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THEPROBLEM
- Prove lower bounds againstconstant depth algebraic cats.
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EQUIVALENCEANDMOTIVATION
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Theorems (Gupta - Kamath-Kayal-Saptharishi-16]
An n-var, deg-d poly computed by actof sizes
also be computed by a productdepth bcKt of size

sad")



PREVIOUS LOWER BOUNDS

Before 2021.
- Depth 5 circuits:1 (n/(logn)")

CKayal-Saha-Tarenas-16) -

- Depth 4 circuits: -2(n25) a/Gupta -Saha.Thankey-20]
-=>

- Constantdepth ckts: -2 (Xn'+*)
(Shoup-Smolensky-97,Raz 10



PREVIOUS LOWER BOUNDS

After 2021
Needs

Letd=o(logN/loglogN) ⑳fields
Theorem [Limaye- Srinivasan Tavenas-21
There isan explicitN-var, deg-d poly P
thathas no algebraic cksof productdepth 1
and size atmost

x(a"-()



ITERATED MATRIX MULTIPLICATION
nx nxn nxn nx n

IMM(X,...,Xa) = XI X2 ④ Xd

de Set-multilinear w.r.t. X =X,U... UXd

- For every logd, IMMnd has productdepth
1 Set-multilinear circuits of size nold")
- No significantly better upper bound isknown even
for general bounded-depth circuits!



IMPROVED CONSTANT DEPTH CIRCUIT LOWER BOUND

Letd =0 (logN/loglogN) afieldsTheorem [B. -Dutta-Saxena-22]

IMMud on Nidn variables has no

product-depth 1 algebraic circuitsof
size atmostpo(dYEs/1)

7
1.618...

- Improvementover LST Since En=0(q) 2.



THELST PROOFIDEA
- Set-multilinearization: convert formulas computing

Set-multinear polynomials tosetmultilinear formulas.
C Intermediate

I

X 3 A

Homogenization

A
S 7 20I

Arbitrary

9poly(s) I↑

Formula Y

Setmultilinear formula
- Prove lower bounds for setmultilinear bounded-depth formulas.



PROVING SET-MULTILINEAR LOWER BOUNDS
- Splitx =X,U...wXd intoY42 where

y=Y,W...WYand 2=2,0...w2s(V+r =d)
M2

M(g) = Set-multilinear coeftg (m,me)
My I monomials in y T

-
Setmultilinear monomials inZ



THELOWER BOUND MEASURE

Relative rank:

#rows.A columns
irel-wank (g):rank (in 1913
i

Properties
- rel-rank (g) I min↳rows,et
- rel-rank (f+g) =rel-rank (f)+ rel-rank (g)

-rel-rank (f.g) =rel-rank (f): retrank (g)



DIFFERENT SET SIZES

Y · .. Y Za ↳..... Is

St >#columns
Maintain

#(i) =1 12;1 -
#rows i=1

T "Si

Differentsetsizes lead to a cumulative' loss inrank.

LST-21 choose two "fixedset-sizes.



IMPROVED SET-MULTILINEAR LOWER BOUND

Letdegree d =0 (logn). Works
over all⑳Theorem [B.Dutta-Saxena-22] fields.

IMMn,d has no productdepth D
Set-multilinear circuits of size atmost

no(d"-/X) -Fs =0(44) 2

The set-sizes we choose depend on the depth 1
and are chosen tosatisfy a system of inequalities.



CHOOSING SET SIZES.
N

C
I Suffices to bound the

Ca
T ni

Cz
measure for one term

↑ -X +

&

-Xi

ot

> If deg is "high"the loss
↑

in the measure we get
C ↑ from inductionisenough.

& 88

Y
V

were Together, these give a
- All children of C,have "low""degree.

r setof constraints

rel-rank (C) = mn (rows, as I=



PROOF BARRIER
*

*Fix X,...,Xd St. Kileds, ...,Subti ↓ (yXXX
Setsizes I

Theorem (B.-Dutta-Saxena-22] High relative rank

There existpoly P, and Q Set-multilinear art X., ...,Xds.t
-Is can be computed by productdepth 1 set-mects ofsize

nO(Ad"-) -X=0(1)

-Q can be computed by productdepth $ set-mects ofsize

nO(DdY5-1-1+v) -X=di(1)



WY FIBONACCI?
Pa

/ -subformula of high

I
Xi,,----

f

... Xir

relative rank.

cost- loss in relative rank due to

building f

-

XI, --- Xd

The costdecreases like Fibonacci with depth.



RELATED WORK AND OPEN QUESTIONS

-
⑳- Using a set sizes, can the bound be ⑮improved?Mostly not[himaye-Srinivasan.Tavenas-22]

- Can other measures be used to improve the

bound? Possibly! [Kush-Saray-22]. [Amireddy.Garg-Kayal-Sanathankey -27

- Can we prove the optimal" lower bound for IMM?
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