ferent from positive externalities. In particular, we show that computing Nash
Equilibria with desirable revenue properties ends up being hard to approximate,
and we need to consider relaxed notions of equilibria for positive results.

Potential Games: Our problem is a special case of potential (or congestion)
games [19], which always admit to pure Nash equilibria. Typically, these games
have been studied from two perspectives - how bad can the welfare of the result-
ing equilibria be compared to optimal social welfare (price of anarchy) [18, 20];
and how quickly does the Nash dynamics converge [10, 8, 4]. The literature on
price of anarchy aims to find worst case loss in efficiency due to strategizing
across all game instances. In contrast, our focus is on computing the best or
worst equilibria for a specific input network. It is relatively easy to check that
the worst-case revenue of these equilibria across all networks can be Ω(n) factor
off from the optimal revenue that can be raised with non-strategizing buyers;
and furthermore, the revenues of best and worst equilibria can be separated by a
factor of Ω(n). For general potential games, computing a pure Nash equilibrium
is PLS-complete [10], and most literature in this domain have tried to circumvent
this hardness by considering the notion of approximate Nash equilibrium [6]. Our
focus is not on PLS-completeness; in fact, our problem is interesting (and hard)
even in the regime where the Nash dynamics converges in polynomial time.

2 Notations and Preliminaries

There is a cheap item and an expensive item, each of them being available in
unlimited supply. The buyers are unit demand. Consider an undirected graph
G = (V,E) with a weight function over the edges w : E → R+. Each node i ∈ V
denotes a buyer, there is an edge (i, j) ∈ E if buyers i, j are friends, and the
weight of their friendship is given by the quantity w(i, j). The price of the cheap



(resp. expensive) item is set at p1 (resp. p2). Naturally, the price of the cheap
item should be less than that of the expensive one, that is, p1 ≤ p2. The pricing
is uniform in the sense that the same item is offered at the same price to all
the nodes. Say that a node is black (resp. white) if she buys the cheap (resp.
expensive) item, while paying an amount p1 (resp. p2).

Definition 1. The externality Ext(i) of node i is the total weight of the edges
it shares with black nodes. Thus, we have Ext(i) =

∑
(i,j)∈E: j is black w(i, j).

Definition 2. The weighted degree D(i) of node i is the total weights of the
edges incident to it. Thus, we have D(i) =

∑
(i,j)∈E w(i, j).

Any buyer purchasing the cheap (resp. expensive) item gets an intrinsic
valuation of a (resp. b), where 0 ≤ a ≤ b, and a, b are publicly known and
fixed in advance. In addition, any buyer purchasing the expensive item gets an
extrinsic valuation that increases as more of her friends purchase the cheap item,
and her total valuation equals the sum of intrinsic and extrinsic valuations. To
be more specific, the valuation of every black node is equal to a; whereas the
valuation of a white node i is given by the expression b+ Ext(i).

The buyers have quasi-linear utilities. If a node i is black, then her utility is
U(i) = a−p1. Else if the node i is white, then her utility is U(i) = b+Ext(i)−p2.
And if node i does not purchase any item, then she gets zero utility. We assume
p1 ≤ a and p2 ≤ b. These two inequalities guarantee that every buyer purchases
the item, or equivalently, every node is colored either black or white.

In this paper, we consider the setting where we are given the values of p1, p2, a
and b. This induces a normal form game between the buyers, and we term it as
the Pricing Game. The strategy of each node consists of choosing whether to
be colored black or white. A coloring of the nodes defines a strategy profile, and
in a Nash equilibrium, the color chosen by each node is a best response to the
colors chosen by other nodes. Thus, node i is colored black iff:

a− p1 ≥ b+ Ext(i)− p2 ⇒ Ext(i) ≤ p2 − p1 + a− b = ∆ (say)

Similarly, node i is colored white if and only if Ext(i) ≥ ∆.2

The game can therefore be summarized as follows.

Pricing Game. In any pure Nash equilibrium, every node is colored either
black or white, and each black (resp. white) node has an externality of at most
(resp. at least) ∆. Let BC (resp. WC = V \ BC) denote the set of black (resp.
white) nodes under coloring C. Each black (resp. white) node mays a payment
of p1 (resp. p2). Thus:

Seller’s Revenue = p1 × |BC |+ p2 × |WC | = (∆+ b− a)× |WC |+ p1 × |VC |
2 If∆ < 0, then it is a dominant strategy for each buyer to purchase the more expensive

item, and the pure NE degenerates to the case where all nodes are colored white.
Throughout the rest of the paper, we will consider the generic setting where ∆ ≥ 0.



In the above equation, the second equality holds since p2 = p1 +∆+ b− a.
Our first theorem shows that the Pricing Game is an exact potential game.

Associate each coloring C with a potential φ(C), given by the total weight of
black-black edges plus ∆ times the number of white nodes. In terms of notations,

φ(C) = ∆× |WC |+
∑

(i,j)∈E:i,j∈BC

w(i, j)

Theorem 1. The Pricing Game is an exact potential game with potential
function φ(), and hence it admits a pure Nash equilibrium. If a, b, p1, p2 and all
the edge weights w(i, j) take integral values in the range {1, . . . , µ}, then the
Nash dynamics converges within Θ(µ|V |2) steps.

In this paper, we are interested in estimating the maximum (resp. minimum)
revenue the seller may obtain from any pure Nash equilibrium. Towards this end,
we define the following problems.

Problem 1 (BNE: Best Nash Equilibrium). Given an instance of the Pricing
Game, find a pure Nash equilibrium that generates the maximum revenue.

Problem 2 (PNE: Pessimistic Nash Equilibrium). Given an instance of the Pric-
ing Game, find a pure Nash equilibrium that generates the minimum revenue.

Our focus is not on studying Nash dynamics. Instead we ask the question:
Even if the edge-weights are small integers so that Nash dynamics converges in
polynomial time (Theorem 1), how hard is it to compute a pure Nash equilibrium
with specific revenue properties? All our hardness results (Theorems 2, 7, 8) hold
under this very natural scenario of small integer edge-weights. Our hardness
results also hold when intrinsic valuations are large compared to each individual
externality (the reductions set a = b = 1), and the seller wants to obtain non-
negligible revenue from each item (the reductions set p1 = 1). However, both
the positive results in this paper - a 4 approximation with relaxed prices to the
revenue of the Pessimistic Nash Equilibrium (Theorem 6), and a 2 approximation
to the revenue of the Best Nash Equilibrium on bipartite graphs (Theorem 9) -
do not make any assumption on the input, and hold for arbitrary edge-weights.

3 The Pessimistic Nash Equilibrium

First, we derive a strong inapproximability result for the Pessimistic Nash Equi-
librium (PNE) problem by reducing it from Minimum Maximal Independent
Set (MMIS). In the MMIS problem, we are given a graph, and the objective to
find an independent set of minimum size such that every node in the graph is
adjacent to at least one node in the independent set. Kann [16] shows that it is
NP-hard to get a poly-time O(n1−ε) approximation for MMIS [16].

Theorem 2. It is NP-hard to compute in poly-time a pure Nash equilibrium
whose revenue is a O(n1/3−ε) approximation to the minimum revenue, where n
is the number of nodes in the social network.



Fig. 1. The gadget associated with a node i ∈ V in the inapproximability reduction
for PNE problem. Each rectangle denotes a set of nodes.

Proof. Given an instance G = (V,E) of the minimum maximal independent set
problem, we reduce it to an instance of PNE as outlined below. The resulting
weighted graph will be denoted by G (see Figure 1).

– Set a = b = 1, p1 = 1, and p2 = |V |2, implying that ∆ = (p2 − p1 + a− b) =
Θ(|V |2). Consequently, in any pure Nash equilibrium of the PNE instance
we construct, every black (resp. white) node should have an externality at
most (resp. at least) ∆. Further, every black node makes a payment of 1,
whereas every white node contributes Θ(|V |2) towards total revenue.

– Start with G = (V,E) and assign a weight of 3 to each edge (i, j) ∈ E.
– For all nodes i ∈ V :
• Create a new set of nodes Ti of cardinality (3∆− 1).
• Partition Ti into four disjoint subsets as Li, Ri, Si and {αi, α̃i, βi, γi, δi},

where |Li| = |Ri| = |Si| = ∆− 2.
• Create a cycle connecting the nodes of Li.
• For all u ∈ Li, v ∈ Ri, create an edge (u, v). For all u ∈ Li ∪ Ri, create

the edges (u, γi), (u, δi). For all u ∈ Li, create an edge (u, βi). For all
u ∈ Si, create the edges (u, αi), (u, i).

• Create the edges (βi, γi), (βi, δi), (αi, βi), (i, αi) and (αi, α̃i).
• Assign a weight of 2 to each of the edges (αi, βi) and (αi, α̃i). Every

other newly created edge gets a weight of 1.

Since all nodes in Si ∪ {α̃i} have a weighted degree of 2, and ∆ > 2, we have:



Observation 1. For all i ∈ V , the set of nodes Si ∪ {α̃i} must be colored black
in any pure Nash equilibrium.

The next three lemmas will be crucial in deriving the lower bound.

Lemma 3. Consider any pure Nash equilibrium in graph G. The nodes of the
set V that are colored black form a maximal independent set in G = (V,E).

Lemma 4. Consider the pure Nash equilibrium in graph G with minimum rev-
enue. If a node i ∈ V is colored white, then the revenue from the set Ti is Θ(∆).

Lemma 5. Consider any pure Nash equilibrium in graph G. If a node i ∈ V is
colored black, then the revenue from the set Ti is Θ(∆2).

Let B∗ (resp.W ∗ = V \B∗) denote the set of black (resp. white) nodes from V
in the pure Nash equilibrium of graph G that minimizes revenue. By Lemmas 4, 5,
the revenue of the coloring is given by the expression |B∗|×Θ(∆2)+|W ∗|×Θ(∆).
Since ∆ = Θ(|V |2) and |W ∗| can be at most |V |, the first term dominates the
second one, and revenue equals |B∗|×Θ(|V |4). Since the coloring minimizes the
quantity |B∗| × Θ(|V |4), Lemma 3 implies that, upto a constant factor, the set
B∗ is a minimum maximal independent set in the graph G = (V,E).

Now, let B (resp. W = V \ B) denote the set of black (resp. white) nodes
from V in any pure Nash equilibrium of G. By Lemma 5, the revenue obtained is
at least |B| ×Θ(∆2) = |B| ×Θ(|V |4). By Lemma 3, the set B is also a maximal
independent set in the graph G = (V,E). Hence an approximation for the PNE
instance will imply an approximation for the MMIS of graph G = (V,E).

Finally, the graph G contains Θ(|V | × ∆) = Θ(|V |3) = n nodes. As a con-
sequence, a O(n1/3−ε) approximation for the PNE instance will translate into
a O(|V |1−3ε) approximation for the minimum maximal independent set of the
graph G = (V,E). This completes the reduction.

3.1 Nash Equilibrium with Relaxed Prices

At first glance, it seems that a possible way to circumvent the hardness result
(Theorem 2) is to focus on the relaxed notion of approximate Nash equilibrium,
which is defined as a coloring where any node on flipping color can improve her
utility by at most a constant factor. Unfortunately, such an approach is not going
to work, for the following reason. In the proof of Theorem 2, we have p1 = a, that
is, the cheap item is offered at a price equal to its intrinsic valuation. Hence every
black node gets zero utility. In this situation, any approximate Nash equilibrium
must be an exact Nash equilibrium. As a result, the hardness lower bound carries
over to the seemingly relaxed notion of approximate Nash equilibrium.

On a positive note, we provide a 4-approximation algorithm for the PNE
problem when the constraint of uniform pricing is relaxed slightly, allowing the
seller to offer different prices to different buyers purchasing the same item, under
the condition that these prices are within a constant factor of each other. Our
algorithm returns a coloring C satisfying the two properties described below.



– Every white node has an externality of at least ∆ = (p2 − p1 + a − b), and
every black node has an externality of at most 4∆. It is easy to verify that
such a coloring is a pure Nash equilibrium under the following relaxed pricing
scheme: Each black (resp. white) node is offered the price 4p2 (resp. p2) for
the expensive item, whereas the cheap item is offered at the same price p1

to every node.
– The revenue of the coloring C is at most 4 times the revenue of any pure Nash

equilibrium where the cheap (resp. expensive) item is offered to all buyers
at the same price p1 (resp. p2).

The algorithm is described in Figure 2. We give a LP relaxation for the PNE
instance, encoding the constraint that every black node has an externality of at
most ∆. Surprisingly, the LP does not enforce any lower bound on the exter-
nalities of the white nodes. Using a simple rounding scheme, we get an integral
solution whose revenue is at most 4 times the minimum revenue. In the integral
solution, every black node has an externality of at most 2∆. Next, we employ an
iterative improvement process that flips the colors of bad (see Definition 3) nodes.
We show that the revenue does not increase during the iterative improvement
process and that the process converges in polynomial time to a coloring that is
a pure Nash equilibrium under the relaxed pricing scheme mentioned above.

We first write down the LP relaxation for the given PNE instance. Recall
that the notation D(i) denotes the weighted degree of node i (Definition 2).
Consider any pure Nash equilibrium. For all i ∈ V , if node i is colored white
(resp. black), set xi = 1 (resp. xi = 0). For all (i, j) ∈ E, set yij = 1 if edge
(i, j) has both its end vertices colored black, otherwise set yij = 0. The revenue
is given by the objective value of LP-Min. Constraint (3) states that if a node
has weighted degree less than ∆, then it must be colored black. Constraint (2)
ensures yij = 1 if and only if both endpoints of the edge (i, j) are black. Finally,
Constraint (1) requires that if a node is black, then she has an externality of at
most ∆. Thus, any pure Nash equilibrium is a feasible solution to LP-Min, and
optimal objective value of the LP lower bounds the minimum revenue obtainable
from any pure Nash equilibrium.

Minimize (∆+ b− a)
∑
i

xi + p1|V | (LP-Min)

∑
j:(i,j)∈E w(i, j)yij ≤ ∆ ∀i : D(i) ≥ ∆ (1)

xi + xj + yij ≥ 1 ∀(i, j) ∈ E (2)
xi = 0 ∀i : D(i) < ∆ (3)
xi ∈ [0, 1] ∀i (4)

Definition 3. A node is called bad if either it is white and has an externality
less than ∆, or if it is black and has an externality more than 4∆.

Theorem 6. Given an instance of the PNE problem, Algorithm RELAXED
(Figure 2) returns a coloring of the nodes with the following properties.



RELAXED

Input: A graph G = (V,E), and some ∆ > 0.
Output: A coloring of the nodes.

Let {x∗i , y∗ij} denote the optimal solution to LP-Min.
Rounding: For all nodes i ∈ V :

If x∗i ≥ 1/4, then color node i as white; Else color node i as black.
Iterative Improvement:

While there exists a bad a node i ∈ V : Flip the color of node i.

a See Definition 3

Fig. 2. Approximation Algorithm for the Pessimistic Nash Equilibrium (PNE) problem
with relaxed prices.

– The algorithm terminates in polynomial time.
– The revenue of the returned coloring is a 4-approximation to the optimal

objective value.
– It returns a coloring where each white node has an externality of at least ∆

and each black node has an externality of at most 4∆.

Proof. Let C denote the coloring obtained from the rounding step. Since every
white node has x∗i ≥ 1/4, the revenue of coloring C is at most 4 times the optimal
objective value of LP-Min. We now show that the revenue can only decrease
during the iterative improvement process, which converges in polynomial time.

Consider a node i which is black under coloring C. Consider any other black
node j that is adjacent to node i. It follows that x∗i , x

∗
j < 1/4, and by con-

straint (2) of LP-Min, we have y∗ij ≥ 1/2. Now constraint (1) implies that
Ext(i) ≤ 2∆. Hence, under coloring C, every black node i has Ext(i) ≤ 2∆.

At any instant of the iterative improvement process, let W (resp. B = V \W )
denote the set of white (resp. black) nodes. Associate with every node i a variable
called bank(i), and define the potential of the system at any instant as Φ =
∆ × |W | +

∑
i∈V

bank(i). Initially, all the bank variables are set to 0. Hence, the

potential of the coloring C is given by ∆ times the number of white nodes. As the
process unfolds, we adjust the bank variables according to the following rules.

– If a node i is flipped from white to black, then for all black nodes j adjacent
to i, increment bank(j) by an amount w(i, j). Furthermore, set bank(i) to 0.

– If a node i is flipped from black to white, then set bank(i) to 0.

First, we observe that when a node i is flipped from white to black, we have:

Decrease in Potential = ∆−
∑

j∈B: (i,j)∈E

w(i, j) = ∆− Ext(i) > 0



The last inequality holds since any node flipped from white to black has an
externality strictly less than ∆. Next, we note that whenever a black node i is
flipped to white, then the decrease in potential is −∆+ bank(i).

The last time instant when node i was colored black, we had Ext(i) ≤ 2∆
and bank(i) was set to 0. At the present instant, when we are flipping node i
to white, Ext(i) is at least 4∆. During this time period, node i has therefore
gained an externality of 2∆. During the same time period, whenever a friend
j of node i has been flipped to black, both the externality of node i and the
variable bank(i) have increased by the same amount w(i, j). Consequently, at
the present time instant, the variable bank(i) has a value at least 2∆, and when
we are flipping node i to white, we are decreasing the potential by at least ∆.

The preceding discussion shows that the iterative improvement process never
increases the potential. The highest potential is obtained at the beginning of the
process when all bank variables are zero, and consequently, this value is bounded
from above by the expression ∆×|V |. And whenever a node is flipped from black
to white, the potential decreases by at least ∆. Since a flip from black to white
must occur at least once amongst any sequence of |V | + 1 consecutive flips, it
follows that the process decreases the potential by an amount ∆ within every
Θ(|V |) steps. As a result, the process converges in Θ(|V |2) steps.

Since the bank variables are initially set to zero and the potential decreases
as the process unfolds, it implies that the number of white nodes (and hence
revenue) in the final coloring must be lower than that of the coloring C obtained
from the rounding step. Recall that the revenue of the coloring C is at most 4
times the minimum revenue, and the approximation guarantee follows.

The iterative improvement step is repeated till there are no bad nodes (Def-
inition 3), and hence the final part of the theorem can be easily verified.

4 The Best Nash Equilibrium

This section begins with a strong inapproximability result for the BNE problem.

Theorem 7. Unless NP = ZPP , it is not possible to compute in polynomial
time a pure Nash equilibrium whose revenue is a O(n1/3−ε) approximation to
maximum revenue, where n is the number of nodes in the social network.

In view of the above hardness result on general graphs, we consider the BNE
problem on bipartite graphs. Unfortunately, the next theorem shows that the
problem is NP-hard even on trees (and hence on general bipartite graphs).

Theorem 8. It is NP-hard to optimally solve the BNE problem on trees.

On the positive side, we can show a simple 2 approximation for the BNE
problem on bipartite graphs. Consider a BNE instance on a bipartite graph
with partite-sets L,R and set of edges E ⊆ L×R. Suppose that |L| ≥ |R|, and
the weighted degree (Definition 2) of every node in the graph is at least ∆. In
this case, it is easy to check that coloring all the nodes in L (resp. R) as white
(resp. black) gives a 2 approximation to the BNE problem. This idea can be
extended to graphs where nodes can have arbitrary weighted degrees.



Theorem 9. There is an efficient algorithm that gives 2 approximation to the
BNE problem on bipartite graphs.

5 Conclusion

We considered the setting of monopoly pricing over a social network in presence
of negative externalities. All of our algorithmic results, both for BNE and PNE,
can easily be adapted to the scenario where different buyers have different in-
trinsic valuations for the same item. In addition, the algorithms work even if the
extrinsic valuation for the expensive item increases linearly with the externality
only upto a certain threshold, and then remains fixed at the threshold value.

It will be interesting to extend our results to pricing with more than two
items, and investigate other solution concepts such as mixed Nash equilibrium.
We also note that our work assumed a perfect information model where the seller
knows the valuations of the buyers, and we leave open the question of studying
the effects of imperfect information under a Bayesian setting.
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A Appendix

A.1 Proof of Theorem 1

Proof. Given any coloring C : V → {black, white}, let UC(i) and ExtC(i) respec-
tively denote the utility of node i and the externality of node i. Further, let BC
(resp. WC = V \ BC) denote the set of black (resp. white) nodes under coloring
C. The potential function associated with coloring C is given by

φ(C) = ∆× |WC |+
∑

(i,j)∈E:i,j∈BC

w(i, j)

Suppose we take a coloring C and flip the color of any one node i to get a
new coloring C′, while the colors of all other nodes remain the same. We show
UC′(i) − UC(i) = −(φ(C′) − φ(C)). This will prove that the Pricing Game is
an exact potential game, guaranteeing the existence of a pure Nash equilibrium.
We note that ExtC(i) = ExtC′(i), and consider two possible scenarios.

Case 1. Node i is black under coloring C, and white under coloring C′. Here,

UC′(i)− UC(i) = b+ ExtC′(i)− p2 − (a− p1) = ExtC(i)−∆

As node i changes her color from black to white, the total weight of black-black
edges reduces by ExtC(i) and the number of white nodes increases by 1. Thus,



φ(C′)− φ(C) = −ExtC(i) +∆ = −(UC′(i)− UC(i)).

Case 2. Node i is white under coloring C, and black under coloring C′. Here,
UC′(i) − UC(i) = −(ExtC(i) − ∆). As node i changes her color from white to
black, the total weight of black-black edges increases by ExtC(i) and the num-
ber of white nodes decrease by 1. Thus, φ(C′)− φ(C) = ExtC(i)−∆. Hence the
Pricing Game is an exact potential game.

Finally, it is easy to verify that the potential value is at most Θ(µn2). Since
every step in the Nash dynamics decreases this potential by an integral amount,
the process must converge within Θ(µn2) steps.

A.2 Proof of Lemma 3

Proof. Consider an edge (i, j) ∈ E. Node i (resp. node j) is friend with the set
Si (resp. Sj). By Observation 1, both the nodes i, j gets an externality of at least
(∆−2). The edge (i, j) has weight 3. Thus, both the nodes i, j cannot be colored
black simultaneously, or else each of them will get an externality of (∆+1). The
black nodes in V , therefore, form an independent set.

Now consider a node i ∈ V . If none of her friends in the set V are colored
black, then she gets an externality of at most ∆ − 1 (when node αi is colored
black). Hence node i must be colored black. In other words, every white node in
V must be adjacent to at least one black node in V , and as a result, the black
nodes in V form a maximal independent set in G = (V,E).

A.3 Proof of Lemma 4

Proof. Color all the nodes in the set {αi, α̃i}∪Li∪Ri∪Si as black, and all three
nodes in the set {βi, γi, δi} as white. Verify that each black (resp. white) node
in the set Ti has an externality of at most (resp. at least) ∆, and total revenue
from Ti is O(∆). Since the set Ti contains Ω(∆) nodes, minimum revenue from
Ti is at least Ω(∆). The lemma follows.

A.4 Proof of Lemma 5

Proof. Since the set Ti contains O(∆) nodes, even if we color all of them white,
revenue from the set is at most O(∆2). In the following paragraphs, we show
that when node i is colored black, revenue from the Ti is at least Ω(∆2).

Both the nodes γi, δi are connected to 2∆ − 4 nodes in the set Li ∪ Ri via
unit-weight edges. If either node γi or node δi is colored black, at least ∆ − 4
nodes from the set Li∪Ri will have to be colored white, and the revenue will be
Ω(∆2). For the rest of the proof, assume that both the nodes γi, δi are colored
white. Hence the maximum possible externality of any node in the set Ri can be
at most ∆− 2 (apart from the set Li, all her friends are white). It follows that
all nodes in the set Ri must be colored black.



By Observation 1, all nodes in the set Si ∪ {α̃i} must be colored black, and
node i is black by assumption. Consequently, node αi has an externality of at
least ∆+ 1 (she is friend with the set {i} ∪ Si ∪ {α̃i}), and she must be colored
white. Next, node βi can potentially have an externality of at most ∆−2 (apart
from the set Li, all her friends are white), and she must be colored black.

Finally, consider the set Li. Each node in Li has an externality of at least
∆− 1 (she is friend with the set βi ∪Ri). Recall that nodes in Li form a cycle.
No three consecutive nodes on the cycle can be colored black; for if three nodes
x, y, z ∈ Li, connected by edges (x, y) and (y, z), are colored black, then the
middle node y will get an externality of ∆ + 1. Therefore, at least (∆ − 2)/3
nodes from the set Li must be colored white, resulting in a revenue of Ω(∆2).

A.5 Proof of Theorem 7

Proof. The reduction is from the Maximum Independent Set problem. It is
known [15] that unless NP = ZPP , the Maximum Independent Set problem
cannot be approximated in polynomial time within a factor of O(n1−ε).

Given an instance of the maximum independent set problem G = (V,E), we
construct an instance of BNE as outlined below. The resulting graph will be
denoted by G.

– Set a = b = 1, p1 = 1, and p2 = |V |2, implying that ∆ = Θ(|V |2). Equiva-
lently, in any pure Nash equilibrium of the BNE instance we construct, every
black (resp. white) node should have an externality at most (resp. at least)
∆. Further, every black node makes a payment of 1, whereas every white
node contributes Θ(∆) = Θ(|V |2) towards total revenue.

– Start with the graph G = (V,E). Assign a weight of 2 to each edge (i, j) ∈ E.

– For each node i ∈ V :
• Create a new set of nodes Ti of cardinality (3∆− 3).
• Partition Ti into three mutually disjoint subsets Li, Ri and Si of equal

size, that is, |Li| = |Ri| = |Si| = ∆− 1.
• For all u ∈ Li, v ∈ Ri, create an edge (u, v) of weight 1.
• For all u ∈ Li ∪ Si, create an edge (u, i) of weight 1.

In the graph G, consider any node i ∈ V . Note that all nodes in Si have a weighted
degree of 1, and they must be colored black. Further, if node i is colored black,
then we can color the set of nodes Ri as black and the set of nodes Li as white,
obtaining a revenue of Θ(∆2) from the set Ti. On the other hand, if node i is
colored white, then no node in the set Li ∪ Ri can get an externality of ∆. As
a consequence, no node in the set Li ∪ Ri can be colored white, and we get a
revenue of Θ(∆) from the set Ti.

Let B (resp. W ) denote the set of nodes in V that are colored black (resp.
white) in any pure Nash equilibrium of G. The preceding discussion indicates that
the total revenue is given by the expression |B| × Θ(∆2) + |W | × Θ(∆). Since



we set ∆ = Θ(|V |2) and |W | can be at most |V |, the first term dominates the
second one, and revenue equals |B|×Θ(|V |4). Thus, approximating the maximum
revenue reduces, upto a constant factor, to approximating the maximum number
of nodes in V that can be colored black. To complete the proof, we show in the
next paragraph that the black nodes in V form an independent set. Since the
graph G has |V | × Θ(∆) = Θ(|V |3) = n nodes, any O(n1/3−ε) approximation
for the BNE instance will imply an O(|V |1−3ε) approximation for the maximum
independent set of the graph G = (V,E).

Consider any two nodes i, j ∈ V that are friends of each other. Recall that
all nodes in the set Si∪Sj must be colored black. Since |Si| = |Sj | = ∆−1, each
of the nodes i, j already has an externality of ∆− 1. Thus, nodes i, j can never
be colored black simultaneously, or else each of them will get an externality of
(∆+ 1). In other words, black nodes in V form an independent set in the input
graph G = (V,E).

A.6 Proof of Theorem 8

Proof. Given an instance of the 3SAT problem with n variables {x} and m
clauses {c}, we reduce it to an instance of the BNE problem on tress as follows
(See Figure 3).

– Set a = b = 1, p1 = 1. Set p2 to be sufficiently large so that ∆ is also suffi-
ciently large. In particular, any p2 ≥ 5 will work.

– For each variable x and its negation ¬x:
• Create the nodes vx and v¬x.
• Create an edge (vx, v¬x) of weight 2.
• Create a new set of nodes Λx of cardinality (∆− 1).
• Create another new set of nodes Λ̃x of cardinality (∆− 1).
• For all u ∈ Λx: Create an edge (u, vx) of weight 1.
• For all u ∈ Λ̃x: Create an edge (u, v¬x) of weight 1.

– For each clause c:
• Create the nodes qc, rc.
• Create an edge (qc, rc) of weight 2.
• Create two new sets of nodes Q̃c, R̃c, where |Q̃c| = ∆ − 3, and |R̃c| =
∆− 1.

• For all u ∈ Q̃c: Create an edge (u, qc) of weight 1.
• For all u ∈ R̃c: Create an edge (u, rc) of weight 1.
• Create a new set of nodes Sc of size k. Set k >> m + n. Let Sc =
{s1c , . . . , skc}.

• For all i ∈ {1, . . . , k}:
∗ Create an edge (rc, sic) of weight 1.
∗ Create a new set of nodes T ic of cardinality ∆− 1.
∗ For all u ∈ T ic : Create an edge (u, sic) of weight 1.



– For all variables x and all clauses c:
• If the literal x belongs to clause c, create the edge (vx, qc) of weight 1.

Else if the literal ¬x belongs to clause c, create the edge (v¬x, qc) of
weight 1.

Fig. 3. NP-hardness reduction from 3SAT to BNE on trees. Clause c contains literal
x. Each rectangle denotes a set of nodes.

Note that the graph constructed above is a tree. An optimal algorithm for the
BNE instance finds a pure Nash equilibrium with maximum number of white
nodes. To complete the proof, we show (Lemmas 10, 13) that the BNE instance
has a pure Nash equilibrium with at least k × m white nodes if and only if
the 3SAT instance has a satisfying assignment. Recall that m is the number of
clauses, n is the number of variables, and k >> m+ n.

Lemma 10. If the 3SAT instance has a satisfying assignment, then the BNE
instance has a pure Nash equilibrium with at least k ×m white nodes.

Proof. Note the satisfying assignment for the 3SAT instance, and color the nodes
of the BNE instance as follows.

– For all variables x:
• Color the set of nodes Λx ∪ Λ̃x as black.



• In the satisfying assignment, if x = 1, color node vx as black and node
v¬x as white. Else if x = 0, color node vx as white and nodes v¬x as black.

– For all clauses c:
• Color the set of nodes Q̃c ∪ R̃c ∪i∈{1...k} T ic as black.
• Color node rc as black, and node qc as white.
• Color the set of nodes Sc as white.

Verify that the resulting coloring is a pure Nash equilibrium, that is, every black
(resp. white) node has an externality of at most (resp. at least) ∆. Since there
are m clauses, and for each clause c, the set of nodes Sc have been colored white,
the total number of white nodes is at least m× k.

The next observation follows from the fact that a node with weighted de-
gree (Definition 2) strictly less than ∆ must be colored black in any pure Nash
equilibrium.

Observation 2. Consider any pure Nash equilibrium of the BNE instance. For
all variables x, the set of nodes Λx ∪ Λ̃x must be black. Similarly for all clauses
c, the set of nodes Q̃c ∪ R̃c ∪i∈{1...k} T ic must be black.

Observation 2 states that certain nodes of the BNE instance must be black in
any pure Nash equilibrium. Consequently, all the white nodes must come from
the remaining set V = ∪c{rc, qc} ∪x {vx, v¬x} ∪c Sc. The first two components,
that is ∪c{rc, qc} and ∪x{vx, v¬x}, together contain 2(n + m) nodes. Whereas
the third component, that is ∪cSc, contains km nodes. Overall, there are 2(n+
m) + km nodes in the set V. The next two claims will be crucial in proving
Lemma 13.

Claim 11. Consider a pure Nash equilibrium with at least km white nodes. Then
for all clauses c, the node qc must be colored white.

Proof. Suppose for some clause c, the node qc is black. As a result, node rc
gets an externality that is at least ∆ + 1 (she is friend with {qc} ∪ R̃c), and
she must be white. It follows that each node sic gets an externality strictly less
than ∆ (her only friends are the set of nodes {rc} ∪ T ic), and all the nodes
in Sc are black. The number of white nodes, therefore, is upper bounded by
|V \Sc| = 2(n+m) +km−k < km. The last inequality holds since k >> m+n,
and we get a contradiction.

Claim 12. Suppose for all clauses c, the node qc is colored white. Then for
all variables x, one of the nodes vx, v¬x is colored white, while the other one is
colored black.

Proof. By Observation 2, the set of nodes Λx ∪ Λ̃x must be black. Now, if both
the nodes vx and v¬x are black, then each of them gets an externality of ∆+ 1,
a contradiction. On the other hand, if both the nodes vx and v¬x are white,
then each of them gets an externality of ∆− 1 (since for all the clauses c, node
qc is white). Again we reach a contradiction. Thus, the nodes vx, v¬x must be
assigned different colors.



Lemma 13. If the BNE instance has a pure Nash equilibrium with at least k×m
white nodes, then the 3SAT instance has a satisfying assignment.

Proof. Fix a pure Nash equilibrium with at least km white nodes. A literal
denotes a variable or its negation. Consider any clause c consisting of the dis-
junction of three literals l1, l2, l3. Node qc is friend with the set of nodes

{vl1 , vl2 , vl3 , rc} ∪ Q̃c

The set {rc}∪Q̃c contributes exactly ∆−1 to the weighted degree (Definition 2)
of node qc. On the other hand, Claim 11 states that the node qc is white. Thus,
at least one of the nodes vl1 , vl2 , vl3 must be black. In other words, every clause
c contains a literal l such that the node vl is black. Further, for all literals l, the
nodes vl and v¬l get different colors (Claims 11, 12).

Now, consider an assignment for the 3SAT instance where for all literals l, if
node vl is black (resp. white), the value of l is set to 1 (resp. 0). By the arguments
outlined in the previous paragraph, the resulting assignment is consistent (every
literal and its negation gets complementary values) and satisfying (every clause
has at least one literal set to 1). This completes the proof.

A.7 Proof of Theorem 9

Proof. Given a BNE instance on a bipartite graph with partite-sets L,R and set
of edges E ⊆ L×R, the algorithm described in Figure 4 finds a coloring of the
nodes into black and white. We show that the output coloring is a pure Nash
equilibrium and approximates maximum revenue by a factor of 2.

Recall that the weighted degree (Definition 2) of a node i is denoted by
D(i). For each node i, Algorithm 4 maintains two variables Ext(i) and M(i).
The variable Ext(i) denotes the current externality (Definition 1) of node i.
The variable M(i) denotes the total weight of the edges node i shares with
her friends who are still uncolored. Initially no node is colored, and we have
Ext(i) = 0,M(i) = D(i) for all nodes i ∈ L ∪R.

Algorithm 4 starts by iteratively coloring the rigid nodes (Definition 4) and
updating the Ext(i),M(i) variables. When there are no more rigid nodes, let L′

(resp. R′) denote the still uncolored subset of L (resp. R). If |L′| ≥ |R′|, then
all nodes in the set L′ are colored white and all nodes in the set R′ are colored
black. Else if |L′| < |R′|, then all nodes in the set L′ are colored black and all
nodes in the set R′ are colored white.

Definition 4. Suppose a subset of the nodes L ∪ R have been colored. An un-
colored node i is called rigid if either Ext(i) > ∆ or Ext(i) + M(i) < ∆. In
the former (resp. latter) case, node i must be colored white (resp. black) if we
cannot change the colors of the nodes that have already been colored, and the
final coloring is to be a pure Nash equilibrium.



GREEDY

Input: An instance of BNE problem on bipartite graph (L,R,E ⊆ L×R).
Output: A coloring of the nodes.

For All nodes j: Ext(j)← 0; M(j)← D(j);
While there exists some rigid a uncolored node i

If Ext(i) +M(i) < ∆ Then Node i is colored black;
For All nodes j adjacent to i:

Ext(j)← Ext(j) + w(i, j); M(j)←M(j)− w(i, j);
Else If Ext(i) > ∆ Then Node i is colored white;

For All nodes j adjacent to i:
M(j)←M(j)− w(i, j);

Let L′ (resp. R′) be the still uncolored subset of L (resp. R);
If |L′| ≥ |R′| Then all nodes in L′ are colored white and in R′ colored black;
Else If |L′| < |R′| Then all nodes in L′ are colored black and in R′ colored white;

a See Definition 4

Fig. 4. Approximation algorithm for the BNE problem on bipartite graphs.

Let S = (L∪R) \ (L′ ∪R′) be the set of nodes considered rigid during some
iteration of the While loop. Without any loss of generality, assume |L′| ≥ |R′|
(see Figure 4).

In the final coloring, each white (resp. black) node from the set S, by defini-
tion, has an externality of at least (resp. at most) ∆. Now consider a node i ∈ L′.
At the end of the execution of the While loop: node i has Ext(i) +M(i) > ∆.
In the bipartite graph, all the neighbors of i that are still uncolored belong to
the set R′. In the final coloring, all nodes in the set R′ are black, and node i
is white. As a consequence, node i gets an externality of at least ∆, and plays
the best response in the final coloring. It can be shown similarly that each node
j ∈ R′ also plays best response in the final coloring. Thus, the coloring returned
by the algorithm in Figure 4 is a pure Nash equilibrium.

Let Rev(S) denote the revenue obtained from the node set S. Every pure
Nash equilibrium will color nodes belonging to the set S exactly the same way
as done by our algorithm, and get the same revenue Rev(S). The revenue ob-
tained from the remaining set of nodes L′ ∪ R′, pretending all of them can be
colored white, is upper bounded by p2 × (|L′|+ |R′|). But our algorithm gets a
revenue at least p2 ×max(|L′|, |R′|) from the set L′ ∪R′. This gives the desired
2 approximation.


