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FINITENESS IS mu~iNEFFABLE

By DAVID PARK

1. {ntroduction

The '"mu-calcuius' is a forma! system which arises fairly naturally
when one tries to extend predicate logic to formalise arguments about
programs., First-order predicate logic by itseif is not adequate to
express interesting assertions about programs naturally, even for the

com b
most iimited sorts of programming language, as was_ _first seen from the
unsoivability results of Luckham, Park & Paterson {6 1. On one view,
“S o . l‘ . -

what was needed to express such things,disturred-out, was the 'minimal
fixpoint operator' u. By adding such an operator to the classical
primitives of predicate logic, it &7 secomespossibie to formalise many
arguments about programs in & nice way, and to see many previously
enunciated principles for reasoning about programs as relying on the

pecuiiar features of this operator (see, for exampie Park {71,

de Bakker & Scott { 21).

.
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Tne caiculus that arese tNis way wes not obviously ''classical't,
in that its expressive power what it &ewda say about mathematical
dees eey 1o
structures) did.n ioudsty coincide with that of any previously studied
logical formaiism. Clear! the mu~caicuius wes strictly more expressive

than firsceorder pred for ocne thing, express

equivalences between arbitrary program seobemas, $o that its valid sentences

e not form &0 r.e. set, from s (0. On the other nand the mu-caiculus
N ,
ME N0 Mors eprPS§iV£ than classical ssconu=order systems (any sentence

s
of the mu—calcuids wae transtatadble into on gquivaisnt sentence of

(41

second-order predicate logic, in zhe styie of {7 ).



This paper will make rigorous the intuition that the mu-caiculus is

indeed strictly intermediate in expressive power between first- and second-

order logics. That this is so wiii be seen to arise from its inability to

formaiise the property that its domain is finite. 7This is & property which
can be expressed in any of the usual formuiations of second-order logic, &s
weil as in the more recently studied "infinitary' fogic Lujw {

predicate logic, but permitting certain expressions of infinite fength).

On the other hand, we will see in passing that the property of being

hwell-founded" or ‘well-ordered' by a given binary reiation is expressibie

in the mu~calculus, but not in Lwyw, and from this that Lwjw and the
mu~calcuius are incomparablie in expressive power.

The important subformalism which we call the '‘continuous' mu-calculus

is contained in Lwjw. This formalism appears to be adequate for expressing

-2
most facts of interest about deterministic program schemas. Nevertheless

certain facts about non-deterministic schemas, e.g. that aii possibie

execulion sequences terminate, are not necessarily expressible in it {they

[ '\»}x

are directiy related to welli-Toundedness propervies); moreover,-termination

¥

ric schemas can

&

ni

i

properties of determ rofitabiy be icoked at in this way

o

(see [ 31}, and can be estabiished using arguments formalisea in the

non-continuous Tormaiism.

[}

Rather than referring back to other formulations of the mu-calcuius,
we nave presented a slightly different (and perhaps more easily absorbabic)

ratively

[

formutacion in 52, which we hope wiil make this paper comp

seif=contained.
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informaiiy, we obtain @ mu-caiculus by acding to first-order predicate

i a recur

[4]

ogl

ion operator u, which augments the logic sufficiently to

b1

express properties of the reiastions computed by flow-chart schemas {61

or recursion-eguation schemas [ 7 ] on arbitrary Tirst-order structures

(or data types, if you Tike}. The u operator is in a sense an alternative

quantifier for relations, replacing the iiclassical! quantifiers y,3 on

relations, but not on individuais.

i ’ . ) =L . L. .
Formaily, there is a variety of ways in which to present this calculus.

Perhaps the more elegant formuiation is the one made in terms of the polyadic

reiational systems of Park & Hiccheock [ 3§, or d@ Bakker & de Reever [1 1,

in which individual

variables are suppressed, and the role of existential

quantification on individuais is taken over by the composition operator

between relations, which is, arguabiy, more natural when talking about

programs. The formulation below
comprehensibility, being based

logic,
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We will be interestec in ‘wall-Tormed

relation terms' (n-rts) def!i

chosaen for the sake of

be deseribed in terms of an alphabet which includes

sy of symobols:

{individual variebles)

{ n=ery oredicate letters), n = 0.

oy 2 {wffs) and ‘'nmary

VETTL G A

ced as Taliows,



(i) true faise LYy

il

~
lael
[

(I11) F{yl,yz,.,....,yn) for any n=rt F, n = 0,

n-rits: a class of strings containing

vy ¥, i=0

vy [Ayy vz y3‘....,yn.P} for any wff P.

429 ‘[UXE.F 1, for any n-ary predicate letter X?, and any

n-ary relation term F which is formally monotone in X

- Y

(see beiow).
{(Y1sY2s .. are used in {1)~-(VI) and below to denote
arbitrary individual variables.)

The classes of wffs, n-rts are then the smallest ciasses of strin
S ieg

sweh—baat (I)-{I11) ceseribe wifs and {1V}~ (V1) describe—e=ris.

o

formal monotonicity: the qualification of (Vi) smounts to the

ce - e e . P | B
S Toiliowing *? F is formaily monotone in X, iff every ocCurrence
Y D ‘
bpdwtoe o L o s e , -
Y T of XY in Fois in an even number of gistinct negated sub~wifs

[ i
A -

™
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Eele {?”,(EX:-L} ii"‘"XL (xl, Xz} V Az U\:«)

KKy \Kg, Xall

{F/Xv Y/f(j P
for substitutions for individual variabies and predicate letters

within wffs or rts. As usual, & strict definition requires care;



P here might need alphabetic changes of bound variabies before the
substitutions are made. Note that both individual variables and predicate
letters may be pound, the former by 3,A, the latter by u. We omit rigorous
definitions of these notions here, which should be routine to the reader
familiar with predicate iogic.

Abbreviations: ¥, *,<-> , and other predicate calculus symbols will be used

as abbreviations in the standard way. Note, nevertheiess, the choice of
{3,A,v,} as basic operations, since this is of consequence to the
definitions of formal monotonicity, and especiaily of formal continuity

below,

Semantics: we hope the reader wiil be nappy with a brief informal account.
For the most part, the semantic nctions shouid be clear from the standard
semantics of predicate logic (indeed, the subsystem generated by (1)=-(V)

is just one versiocn of first-order predicate iogic with identity). To
provide a denotation for & wff or n-rt we need a base set (a ''"domain'), and
an assignment of relations and individuals over thatl set to the free
predicate letters and free individual variabies of the wif or n=rt., The
semantics should then provide us with a truth value or relation, respectively,
proceeding to do so by induction on the length of the string involved. The
rules corresponding to cases (I)=~(IV) are stancard. M is intended, of
course, as an abstraction operator =~ [ YiV¥oeo.7 .7 1, under the given
assignment, denotes the reiation which holds of an n-tuple < cl,cz,c3,...cn>
just when P is trus under the modifiad assignment which assigns

c, toy, , 1 =1i%n, "u'is the recursion operator. F (s to pe regarded

H
]

as & functionai on relations X which will be monotone if F is formaily
TR

]
i ®

. n " e s . .
monotone in x? . {uxi.F ] then denotes the least fixpoint of this functional,

. L. . . s . L . . ‘ n
i.e. the intersections of ail relations which, when assigned to Xi s

,F equivalent., 3ince the interpreted F is monotone as & Tunctional
of these relations, such a minimal fixpoint exists, from the Knaster-Tarski

theorem {see [ 71).

¥
(%]
i



(Note: from a theorem of Scott and Bekic, multiple (simultaneous)

fixpoints can be defined in terms of the simpie notion defined

here: see [ 3}).

ixx}

vaience: we use the notation

P = { i¥f every assignment which gives P

U

for semantic eniailment. Thu

the value true also satisfies Q in the same sense. Then

defines equivaience between wffs. Wg can extend these notions to n-rts,

by saying that F |= G, say, iff F{yl..,yﬁ) | = G(yl...yn),
H
for all variables yj...y_; or, equivaiently, iff
A
F(yl,yz.o.yn) = G(yl,yz...yn) for all sets {Y1:Y2---Yn} of distinct

variables none of which occur free in F or G.

Exampies: {(taking mincr cosmetic liberties with names of variables)
given predicate letters Z,W intended to denote reiations on the natural

numbers as Toilows:

Z(x) T = 5
W(x,y) mmmme Uy
rhe induction axiom for arithmetlic can then be writien &s:
{yx) [uX. {2ax. [Z(x) v {3yi [wly,x} A X{yIi1i1
We can aiso obtain a 3=rt for the addition function ‘a=x+y'' :
pX. {axyze (LZKA Ty=z 11 v (3u) {W(u,x)

A () [x(u,y,®) A W(v,2)1111]

and so on.



Note that the natural numbers with the intended Z,W have a categorical

theory in the mu-caiculus, i.e. they constitute the oniy model of the

sentences which are true of them; the classical model—theoretic results

(Ldwenheim=-Skolem theorems =tc.) mew cease to hoid. (For an account of some

of the modei-theoretic modifications which are needed, see Kfoury [ 5])



The fact that finiteness of structures is inexpressible is weli-known

for Tirst-crocr predicate logic, where 1t follows Trom an anal
h = Ed

ot

veis of the

Hfirst=order theory of eguelity'' -- what can be 3aid in predicate togic us
just equality, individual variables and the usua; quantifiers and connecti

The result here depends on a new fook at the guantifier elimination lemmna

on which that ciassical result can be basad.

[ SO TN ({

Notation: dsie the symbols 4, V for comjunctions, disjunctions of sets

as in the definitions which foiliow.

it

o Vi =V { Ay, = v [ 1Si<)<k}{ viyeseey 3 EVI

Note that pk noids 1Ff there are at jeast k distinet elewents in the domai

as a whoie; g, iV} holds iff there are at jeast k distinct elements just
k

among vatues of variables in V.

Gefinition: 2 wiF P is a g-orimitive If it Is eguivalent Lo & scoiean

] . 5L AN et

i { y-v;‘y.A<' -
e s [y PN < ey
An n=rt F is o=primitive If the wif F(yz.yz,an,yn} for e individual
e
/

5§ -

Y] ; g 5 - 5 . R T 2 .
‘\NQEQQ Fois D"priml ive 3f| F\Y],fz...‘;’n; to v g:ﬂ.zt-wc;’ TOT some
I S o o [ ST VA S A
Gisvin yl,yz...y aone OF Whioh Ooouy in T Lg

cU
oF
€]

in terms of p-primitivity, the guantiiier eliminastion rasult takes

following form.

Lemma: i P is p-primitive, anc has k free variables, then {3y)P
is max{p,kr=primitive.

ir

oy
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5 in disjunctive form, with

fo—

Proof: irom the hypothesis, we can assume P

- -« ® Pl Fag H 3 ~ . -
clauses whicn are conjunctions of wffs from {p; | I <pr U {[xi = xj] | i + jl
and their negations. ({The cases P = true, P = faise are trivial; and any

occurrence of wffs [z=z ] can be eliminated in &n obvious way.)} Then the

quantifier eiimination proceeds as foliows:
(1) (3y) can be distributed over disjunctions, and then confined to

those parts of conjunctions in which v occurs free in each conjunct, using

the equivaiences

= [ (3yiQ v (3yIR ]

—
Lt
<<
~—
P
f =)
<
X
[—
1

= {(3y)Q AS 1, if y does not occur free in S.

o
3
[n
o~~~
Ll
o
Sooret
Caia
o
>
(72
]
1

Following (1),we can eliminate sach occurrence of (3y) by invoking

either {2) or {3) below:
(2) if there is a wif of the form {y=xi}(cr {x.=y]) within the
£

scope of & quantifier occurrence {3y}, then use

Gyy tly=ajih Q= 0x/y 30 eie.
(3} otherwise, {2y} wmust be eliminsted from a wff of the form
m
{zv) A m—~[vy=z_ ]
i=1 *

alities; but such a wff can be

zip_ . Vio A 5 23V ... Epzi\a- 92{2}“

where I = {zl,zz,..u,zm}

The result foilows, noting that m < k=i in {(3,, which is the oniy

manipulation which Introduces new wits i o

coroliary of the Tollowing theorem.

Qur main resuis o

_9-



Theorem: fet P be any wff with free predicate letters chosen from

Y},Y2 co Yrn and with free individual variables chosen from finite set V

rt

of k symbcls., There exists N such

, hat, whenever 7, ,F, ... F_are
Pk

itive ris, o & N i with free individual variabies chosen from V,

Nos wen F IV iPis p-primitive,
TN}

z_*i‘
©
[¢]
(s
wr
©
1)
411

Proof: by inguction on the length of 73

{I) for P = true, faise, {x = xj 1 theorem trivial with Np K = c.
i ot
(11) for P=zp=Q, [QAR, [QvR] theorem foilows from induction
avnothesis with N =N . or max (N N. .} {p-primitive wffs are closed
/v P, K Qs g-k? "R, K’

undere ,a,vV, cleariy.)

o if P = {3y}Q, theorem foilows from preceding Lemma and induction
f hypothesis, with N = max N _ k+1}
4 P,k Osks
3
(131" for P = Flyy,¥p -.. Y ), F an n-rt, we fave one of cases (IV)-{V:
A SN h '
(1‘7} {F F=Y, then EFTI’?’ oue F_»/Hi'j P =¥ éwiz PR ‘j”j
4 HH FE i ]
is p-primitive, from p-primitivity of Fi; Nb K g.
s
(V3 if Fz{2z: veo 2., © 1, then
1
P = E:(V:i 9y2 s s s \/P, = ‘2‘ 51/'11];51 EREE AR A \"'v./z"‘ _EQ = Q‘
cnd tneorem Toliows from Induction avpothesis, with #, = Na o
Tk Gk
since ¢ is saorier than 7.
(Vi) {5 the interesting case. Suppose that FoooiuX. 6. then (¢ Turns
R ¢ PN £ % 17 e ¥ -
; s can . La N = N ) where O % G lZi1.29 ».0 2}, Z. CisTinck
out we can . take Psk 9 k""(m’ P2 Y ;

variabies not in V. fﬁr suppose F},Fz oae Fm are p=primitive, with



v -

p > NQ» s, and with free variables restricted to V; define H, K, K, by
H = {F?/Y}, FZ/YZ, cees Fm/Ym i G
KzluX. H1
KCE AX1X2 oo X, false
i = ¥ = [
K?+’ £ EKE/X jH = lK;/X, F}/Y? ‘ae Fm/Ym 1G.

Note that the induction hrvpothesis applies to any wff of the form

G (21

4

222 e zn), since such wffs are shorter than P = [uX.G] (y;,Yp ... yn).
Moreover the n-rt K. is p=primitive iff every K, (27,2 p... Zn) is a

p-primitive wff. By induction on i, each Ki has free variables restricted
to V, and is p=-primitive, from assumptions about Fi

¥ -« - P - = ¥ 4 » find AY
(Note that Ki+1(21>42 ces ~n) = {z<3/>\,i",i/‘i’,i cen rm/Ym 16 (z3,z5 ... z)
‘l v

has up toc k#fi free variabies, hence the requirement that p 2 N

Q, k+n)'

But there are, up to equivaience, only @ finite number
2
2p+(n+k)
<2 of p=primitive n=-rts with free variables fromy.

Hence, for some k # £

po—
—t

y, trom monotonicity of &, X in X, we have

L]
jou
o]

K. i= K . l=s& forall i.
i [
Hence Kk = Kl z K, from definition of u, so that X is p-primitive, and
K{y; «.- yn) is p-primitive, as required,
[ We are reaiiv invoking the easy theorem: Iif f is & mqnotone~fn. on a

»



lattice with a least element L, and 7 (4} = f (L) for some k # 2, then

o F PLI LT
Wi o= Ty = T
the only compiication here is that X, 1 are to pe indepencent of the

lattice, which of course depends on the domain involved.] o

Corcllary: Fach wiT with no free pradicate letters or individuai variables

sentences {pi}

Proof: this is just the special case m=k=0 of the theorem, o

Corollizry: Finiteness is mu-ineffabie.
P e e o

I

Proof: Suppose a wif P is satisfied just for those interpretations whose
domain is finite {i.e. suppose that "“finjteness is mu-effabie'); we can
iiminate free variables of P by considering its universal closur

(ux ) {wxgd .o {ERN}? . for suitabie N, anc by susst

@
-
[43)
H
b}
o
W
“%
©
W
[
i
3
4D
%
-+

f the domain is finite, and must be equivaient

- . W S U | S RN N PO B 14 -~ E Wy e NN
(o some Tanlig hootean combingtion of {p. ) Trom the YO LOroiiaryv.,

I < V

corbiration, then P iz savisfied by interpretations of size n 177 P is

Rl R P w4 H D e o ey e e e u A B g i [a PR DU S
Tied by Intinite interpretationsg,  Loniraciciion. o

" I H r= & © et S o Y g T T s R .
we have, in effect, shown that the murca:culus wiThout Yree

predicate letrters is no more powerful than firsc-order predicate

its own. it follows that finiteness is not exoressible even by an
set of wffs of the mu-caiculus, since this property holds for first-order

iP5 welli=kpown (see, for example Shoenfield { 9’}).

¢
o
—

logic,

_‘]2_



We can now see what is impiied regarding the relationship with
second-order predicate logic, by noting that finiteness is easily
£  for example, we aiiow universal guantification over

expressible 17,

binary reiations:
(VYX) [ (¥x) (Wy) (¥z) [ X(x,¥) A X{y,z) = X(x,2z}]
(w) {w) DXUGYY A X{y,x) @ Dx=y1TA (vx) {vy) [ X(x,y)
v X{y,xj11 » (3x) {wy) X{x,¥)]

(every linear ordering on tne domain has a maximal element.)

WA



The language Lwjw is obtained if one takes the closure of first-order
predicate~icgic {(defined, say, by (I)=(V) above} with countably infinite
conjunctions and disjuncricns in acdition to the usual finjts operaticns.

In this language finitenes expressible, for exampie by the singie

is

“h

€ expressiong | V ey i, which is & well-formed formula of the

i

ot

infini

language. Lwiw can therefore express preperties of structures not

xpressibie in the mu-cai:

On the other hand, a well~known resul: due to Dana Scott (see {41
ch. 10 ) is that "well=foundedness' of binary reiations X (that there

... such that A(a.,a +1; for atl i)

is not expressible in Lwjw. But this property is now expressible in the
mu=caiculus, by, Tor example

5

(i tuY. Daxe (W) [ X{y,= > Y{y}3i}

nd the mu=caiculus are ifi-faer incomparabie in expressive powar,

&
[

o SR | c [P N B by . o e n - doe o e -
finaosy, We snouid aote the status of ns VITOGriant, mOHgiﬁhaus
) ol

1

mu=caicuius, in which the monctonicity constraint of (VI is strengthened

to one of Tormal continui oy,

T i Loy s [ . : o . v el Sy ks e Y TE e
i T IOn Fis Tormally convinuous in & predicate iatier A i¥ no

cccurrence of X ties within a negated sub~wifi ¢ 2 of F,

Every Tormally continuous w=rt Can be

functicna: in the lattice-theoretic sense,

ot the 7 J\;G?fﬂ; wnelreil, Laat vy FT any OO atinuous Tunation T

is implies that formaily continuous mu-terms can be eliminated in

42



favour of infinite disjunctions, i.e.

So that there is & systematic method of translating from the continuous

mu~caiculus into Lwqw.

Hence the continuous mu-caicuius is striciiy weaker in expressive

power than both Lwjw and the fuli{monotone) mu-calculus. Neither

sible in the continuous calculus.

i

finiteness nor well-foundedness is exnre
Nevertneless tne continuous mu-calculus is itself still strictly stronger
than first-order logic, by the arguments presented above (among other things,

by the expressibility of arbitrary equivalences between program schemas).
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