1Optimising Overlapped and Non-Overlapped ParallelAlgorithms Using Bottleneck Analysis: A Case StudyM.J. Zemerly, J. Papay and G.R. NuddParallel Systems Group, Department of Computer Science,University of Warwick, Coventry, UKEmail: {jamal, yuri, grn}@dcs.warwick.ac.ukAbstractIn this paper a methodology for parallel algorithm selection and optimisationbased on performance prediction and bottleneck analysis is presented. Theperformance prediction method used here is based on an instruction setcharacterisation technique which assumes the availability of the sequential codeand the compiler for the target machine. A "Processor Activity Graph" (PAG)which provides a graphical representation of the parallel system runtimebehaviour is used to extend the applicability of the characterisation technique tooverlapping parallel algorithms. The bottleneck analysis assumes that a bottleneckis caused by the slowest component of a computing system. These componentsare: memory, processor, communication and I/O. Three dimensionless ratios areused to identify and quantify bottlenecks, these are: the B-ratio, thecommunication-computation ratio and the memory-processing ratio. Theoptimisation methodology is illustrated and validated using a communicationintensive linear solver algorithm (Givens rotations) which was implemented on amesh connected distributed memory parallel computer (128 T800 ParsytecSuperCluster) using non-overlapping and overlapping parallelisation techniques.1. IntroductionOne of the main concerns of parallel computing is to port sequential programs onto amultiprocessor platform. This process requires to take into account the resourcelimitations of the target machine such as the number of processors, size of memory,latency and bandwidth of the communication network. Performance is one of the keyfactors that must be taken into account in design, development and tuning of a parallelalgorithm. The overall performance is affected by the characteristics of the targetmachine and the software. Performance prediction allows to change the parallelisationtechnique and machine parameters and to observe the results of the modifications withoutporting the code or changing the existing hardware. Typical performance measures forparallel systems are execution time, speedup, system utilisation, throughput, MIPS,

2MFLOP, etc. Execution time was selected as a performance metric because it is ameaningful measure and widely used in parallel computing. Two approaches are usuallyused for evaluation of parallelisation techniques (see Figure 1). The traditional approachrelies on the actual evaluation following the parallel code development andimplementation which is a time consuming operation. The other approach uses an earlyperformance prediction and optimisation step to prevent excessive software developmentcosts .Sequential codeParallelisation techniqueCode generation

OptimisationExit

Performance predictionOptimisation&Bottleneck analysis

Exit

Code generationOptimisation

Figure 1 - Parallel algorithm development cyclesIn this paper a recently developed early performance prediction method based oninstruction set level characterisation is used [13]. This method has been extended byusing a "Processor Activity Graph" (PAG) which enables to predict the performance ofparallel algorithms exhibiting computation and communication overlap. A PAG providesa graphical representation of the parallel system runtime behaviour, shows the overlapbetween computation and communication, the level of parallelism, distribution ofworkload and load imbalance and facilitates performance prediction of parallelalgorithms.

3The optimisation task is concerned with reducing the time the algorithm spends incomputation and communication. The computation can be optimised by selecting anappropriate parallelisation strategy which yields good load balancing. The reduction ofthe communication time can be achieved by using techniques such as the locality ofcommunication, avoidance of hotspots in the communication network, overlap ofcomputation and communication, etc.A characterisation based bottleneck analysis is used to identify and quantify software andhardware problems before the actual code generation. The identification of bottleneckswithin parallel systems is an important aspect of hardware and software design. Thisprocess usually involves examining the system behaviour under various load conditionswhich is a time and resource consuming operation. Bottlenecks are defined here as theparts of the system, either hardware or software which consume the maximum time or theslowest component of the system.The bottleneck analysis involves the following steps: predict the execution timecomponents of a certain workload, identify the time component responsible for thebottleneck (the slowest part), break down this component into its constituents and identifythe sub-components causing the bottleneck. Optimisation of the software subroutinesand/or hardware utilisation causing the bottleneck can improve the system performance.This operation can be iterated until no further optimisation is possible.This paper is organised in the following way: in section 2 a background to theperformance prediction and bottleneck analysis is given; section 3 introduces amethodology for characterisation and bottleneck analysis which are based on instructionlevel analysis; section 4 provides a case study to illustrate and validate the proposedmethodology. The case study selected is a communication intensive linear solveralgorithm (Givens rotations) which was implemented on a transputer-based distributedmemory parallel computer (128

× Τ800 Παρσψτεχ ΣυπερΧλυστερ).2. Ρελατεδ ΩορκΠερϕορμανχε πρεδιχτιον γιϖεσ αν ινδιχατιον ον τηε εξπεχτεδ χαπαβιλιτιεσ οϕ α παραλλελσψστεμ εξεχυτινγ α χερταιν αππλιχατιον ορ α βενχημαρκ. Μανψ ρεσεαρχηερσ ηαϖεχηαραχτερισεδ παραλλελ σψστεμσ ον τηε χομπονεντ λεϖελ (ε.γ. χαχηε, ΧΠΥ, ετχ.) ωιτη ορωιτηουτ χομβινινγ τηε εϕϕεχτσ οϕ αλλ τηε χομπονεντσ [6]. Ηεννεσσψ ανδ Παττερσον [6] 4προϖιδεδ α χομπρεηενσιϖε χηαραχτερισατιον οϕ α σινγλε μιχρο−προχεσσορ τηρουγηχηαραχτερισινγ ιτσ χομπονεντσ. Ναμελψ, τηε ΧΠΥ, τηε μεμορψ ηιεραρχηψ ανδ τηε Ι/Ο. Τηεψαργυεδ τηατ τηε εξεχυτιον τιμε ισ τηε μοστ μεανινγϕυλ περϕορμανχε μεασυρε ϕορ χομπυτερσψστεμσ ανδ τηεψ χεντρεδ τηειρ προχεσσορ χηαραχτερισατιον ον τηισ μεασυρε. Φορ εαχηχομπονεντ τηεψ δεριϖεδ α περϕορμανχε εθυατιον βασεδ ον τηε χηαραχτεριστιχσ οϕ τηατχομπονεντ.Ηοχκνεψ [7] δεϖελοπεδ α μοδελ ϕορ ΣΙΜΔ ανδ ΜΙΜΔ μαχηινεσ βασεδ ον τηρεε προγραμανδ ηαρδωαρε παραμετερσ. Τηε προγραμ παραμετερσ αρε: σσ− τοταλ νυμβερ οϕ σχαλαρ ϕλοατινγποιντ οπερατιονσ, σχ − τοταλ αμουντ οϕ δατα τρανσϕερρεδ ανδ θχ− τοταλ νυμβερ οϕ μεσσαγεσ.Τηε χηαραχτεριστιχσ οϕ προχεσσορ, μεμορψ σψστεμ, ιντερχοννεχτιον νετωορκ ανδ οπερατινγσψστεμ αρε γιϖεν βψ παραμετερσ συχη ασ:

r∞s- asymptotic performance of scalar operations,

r∞c - asymptotic communication bandwidth,

n1/2c - half performance message length. Theoutput of the model is a timing formula which is the sum of times for scalar operationscommunications. The timing formula does not consider overlapping of computation andcommunication.Saavedra-Barrera et al. [11] described a way to predict performance by combiningbenchmarking and hardware characterisation. The idea is to develop and use a machinecharacteriser which measures the performance of a given system in terms of a Fortranabstract machine. This analysis yields a set of parameters which characterises the systemand spotlights its strong and weak points. Each parameter provides the execution time forsome primitive operations in Fortran. The authors characterised a large number ofmachines ranging from workstations to supercomputers.Basu et al. [2] derived simple analytical execution models for evaluating the performanceof parallel message passing systems. They modelled the execution of an algorithm asrepetitive steps of computation and communication. Both overlapped and non-overlappedcomputation-communication execution models have been used. In a non-overlappingmodel all processors perform computation modules followed by synchronisation andexchanging of data. In overlapping models the computation and communication arecompletely or partially overlapped. Basu et al. used measurements of overlappingfractions between communication and computation from the parallelised code andextrapolated the results to larger systems. The overlapping occurs on he same processor(asynchronous communication) and does not deal with overlapping on differentprocessors.

5Desprez et al. [4] describe Gaussian elimination with pivoting using column scattereddata decomposition implemented on Intel iPSC/860 with 16 processor and Paragon with64 processor machines. The authors investigated the pipeline and the broadcastalgorithms for fully connected and ring topologies. Also synchronous and asynchronousmessage passing protocols have been analysed. The authors provide a complexityanalysis and execution time predictions and measurements for the algorithms withvarious matrix sizes.Gustafson [5] argues that almost every computer is limited not by the speed of thearithmetic unit but the memory bandwidth and latency. Using several examples the authorshowed that this problem is becoming visible even for workstations not just for parallelcomputers. Gustafson introduced the idea of characterising the system performance notby the Mflop rate but by the number of delivered Mword/s.Hollingsworth [8] in his thesis describes a monitoring based bottleneck analysismethodology using an iterative process of refining the answers to three questionsconcerning performance problems. These three questions are: why is the applicationperforming poorly, where is the bottleneck, when does the problem occur. The whyanswer identifies the type of bottleneck (e.g. communication, I/O etc.). The where answerisolates a performance bottleneck to a specific resource used by the program (e.g. disk,memory etc.). Answering the when question isolates a specific phase of the programexecution.3. Characterisation and Bottleneck Analysis MethodologyThe instruction level characterisation and bottleneck analysis are based on identificationof the following components of the total execution time [14]:• processing (CPU, FPU)• memory (internal, external),• communication ( initialisation, distribution, collection, broadcast etc. )• I/O (disk read and write).These components can be further analysed and potential bottleneck problems identified aswill be shown later.

63.1. The Computation ComponentThe instruction level characterisation method described in [13] is used here to predict thecomputation component time (processing and memory), which is given by:

T^{comm} = T^{cini} +T^{dist} +T^{coll} +T^{cst(3)}

7where Tcini is the total initialisation cost of all the communication links (Tini(d)) requiredbetween processors. The cost of establishing a link between two processor d distant awayis given by:

Tini(d) = α +βd(4)For the Parsytec SuperCluster

α=939.86 ανδ

β=272.05.Τδιστ, Τχολλ ανδ Τχστ αρε τηε χοστ οϕ ινιτιαλ διστριβυτιον, ϕιναλ χολλεχτιον οϕ δατα ανδ τοταλχομμυνιχατιον ιν αλλ σταγεσ οϕ τηε αλγοριτημ ρεσπεχτιϖελψ.3.2.1. Ποιντ−το−ποιντ χομμυνιχατιονΤηε τιμε οϕ τηε ποιντ−το−ποιντ χομμυνιχατιον δεπενδσ ον βοτη τηε μεσσαγε λενγτη (λ) ανδτηε διστανχε (δ) τηε μεσσαγε ηασ το τραϖελ (τηε νυμβερ οϕ ηοπσ). Αν αναλψτιχαλχομμυνιχατιον μοδελ ϕορ θυιετ νετωορκσ ισ δεσχριβεδ βψ Τρον [12]. Ιν τηισ ρεπορτ ασιμπλερ χομμυνιχατιον μοδελ βασεδ ον τηε ωορκ οϕ Βομανσ [3] ανδ Νορμαν [10] ισ υσεδανδ γιϖεν βψ:

Tcom(l,d) = α 1 +β1l + γ1d +δ1ld l ≤ ps α 2 +β2l + γ2d +δ2ld l > ps (5)Φορ τηε Παρσψτεχ ΣυπερΧλυστερ τηε παχκετ σιζε, πσ, ισ εθυαλ το 120 βψτεσ, ανδ τηεπαραμετερσ οϕ εθυατιον (5) οβταινεδ βψ λεαστ σθυαρε ϕιττινγ οϕ μεασυρεδ χομμυνιχατιοντιμεσ αρε γιϖεν ιν Ταβλε 1.

αβγδl ≤ ps51.10.278.860.68

l f ps-81.51.3393.040.05Table 1 - Parameters of the quiet network communication model3.2.2. Collective communicationsThree types of collective communication models are studied here: broadcast, distributionand collection.

83.2.2.1. BroadcastBroadcast is a frequently occurring communication pattern in numerical applications. Asimple broadcast implementation is a sequential loop in which the data is sent from thesource processor to all the other processors one by one. The time cost of non-optimisedbroadcast is given by:

T^{nodist} (l,p,k) = T^{nocoll}(l,p,k) = T^{comi=1}_{p− 1}∑ (l^i,d^{k,i} )(8)where li is the message length and dk,i is the distance between the source processor, k, andthe destination, i.The optimised data distribution and collection (Figure 2(b) and 2(c)) activate severalcommunication links in parallel. The time cost of optimised data distribution andcollection is given by:

Todist (l,p,k) = Tocoll(l,p,k) = Tcom(ldimx,dy(k), j )

j=y(k)+1

dimy− 1∑ + Tcom(l^i ,dx(k),i ) i=x(k)+1 dimx− 1∑(9)ωηερε ξ(κ) ανδ ψ(κ) αρε τηε ξ ανδ ψ χοορδινατεσ οϕ προχεσσορ κ, διμξ ανδ διμψ αρε τηε ξανδ ψ διμενσιονσ οϕ τηε προχεσσορ γριδ ανδ λδιμξ ισ τηε σιζε οϕ δατα ϕορ προχεσσορσ ιν τηε ξ−διρεχτιον οϕ τηε γριδ.3.3. Τηε Ι/Ο ΧομπονεντΤηε χοστ οϕ Ι/Ο ασσυμινγ α δεδιχατεδ σψστεμ χαν βε εξπρεσσεδ βψ:

Tinput (l) = α read +βread l(10)

Toutput (l) = α write +βwritel(11)The coefficients of the formulas above can be obtained by fitting a linear model tomeasurements provided on the target machine (for the Parsytec machine these coefficientsare

α read=642.16, βread=3.73,

α write=1583.73 and

βwrite=2.2).

103.4. Parallel execution timeThe execution time of a parallel algorithm is given as:

Txp(N,p) = Tseq(N)+Tpar (N,p)+Tcomm(N,p)+TI/O(N)(12)where Tpar is the execution time of the algorithm part that can be parallelised and can bederived from PAG as will be shown in the case study in Section 4, Tseq is the executiontime of the serial part of the algorithm including initialisation time, Tcomm is the totalcommunication overhead and TI/O is the input/output time.3.5. Bottleneck analysisA prediction of the components constituting the execution time to identify the slowestpart of the system is first carried out using the characterisation method described before.Also three metrics are used to identify bottlenecks in the system; these are the B-ratio, thecommunication to computation ratio and memory to processing ratio. The B-ratio (Bstands for bottleneck) of an execution time component (i.e. processing, memory,communication and I/O) is the ratio of the component time to the sum of all othercomponents’ times.

Bcomponent = Tcomponent(N,p)

Txp(N,p)− Tcomponent(N,p) (13)where Tcomponent =Tproc, Tmem, Tcomm or TI/O.The B-ratios are dimensionless and a simple comparison between them will clearlyidentify a bottleneck problem when visualised in the same plot. The best performance(where bottlenecks are minimal) is obtained when all the B-ratios are equally balanced.The min-max value of all the B-ratios, provided its value is less than 1, is used todetermine the optimum number of processors for the application and problem size inquestion. The maximum B-ratio value at each number of processors is first determined asfollows:

max(B-ratio) = maxi=1p (Bproc ,Bmem,Bcomm,Bi/o )(14)

11The min-max B-ratio value is the minimum of the max(B-ratio) function and its positionon the graph shows the optimum number of processors. Another measure to obtain theoptimum number of processors that takes into account the execution time as well as theB-ratios is the min-max B-time. The max(B-time) is given by: ×2 ροτατιον ματριξ:

G = c s

− s c (18)ωηερε

c2 + s2 =1A Givens rotation is used to eliminate the elements of a vector or a matrix as follows:

c s − s c × ab = r0 (19)ωηερε

c = aa2 +b2 and s = ba2 +b2 Unlike other linear solvers such as Gaussian elimination, Givens rotation does not requirepivoting which is difficult to parallelise and has the advantage of being numerically morestable and inherently more accurate in theory than Gaussian elimination with pivoting.This follows from their properties of being orthogonal matrices. The disadvantage is thatthe Givens method requires 4 times more work than Gaussian elimination (4/3 N3 asopposed to 1/3 N3). However this problem is less important in parallel implementation.Applying a single Givens rotation reduces one element in the matrix to zero butsimultaneously changes two rows. In the case of Gaussian elimination the row containingthe element to be eliminated only is changed. Both these algorithms produce an uppertriangular matrix which can be solved by back-substitution. The complexity of back-substitution is O(N2) compared with the triangulation phase which is O(N3).

134.2. Characterisation of the sequential Givens algorithmThe Givens algorithm for solving a linear system with N equations can be decomposed intotwo computational stages. The first is the triangulation of the initial matrix, this stage isrepresented by theelimination block executed N times. The second stage is the substitutionblock which solves the triangular matrix. The total execution time of the sequential Givensalgorithm can be given by:

Tx(N) = Telim(i,i,N,N)+Tsubstitution(N) i=0N− 1∑(20)ωηερε τηε ϕυνχτιονΤελιμ(ι,φ,ΜΝ) ρεπρεσεντσ τηε ελιμινατιον οϕ ονε χολυμν, φ,, αχροσσ Μροωσ. ανδ Τσυβστιτυτιον(Ν) ρεπρεσεντσ τηε βαχκ−συβστιτυτιον οϕ Ν χολυμνσ. Τηεχομπυτατιοναλ μοδυλεσ οϕ τηεσε βλοχκσ αρε γιϖεν ιν Φιγυρε 3. σετ1Ν/π−1−ροωλοοπ5 Π1ιϕ1αβσ1ροτατεΝ−χολ+1 Π2ιϕ2 Π3ιϕ3σετ2νορμδιϖξξξ συμσετσυμαχχ ρεσΝ(Ν−1)/2(α)(β)Φιγυρε 3 − Χομπυτατιοναλ μοδυλεσ οϕ τηε ελιμινατιον (α) ανδ συβστιτυτιον (β) βλοχκσΤηε σεθυεντιαλ χομπυτατιοναλ τιμε οϕ τηε ελιμινατιον βλοχκ ισ γιϖεν βψ: 14

Telim(row,col,y,x) = tset1 +(y− 1− row)× (tloop5 +tset2 +tif1 + P1× tabs1 +tif2 +

(1− P2)× (tnorm +tif3 +(1− P3)× (tdiv +(x− col)× trotate )))(22)The sequential computational time for the substitution block is given by:

Tsubstitution(N) = tsumset + tsumacc +tres j=n− 1i∑ i=n− 10∑(22)Τηε ινστρυχτιον σετ χηαραχτερισατιον ωηιχη ρεπρεσεντσ τηε χομπυτατιον χομπονεντ (σεεσεχτιον 3.1) οϕ τηε ελιμινατιον ανδ συβστιτυτιον βλοχκσ αρε γιϖεν ιν Ταβλε 2. Νοτε τηατ τηεπροχεσσορ χλοχκ σπεεδ υσεδ ηερε ισ 40

ησ.σετ1λοοπ5σετ2ιϕ1αβσ1ιϕ2νορμιϕ3διϖροτατεσυμσετσυμαχχρεσνινστ3122595745101071263130νχπυ72942947391213121545962νϕπυ00351413154622244143115658νιν_μεμ00422112137143νεξ_μεμ1236103252314148304523183106110νϕπυ_οϖερ0038341553200318Τοταλ χψχλεσ196518150393364660102482149222215Τοταλ μσ0.762.67.242.01.561.3225.842.44.0819.285.968.888.6Ταβλε 2− Ινστρυχτιον Λεϖελ Χηαραχτερισατιον ϕορ ελιμινατιον ανδ συβστιτυτιον βλοχκσΤηε προβαβιλιτιεσ Π1, Π2 ανδ Π3 ϕορ τηε τηρεε χονδιτιονσ ιϕ1, ιϕ2 ανδ ιϕ3 οβταινεδ ϕρομμεασυρεμεντσ ϕρομ τηε σεθυεντιαλ χοδε ϕορ διϕϕερεντ ματριξ σιζεσ αρε γιϖεν ιν Ταβλε 3.ΝΠ1Π2Π3128ξ128163.0 Ε−602.0 Ε−6256ξ25642.0 Ε−600512ξ51210.0 Ε−600Ταβλε 3 − Προβαβιλιτψ ϖαλυεσ ϕορ ελιμινατιον4.3. Παραλλελισατιον μετηοδσΙν τηε παραλλελ Γιϖενσ αλγοριτημ σεϖεραλ ορτηογοναλ ροτατιονσ χαν βε αππλιεδσιμυλτανεουσλψ. Τηε βασιχ θυεστιον ισ ηοω το χηοοσε τηε σεθυενχε οϕ ροτατιονσ ιν ορδερ τομινιμισε τηε αμουντ οϕ χομπυτατιονσ ανδ τηε χομμυνιχατιον οϖερηεαδ. Τηε τριανγυλατιονοϕ τηε ινιτιαλ ματριξ ρεθυιρεσ Ν αλγοριτημιχ στεπσ (κ =1,Ν). Τηε παραλλελ λινεαρ σολϖερ βασεδον Γιϖενσ ροτατιονσ χαν βε οβταινεδ βψ εξτενδινγ τηε σεθυεντιαλ αλγοριτημ ωιτηχομμυνιχατιον ρουτινεσ ωηιχη προϖιδε διστριβυτιον οϕ δατα ανδ τηε ρεθυιρεδ μεσσαγε 15πασσινγ. Τωο παραλλελισατιον τεχηνιθυεσ αρε υσεδ ηερε: νον−οϖερλαππινγ ανδ οϖερλαππινγ.Τηε βλοχκ−ροω δατα δεχομποσιτιον ωηιχη διϖιδεσ τηε ματριξ ηοριζονταλλψ ανδ ασσιγνσ τηεαδφαχεντ βλοχκσ οϕ ροωσ το τηε νειγηβουρινγ προχεσσορσ ισ υσεδ ιν βοτη μετηοδσ.4.3.1. Νον−οϖερλαππινγ αλγοριτημΙν τηισ μετηοδ χολλεχτιϖε χομμυνιχατιονσ αρε υσεδ το χολλεχτ τηε ϕιρστ ροωσ ϕρομπροχεσσορσ ανδ διστριβυτε τηε ροωσ βαχκ το τηε προχεσσορσ. Τηε τριανγυλατιον οϕ τηε ινιτιαλματριξ ρεθυιρεσ Ν αλγοριτημιχ στεπσ (κ =1,Ν) εαχη χονσιστσ οϕ τηε σεθυενχε οϕ τηεϕολλοωινγ οπερατιονσ:∞ ελιμινατε τηε ελεμεντσ οϕ τηε αχτυαλ χολυμν (τηισ στεπ ωιλλ βε ρεϕερρεδ το ασ Α)∞ τηε ∀μαστερ∀ προχεσσορ χολλεχτσ τηε ϕιρστ ροωσ ϕρομ τηε προχεσσορσ∞ ελιμινατε τηε ρεμαινινγ ελεμεντσ οϕ τηε χολυμν (τηισ στεπ ωιλλ βε ρεϕερρεδ το ασ Β)∞ διστριβυτε τηε ρεσυλτινγ ροωσ το τηε προχεσσορσΤηε βαχκ−συβστιτυτιον ισ χαρριεδ ουτ ον π προχεσσορσ ωηερε τηε λαστ προχεσσορ (π−1)συβστιτυτεσ ιτσ παραμετερσ ανδ βροαδχαστσ τηεμ το αλλ προχεσσορσ ανδ τηεν προχεσσορ π−2δοεσ τηε σαμε ανδ σο ον υντιλ προχεσσορ 0 χομπλετεσ ιτσ ωορκ ανδ ωριτεσ τηε ρεσυλτσ.Φιγυρε 4(α) σηοωσ τηε ΠΑΓ ϕορ τηε νον−οϖερλαππινγ μετηοδ ϕορ 4 προχεσσορσ εαχη ωιτη 2ροωσ, τηε ηασηεδ αρεασ ρεπρεσεντ χομπυτατιον, τηε εμπτψ αρεασ ρεπρεσεντ ιδλε προχεσσορσανδ τηε αρροωσ ρεπρεσεντ χομμυνιχατιον. Ιτ ισ ωορτη νοτινγ τηατ τηε νον−οϖερλαππινγαλγοριτημ υσεσ οπτιμισεδ χολλεχτιϖε χομμυνιχατιον μοδυλεσ. Τηε χομπυτατιοναλ παρτ οϕτηε παραλλελ αλγοριτημ χαν βε χαλχυλατεδ ϕρομ βλοχκσ οϕ Τελιμ(ροω,χολ,ψ,ξ). Τηε παραλλελεξεχυτιον τιμε δεριϖεδ ϕρομ τηε ΠΑΓ ισ γιϖεν βψ: T^{xp}(N,p) = T^{I/O}(N)+T^{cini}(p)+T^{initpipe}(N,p)+T^{pipe}(N,p)+T^{alone} (N,p)+

T^{substitution}(N)+T^{send} (N,p)(26)where Tinitpipe(N,p) is the initialisation time of the pipeline: 17

T^{initpipe}(N,p) = T^{elim}(0,0, Np ,N)+ T^{com}(8× (N +1),1)+T^{elim}(0,0,2,N) ( ) k=0 p− 2∑(27)Τηε τιμε ϕορ τηε ϕυλλ πιπελινε ισ:

Tpipe(N,p) = Telim(0,i, Np ,N)+Telim(0,i,2,N)+Tcom(8× (N − i),1)+Telim(0,i,2,N) i=1 N− N/ p∑ (28)Τηε ελιμινατιον τιμε ϕορ τηε δατα οϕ τηε λαστ προχεσσορ (π−1) ισ:

Talone (N,p) = Telim(i,N − Np

i=0N/ p∑ +i, Np ,N)(29)The communication time required for processor p-1 to send the results to processor 0 is:

Tsend (N,p) = Tcom(8× N,d0,p− 1)(30)4.5. Performance prediction and bottleneck analysis4.5.1 Performance PredictionsIn this section the performance predictions of both algorithms are compared and the bestalgorithm is selected for bottleneck analysis in the following sections. Table 4 and Figure5 show the execution times (in seconds) for both algorithms for different problems sizesand various number of processors.N\p1248163264128non_overlap(128)14.3611.296.615.185.959.9418.8238.15non_overlap(256)110.0984.564630.1627.8540.0771.07140.21non_overlap(512)862.38654.63341.92198.92149.27175.91283.83541.18pipeline(128)14.3611.276.133.562.311.751.591.73pipeline(256)110.0984.4944.0923.8813.848.926.726.02pipeline(512)862.38654.37334.31174.294.2554.4935.1726.26Table 4 - Execution time predictions for non-overlapped and pipeline Givens algorithms

18Processors Time, s11010010001248163264128nov(128)nov(256)nov(512)pip(128)pip(256)pip(512)Figure 5 - Execution time predictions for non-overlapped and pipeline Givens algorithmsFigure 5 shows that the pipeline algorithm provides much better performance andscalability than the non-overlapped algorithm, hence the optimised pipeline algorithm willbe selected for bottleneck analysis in the following sections.4.5.2. Comparison of measurements and predictions for the pipeline algorithmThe Givens linear solver algorithm was implemented on the Parsytec machine and theexecution times were measured to validate the predictions. The results of the predictionsand the measurements for various task sizes (128, 256 and 512 equations) and number ofprocessors are given in Table 5 and Figure 6.N\p1248163264128256512measured(128)14.1510.126.83.532.311.831.71.97measured(256)108.9176.4550.8324.12149.337.276.93measured(512)854.44593.74393.11177.595.5856.1937.5129.67predicted(128)14.3611.276.133.562.311.751.591.73predicted(256)110.0984.4944.0923.8813.848.926.726.026.6predicted(512)862.38654.37334.31174.294.2554.4935.1726.2623.7925.49Table 5 - Predictions and measurements for the pipeline Givens algorithm

19Processors

Time, s11010010001248163264128m(128)m(256)m(512)p(128)p(256)p(512)Figure 6 - Predictions and measurements for the pipeline Givens algorithmFigure 7 shows the absolute percentage differences between the predicted execution timesand the measurements for the optimised linear solver.Processors

% Difference024681012141618201248163264128128x128256x256512x512Figure 7 - The absolute percentage differences between the predictions and measurementsFigure 7 shows that the maximum absolute error between the predictions andmeasurements for the pipelined Givens linear solver is about 15%. A comparison between

20the measurements and predictions has been carried out on the non-overlapped algorithmand showed a maximun error of 12% [14].4.5.3. Comparison of the main execution time componentsTable 6 shows the execution time components (namely, processing, memory,communication and I/O times) for the pipeline Givens algorithm for 512 equationsN\p1248163264128256512Tproc(512)436.86329.35165.082.8741.7821.311.196.354.424.41Tmem(512)417.34314.29157.579.0939.8920.3410.684.244.244.23Ti/o(512)8.178.178.178.178.178.178.178.178.178.17Tcomm(512)02.543.554.064.394.665.135.646.958.67Table 6 - Execution time components for the pipeline Givens algorithmFigures 8 shows the percentage execution time components for the pipeline Givens linearsolver for 512 equations.1248163264128256512Processors0%10%20%30%40%50%60%70%80%90%100%

Time, %1248163264128256512ProcessorsTproc(512)Tmem(512)Ti/o(512)Tcom(512)Figure 8 - Percentages of execution time components for 512 equationsTable 7 shows the communication-computation, the memory-processing and the B-ratiosfor the execution time components (processing, memory, communication and I/O) for thelinear solver for 512 equations and different number of processors. The highlightedvalues are the maximum B-ratio (see equation 16). Figures 9 and 10 show a graphicalrepresentation of these ratios for 512 equations. Figure 9 shows that the communication-

21computation ratio exceeds unity after 512 processors indicating the start of acommunication bottleneck. The memory-processing ratio is constant throughout due tothe absence of a cache. This ratio will show the effect of a cache memory in systemswhere it exists.N\p1248163264128256512mpr(512)0.950.950.950.950.950.950.950.950.950.96ccr(512)00.0040.010.020.050.110.230.450.81Bproc(512)1.021.010.970.90.790.640.460.320.220.21Bmem(512)0.930.920.890.830.730.590.430.30.210.19Bcomm(512)00.0030.010.020.040.090.170.270.410.51Bi/o(512)0.010.0120.020.050.090.170.30.450.520.47Table 7 - mpr, ccr and B-ratios for processing, memory, communications and I/O for 512equationsProcessors0.0010.010.11101248163264128256512mpr(512)ccr(512)Figure 9. Communication-computation and memory-processing ratios for 512 equationsFigures 10 shows the B-ratios of the linear solver for 512 equations for various numbersof processors.

22Processors

B-ratio00.20.40.60.811.21248163264128256512Bproc(512)Bmem(512)Bcomm(512)Bi/o(512)Figure 10 - B-ratio for processing, memory, communication and I/O for 512 equationsAs can be seen from Figure 10 the I/O becomes a bottleneck after 128 processors whilethe CPU time is a bottleneck between 1 and 64 processors, for more than 512 processorsthe communication takes over. The optimal number of processors indicated by Table 10and Figure 10 using the min-max(B-ratio) is 128 processors. Figure 11 Shows the max(B-time) for 512 equations yielding the same optimal number of processors at 128.Processors

B-time (s)11010010001248163264128256512Figure 11 - The max(B-time) function for the parallel Givens algorithm for 512 equations

234.5.5. Breakdown of execution time componentsFigure 12 shows the breakdown of execution time components for 512 equations andvarious number of processors.1248163264128256512Processors0%20%40%60%80%100%

Time, %1248163264128256512ProcessorsTcst(512)Tcoll(512)Tdist(512)Tcini(512)Tout(512)Tinp(512)Tinmem(512)Texmem(512)Tfpu(512)Tcpu(512)Figure 12 - Percentages of execution time sub-components for 512 equationsThe breakdown of execution time components Figure 12 shows that within the processingtime the CPU is about 45% , the external memory is about 98% of the total memory time,the communication time is dominated by Tcst (communication between neighbours ateach stage) and Tdist (initial distribution of data ) and the I/O time is dominated by diskread 99%.5. SummaryIn this paper we present a methodology for optimising parallel algorithms usingcharacterisation based performance prediction [13] and bottleneck analysis. Thebottleneck analysis assumes that a bottleneck is caused by the slowest component of acomputing system. These components are: memory, processor, communication and I/O.Three dimensionless ratios are used to identify and quantify bottlenecks, these are: the B-ratio, the communication-computation ratio and the memory-processing ratio. A newperformance measure, B-time, is introduce which can be used to select the optimal

24number of processors. A "Processor Activity Graph" (PAG) has been introduced which isa useful graphical representation of the parallel system runtime behaviour. The PAG isused in the execution time prediction for both non-overlapping and overlappingalgorithms. A linear solver based on Givens rotations is selected as the application andparallelised using two different techniques on a distributed memory parallel computer(128 T800 Parsytec SuperCluster). The first is a non-overlapping algorithm usingcollective communication modules such as broadcast, distribution and collection. Thesecond is a pipeline (overlapping) algorithm which uses only simple point-to-pointcommunication between neighbouring processors. The two algorithms use the samecomputational modules which were identified and extracted from the sequential code. Weshow that the pipelining technique is superior to the non-overlapping technique oneachieving (for N=512) a maximum speedup of 30 for 128 processors. Whereas for thenon-overlapping technique the maximum speedup achieved was 4 at p=16. A bottleneckanalysis for the pipelined Givens linear solver algorithm is also provided and shows howthe bottleneck varies with different problem sizes and numbers of processors.AcknowledgementThis work is funded by the ESPRIT project 6942 (PEPS) - Performance Evaluation ofParallel Systems. The authors wish to thank Mr. Trevor Chambers and the ParallelSystems Group at Warwick University for the valuable discussions of this work.Bibliography1. S. Barnett. Matrices Methods and Applications, Clarendon Press, Oxford 1990.2. A. Basu, S. Srinivas, K. G. Kumar, A. Paulraj. A Model for Performance Prediction ofMessage Passing Multiprocessors Achieving Concurrency by Domain Decomposition.Proc. of the Joint Int. Conf. on Vector and Parallel Processing, (editor) Burkhart, H.,Lecture Notes in Computer Science, 457, 10-13 September, Zurich, Switzerland,Springer-Verlag, pp. 75--85, 1990.3. I. Bomans and D. Roose. Benchmarking the iPSC/2 Hypercube Multicomputer.Concurrency: Practice and Experience 1 (1), pp 3-18, 1989.4. F. Desprez, B. Tourancheau, J.J. Dongarra. LAPACK Working Note 67: PerformanceComplexity of LU Factorisation with Efficient Pipelining and Overlap on aMultiprocessor. University of Tennesse, Knoxville, March (1994), To be published inParallel Processing Letters

255. J.L. Gustafson. Computer Intensive Applications on Advanced Computer Applications,D .J. Evans, G. R. Jouber and H. Lidell (Editors), Parallel Computing, pp. 75-89, 1991.6. J. L. Hennessy and D. A. Patterson. Computer Architecture: A Quantitative Approach,Morgan Kaufmann Publishers, 1990.7. R. W. Hockney, C.R. Jesshop: Parallel Computers 2, Architectue, Programming andAlgorithms., Second edition, Institute of Physics Publishing, Bristol, 1988.8. J. K. Hollingsworth. Finding Bottlenecks in Large Scale Parallel Programs. PhDThesis, Dept. of Computer Science, University of Wisconsin-Madison, 1994.9. J. J. Modi. Parallel Algorithms and Matrix Computation, Clarendon press, 1988.10. M. G. Norman and P. Thanish. Models of Machines and Computation for Mapping inMulticomputers. ACM Computing Surveys, vol 25, no.3, September, pp 263-301,1993.11. R. H. Saavedra-Barrera, A. J. Smith, and E. Miya. Machine characterisation based onan abstract high-level language machine, IEEE Trans. on Computers 38 (12) (1989)1659-1679.12. C. Tron and B. Plateau. Modelling Communication in Parallel MachinesProc.Performance Evaluation of Parallel Systems, University of Warwick, UK, pp110-117, December 1993.13. M. J. Zemerly, D. J. Kerbyson, E. Papaefstathiou, R. Ziani., J. Papay, T. J. Athertonand G. R. Nudd. Characterising Computational Kernels to Predict Performance onParallel Systems. Proc. World Transputer Congress 94, Como, Italy, 5-7 September1994, pp.105-119.14. M. J. Zemerly, J. Papay and G. R. Nudd. Analysis of Bottlenecks. ESPRIT III PEPSProject (6942) Deliverable D5.4, University of Warwick, April 1995.