1 2

1

2

Abstract

1 In tro duction

In terlea v ed Con tractions

c oncurr ent

r etrieve

alter wiebe@cs.ru u.n l

mdr@dcs.wa rwic k.a c.uk

Wieb e v an der Ho ek and Maarten de Rijk e

Dept. of Computer Science, Utrec h t Univ ersit y

P .O. Bo x 80089, 3508 TB Utrec h t, the Netherlands

Dept. of Computer Science, Univ ersit y of W arwic k

Co v en try CV4 7AL, England

W e study an approac h to concurren t con tractions, that is, to sim ulta-

neous con tractions p erformed b y m ultiple agen ts. Using ideas from the

seman tics of programming w e adopt an in terlea v ed approac h to reason

ab out concurren t con tractions. Although man y of the notions from the

traditional G¨ ardenfors approac h transfer to this setting, our approac h

also forces us to depart from the G¨ ardenfors framew ork in imp ortan t

w a ys. W e presen t la ws describing rational concurren t con tractions, as

w ell as a construction that satisfies these la ws.

In real life concurren t accessing of data is the rule. Multiple agen ts are

w orking on the same theory

, and m ultiple copies of some data are k ept in

differen t lo cations. T ypical examples include scien tific researc h or writing a

join t-publication, and practical applications v ary from net w orks of p ersonal

computers and w orkstations sharing some common information to widely

distributed applications suc h as automatic teller mac hines. The primary

adv an tage of concurren t theory c hange as opp osed to single agen t theory

c hange is the abilit y to share, access and engineer data in an efficien t manner.

The primary disadv an tage is the added complexit y required to ensure prop er

co ordination b et w een the agen ts taking part.

In a m ulti-agen t setting, managing a b elief set is a task: not

only ma y sev eral agen ts information from one and the same source,

but it ma y also b e the case that m ultiple agen ts ha v e p ermission to a

database (the fligh t b o oking pro cedures are a t ypical example here). What

are sensible strategies for conflict resolution in case inconsistency strik es?

The task of main taining consistency in the setting of m ulti-agen t theory n

1

′

′

→

∼

2 General Set-up

T , ϕ T ,

T

ϕ

T

ϕ T

ϕ T T

ϕ T

T ϕ

ϕ

, exp ansions

c ontr actions

r evisions c hange is more complex than in the single agen t case, if only b ecause of the

man y p ossibilities that b ecome visible.

This pap er is part of a larger pro ject on concurren t theory c hange (see

[7 ]). Its purp ose is to demonstrate that concurren t theory c hange forms an

in teresting extension of the traditional G¨ ardenfors st yle approac h to w ards

theory c hange, one that has man y faces and that calls for new to ols. Here

w e will confine ourselv es to the simplest case in whic h a n um b er of agen ts

ha v e access to shared data. The data are c hanged via con tractions, whic h

ma y in principle b e prop osed b y an y one of the agen ts. W e will explore some

of the options and problems that presen t themselv es. A cen tral question of

this pap er is: assuming that m ultiple agen ts, eac h guided b y a familiar set

of rationalit y p ostulates, prop ose or p erform (single agen t) con tractions for

a shared theory

, — what are the la ws go v e rning the global con tractions?

The rest of the pap er is organized as follo ws. In Section 2 w e briefly

outline the general set-up. Section 3 con tains an informal discussion of con-

curren t con tractions, and Section 4 recalls some facts from the standard

G¨ ardenfors framew ork. Then, in Sections 5, 6 and 7 w e presen t our for-

mal approac h to concurren t con tractions, based on the idea of in terlea ving.

W e conclude the pap er with commen ts and suggestions for further w ork in

Section 8.

There ha v e b een man y prop osals to alter or extend the basic Alc hourr´ on,

G¨ ardenfors, Makinson (A

GM) framew ork of theory c hange (see [5 ] for an

o v erview), but most of the literature in the A

GM tradition fo cuses on a

single agen t c hanging a theory as she receiv es new information. The actions

of this solitary agen t are usually sp ecified in terms of functional input/output

b eha vior:

( ) (1)

where the input consists of a collection of sen tences (the material to b e

c hanged) and a sen tence (the newly receiv ed information), and the output

is a collection of sen tences (the result of the cognitiv e action). T radition-

ally

, three forms of theory c hange are considered: , where w e add

to and close under logical consequence; , where w e remo v e

from while preserving as m uc h of as p ossible; and , where

w e add to while main taining or restoring consistency

. In this pap er w e

c hange the format giv en in (1), and consider concurren t con tractions that

are sp ecified b y expressions of the form

.

.

.

(2)

1

1

1

1 1

1

1

1 n

n

n i i

n

n n

n

n

∼

∼

−

− −

•

• ∼

• ∼ −

−

heter o gene ous

which how

3 Wh y Con tract Concurren tly?

T

⃗

ϕ T

⃗

ϕ

T

n A

A T

A

T ϕ A T

ϕ A

T

T ϕ ϕ A

A

n A A

T or , where is as b efore, and is a v ector of form ulas to b e con tracted

from ; is the concurren t con traction action whose principles w e w an t to

understand. The basic assumption here is that there are agen ts , . . . ,

, eac h of whom prop oses or p erforms a con traction of in accordance

with her o wn con traction op eration. That is, prop oses or p erforms a

con traction of b y , . . . , prop oses or p erforms a con traction of

b y , where eac h agen t has her o wn con traction op eration . The

expression in (2) denotes the result(s) of an op eration on that is someho w

comp osed of con tractions of b y , . . . , p erformed b y , resp ectiv ely , ,

. . . , using their resp ectiv e con traction op erations , . . . , . The k ey

questions w e address are:

Ho w can w e mo del concurren t con tractions?

Whic h la ws go v ern the concurren t con traction op eration ?

Ho w can b e understo o d in terms of the single agen t op erations ,

. . . , ?

Belo w w e will explore concurren t con tractions. W e lea v e the m uc h more

complicated (and realistic) case of concurren t theory c hange

in whic h m ulti-agen t con tractions, revisions and expansions ma y tak e place

concurren tly to later publications.

Before pro ceeding w e giv e an informal discussion of concurren t con tractions.

As outlined ab o v e, our basic picture is one where agen ts , . . . ,

sim ultaneously w an t to remo v e information from a giv en bac kground theory

, that is: eac h agen t prop oses or p erforms a con traction, using her priv ate

con traction op eration.

T o giv e an example of concurren t theory c hange at w ork, one can think

of a patien t’s record in a medical database. V arious agen ts con tribute to the

theory con tained in the database: a family do ctor’s rep ort, v arious lab orato-

ries with their test results, sp ecialists with further information. . . . Clearly ,

it is imp ortan t that consistency b e preserv ed. One ma y conceptualize this

is b y p ersonifying consistency c hec king in terms of a c hec k e r that p erforms

consistency c hec ks at certain discrete in terv als. If the c hec k er detects an in-

consistency in the shared theory

, she rings the alarm b ell, asking the agen ts

to suggest con tractions that will help remo v e the inconsistency

. The agen ts

then p erform or suggest a con traction. Ha ving differen t areas of exp ertise,

the agen ts are lik ely to base their suggested con tractions on differen t no-

tions of whic h information is more reliable (or ‘epistemically en trenc hed’)

than other. In other w ords, when agen ts suggest a con traction for the shared

theory they suggest b oth information should b e giv en up, and i

−

− ⊆

∈ −

⊬ ∈ −

∈ ⊆ − ∪

⊢ ↔ − −

−

T

K

T ϕ T

T ϕ T

ϕ / T T ϕ T

ϕ ϕ / T ϕ

ϕ T T T ϕ ϕ

ϕ ψ T ϕ T ψ

T

n ϕ

T

4 La ws and Mo dels for Single Agen t Con tractions multiple c ontr actions

iter ate d b elief change

the ory b elief b ase

syntactic

semantic this should b e done in their opinion. Therefore, the global c hange that is

to b e made to the theory is in general comp osed out of a finite n um b er of

‘priv ate’ con tractions b eing p erformed concurren tly .

In the sp ecial case where all agen ts emplo y the same con traction func-

tion, there is a clear connection with the prop osed b y

F uhrmann and Hansson [3 ], and with forms of that

ha v e recen tly b een describ ed b y Lehmann and others (see [10 ]).

Ideas related to concurren t con traction also app ear in non-epistemic set-

tings. F or example, co-authoring and join t researc h are pro cesses in whic h

concurren t con tractions o ccur frequen tly . They seem esp ecially appropri-

ate when bugs or inconsistencies are disco v ered in cases where agen ts ha v e

sole resp onsibilities for certain parts of the w ork, and eac h author can p er-

form con tractions on the parts for whic h she holds resp onsibilit y . And of

course, in concurren t databases concurren t transactions o ccur all the time.

It is difficult, ho w ev er, to find pure cases of concurren t con tractions that are

substan tially differen t from the ab o v e ones.

In this section w e describ e the la ws go v erning the con traction op erations

of individual agen ts taking part in a concurren t con traction; as explained

ab o v e, w e assume that eac h agen t comes equipp ed with her o wn con traction

function. W e start with some tec hnical preliminaries.

Our bac kground language is simply prop ositional logic, equipp ed with a

classical consequence op erator Cn that satisfies all the usual prop erties (see

[4 ]). A is a set of form ulas that is closed under Cn; a

is a set of form ulas that needs not b e a theory

. In the A

GM tradition

there are t w o w a ys of reasoning ab out con traction functions, a

w a y whic h sp ecifies p ostulates that reasonable con traction functions should

satisfy

, and a w a y that defines con tractions functions ob eying those

la ws. Here’s a list of the standard A

GM p ostulates for con traction.

is a theory (logically closed) whenev er is (Closure)

(Inclusion)

If , then = (V acuit y)

If , then (Success)

If , then Cn(( ) ) (Reco v e ry)

If then = (Extensionalit y)

W e refer the reader to [4 , 5 ] for a discussion. The ab o v e la ws constrain

ho w con traction functions should op erate on a single, fixed theory .

But when agen ts eac h come up with a form ula to b e con tracted from

a theory , they should not only pro vide the system with a con traction

⋂ i

i

i

′

′ ′

′ ′

′ ′

− ∼

−

−

− ⊆

∈ \ − − ⊆ ⊆

⊬ ⊢

⊢ ↔ ⊆ − −

⊬ ∈ −

−

⊤ − ⊤

⊥

⊥

⊥ ⊥ ⊥

⊥ { } −

−

− ⊥

Definition 1 (P ostulates for single agen t con traction)

Prop osition 2

T

⃗

ϕ

T ϕ

ϕ

K T

T ϕ

T ϕ T

T ϕ T

ψ T T ϕ T T ϕ T T

T ϕ T , ψ ϕ

T ϕ ψ T T T ϕ T ψ

ϕ ϕ / T ϕ

ψ T ϕ

ψ T ϕ

T ϕ T ϕ

ϕ ψ

ϕ ψ

T T T

T ϕ

T ϕ

T s ϕ T ϕ

s T ϕ T ϕ T ϕ

s T ϕ T T

T ϕ T

ϕ T ϕ s T ϕ sets

If a c ontr action function satisfies the p ostulates of Defi-

nition 1, then, for any the ory and tautolo gy , we have .

one-plac e sele ction function

p artial me et

c ontr action function , but, since the actual implemen tation of ma y deal with

sev eral ‘in termediate’ results from whic h some of the ’s still ha v e to

b e con tracted, their con traction functions should indicate ho w to remo v e

from arbitrary theories.

Hansson [6 ] giv es a formal accoun t of con traction functions able to deal

with arbitrary theories. His approac h is form ulated in terms of b elief bases

rather than theories , and he moreo v er allo ws for con tractions with

of form ulas rather than single form ulas. W e reform ulate Hansson’s original

p ostulates for the ‘base/set’ case for the ‘theory/form ula’ case.

W e prop ose

the follo wing p ostulates for a single agen t con traction function that is

defined for an y theory and form ula :

is a theory (logically closed) whenev er is (Closure)

(Inclusion)

If ( ) then there exists with (Relev ance)

and , but

If for all subtheories , then = (Unifor-

mit y)

If , then (Success)

Relev ance ensures that if a form ula is excluded from when is rejected,

then pla ys a role in the fact that implies . Whereas Success ensures that

form ulas that should b e giv en up are in fact giv en up, Relev ance blo c ks the

deletion of form ulas that need not b e deleted. Uniformit y ensures that the

result of con tracting with dep ends only on the subsets of that imply ;

if all subsets deriv e a giv en form ula iff they deriv e , then con tracting with

either or pro duces the same result. Observ e that V acuit y is deriv able

from Inclusion and Relev ance.

In the setting of concurren t con tractions it ma y w ell b e that some agen ts

w an t to refrain from action. The next prop osition sho ws ho w w e can mimic

this situation.

=

The b est kno wn mo del of a con traction function in the A

GM theory is

partial meet con traction. It is defined as follo ws. Let denote the set

of maximal subsets of that fail to imply . A

for is a function suc h that for all form ulas , if is non-empt y ,

then ( ) is a non-empt y subset of . When is empt y ,

( ) = . Then, an op eration on a theory is a

if is the in tersection of the selected maximal subsets of

that fail to imply : = ( ).

1

1

−

⊥

′

′

⋂

⋂ ⋂

s T ϕ

s T , T ϕ

⊥ ⊥ ⊆ ⊥

−

−

−

⊥

⊥

⊬

⊥

⊥ ⊥ ̸∅

⊥ ⊥

⊬

∪

∈ ⊢ → − ∪ −

−

Theorem 3

Redundancy reform ulated.

Theorem 4 s

T T T s

T

i

s T

S ψ s T , S ψ S ψ

s T ϕ

s T , T ϕ T ϕ

s

s S ψ

S ψ ψ

ψ S s

S ψ

S ψ U χ ,

s S, S ψ s U, U χ .

T ϕ

Z T Z

ζ Z ζ ϕ T ϕ T Z ϕ

Note that the first argumen t of is still relev an t: when mo deling a con traction ,

w e calculate ( ( )).

A single agent c ontr a ction function satisfies the p ostula tes

of Definition 1 iff ther e exists a two-plac e d sele ction function with

, for any the ory and formula .

unifie d

r e dundancy

If a c ontr action function satisfies the p ostulat es of Defini-

tion 1, then it also satisfies r e dundancy.

One-place selection functions are sp ecific for a particular theory; if is

a one-place selection function for , and = , then is not a one-place

selection function for (see Hansson [6 ]). Selection functions that w ork

for arbitrary theories are obtained b y extending them with an additional

argumen t; th us w e will assume that eac h agen t is equipp ed with a t w o-

placed selection function , where, for eac h theory and set of theories

( ), w e ha v e ( ( )) ( ).

The follo wing result links up the p ostulates for with t w o-placed con-

traction functions; a pro of is giv en in the App endix.

=

( ( ))

No w that w e ha v e sho wn ho w an agen t’s con tractions can b e mo deled

using t w o-placed con traction functions , w e pause a momen t and reflect

up on the desired effects of the first argumen t of . Recall that

denotes all maximal sub-theories of that do not en tail (if ). When

con tracting from , the function should mak e a selection from these

sub-theories. This selection should principally reflect the agen t’s preferences

among the theories in ( ). Th us, if w e ha v e

( ) = ( ) =

it seems natural to require that

( ( )) = ( ( ))

In other w ords, the common parts of the selections agree whenev er p ossible.

Hansson calls a selection function with this prop ert y . When w orking

with b elief bases this prop ert y do esn’t come for free. Hansson comes up

with a condition on con traction functions called to c haracterize

unified partial meet con tractions. In our set up this redundancy principle

reads as follo ws:

Supp ose is a theory

, and . Supp ose

furthermore that is a set of form ulas, satisfying: (i) is a theory

, and

(ii) for all : . Then w e ha v e: = ( ) .

⋂

−

− ⊥

2

4

3

1

2 4 3 1

Theorem 5

s

T ϕ s T , T ϕ T ϕ

i i

T

T

i j

i

j

T

5 F rom Sequen tial to In terlea v ed Con tractions

A single agent c ontr a ction function satisfies the p ostula tes

of Definition 1 iff ther e exists a two-plac e d sele ction function with

, for any the ory and formula .

while another agent is stil l p erforming her

c ontr action

Theorem 4 (the pro of of whic h is to b e found in the App endix) guaran tees

that w e do not ha v e to add redundancy as a separate p ostulate, so that w e

can no w form ulate the main result of this Section; its pro of is giv en in the

App endix.

unified

= ( ( ))

In the sequel, w e will assume that selection functions are unified, and w e

will often suppress their first argumen t.

In man y mo dels of situations in whic h m ultiple agen ts need to access shared

resources, one finds a reduction to a sequen tial, non-deterministic sc heme.

Our mo del of concurren t con tractions will b e based on the same idea. T o

see ho w w e arriv e at our mo del, consider the follo wing diagram in whic h a

con traction b y a single agen t is depicted b y a line segmen t lab eled with .

Figure 1: Ov erlapping con tractions

It pictures ho w m ultiple agen ts migh t — in principle — act on a single theory

to p erform their individual con tractions as time progresses: their actions

migh t or migh t not o v erlap in arbitrary w a ys. But what do es it mean for an

agen t to start a con traction

? T o what should apply her selection function? What should

she act on, if not on the outcome of ’s actions? T o p erform a concurren t

con traction one should execute the individual single agen t con tractions, one

at a time. Th us, instead of Figure 1, Figure 2 seems to offer a m uc h more

realistic picture.

Figure 2: In terlea v ed con tractions

T o understand this situation, it ma y help to observ e that there is a

clear analogy with some forms of concurren t computation. Sp ecifically

, the

1

2 ϕ

ϕ

( )

− − − −

− ∼

− −

1 2 2 1

1

1 1 1 2

T ϕ ϕ T ϕ ϕ

T

T ϕ ϕ c on-

curr ency interle aving

se quenc es

al l situation is reminiscen t of the concurren t execution of sev eral indep enden t

programs on a single pro cessor (see e.g. [2]). In a p opular formal mo del

is represen ted b y . This means that parallel pro cesses

are nev er executed at precisely the same instan t, but tak e turns in execut-

ing atomic transitions. When one of the participating pro cesses executes an

atomic transition, the others are inactiv e. Th us, rather than input/output

pairs, execution of the atomic instructions of sequen tial pro cesses

are at the fo cus of atten tion. And rather than talk ab out input/output pairs,

one describ es prop erties of concurren t programs that hold under some or all

in terlea vings of the instructions. Let us briefly expand on this issue.

As parallel execution of sequen tial pro cesses is mo deled b y the non-

deterministic in terlea ving of atomic steps of the individual pro cesses in in-

terlea v ed mo dels of concurren t programs, a program starting in a giv en state

ma y follo w an y one of a n um b er of computation paths corresp onding to the

differen t non-deterministic c hoices the program migh t mak e. The differen t

computation paths th us represen t alternativ e p ossible ‘futures’: at eac h mo-

men t, time ma y split in to alternativ e courses and th us has a ‘branc hing’

tree-lik e structure. A seman tic theory of computations pro vides a formal

basis for describing or deducing prop erties of programs under p ossible

in terlea vings (see [2] for further details).

A similar concern is found in concurren t database theory

, where one

studies mec hanisms for con trolling the execution of sev eral transactions at

the same time. Here, one of the main in terests lies in describing all p os-

sible executions of transactions and in iden tifying serializable transactions,

that is: transactions that are equiv alen t in some sense to serial (consistency

preserving) database transactions (see [9 , Chapter 10] for an in tro ductory

o v erview).

In our setting of m ulti-agen t con tractions, w e tak e a similar in terlea v ed

approac h. Concurren t con tractions will b e view ed as (collections of ) se-

quences of ‘atomic’ single agen t con tractions that don’t o v erlap and that

don’t in terfere. This in terlea v ed approac h calls for new w a ys of thinking

ab out theory c hange. F or a start, if w e reduce concurren t con tractions to

non-deterministic sequen tial con tractions, instead of single one step con trac-

tions w e should b e considering collections of sequences of con tractions that

are organized in a tree as in Figure 3. But then, w e also ha v e to giv e up the

idea of concurren t con tractions as functions. F or, in general, ev en singleton

con tractions are not comm utativ e, that is: the iden tit y

( ) = ( )

is not univ ersally v alid (see [6 ] for a plausible coun terexample). Hence, ev en

in the case where w e only ha v e t w o agen ts that share the same con traction

op eration, sa y , the global concurren t con traction ma y ha v e

t w o in terlea ving executions leading to differen t results: ( ) and

1 2 1 1

−

− −

− − −

− −

i i

Z i i

i

i

i

1 1 1 1 2 2

1 1

n ϕ

n ϕ

n ϕ

n ϕ n ϕ

n ϕ

− −

≡ ≤ ⊢ ↔

≡ ≤ ⊢ ↔

⊤ ⊥ ⊤ ⊥

∼ ∝

−

∼ ∝

∼ ∝ ⊆

6 La ws for In terlea v ed Con tractions the

c oncurr ent

c ontr action function

Definition 6 (Basic p ostulates for in terlea v ed con tractions)

T

. . . . . .

T ϕ ϕ

⃗

ϕ

⃗

ψ

n

⃗

ϕ

⃗

ψ i n ϕ ψ

Z

⃗

ϕ

⃗

ψ i n Z ϕ ψ

⃗ ⃗ ⃗

ϕ χ/ϕ

i ϕ χ

T

⃗

ϕ T

⃗

ϕ S S

T

⃗

ϕ

T

n >

T T

⃗

ϕ S S

T

⃗

ϕ S S T

.

.

.

.

.

.

. . .

Figure 3: In terlea v ed con tractions

( ) . As a consequence, it mak es little sense to talk ab out

outcome of in terlea v ed con tractions. As a further consequence, w e ha v e to

abandon the idea that con tractions can b e sp ecified in terms of preconditions

and p ostconditions. Instead, w e need to reason ab out in termediate stages

of a concurren t con traction, as these clearly ha v e in ternal structure in the

in terlea v ed approac h.

By and large, theory c hange in the A

GM tradition has had t w o main con-

cerns: (1) Constrain ts and axioms that rational op erations of theory c hange

should satisfy; and (2) Explicit constructions of op erations of theory c hange

that satisfy those constrain ts or axioms. In our approac h to concurren t

theory c hange w e follo w the same strategy

. In particular, in this section

w e presen t a list of p ostulates that an y reasonable op eration of in terlea v ed

con traction should satisfy

. Then, in Section 7 b elo w, w e presen t a mo del for

in terlea v ed con tractions that satisfies these p ostulates.

W e first need some notation. Let and b e v ectors of form ulas of

length . W e write for ‘for all : ,’ and for a set of

form ulas , means that for all : . Sp ecial v ectors

are and , consisting only of the form ulas and , resp ectiv ely; [ ]

denotes the result of replacing the -th comp onen t b y . A

is a function that pro duces a set of theories when giv en

a theory and a v ector as input. Finally , w e write ( ) for ‘ is

a result of concurren tly con tracting with .’

Let

b e a set of form ulas, and let 1 b e a natural n um b er (the n um b er of

agen ts taking part). W e assume that eac h satisfies the p ostulates for

single agen t con traction giv en in Definition 1.

If is a theory and ( ) , then is also a theory (C-closure)

If ( ) then (C-inclusion)

′

′ ′ ′

′

′

′

′

′ ′

′ i

i

T

i i

j i i

i

i

i i i

i c ontent

form

either

or

∼ ∝ ∉ ∈

≤ ⊆ ⊆ ⊬

⊢

≡ ⊆

∼ ∝ ∼ ∝

≤ ⊬ ∼ ∝ ∈

̸⊤ ∼ ∝ −

≡ ∼ ∝ ∼ ∝

∼ ∝ ⇒

≡ ⊤

≤

⊆ ⊆ ≢ ⊤ −

∼ ∝ ⊤

T

⃗

ϕ S ψ S ψ T

T i n S T T T ϕ

T , ψ ϕ

⃗

ϕ

⃗

ψ T T

T

⃗

ϕ S T

⃗

ψ S

i n ϕ T

⃗

ϕ S ϕ / S

j i ϕ , T

⃗

ϕ S S T ϕ

ψ T

T

ψ T

T ϕ

⃗

ϕ

ψ

⃗

ψ

⃗

ϕ T

⃗

ψ T

⃗

ϕ

⃗

ψ T

⃗

ϕ S T

⃗

ψ S

T

⃗

ϕ S

T S

⃗

ϕ

⃗

S i i n

S S T ϕ S T ϕ

S

⃗

ψ S

⃗

ψ

⃗

ϕ /ϕ

Supp ose ( ) and , . Then there are (C-relev ance)

and suc h that , ,

and

If for all subtheories , (C-uniformit y)

then ( ) iff ( )

F or all , if and ( ) , then (C-success)

If for all = , w e ha v e = then ( ) iff = (Solo)

C-closure and C-inclusion are straigh tforw ard concurren t v ersions of

their single agen t coun terparts. C-Relev ance sa ys that for ev ery form ula

that is giv en up in a concurren t con traction from , there is an agen t

that is ‘resp onsible’ for this remo v al; according to the individual ob edience

to Relev ance, this agen t can determine a part of from whic h the form ula

he prop osed for con traction has indeed b een remo v ed, and in the pro cess of

doing this, had to b e giv en up. C-uniformit y sa ys that if no subtheory

of can distinguish an y comp onen t of from the corresp onding comp o-

nen t of , then concurren tly con tracting from cannot b e distinguished

from concurren tly con tracting from . This uniformit y p ostulate implies

the follo wing condition of C-extensionalit y:

If then ( ) iff = ( ) (C-extensionalit y)

It guaran tees that only the of the individual’s prop osal for con trac-

tion matters, not the actual . C-success guaran tees that, as long as

an agen t do es not prop ose to con tract a tautology

, her request for con trac-

tion will ha v e b een gran ted in eac h of the p ossible results. Th us, whereas

C-relev ance sa ys that eac h form ula that is giv en up in a concurren t con trac-

tion should b e due to one of the agen ts, C-success guaran tees that all of the

agen ts’ wishes will b e met as far as they are reasonable. Finally

, the Solo

p ostulate sho ws that in terlea v ed con tractions really builds on the individual

con traction strategies: when only one agen t comes up with a non-trivial

form ula to b e remo v ed, it will b e her strategy that determines the result of

the concurren t con traction.

The p ostulates in Definition 6 pro vide no means to reason ab out p os-

sible ‘in termediate’ results of in terlea v ed con tractions, and they certainly

don’t imp ose the condition that the concurren t con traction pro cess can b e

unra v eled in to successiv e single agen t con tractions. T o mak e up for this, w e

consider t w o further la ws: Decomp osition and Comp osition.

(Decomp osition)

( )

= and

there exist and with and

suc h that , =

and ( ) , where = [ ]

Theorem 7

′

′ ′

′

−

−

′ ′ ′

(1) (1) ( ) ( )

(1) (1) ( ) ( )

0 1

( ) ( )

1

0 1

+1 +1

( ) ( ) ( )

( ) ( )

+1

( ) i

i i i

i

i i

i i

i

f f f n f n

i

i

i

f f f n f n

i i

f i f i

i i

n

i

i

j j j j

f j f j f j

j

f j f j j

f j

⊤

̸⊤

−

∼ ∝ ⇐

≡ ⊤

≤

⊆ ⊆ ≢ ⊤ −

∼ ∝ ⊤

∼ −

−

⊤

⊤

∼ ∝ { }

· · · − · · · −

− ≤

≤ ∼

−

∼

−

∼ ∝

{ }

· · · − · · · −

−

⊆ ≤ ≤ ∼

−

∼ ∝ ∉ ∈ −

∈ ∉ − −

− ⊆ ⊆ ⊬

⃗

⃗

ϕ

⃗

T

⃗

ϕ S

T S

⃗

ϕ

⃗

S i i n

S S T ϕ S T ϕ

S

⃗

ψ S

⃗

ψ

⃗

ϕ /ϕ

T

⃗

ϕ T ϕ

⃗

ψ

⃗

ϕ T ϕ

S

⃗

ϕ T

⃗

ϕ

ϕ

⃗

ϕ

⃗

n

⃗

ϕ

T

⃗

ϕ S f , . . . , n

S T ϕ ϕ .

i n

T

⃗

ϕ S f

, . . . , n

S T ϕ ϕ .

T T T T ϕ i >

T T i n T

n T , T . . . T S

T

⃗

ϕ S, ϕ S, ψ T

j ψ T ψ T T T ϕ

T T ϕ T T T ϕ either

or

Assume that a set of individual c ontr action functions (

) and a c oncurr ent c ontr actio n ar e c onne cte d via the De c omp ositio n

and Comp osition laws. If al l the ’s satisfy the p ostulates fr om Definition

1, then satisfies al l the Concurr ent p ostulates fr om Definition 6.

Pr o of.

Decomp osition sa ys that concurren tly con tracting with is a v oid action

and that a concurren t con traction with = can b e decomp osed in an

individual con traction follo w ed b y another, y et simpler, concurren t con-

traction.

(Comp osition)

( )

= and

there exist and with and

suc h that , =

and ( ) , where = [ ]

Comp osition states that if one recursiv ely unra v els a concurren t con trac-

tion in to an individual con traction follo w ed b y a concurren t

con traction of a v ector (obtained from ) from the theory ( ), one

ends up with a theory that will b e a result of the initial concurren t con-

traction. Notice that the Solo p ostulate is a consequence of Decomp osition.

If w e think ab out in terlea ving con tractions in an algorithmic w a y , w e can

view the Comp osition and Decomp osition p ostulates as halting criteria: to

con tract from , try to turn all comp onen ts of in to the form ula b y

successiv ely con tracting with one after another un til equals .

Observ e that the conjunction of Decomp osition and Comp osition p ostu-

lates is equiv alen t to the follo wing statemen t; let b e the length of .

( ) iff there exists a p erm utation of 1 suc h that

= (( ( ) ) )

1

Supp ose all the ’s satisfy the p ostulates from Definition 1. As

p oin ted out ab o v e, w e ha v e that ( ) iff for some p erm utation of

1

= (( ( ) ) )

Let = and = , for 0. Note that, b y Inclusion, w e

ha v e (for 1 ). No w, satisfies C-closure trivially: if is a

theory then, b y applications of Closure, = are all theories.

C-inclusion follo ws similarly .

F or C-relev ance, supp ose all ’s satisfy Relev ance, and supp ose that

( ) . Since eac h satisfies Inclusion, there m ust b e

some suc h that , . Since = and

satisfies relev ance, w e find a with ,

′

1

1 1

Theorem 8

′ ′

′

′

−

′

′ ′ ′

′ ′ ′ ′

( )

0

(1) (1) ( ) ( ) (1) (1) ( ) ( )

1

0 1 +1 f j n

T

i i

i

f f f n f n f f f n f n

i

i k k i i n

j

m m

k k k i i k n

i i

i

i

i

i

i j

i

i

i

i j j

k i

i

⊢ ⊆ ⊆

∼

≡ ⊆

≤ ⊢ ↔ ∼ ∝

∼ ∝ −

− · · · − − · · · −

∼ ∝

⊬ ∼ ∝

∉ − ∉

∼

⊤

−

− ⊣

∼

− ∼

−

− ≤

≤ ∼

∼

−

⊤

⊤

∼ ∝ ⇔ −

∼

−

∼

∈ \ − ≤

− ⊆ ⊆ ⊬ ⊢

̸⊤

⊬ ⊢ − ⊆ ⊆

T , ψ ϕ S T T T T

⃗

ϕ

⃗

ψ T T

i n T ϕ ψ T

⃗

ϕ S

T

⃗

ψ S

S T ϕ ϕ T ψ ψ ,

T

⃗

ψ S

ϕ T

⃗

ϕ S i f k

ϕ T T ϕ ϕ T S

j i

ϕ k i f k

m k T T , m >

T T T . . . T , T T ϕ T . . . T S.

S T ϕ

i n

ϕ ⃗ v i, ϕ

ϕ i ⃗ v i, ϕ ϕ ⃗ v i, ϕ

, i j

T ⃗ v i, ϕ S S T ϕ

ψ T T ϕ j n T

T ⃗ v i, ϕ S T T T ⃗ v i, ϕ T , ψ ⃗ v i, ϕ

k i ⃗ v i, ϕ j i ⃗ v i, ϕ ϕ

T ϕ T , ψ ϕ T T ϕ T T tr ansfer

pr oje ction

Assume that a set of individual c ontr action functions (

) and a c oncurr ent c ontr action ar e c onne cte d via the De c omp osi-

tion and Comp osition laws. If satisfies the Concurr ent p ostulates fr om

Definition 6, then al l the ’s satisfy the p ostulates fr om Definition 1.

Pr o of.

and . Using Inclusion, w e see that = = .

F rom this w e can conclude that satisfies C-relev ance.

F or C-uniformit y , supp ose that for all subtheories . Th us,

for all , . Supp ose furthermore that ( ) : w e ha v e

to demonstrate that ( ) . But, since all the ’s satisfy Relev ance,

w e immediately see that

= ( ) ) ) = ( ) ) )

whic h pro v es that ( ) .

F or C-success, supp ose and ( ) . Let = ( ), then, b y

Success, = and, b y Inclusion, = .

Finally , w e pro v e that satisfies Solo: supp ose that for all = , w e

ha v e = . Let b e suc h that = ( ). Then, b y Prop osition 2, w e ha v e

for an y = , that = 0. Th us, w e ha v e

= = = = = = = = =

Th us, = .

Theorem 7 expresses a prop ert y: if w e define a concurren t con-

traction via Comp osition and Decomp osition using individual con tractions

, w e get the rationalit y p ostulates for if w e imp ose rationalit y p ostu-

lates on all the ’s. Theorem 8 expresses a principle going in

the con v erse direction.

1

W e note the follo wing. F or an y form ula , let ( ) b e the v ector

with at index , and with at all other places: ( ) = and ( ) =

= . Using the in terlea v ed con traction p ostulate Solo, w e immediately

obtain:

( ( )) = (3)

Equation (3) expresses that a single agen t con traction can b e mo deled b y

the m ultiple-agen t con traction, pro vided that all agen ts but one refrain from

acting. No w, let satisfy the prop erties of Definition 6. Then, using (3),

one easily reads off the prop erties Closure, Inclusion and Success from

C-closure, C-inclusion and C-success for , resp ectiv ely . F or Relev ance,

supp ose that ( ). Using C-relev ance, w e find a and a

with ( ( )) = suc h that ( ) and ( ) .

Since for all = , ( ) = , w e m ust ha v e = . Since ( ) = , w e

ha v e and for some with ( ) , expressing

⋂

′

′

′

′

′

′

′

′

′ ′ s

s s

s

s s s s s i i

T

i i

i

n

n

i

i i

1 1

1 1 1

1 1 2

1

0

0 sele ction system

initial state

7 A Mo del for In terlea v e d Con tractions

− − ⊢

↔ ⊆

≡

∼ ∝ ∼ ∝

− −

⊣

−

∼

− −

− − −

− − − −

∼ ∼

− −

∼

S T

• S

• T

T { | ∃ ∃ ⊥ }

T

ϕ ψ T T ⃗ v i, ϕ

⃗ v i, ϕ ⃗ v i, ψ

T ⃗ v i, ϕ S T ⃗ v i, ψ S.

T ϕ S T ψ

n > i

i s

, ,

, i ϕ s , ϕ .

that satisfies Relev ance. T o c hec k Uniformit y for , supp ose that

for all subtheories . By definition of ( ), w e immediately

see that ( ) ( ) so that C-uniformit y yields

( ( )) iff ( ( ))

Using (3) w e conclude that ( ) = = ( ), and this pro v es

Uniformit y .

Com bining Theorems 7 and 8 w e see that the Comp osition and De-

comp osition p ostulates prop erly link individual and concurren t con tractions

together: p ostulates for individual op erations are guaran teed b y imp osing

p ostulates on the concurren t one, and vice v ersa.

Requiring that single agen t con tractions and a concurren t con trac-

tion are related through Comp osition and Decomp osition is a non-trivial

requiremen t, ev en if the single agen t con tractions satisfy the p ostulates of

Definition 1, and the concurren t con traction satisfies the p ostulates of Def-

inition 6. The main reason is that the p ostulates for con traction don’t, in

general, uniquely pin do wn its actual implemen tation. One can ha v e differ-

en t single con tractions and satisfying the p ostulates of Definition 1

(for example, can b e a full meet con traction , and a partial meet

con traction). No w, assume that and are comp osed with , . . . ,

(all satisfying the p ostulates of Definition 1) in to and , resp ectiv ely ,

using Comp osition. Then, the single agen t con tractions , . . . , and the

concurren t con traction are not related via Comp osition and Decomp osi-

tion.

Let 1 b e the n um b er of agen ts. W e assume that for eac h , agen t

’s con traction function is defined using a selection function , as outlined

in Section 4. The mo dels w e are ab out to define are called selection sys-

tems; they are based on the selection functions con tributed b y the individual

agen ts. Roughly

, a selection system is a collection of comp ositions of single

agen t selection functions that satisfies certain constrain ts.

More precisely

, a ( ), in tended to represen t in ter-

lea v ed con tractions, is giv en b y the follo wing comp onen ts:

, a set of states. Eac h state is lab eled with a theory Th( ). These

are the theories that the theory of the Th( ) can ev olv e

in to b y applying sequences of single agen t con tractions. Tw o states

ma y b e lab eled with the same theory .

, a set of p ossible transitions built up from the individual agen ts’

single con traction:

= ( ) ( (Th( ) (Th( ) )) = Th( ))

⋂

′

′

′ ′

T

T

T

S S

S

S

Theorem 9

0 1

1 1 0

+1 +1

1

1

0

0

+1 +1

+1

+1

0

0

1

0

0 +1

( +1) ( ) s s s

s

s s s s

s

s s s

s s s

s

s s s

s

s s

s

s

s s s s

s s

s s

s

s

− − →

− →

∈ S

S T

∈ − →

S T

∼

≤

− →

∼

≤

− →

∼

S T ∼

∼

S T ∼ ∼

∼

− ≤ ≤

∼ ∝

⊥

{ }

∼ −

∼

∼ − i i,ϕ

i,ϕ

m

j

j i j i,ϕ

j

m

k

n

j j j i,ϕ

j

j j

j i,ϕ

j

n j j

n

i

f i i i

f i

n

i

i ϕ

, , σ , . . . ,

σ s ϕ

T n

⃗

ϕ ϕ ϕ

, ,

T

⃗

ϕ

T

σ

i n

σ

T

⃗

ϕ

σ i n σ

T

⃗

ϕ

, , T

⃗

ϕ

T

⃗

ϕ

, , T

⃗

ϕ T

⃗

ϕ

T

⃗

ϕ

s s s j n

S T

⃗

ϕ S S S

S T S s S , S ϕ f

, . . . , n S S suc c essor suc c essor

terminal choic e se quenc e

Initiation

Conse cution

T ermination

pr efix

length

Start

Tightness

F airness

mo del

pr op er choic e se quenc e

gen-

er ates a ful l sele ction system for and

L et b e a c oncurr ent c ontr action function, and a set of

single agent c ontr actions. Then satisfies the C-p ostulates fr om Defini-

tion 6, and and ar e r elate d via the Comp os ition and De c omp ositio n

Here is called a (or - ) of ; notation:

. F or tec hnical reasons w e will assume that all successor steps are

irreflexiv e: if then = .

A state is if it has no successors. A of

a selection system ( ) is a finite sequence : satisfying

the follo wing requiremen ts. First, the requiremen t sa ys the state

is the initial state of the selection system, that is: = . Second,

the requiremen t sa ys that for eac h pair of consecutiv e states ,

there is a selection function and a form ula suc h that .

(Observ e that t w o states ma y b e connected b y m ultiple transitions.) Finally ,

the requiremen t sa ys that the final state is a terminal state.

A is a sequence , . . . , satisfying the requiremen ts of initiation

and consecution, but not necessarily of termination. The of a prefix

is its n um b er of states.

Let b e a theory

, the n um b er of agen ts, and = ( , . . . , ) a

sequence of form ulas. Our next aim is to determine what it means for

a selection system = ( ) to mo del or represen t the in terlea v ed

con traction . W e will imp ose three constrain ts. First, the

constrain t sa ys that Th( ), the theory of the initial state, should equal .

Second, the constrain t requires that for ev ery c hoice sequence

in and ev ery there exists at most one pair of consecutiv e states

, in suc h that . In tuitiv ely , the tigh tness prop ert y sa ys

that no attempt is made to carry out a single agen t con traction in

t wice. Third, the constrain t sa ys that for ev ery c hoice sequence

in and ev ery there is a consecutiv e pair , in suc h that

. holds. The fairness prop ert y expresses that ev ery single agen t

con traction in will ev en tually b e carried out.

Let = ( ) b e a selection system. is called a for if

it satisfies the starting, tigh tness and fairness conditions for . Giv en a

mo del = ( ) for , a of is simply

a c hoice sequence in . What this definition b oils do wn to is that w e view

in terlea v ed con tractions as generators of prop er c hoice sequences.

T o b e able to express the connection b et w een concurren t con traction

functions and selection systems, w e sa y that a con traction function

if there are single agen t selection

functions , . . . , suc h that is defined in terms of (1 ), and

for all suc h that ( ) there exists a sequence , . . . , suc h

that = , = ( ( )), where is a p erm utation of

1 , and = .

i

∼

−

⋂

⋂

∼

∼

∼ −

∼ ∝

{ }

· · · − · · · −

−

−

−

⊥

⊥

∼

∼ ∝

⊥

−

−

∼

{ } −

∼ −

⊣

Theorems 3, 5

Characterization

Theorems 7, 8 Theorem 9 i

f f f n f n

i i

f i f i

f i

i

f i f i

i i

f i

i

f i i i

f i

i

f i i i

f i f i

f i

f i

i i

f i f i

n

i i

f i f i

i

T

⃗

ϕ

T

⃗

ϕ

S T

⃗

ϕ S

f n

S T ϕ ϕ .

S T S S ϕ

S ϕ

f i S S ϕ

S s S , S ϕ T

⃗

ϕ

T

⃗

ϕ

S, T

⃗

ϕ T

⃗

ϕ S

S T

S s S , S ϕ s

s

S S ϕ

S S

f , . . . , n S S ϕ laws fr om Se ction 6 iff, for every the ory and ve ctor of formulas ,

gener ates a ful l sele ction system for and .

Pr o of.

(1) (1) ( ) ( )

0 +1

( +1) ( +1)

( +1)

( +1) ( +1)

( )

+1

( +1) ( )

0

+1

( +1) ( ) ( +1)

( +1)

( +1)

+1

( +1) ( +1)

0

+1

( +1) ( +1)

Selection systems P ostulates for

Selection functions P ostulates for

Syn tax Seman tics

First, supp ose that satisfies the C-p ostulates of Definition 6, and

supp ose also that and are related via Comp osition and Decomp osition.

Let b e suc h that ( ) . Just as in the pro of of Theorem 7 w e find

a p erm utation of 1, . . . , suc h that

= (( ( ) ) )

No w, define = and = ( ). Theorem 8 guaran tees

that eac h individual con traction satisfies the p ostulates of Defini-

tion 1 and hence, w e ma y use one direction of Theorem 3 to conclude that

eac h con traction corresp onds to taking the in tersection of

the selection that agen t ( ) generates, using and , so that w e

ha v e = ( ( )). This pro v es that ev ery and

generate a full selection system.

F or the con v erse, supp ose that for ev ery and , the op erator gen-

erates a full selection function. Let and b e suc h that ( ) .

W e kno w that, seman tically

, this giv es rise to a sequence = and

= ( ( )), where eac h is a selection function.

No w, w e use the other direction of Theorem 3 to lift this seman tic result to a

syn tactic lev el: w e can asso ciate a single agen t con traction satisfying

the p ostulates of Definition 1 with eac h selection function , and w e

ma y write = ( ). Hence, b y an application of Theo-

rem 7 w e conclude that satisfies the C-p ostulates of Definition 6. Finally ,

b y observing that eac h sequence , . . . , in a full selection system deter-

mines a p erm utation of 1 suc h that = , it

follo ws that and are related via the Comp osition and Decomp osition

p ostulates.

With the ab o v e result w e can ‘complete the square’ in the follo wing

diagram:

T

⃗

ϕ ∼

•

•

•

8 Concluding Remarks

entr enchment systems

By w alking around the ab o v e diagram w e see that full selection systems are

a mo del for our p ostulates for in terlea v ed con traction, and an y full selection

system for and is giv en b y the p ostulates for .

W e ha v e sho wn that concurren t con tractions are w ell-b eha v ed in that they

satisfy a set of fairly transparen t rationalit y p ostulates. On the assumption

that all the underlying single agen ts con tract in a rational w a y , and that

concurrency is mo deled in an in terlea ving manner.

In the course of the pap er w e ha v e had to mak e explicit and alter some

of the assumptions underlying the A

GM approac h to theory c hange as they

seem no longer appropriate in our setting:

In our in terlea v ed setting theory c hange op erations need not b e func-

tional; they are alw a ys defined but they need not ha v e a unique out-

come. (A similar deviation from the A

GM assumptions in the con-

text of single agen t theory c hange is explored b y Lindstr¨ om and Ra-

bino witz [11 ].)

In our in terlea v ed setting theory c hange no longer is a one step op-

eration. Although theory c hange t ypically o ccurs in dynamic en vi-

ronmen ts in whic h agen ts ma y learn new information in a con tin uous

pro cess, the traditional A

GM framew ork consisten tly a v oids men tion-

ing iterations of its op erations. Recen tly a n um b er of authors ha v e

abandoned this assumption, and considered forms of iterated theory

c hange; see for example Lehmann [10 ] and Kfir-Daha v and T ennen-

holtz [8 ].

In our in terlea v ed setting theory c hange op erations ha v e in ternal struc-

ture, and they are no longer fully c haracterized b y their pre-conditions

and p ostconditions. In con trast, the traditional A

GM p ostulates ha v e

nothing to sa y ab out the in ternal mec hanisms b y whic h op erations of

theory c hange ac hiev e their goals.

T o form ulate it in a single sen tence, the reason that the ab o v e assumptions

are no longer v alid is that w e ha v e b een considering collections of sequences

of (single agen t, one-step) con tractions that are organized in a tree as in

Figure 3 ab o v e.

In our ongoing w ork w e consider alternativ e mo dels for in terlea v ed con-

tractions called that are based on comp ositions of

single agen t en trenc hmen t relations. One can pro v e a represen tation result

to the effect that ev ery selection system can b e represen ted as an en trenc h-

men t system, and vice v ersa.

⋂

⋂ ⋂

⋂

A Pro ofs

′

′

′ ′

′ ′

′ ′

′ T

1 2 1 2 1 1

2 2

1 1 1 2 2 2

Ac kno wledgmen ts.

Theorem 3. −

− ⊥

−

−

⊢

↔ ⊆ ⊥ ⊥

⊥ ⊥

⊬ ∉ ∈ ⊥ ∉

⊥ ∈ \ ⊥

∈ ⊥ ∉

⊆ ⊥ ⊢

−

−

⊥ ∈

{ } ∅

{ ∈ | − ⊆ } ⊥ ̸∅

∅ { }

̸∅

A c ontr actio n function satisfies the p ostulates of Defini-

tion 1 iff ther e exists a two-plac e d sele ction function such that, for any

the ory and formula ,

Pr o of.

s

T ϕ

T ϕ s T , T ϕ .

s

s

T

ϕ ψ T T T ϕ T ψ

s T , T ϕ s T , T ψ .

ϕ ϕ X X T ϕ ϕ

s T , T ϕ ψ T s T , T

ϕ T s T , T ϕ ψ T

s T T T ϕ T , ψ ϕ

T T ϕ T ϕ T

s T , T ϕ T s T , Θ Θ

s T , Θ

T , Θ

S Θ T θ S , Θ T θ θ

Θ ,

s s T , T

Θ s T , Θ Θ

T T Θ Θ T , Θ

T , Θ

s T , Θ Θ Θ s T , Θ .

Our future w ork rev olv es around the idea of using other mo dels of con-

currency than in terlea ving, and determining the effects this has on the p os-

tulates describing m ulti-agen t theory c hange.

Wieb e v an der Ho ek w as supp orted in part b y ES-

PRIT I I I BR W G pro ject No. 8319 ‘Mo delAge’.

Belo w w e giv e pro ofs for results that w ere stated without pro ofs in earlier

sections.

= ( ( ))

Let us first assume that is defined using a selection function : w e

sho w that satisfies the required p ostulates. The Closure and Inclusion

conditions follo w immediately from the definition of and the fact that

theories are closed under in tersection. Uniformit y follo ws b ecause if

for all subtheories , then ( ) = ( ) and hence

( ( )) = ( ( ))

Success is also clear: if , then for an y ( ), so

( )). As to the Relev ance p ostulate, supp ose ( (

)). Then, there m ust b e a ( ( )) with . By the definition

of , and, b y the definition of ( ) w e m ust ha v e .

Con v ersely

, let satisfy the p ostulates of Definition 1. F or an y theories

and and form ula suc h that = , w e ha v e to guaran tee that

( ( )) = . W e define ( ), with 2 as follo ws.

( ) := if =

if = ( ) = for some form ula

otherwise.

T o see that is a selection function, w e first observ e that ( ) =

and if = , then ( ) is a non-empt y subset of . It is also a function:

supp ose = and = . If ( ) is not a matc hing pair, then

neither is ( ) and w e ha v e

( ) = = = ( )

⋂

⋂

⋂

⋂

Theorem 4.

′

′ ′

′ ′

′ ′

′ ′

′ ′

′

′ ′

′ ′ ′ ′ ′

′

′

1 1 1 2 2 2

1 2 1 1 2 2

1 2 1 1 1

2 2 2

1 2 2 2

1 1 1

1 1 2 1 2

1 1 2 2

1 1 1 1 1

2 2 2

2 2

If a c ontr action function satisfies the p ostulates of Defini-

tion 1 it also satisfies r e dundancy.

Pr o of.

⊥ ⊥

⊥ ⊥

⊢ ∉ ⊥

∉ ⊥ ⊢

⊢ ↔ ⊇ ∈ ⊥

∈ ⊥ ⊢

⊢ ↔

− −

{ ∈ | − ⊆ }

{ ∈ | − ⊆ }

⊥ −

⊆ ⊥

∈ ∉

⊆ ⊆ ⊢ ⊬

⊇ ∈ ⊥ ∉

∉ −

∉

{ } ⊥ ⊥

⊆ ⊣

−

⊬

∪ ∈

⊢ → − ∪ − ⊆

∈ \

∉ ∈ ∈

∨ ¬ ∈ ∪ ∨ ¬ ∉

→ ∈ ∈ ∨ ¬ ∈

⊢ ∨ ¬ → ⊢ ∨ ¬ → → ⊢

∉

∪ − ⊆ ∈ ∪ −

∈ ∪ ⊢ →

∈ ∪ − ∈

⊆ ∪ − ∈ ∈ ∪ ∉ ∪ −

∪ − ⊆ ⊆ ∪

Θ T θ Θ T θ

θ θ T θ T θ T

T T T θ T T θ

T T θ T θ

T θ θ S T S T θ

S T θ S θ

T T T θ θ T T

T θ T θ

s T , Θ S Θ T θ S

S Θ T θ S

s T , Θ .

s T , T ϕ T T ϕ T

T s T , T ϕ

ϕ T ψ T S

T S T S , ψ ϕ S ϕ S

S S S T ϕ ψ S

ψ s T , T ϕ .

ϕ T

T T T s T , T ϕ s T , T

ϕ T

T ϕ Z

T Z ζ Z

ζ ϕ T ϕ T Z ϕ Z T

ζ Z T

ϕ T ϕ T ζ Z

ζ ϕ Z T ζ ϕ T

ϕ, ϕ ζ T ζ T ζ ϕ Z Z

ζ ϕ ϕ ζ ϕ ϕ ϕ ϕ

ϕ T

T Z ϕ T ψ T Z ϕ

ψ T Z ψ Z ψ ϕ

ϕ T Z ϕ ψ T

T T Z ϕ ψ T ψ T Z ψ T Z ϕ

U

T Z ϕ U T Z

Otherwise, w e ma y assume that = and = for

some form ulas and . Th us ( ) = ( ). Let b e an

arbitrary subtheory of = . If , w e ha v e ( ) and

hence ( ). Th us, w e ha v e either that and then also

, or some with ( ). The latter is imp ossible,

since it w ould yield ( ) and . This pro v es that for an y

subtheory of w e ha v e . By Uniformit y and = , w e

then ha v e = . F rom this w e immediately get

( ) =

=

= ( )

Finally , w e ha v e to sho w that ( ( )) = , whenev er = .

W e immediately ha v e ( ( )). F or the other inclusion, w e first

assume . Supp ose w e ha v e some . By Relev ance, w e find an

with , for whic h and . This can b e expanded

to an suc h that ( ) and . W e th us ha v e

( ( ))

Finally

, if , then b y V acuit y (whic h follo ws from Inclusion and Rele-

v ance), w e ha v e = and th us = ( ( )), so that ( (

)) .

Let b e a theory and supp ose . Supp ose furthermore that is

a set of form ulas, satisfying: (i) is a theory

, and (ii) for all :

. W e ha v e to pro v e: = ( ) . If the equation

holds trivially

, so let us assume the existence of a . W e no w first

sho w that : if w e w ould ha v e , w e reason as follo ws. Since ,

w e ha v e ( ) . But ( ) , since otherwise w e w ould ha v e,

b y that . Th us, ( ) . By definition of , w e

ha v e ( ) . Since (( ) ) ), w e w ould ha v e ,

con tradicting one of the premises. Th us, .

No w w e can pro v e that ( ) = . F or , supp ose ( ) .

By Inclusion, w e ha v e . If w ould b e in , w e w ould ha v e

and hence ( ) , con tradicting Success. Th us, . T o see that

also ( ) , let . Then . If ( ) , b y

Relev ance, w e find a with

( )

Theorem 5.

⋂

⋂ ⋂

⋂ ⋂

⋂ ⋂

⋂ ⋂

⋂ ⋂

⊢ ⊬

⊆ ∈ ⊢ ⊢

∈ ∪ − ⊣

−

− ⊥

− −

⊥ ⊥

⊥ ⊥ ⊥ ∅

⊥ ̸∅

⊥ ∩ ⊥

∈ \ ∉ ∉ ∈ ⊥

∉ ∈ ⊥

⊢ →

∈ \ ⇒ ⊢ →

⊆ ∈ ⊥ ⊬

⊆ ∈ ∩ ⊥

∈ ∩ ⊥ ⊬ \

⊢ ∈ ⊥

∈ ∈ ∩ ⊥ ⊢ ∉

∈ \ ⊢

⊥ ∩ ⊥

∩ ⊥ ∩ ⊥

∩ \ ∩ −

− −

∩ ∩ ⊥ ⊥

∩ ∩ ⊥ ⊥

∩ ∩ ⊥ ∩ ∩ ⊥

⊥ ⊥

⊣

A c ontr actio n function satisfies the p ostulates of Defini-

tion 1 iff ther e exists a two-plac e d unifie d sele ction function such that, for

any the ory and formula ,

Pr o of.

U, ψ ϕ U ϕ Z

U T ψ T U, ψ ϕ T ϕ

ψ T Z ϕ

s

T ϕ

T ϕ s T , T ϕ .

s

s

U ϕ V ψ .

s U, U ϕ s V , V ψ U ϕ

s U ϕ

U ϕ U V ϕ .

χ U V χ V χ Y Y V ψ

χ X X U ϕ χ

U ϕ χ ϕ

α U V α ϕ.

X U ϕ X ϕ

X V X U V ϕ

X U V ϕ X ϕ χ U X

X , χ ϕ X U ϕ

χ V X U V ϕ X , χ ϕ μ V

μ U V X , μ ϕ

V ψ U V ψ

U V ϕ U V ψ .

T U V Z U V U V ϕ

U ϕ s

s U V , U V ϕ s U, U ϕ .

s U V , U V ψ s V , V ψ

s U V , U V ϕ s U V , U V ψ ,

s U, U ϕ s V , V ψ and suc h that and . By the assumptions on , the latter

implies that . Since and w e ha v e — a p ossibilit y

w e already excluded. Th us, ( ) .

= ( ( ))

If is a selection function, b y Theorem 3 w e find a con traction func-

tion satisfying the p ostulates of Definition 1. Con v ersely

, supp ose

satisfies the p ostulates of Definition 1. By Prop osition 4 w e kno w that it

also satisfies redundancy . W e will sho w that the selection function whose

existence is guaran teed b y Theorem 3, is unified. T o do so, supp ose

( ) = ( ) (4)

W e ha v e to sho w that ( ( )) = ( ( )). If ( ) = ,

the conclusion follo ws from the definition of . So supp ose ( ) = . W e

will first argue that

( ) = (( ) ) (5)

Supp ose that . Then and hence for an y ( )

and, b y (4), for an y ( ). Since has b een remo v ed from

all maximal subsets of that do not en tail , w e m ust ha v e . Th us

(6)

T o pro v e the -direction of (5), supp ose ( ). Then and

b y (6) w e m ust also ha v e , and so (( ) ). Con v ersely ,

supp ose (( ) ). Then . Let b e an y form ula in .

If w e can sho w that , w e ma y conclude ( ). Firstly

, if

, then, since (( ) ), w e ha v e . If w e

ha v e , and b y (6), . This pro v es (5), and, b y a similar

argumen t, w e of course ha v e ( ) = (( ) ). Com bining this

with (4), w e get

(( ) ) = (( ) ) (7)

T aking = and = , Redundancy guaran tees that ( ) =

. Since is mo deled b y a selection function , w e ha v e

( (( ) )) = ( ( ))

Similarly

, ( ( ) ) = ( ( )). F rom (7) w e infer

( ( ) ) = ( ( ) )

so that w e can finally conclude that ( ( )) = ( ( )), as

required.

References

Journal

of Symb olic L o gic

Principles of Concurr ent and Distribute d Pr o gr amm ing

Journal of L o gic, L anguage and Information

Know le dge in Flux

Handb o o k of L o gic in AI and L o gic

Pr o gr amm ing, V ol IV

Journal of Philosophic al

L o gic

Pr o c e e dings T

ARK 96

Datab ase System Conc epts

Pr o c e e dings IJCAI 95

The L o gic of The ory Change

Synthese

[1] C.E. Alc hourr´ on, P

. G¨ ardenfors, and D. Makinson. On the logic of

theory c hange: partial meet con traction and revision functions.

, 50:510– 530 , 1985.

[2] M. Ben-Ari. .

Pren tice Hall, 1990.

[3] A. F uhrmann and S.-O. Hansson. A surv ey of m ultiple con tractions.

, 3:39–7 5, 1994.

[4] P

. G¨ ardenfors. . The MIT Press, 1988.

[5] P

. G¨ ardenfors and H. Rott. Belief revision. In D.M. Gabba y , C.J.

Hogger, and J.A. Robinson, eds,

, Oxford Univ ersit y Press, 1992.

[6] S.O. Hansson. Rev ersing the Levi iden tit y .

, 22:637 –66 9, 1993.

[7] W. v an der Ho ek and M. de Rijk e. Concurren t theory c hange.

Man uscript, CWI, Amsterdam, 1995.

[8] N.E. Kfir-Daha v and M. T ennenholtz. Multi-agen t b elief revision. In

, 1996, pages 175–194 .

[9] H.F. Korth and A. Silb ersc h w artz. .

McGra w-Hill, second edition, 1991.

[10] D. Lehmann. Belief revision, revised. In , 1995.

[11] S. Lindstr̈ om and W. Rabino wicz. Epistemic en trenc hmen t with in-

comparabilities and relational b elief revision. In A. F uhrmann and

M. Morreau, eds, , Springer, 1991.

[12] D. Makinson. Ho w to giv e it up: A surv ey of some formal asp ects of

the logic of theory c hange. , 62:347– 36 3, 1985.