Improved Compressions of

Cube-Connected Cycles Networks^�

Ralf Klasing

Department of Computer Science University of Warwick Coventry CV4 7AL, England

e-mail: rak@dcs.warwick.ac.uk

�This work was partially supported by EU ESPRIT Long Term Research Project ALCOM-IT under contract no. 20244.

Abstract

We present a new technique for the embedding of large cube-connected cycles networks (CCC) into smaller ones, a problem that arises when algorithms designed for an architecture of an ideal size are to be executed on an existing architecture of a fixed size. Using the new embedding strategy, we show that the CCC of dimension l can be embedded into the CCC of dimension k with dilation 1 and optimum load for any k, l ∈ IN, k ≥ 8, such that 5 3 + c_k < l k ≤ 2, c_k =

4k + 3 3 · 2^{2/3k}

, thus improving known results. Our embedding

technique also leads to improved dilation 1 embeddings in the case 3 2 < l k ≤ 5 3 + c_k .

Index Terms

Parallel computations, parallel architectures, interconnection networks, graph embedding, network simulation, cube-connected cycles network.

1 Introduction

Over the past few years, a lot of research has been done in the field of interconnection networks for parallel computer architectures (for an overview, cf. [19]). Much of the work has been focused on the capability of certain networks to simulate other network or algorithm structures, in order to execute parallel algorithms of a special structure efficiently on different processor networks (see e.g. [5, 17, 25]). One problem that is of specific interest in this context is that many existing algorithms are designed for arbitrarily large networks (see e.g. [19]), whereas, in practice, the processor network will be fixed and of smaller size. Thus, the larger network must be simulated in an efficient way on the smaller target network. There is an enormous literature on this problem (see e.g. [3, 8, 14, 15, 21, 23, 24, 26, 30]).

Customarily, the simulation problem is formalized as the emdedding problem of one graph in another (for a formal definition of the embedding problem, see Section 2). The “quality” of an embedding is measured by the parameters load, dilation, and congestion. The importance of the different parameters becomes apparent through the following result.

Proposition 1 [20]:

If there is an embedding of G into H with load ℓ, dilation d, and congestion c, then there is a simulation of G by H with slowdown O(ℓ + d + c).

As a consequence, the load ℓ, dilation d, and congestion c have been investigated for embeddings between many common network structures like hypercubes, binary trees, meshes, shuffle-exchange networks, deBruijn networks, cube-connected cycles, butterfly networks, etc. Most of the work was done on one-to-one embeddings (for an overview, see e.g. [25, 29]), but results on many-to-one embeddings can also be found (see e.g. [2, 6, 7, 9, 12, 13, 16, 18, 22, 26, 27]). In this paper, we focus on many-to-one embeddings of the cube-connected cycles network (CCC). The CCC was introduced as a network for parallel processing in [28]. It has fixed degree, small diameter, and good routing capabilities [19]. It can execute the important class of normal hypercube algorithms very efficiently (see e.g. [19]). In addition, there is also a strong structural relationship to the deBruijn, shuffle-exchange, and butterfly networks [1, 10]. Hence, the efficient implementation of algorithms on CCC networks (of fixed size) is of importance. According to Proposition 1, one way of executing algorithms designed for a CCC network of arbitrary size efficiently on a CCC network of realistic (fixed) size, is to find embeddings of large CCC’s into small CCC’s minimizing the parameters load, dilation, and congestion. In this paper, we focus on load and dilation. Using our embedding strategy, many important algorithms for large CCC’s can be implemented very efficiently on a CCC network of realistic size.

Many-to-one embeddings of the CCC network have been investigated in [2, 6, 12, 16, 27]. In [6, 12, 27], embeddings with optimum dilation and load are presented in the case of embedding CCC’s of dimension l into k where k|l. The authors also restrict themselves to special kinds of embeddings of a very regular structure, like coverings [6], homogeneous emulations [12], and homomorphisms [27]. Because of the very restricted nature, Bodlaender [6] and Peine [27] are also able to classify their embeddings completely. In [2], a general procedure is described for mapping parallel algorithms into parallel architectures. This procedure is applied to the CCC network achieving dilation 1, but very high load.

Also, only special kinds of embeddings, so-called contractions, are considered. In [16], the embedding problem for CCC’s is investigated taking into account general embedding functions and any possible network dimension. More precisely, it is proved that the cubeconnected cycles network of dimension l, CCC(l), can be embedded into CCC(k), l > k, with (a) dilation 2 and optimum load ⌈ l k · 2^{l−k} ⌉ . (b) dilation 1 and load ⌈ l k · 2^{l−k} ⌉ for l k ≥ 2, ⌈ 2p − 1 p · 2^{l−k} ⌉ for p ∈ {2, 3, . . .} such that 2p − 3 p − 1 < l k ≤ 2p − 1 p .

In this paper, we present a new technique for the embedding of large cube-connected cycles networks into smaller ones. Using the new embedding strategy, we show:

Let k, l ∈ IN, k ≥ 8, such that 5 3 + c_k < l k ≤ 2, c_k =

4k + 3 3 · 2^{2/3k}

. Then, there is

a dilation 1 embedding of CCC(l) into CCC(k) with load ⌈ l k · 2^{l−k} ⌉ . This is optimal, and improves the results from [16]. Our embedding technique also leads to improved dilation 1 embeddings in the case 3 2 < l k ≤ 5 3 + c_k .

The general strategy of the embeddings is the same as in [16], namely to map 2^{l−k} cycles in CCC(l) of length l onto one cycle in CCC(k) of length k and to allocate the nodes of the guest cycles as balancedly as possible on the host cycle. But in order to improve the results from [16], a completely different way of allocating the guest nodes on the host cycle is introduced.

The paper is organized as follows. Section 2 contains the definitions of the terms used in the paper. Section 3 presents the new embedding strategy. Section 4 presents the derived results. The Conclusion gives an outlook on further consequences of the new embedding technique.

2 Definitions

(Most of the terminology is taken from [19, 25].) For any graph G = (V, E), let V (G) = V denote the set of vertices of G, and E(G) = E denote the set of edges of G. Let ā denote the binary complement of a ∈ {0, 1}. For α = a_0a_1...a_{m−1} ∈ {0, 1}^m, let α(i) = a_0 . . . a_{i−1}ā_ia_{i+1} . . . a_{m−1}.

Cube-Connected Cycles Network. The (wrapped) cube-connected cycles network of dimension m, denoted by CCC(m), has vertex-set V_m = {0, 1, ..., m − 1} × {0, 1}^m, where {0, 1}^m denotes the set of length-m binary strings. For each vertex v = (i, α) ∈ V_m, i ∈ {0, 1, ..., m − 1}, α ∈ {0, 1}^m, we call i the level and α the position-within-level (PWL) string of v. The edges of CCC(m) are of two types: For each i ∈ {0, 1, ..., m − 1} and each α = a_0a_1...a_{m−1} ∈ {0, 1}^m, the vertex (i, α) on level i of CCC(m) is connected

• by a cycle-edge with vertex ((i + 1) mod m, α) on level (i + 1) mod m and

• by a cross-edge with vertex (i, α(i)) on level i.

For each α ∈ {0, 1}^m, the cycle (0, α) ↔ (1, α) ↔ . . . ↔ (m − 1, α) ↔ (0, α) of length m will be denoted by C_α(m) or C_α.

CCC(m) has m2^m nodes, 3m2^{m−1} edges and degree 3. An illustration of CCC(3) is shown in Figure 1.

Figure 1: The cube-connected cycles CCC(3)

Graph Embeddings. Let G and H be finite undirected graphs. An embedding of G into H is a mapping f from the nodes of G to the nodes of H. G is called the guest graph and H is called the host graph of the embedding f. The load of the embedding f is the maximum number of vertices of the guest graph G that are mapped to the same host graph vertex. [The optimum load achievable is the ratio ⌈|V (G)|/|V (H)|⌉ of the number of nodes in G and H.] The dilation of the embedding f is the maximum distance in the host between the images of adjacent guest nodes. A routing is a mapping r of G’s edges to paths in H, r(v_1, v_2) = a path from f(v_1) to f(v_2) in H. The congestion of the embedding f is the maximum number of edges that are routed through a single edge of H.

Lexicographic Orderings. Let Lex : {0, . . . , m − 1} × {0, 1}^n → IN_0, Lex(i, a_0 . . . a_{n−1}) = i2^n + a_02^{n−1} + a_12^{n−2} + . . . + a_{n−1}2^0 . Then, the lexicographic order on {0, 1, . . . , m − 1} × {0, 1}^n is defined by (i, α) < (j, β) ⇔ Lex(i, α) < Lex(j, β) , and the lexicographic distance between (i, α) and (j, β) is defined as |Lex(i, α)−Lex(j, β)| .

Balanced Allocations. Let a_1, b_1, a_2, b_2 ∈ IN_0 such that b_1 ≥ a_1, b_2 ≥ a_2, b_1 − a_1 ≥ b_2 − a_2. Let r ∈ IN. A function

d : {a_1, a_1 + 1, . . . , b_1} × {0, 1}^r → {a_2, a_2 + 1, . . . , b_2}

is called a balanced allocation of {a_1, . . . , b_1} × {0, 1}^r among {a_2, . . . , b_2} according to the lexicographic order on {a_1, . . . , b_1} × {0, 1}^r if d satisfies the following properties:

• d(a_1, 0^r) = a_2, d(b_1, 1^r) = b_2,

• d is monotonic nondecreasing in the lexicographic ordering of the arguments [i.e., d(i, β) ≤ d(i^′, β^′), if (i, β) ≤ (i^′, β^′) according to the lexicographic order on {a_1, . . . , b_1} × {0, 1}^r], • ⌈ b_1 − a_1 + 1 b_2 − a_2 + 1 · 2^r ⌉ − 1 ≤ |d^{−1}(j)| ≤ ⌈ b_1 − a_1 + 1 b_2 − a_2 + 1 · 2^r ⌉ for all j ∈ {a_2, . . . , b_2} .

[Note that such an allocation function d can always be constructed for the parameters a_1, b_1, a_2, b_2, r as above.]

3 The General Embedding Strategy

The basic idea of the embeddings presented here is to map 2^{l−k} cycles C_{α1} , C_{α2} , . . . , C_{α2l}�_k in CCC(l) of length l onto one cycle C_β of length k in CCC(k) and to allocate the l · 2^{l−k} nodes of C_{α1} , . . . , C_{α2l}�_k appropriately among the k nodes of C_β.

Formal Construction:

Consider numbers π(0), π(1), . . . , π(k − 1), where each π(i) ∈ {0, 1, . . . , l − 1}, and each π(i) < π(i + 1). Let π̄(0), π̄(1), . . . , π̄(l − k − 1) ∈ {0, 1, . . . , l − 1} \ {π(0), π(1), . . . , π(k − 1)} such that π̄(0) < π̄(1) < . . . < π̄(l − k − 1). [Note that {π(0), π(1), . . . , π(k − 1)} ˙∪ {π̄(0), π̄(1), . . . , π̄(l − k − 1)} = {0, 1, . . . , l − 1}.] Let a_{π(0)}, a_{π(1)}, . . . , a_{π(k−1)} ∈ {0, 1}. The cycles {C_{a0a1...al}�_1 | a_{π̄(0)}, a_{π̄(1)}, . . . , a_{π̄(l−k−1)} ∈ {0, 1}} of CCC(l) are mapped onto the cycle C_{aπ(0)aπ(1)...aπ(k}�_{1)} in CCC(k) such that the nodes 0, 1, . . . , l − 1 of each C_{a0a1...al}�_1 are allocated appropriately among the nodes of C_{aπ(0)aπ(1)...aπ(k}�_{1)} . The exact allocation of the nodes of {C_{a0a1...al}�_1 | a_{π̄(0)}, a_{π̄(1)}, . . . , a_{π̄(l−k−1)} ∈ {0, 1}} on C_{aπ(0)aπ(1)...aπ(k}�_{1)} is determined by an allocation function d : {0, 1, . . . , l − 1} × {0, 1}^{l−k} → {0, 1, . . . , k − 1} which specifies, for each node number ∈ {0, 1, . . . , l − 1} on the guest cycle C_{a0a1...al}�_1 and each cycle index a_{π̄(0)}a_{π̄(1)} . . . a_{π̄(l−k−1)}, the position on the host cycle C_{aπ(0)aπ(1)...aπ(k}�_{1)} . [On each host cycle C_{aπ(0)aπ(1)...aπ(k}�_{1)} , a_{π(0)}, a_{π(1)}, . . . , a_{π(k−1)} ∈ {0, 1}, the same allocation function is used.] Formally, the embedding f : V (CCC(l)) → V (CCC(k)) is of the form f(i, a_0a_1 . . . a_{l−1}) := (d(i, a_{π̄(0)} . . . a_{π̄(l−k−1)}), a_{π(0)} . . . a_{π(k−1)}) for all 0 ≤ i ≤ l − 1, a_0a_1 . . . a_{l−1} ∈ {0, 1}^l.

The load of f is determined by the allocation function d. Therefore, d should allocate the guest nodes as balancedly as possible on each host cycle. In the sequel, d will be chosen such that d(π(i), β) = i for all 0 ≤ i ≤ k − 1, β ∈ {0, 1}^{l−k}.

This guarantees that all the cross-edges (i, α) ↔ (i, α(i)), i ∈ {π(0), π(1), . . . , π(k − 1)}, of CCC(l) are mapped onto a corresponding cross-edge in CCC(k). All the other edges of CCC(l) are mapped onto a path on a single cycle C_β in CCC(k). So, in this case the dilation is directly dependent on the allocation d of the guest nodes on the host cycle and stands partly in contrast to the desired balancedness of the allocation as explained above.

For low dilation, the values of π(0), π(1), . . . , π(k − 1) should be allocated relatively balancedly among 0, 1, . . . , l − 1, and the nodes (i, a_0a_1 . . . a_{l−1}) and (j, b_0b_1 . . . b_{l−1}) of the cycles C_{α1} , C_{α2} , . . . , C_{α2l}�_k of CCC(l) with a small lexicographical distance between (i, a_{π̄(0)} . . . a_{π̄(l−k−1)}) and (j, b_{π̄(0)} . . . b_{π̄(l−k−1)}) should be mapped close together on the cycle C_β in CCC(k).

In [16], for 1 < l/k ≤ 2, it was shown that the values of π(0), π(1), . . . , π(k − 1) can be specified such that the following holds:

a) π(i + 1) − π(i) ≤ 2 for all 0 ≤ i < k − 1.

b) The nodes {(π(i), a_0a_1 . . . a_{l−1}) | a_{π̄(0)}, a_{π̄(1)}, . . . , a_{π̄(l−k−1)} ∈ {0, 1}} are mapped onto (i, a_{π(0)}a_{π(1)} . . . a_{π(k−1)}) for 0 ≤ i ≤ k − 1, a_{π(0)}, a_{π(1)}, . . . , a_{π(k−1)} ∈ {0, 1}. c) The nodes {(π̄(i), a_0a_1 . . . a_{l−1}) | 0 ≤ i ≤ l −k −1, a_{π̄(0)}, a_{π̄(1)}, . . . , a_{π̄(l−k−1)} ∈ {0, 1}} can be allocated balancedly in certain sections of the host cycle C_{aπ(0)aπ(1)...aπ(k}�_{1)} , a_{π(0)}, a_{π(1)}, . . . , a_{π(k−1)} ∈ {0, 1}, while maintaining dilation 1 at the same time.

Here, for 5 3 + c_k < l k ≤ 2, c_k =

4k + 3 3 · 2^{2/3k}

, we show that π(0), π(1), . . . , π(k − 1) can be specified such that the following holds:

a) π(i + 1) − π(i) ≤ 3 for all 0 ≤ i < k − 1.

b) The nodes {(π(i), a_0a_1 . . . a_{l−1}) | a_{π̄(0)}, a_{π̄(1)}, . . . , a_{π̄(l−k−1)} ∈ {0, 1}} are mapped onto (i, a_{π(0)}a_{π(1)} . . . a_{π(k−1)}) for 0 ≤ i ≤ k − 1, a_{π(0)}, a_{π(1)}, . . . , a_{π(k−1)} ∈ {0, 1}.

c) The nodes {(π̄(i), a_0a_1 . . . a_{l−1}) | 0 ≤ i ≤ l − k − 1, a_{π̄(0)}, a_{π̄(1)}, . . . , a_{π̄(l−k−1)} ∈ {0, 1}} can be allocated balancedly on the complete host cycle C_{aπ(0)aπ(1)...aπ(k}�_{1)} , a_{π(0)}, a_{π(1)}, . . . , a_{π(k−1)} ∈ {0, 1}, while maintaining dilation 1 at the same time.

The main new technical contribution will be to show that the guest nodes {(π(i) + 1, a_0a_1 . . . a_{l−1}), (π(i) + 2, a_0a_1 . . . a_{l−1}) | a_{π̄(0)}, a_{π̄(1)}, . . . , a_{π̄(l−k−1)} ∈ {0, 1}} can be allocated in an appropriate way among the host nodes {(j, a_{π(0)}a_{π(1)} . . . a_{π(k−1)}) | j ∈ {i − 1, i, i + 1, i + 2}} for 0 ≤ i < k − 1 such that π(i + 1) − π(i) = 3, while maintaining dilation 1 at the same time.

4 Improved Dilation 1 Embedding of the CCC

Theorem 1:

Let k, l ∈ IN, k ≥ 8, such that 5 3 + c_k < l k ≤ 2, c_k =

4k + 3 3 · 2^{2/3k}

. Then, there is

a dilation 1 embedding of CCC(l) into CCC(k) with load ⌈ l k · 2^{l−k} ⌉ .

Proof:

(A) l − k even

We show that the construction of Section 3 can be adapted to yield an embedding of CCC(l) into CCC(k) with dilation 1 and load ⌈ l k · 2^{l−k} ⌉ . For this, we specify the allocation d and the indices π(i) for the embedding f in the construction of Section 3.

For 0 ≤ i ≤ l − k 2 − 1, let

h(i) := ⌈ i · 2l l − k − 3k 2^{l−k} ⌉ + 1 .

[Then, h(0) = 1, h ( l − k 2 − 1 ) = l − 3 .] For 0 ≤ i ≤ l − k − 1, let

π̄(i) := h ( i 2 ) if i even, h (⌊ i 2 ⌋) + 1 if i odd. Let π(0), π(1), . . . , π(k − 1) ∈ {0, 1, . . . , l − 1} \ {π̄(0), π̄(1), . . . , π̄(l − k − 1)} such that π(0) < π(1) < . . . < π(k−1). [Note that {π(0), π(1), . . . , π(k−1)} ˙∪ {π̄(0), π̄(1), . . . , π̄(l− k − 1)} = {0, 1, . . . , l − 1}.] For the time being, we only construct the allocation d : {0, 1, . . . , l − 1} × {0, 1}^{l−k} → {0, 1, . . . , k − 1} partially, namely we specify d(i, β) for i ∈ {π(0), π(1), . . . , π(k − 1)}. Let

d(π(i), β) := i for all 0 ≤ i ≤ k − 1, β ∈ {0, 1}^{l−k}. (*)

[Later on, d(i, β) is specified for i ∈ {π̄(0), π̄(1), . . . , π̄(l − k − 1)}. For the moment, d(i, β) may have an arbitrary value for i ∈ {π̄(0), π̄(1), . . . , π̄(l − k − 1)}.] Now, the embedding f of CCC(l) into CCC(k) is defined as in the construction of Section 3: f(i, a_0a_1 . . . a_{l−1}) := (d(i, a_{π̄(0)} . . . a_{π̄(l−k−1)}), a_{π(0)} . . . a_{π(k−1)}) for all 0 ≤ i ≤ l − 1, a_0a_1 . . . a_{l−1} ∈ {0, 1}^l.

Note that (*) guarantees that all the cross-edges (i, α) ↔ (i, α(i)), i ∈ {π(0), π(1), . . . , π(k − 1)}, of CCC(l) are mapped onto a corresponding cross-edge in CCC(k) [see Claim A1 below]. Now, we construct d(i, β) for i ∈ {π̄(0), π̄(1), . . . , π̄(l−k−1)}. Let a_{π(0)}, a_{π(1)}, . . . , a_{π(k−1)} ∈ {0, 1}. For the time being, we allocate the guest nodes {(i, a_0a_1 . . . a_{l−1}) | i ∈ {π̄(0), π̄(1), . . . , π̄(l − k − 1)}, a_{π̄(0)}, a_{π̄(1)}, . . . , a_{π̄(l−k−1)} ∈ {0, 1}} balancedly on the host cycle C_{aπ(0)aπ(1)...aπ(k}�_{1)} according to the lexicographical order on {0, 1, . . . , l−1}×{0, 1}^{l−k}, i.e. we use an allocation function d̃ : {π̄(0), π̄(1), . . . , π̄(l − k − 1)} × {0, 1}^{l−k} → {0, 1, . . . , k − 1} such that • d̃(π̄(0), 0^{l−k}) = 0, d̃(π̄(l − k − 1), 1^{l−k}) = k − 1, • d̃ is monotonic nondecreasing in the lexicographic ordering of the arguments [i.e., d̃(i, β) ≤ d̃(i′, β′), if (i, β) ≤ (i′, β′) according to the lexicographical order on {0, 1, . . . , l − 1} × {0, 1}^{l−k}], • ⌈ l − k k · 2^{l−k} ⌉ − 1 ≤ |d̃^{−1}(j)| ≤ ⌈ l − k k · 2^{l−k} ⌉ for all j = 0, 1, . . . , k − 1.

[At this point, we are not concerned with the obtained dilation. We will see later on that the allocation d̃ can be changed into an allocation d : {π̄(0), π̄(1), . . . , π̄(l − k − 1)} × {0, 1}^{l−k} → {0, 1, . . . , k − 1} which guarantees dilation 1, while maintaining the balancedness of the allocation.]

Let r(i) := h(i) − 2i − 1 for all 0 ≤ i ≤ l − k 2 − 1. Then, according to Claim A2 below,

a) d̃(h(i) − 1, β) = r(i) for all 0 ≤ i ≤ l − k 2 − 1, β ∈ {0, 1}^{l−k}, b) d̃(h(i) + 2, β) = r(i) + 1 for all 0 ≤ i ≤ l − k 2 − 1, β ∈ {0, 1}^{l−k}. Also, according to Claim A3 below, a) r(i) − 1 ≤ d̃(h(i), β) ≤ d̃(h(i) + 1, β) ≤ r(i) + 2 for all 0 ≤ i ≤ l − k 2 − 1, β ∈ {0, 1}^{l−k}, b) |d̃^{−1}(r(i) − 1) ∩ {(h(i), β), (h(i) + 1, β) | β ∈ {0, 1}^{l−k}}| ≤ ⌈ l − k k · 2^{l−k} ⌉ − 1 for all 0 ≤ i ≤ l − k 2 − 1, c) |d̃^{−1}(r(i) + 2) ∩ {(h(i), β), (h(i) + 1, β) | β ∈ {0, 1}^{l−k}}| ≤ ⌈ l − k k · 2^{l−k} ⌉ − 1 for all 0 ≤ i ≤ l − k 2 − 1.

[As h(i) − 1, h(i) + 2 ∈ {π(0), π(1), . . . , π(k − 1)}, h(i), h(i) + 1 ∈ {π̄(0), π̄(1), . . . , π̄(l − k − 1)}, the dilation of the embedding f (using the allocation d̃ for d(i, β), i ∈ {π̄(0), π̄(1), . . . , π̄(l − k − 1)}) would be 2.]

Then, according to Claim A4 below, d̃ can be changed to an allocation d such that:

1.) Let 0 ≤ i ≤ l − k 2 − 1. For 1 ≤ j ≤ 4 , let n_j := |d^{−1}(r(i) − 2 + j) ∩ {(h(i), β), (h(i) + 1, β) | β ∈ {0, 1}^{l−k}}| , ñ_j := |d̃^{−1}(r(i) − 2 + j) ∩ {(h(i), β), (h(i) + 1, β) | β ∈ {0, 1}^{l−k}}| . Then,

n_1 = ñ_1 , n_2 ≤ max{ñ_2, ñ_1 + 1} if ñ_1 > 0 , n_2 = ñ_2 if ñ_1 = 0 , n_3 ≤ max{ñ_3, ñ_4 + 1} if ñ_4 > 0 , n_3 = ñ_3 if ñ_4 = 0 , n_4 = ñ_4 .

2.) For 0 ≤ i ≤ l − k 2 − 1, β = b_{π̄(0)}b_{π̄(1)} . . . b_{π̄(l−k−1)} ∈ {0, 1}^{l−k} : r(i) − 1 ≤ d(h(i), β) ≤ r(i) + 1, r(i) ≤ d(h(i) + 1, β) ≤ r(i) + 2, |d(h(i) + 1, β) − d(h(i), β)| ≤ 1, |d(h(i), b_{π̄(0)} . . . b_{π̄(l−k−1)}) −d(h(i), b_{π̄(0)} . . . b_{π̄(2i−1)}b̄_{π̄(2i)}b_{π̄(2i+1)} . . . b_{π̄(l−k−1)})| ≤ 1, |d(h(i) + 1, b_{π̄(0)} . . . b_{π̄(l−k−1)}) −d(h(i) + 1, b_{π̄(0)} . . . b_{π̄(2i)}b̄_{π̄(2i+1)}b_{π̄(2i+2)} . . . b_{π̄(l−k−1)})| ≤ 1.

It follows that the final embedding f (using the allocation d) has dilation 1 and load ⌈ l k · 2^{l−k} ⌉ . 2 Claim A1 :

The cross-edge (i, α) ↔ (i, α(i)), i = π(m), 0 ≤ m ≤ k − 1, of CCC(l) is mapped by f onto a cross-edge in CCC(k).

Proof of Claim A1 :

f maps (i, α) = (i, a_0a_1 . . . a_{l−1}) onto (d(i, a_{π̄(0)} . . . a_{π̄(l−k−1)}), a_{π(0)} . . . a_{π(k−1)}) and (i, α(i)) onto (d(i, a_{π̄(0)} . . . a_{π̄(l−k−1)}), a_{π(0)} . . . a_{π(m−1)}ā_{π(m)}a_{π(m+1)} . . . a_{π(k−1)}) .

From (*), d(i, a_{π̄(0)} . . . a_{π̄(l−k−1)}) = d(π(m), a_{π̄(0)} . . . a_{π̄(l−k−1)}) = m. Hence, there is a cross-edge in CCC(k) between the two image nodes of (i, α) and (i, α(i)).

Claim A2 :

a) d̃(h(i) − 1, β) = r(i) for all 0 ≤ i ≤ l − k 2 − 1, β ∈ {0, 1}^{l−k}, b) d̃(h(i) + 2, β) = r(i) + 1 for all 0 ≤ i ≤ l − k 2 − 1, β ∈ {0, 1}^{l−k}. Proof of Claim A2 :

Proof of a) :

First, notice that h(i) − 1 = π(r) for some r ∈ {0, 1, . . . , k − 1}. Hence, according to (*), it suffices to show that r(i) = r . For this purpose, observe that r = |{0, 1, . . . , h(i) − 1} ∩ {π(0), π(1), . . . , π(k − 1)}| − 1 = h(i) − 1 − |{0, 1, . . . , h(i) − 1} ∩ {π̄(0), π̄(1), . . . , π̄(l − k − 1)}| = h(i) − 1 − 2i = r(i) .

Proof of b) :

First, notice that h(i) + 2 = π(r) for some r ∈ {0, 1, . . . , k − 1}. Hence, according to (*), it suffices to show that

r(i) + 1 = r .

For this purpose, observe that r = |{0, 1, . . . , h(i) + 2} ∩ {π(0), π(1), . . . , π(k − 1)}| − 1 = h(i) + 2 − |{0, 1, . . . , h(i) + 2} ∩ {π̄(0), π̄(1), . . . , π̄(l − k − 1)}| = h(i) + 2 − (2i + 2) = h(i) − 2i = r(i) + 1 .

Claim A3 : a) r(i) − 1 ≤ d̃(h(i), β) for all 0 ≤ i ≤ l − k 2 − 1, β ∈ {0, 1}^{l−k}, |d̃^{−1}(r(i) − 1) ∩ {(h(i), β), (h(i) + 1, β) | β ∈ {0, 1}^{l−k}}| ≤ ⌈ l − k k · 2^{l−k} ⌉ − 1 for all 0 ≤ i ≤ l − k 2 − 1,

b) d̃(h(i) + 1, β) ≤ r(i) + 2 for all 0 ≤ i ≤ l − k 2 − 1, β ∈ {0, 1}^{l−k}, |d̃^{−1}(r(i) + 2) ∩ {(h(i), β), (h(i) + 1, β) | β ∈ {0, 1}^{l−k}}| ≤ ⌈ l − k k · 2^{l−k} ⌉ − 1 for all 0 ≤ i ≤ l − k 2 − 1.

Proof of Claim A3 :

Proof of a) :

The number of nodes in {(π̄(i), β) | 0 ≤ i ≤ l − k − 1, β ∈ {0, 1}^{l−k}} between (h(i), 0^{l−k}) and (π̄(l − k − 1), 1^{l−k}) in lexicographical order is (l − k − 2i) · 2^{l−k} . If this number does not exceed the minimal capacity (k−r(i)+1)· (⌈ l − k k · 2^{l−k} ⌉ − 1 )

of the nodes between r(i) − 1 and k − 1, then a) follows. Hence, we have to check that (l − k − 2i) · 2^{l−k} ≤ (k − r(i) + 1) · (⌈ l − k k · 2^{l−k} ⌉ − 1 ) . This is true, because

(k − r(i) + 1) · (⌈ l − k k · 2^{l−k} ⌉ − 1 )

= (k − h(i) + 2i + 2) · (⌈ l − k k · 2^{l−k} ⌉ − 1 )

= ( k − ⌈ i · 2l l − k − 3k 2^{l−k} ⌉ + 2i + 1 ) · (⌈ l − k k · 2^{l−k} ⌉ − 1 )

≥ ( k − ( i · 2l l − k − 3k 2^{l−k} ) + 2i ) · ( l − k k · 2^{l−k} − 1 )

= ( k − i · 2k l − k + 3k 2^{l−k} ) · ( l − k k · 2^{l−k} − 1 )

= (l − k − 2i) · 2^{l−k} + 3 · (l − k) ≥( 23 +c_k)·k −k + k l − k · 2i ≥0 − 3k 2^{l−k} l−k≥2/3k

≥ (l − k − 2i) · 2^{l−k} + k + k · 4k + 3 2^{2/3k} − 3k 2^{2/3k} ≥0 ≥ (l − k − 2i) · 2^{l−k} + k ≥ (l − k − 2i) · 2^{l−k} .

Proof of b) :

The number of nodes in {(π̄(i), β) | 0 ≤ i ≤ l − k − 1, β ∈ {0, 1}^{l−k}} between (h(0), 0^{l−k}) and (h(i) + 1, 1^{l−k}) in lexicographical order is (2i + 2) · 2^{l−k} . If this number does not exceed the minimal capacity (r(i) + 3) · (⌈ l − k k · 2^{l−k} ⌉ − 1 ) of the nodes between 0 and r(i) + 2, then b) follows. Hence, we have to check that

(2i + 2) · 2^{l−k} ≤ (r(i) + 3) · (⌈ l − k k · 2^{l−k} ⌉ − 1 ) . This is true, because

(r(i) + 3) · (⌈ l − k k · 2^{l−k} ⌉ − 1 )

= (h(i) − 2i + 2) · (⌈ l − k k · 2^{l−k} ⌉ − 1 )

= (⌈ i · 2l l − k − 3k 2^{l−k} ⌉ − 2i + 3 ) · (⌈ l − k k · 2^{l−k} ⌉ − 1 )

≥ ( i · 2l l − k − 3k 2^{l−k} − 2i + 3 ) · ( l − k k · 2^{l−k} − 1 )

= ( 2i + 3 · l − k k ≥ 23 +c_k

) · 2^{l−k} − 3 · (l − k) ≤k − k l − k · 2i ≤k + 3k 2^{l−k} ≥0 −3

≥ ( 2i + 3 · ( 2 3 + 4k + 3 3 · 2^{2/3k} 2/3k≤l−k

)) · 2^{l−k} − 4k − 3

≥ ( 2i + 3 · ( 2 3 + 4k + 3 3 · 2^{l−k} )) · 2^{l−k} − 4k − 3 = (2i + 2) · 2^{l−k} .

Claim A4 :

1.) Let 0 ≤ i ≤ l − k 2 − 1. For 1 ≤ j ≤ 4 , let n_j := |d^{−1}(r(i) − 2 + j) ∩ {(h(i), β), (h(i) + 1, β) | β ∈ {0, 1}^{l−k}}| , ñ_j := |d̃^{−1}(r(i) − 2 + j) ∩ {(h(i), β), (h(i) + 1, β) | β ∈ {0, 1}^{l−k}}| . Then,

n_1 = ñ_1 , n_2 ≤ max{ñ_2, ñ_1 + 1} if ñ_1 > 0 , n_2 = ñ_2 if ñ_1 = 0 , n_3 ≤ max{ñ_3, ñ_4 + 1} if ñ_4 > 0 , n_3 = ñ_3 if ñ_4 = 0 , n_4 = ñ_4 .

2.) For 0 ≤ i ≤ l − k 2 − 1, β = b_{π̄(0)}b_{π̄(1)} . . . b_{π̄(l−k−1)} ∈ {0, 1}^{l−k} : r(i) − 1 ≤ d(h(i), β) ≤ r(i) + 1, r(i) ≤ d(h(i) + 1, β) ≤ r(i) + 2, |d(h(i) + 1, β) − d(h(i), β)| ≤ 1, |d(h(i), b_{π̄(0)} . . . b_{π̄(l−k−1)}) −d(h(i), b_{π̄(0)} . . . b_{π̄(2i−1)}b̄_{π̄(2i)}b_{π̄(2i+1)} . . . b_{π̄(l−k−1)})| ≤ 1, |d(h(i) + 1, b_{π̄(0)} . . . b_{π̄(l−k−1)}) −d(h(i) + 1, b_{π̄(0)} . . . b_{π̄(2i)}b̄_{π̄(2i+1)}b_{π̄(2i+2)} . . . b_{π̄(l−k−1)})| ≤ 1.

Proof of Claim A4 :

Let n := l − k . d is constructed as follows:

a) Consider the following lexicographical numbering on {0, 1}^n:

Lex^1 : {0, 1}^n → IN_0 , Lex^1(b_0b_1 . . . b_{n−1}) = b_02^{n−1} + b_12^{n−2} + . . . + b_{2i−1}2^{n−2i} +b_{2i+2}2^{n−2i−1} + b_{2i+3}2^{n−2i−2} + . . . + b_{n−1}2^2 +b_{2i+1}2^1 + b_{2i}2^0 .

Now, define:

d(h(i), β) = r(i) − 1 for all β ∈ {0, 1}^n, 0 ≤ Lex^1(β) ≤ ñ_1 − 1, d(h(i) + 1, β) = r(i) for all β ∈ {0, 1}^n, 0 ≤ Lex^1(β) ≤ ñ_1 − 1. If ñ_1 odd: d(h(i), β) = r(i) for all β ∈ {0, 1}^n, Lex^1(β) = ñ_1.

b) Consider the following lexicographical numbering on {0, 1}^n:

Lex^2 : {0, 1}^n → IN_0 , Lex^2(b_0b_1 . . . b_{n−1}) = b_02^{n−1} + b_12^{n−2} + . . . + b_{2i−1}2^{n−2i} +b_{2i+2}2^{n−2i−1} + b_{2i+3}2^{n−2i−2} + . . . + b_{n−1}2^2 +b_{2i}2^1 + b_{2i+1}2^0 .

Now, define:

d(h(i), β) = r(i) + 2 for all β ∈ {0, 1}^n, 2^n − ñ_4 ≤ Lex^2(β) ≤ 2^n − 1, d(h(i) + 1, β) = r(i) + 1

for all β ∈ {0, 1}^n, 2^n − ñ_4 ≤ Lex^2(β) ≤ 2^n − 1. If ñ_4 odd: d(h(i), β) = r(i) + 1

for all β ∈ {0, 1}^n, Lex^2(β) = 2^n − ñ_4 − 1.

[Note that the definitions above are meaningful, because if we consider the lexicographical numbering

Lex^3(b_0b_1 . . . b_{2i−1}b_{2i+2} . . . b_{n−1}) = b_02^{n−3} + b_12^{n−4} + . . . + b_{2i−1}2^{n−2i−2} +b_{2i+2}2^{n−2i−3} + b_{2i+3}2^{n−2i−4} + . . . + b_{n−1}2^0

on {0, 1}^{n−2}, in the first case, we choose the first ⌈ñ_1 4 ⌉ bitstrings, and in the

second case, we choose the last ⌈ñ_4 4 ⌉ bitstrings. To guarantee that these bit-

strings are different, we have to check that ⌈ñ_1 4 ⌉ + ⌈ñ_4 4 ⌉ ≤ 2^{n−2} . But this is

true for l k > 5 3 . ] c) The nodes from {(h(i), β), (h(i) + 1, β) | β ∈ {0, 1}^n} which have not been assigned a value for d in a) and b) are assigned arbitrary values from {r(i), r(i)+ 1} such that the requirements for n_2 and n_3 are fulfilled.

From the definition of d, it follows immediately that d has the claimed properties 1.) and 2.) . 2

(B) l − k odd

We show that the construction of Section 3 can be adapted to yield an embedding of CCC(l) into CCC(k) with dilation 1 and load ⌈ l k · 2^{l−k} ⌉ . For this, we specify the allocation d and the indices π(i) for the embedding f in the construction of Section 3.

For 0 ≤ i ≤ l − k − 1 2 − 1, let

h(i) := ⌈ i · 2l l − k − 3k 2^{l−k} ⌉ + 1 .

[Then, h(0) = 1, h ( l − k − 1 2 − 1 ) ∈ {l − 6, l − 5}.] For 0 ≤ i ≤ l − k − 2, let

π̄(i) := h ( i 2 ) if i even, h (⌊ i 2 ⌋) + 1 if i odd. Let π̄(l − k − 1) := l − 2 .

Let π(0), π(1), . . . , π(k − 1) ∈ {0, 1, . . . , l − 1} \ {π̄(0), π̄(1), . . . , π̄(l − k − 1)} such that π(0) < π(1) < . . . < π(k−1). [Note that {π(0), π(1), . . . , π(k−1)} ˙∪ {π̄(0), π̄(1), . . . , π̄(l− k − 1)} = {0, 1, . . . , l − 1}.] For the time being, we only construct the allocation d : {0, 1, . . . , l − 1} × {0, 1}^{l−k} → {0, 1, . . . , k − 1} partially, namely we specify d(i, β) for i ∈ {π(0), π(1), . . . , π(k − 1)}. Let d(π(i), β) := i for all 0 ≤ i ≤ k − 1, β ∈ {0, 1}^{l−k}. (*)

[Later on, d(i, β) is specified for i ∈ {π̄(0), π̄(1), . . . , π̄(l − k − 1)}. For the moment, d(i, β) may have an arbitrary value for i ∈ {π̄(0), π̄(1), . . . , π̄(l − k − 1)}.] Now, the embedding f of CCC(l) into CCC(k) is defined as in the construction of Section 3: f(i, a_0a_1 . . . a_{l−1}) := (d(i, a_{π̄(0)} . . . a_{π̄(l−k−1)}), a_{π(0)} . . . a_{π(k−1)}) for all 0 ≤ i ≤ l − 1, a_0a_1 . . . a_{l−1} ∈ {0, 1}^l.

Note that (*) guarantees that all the cross-edges (i, α) ↔ (i, α(i)), i ∈ {π(0), π(1), . . . , π(k − 1)}, of CCC(l) are mapped onto a corresponding cross-edge in CCC(k) [see Claim B1 below]. Now, we construct d(i, β) for i ∈ {π̄(0), π̄(1), . . . , π̄(l−k−1)}. Let a_{π(0)}, a_{π(1)}, . . . , a_{π(k−1)} ∈ {0, 1}. For the time being, we allocate the guest nodes {(i, a_0a_1 . . . a_{l−1}) | i ∈ {π̄(0), π̄(1), . . . , π̄(l − k − 1)}, a_{π̄(0)}, a_{π̄(1)}, . . . , a_{π̄(l−k−1)} ∈ {0, 1}} balancedly on the host cycle C_{aπ(0)aπ(1)...aπ(k}�_{1)} according to the lexicographical order on {0, 1, . . . , l−1}×{0, 1}^{l−k}, i.e. we use an allocation function d̃ : {π̄(0), π̄(1), . . . , π̄(l − k − 1)} × {0, 1}^{l−k} → {0, 1, . . . , k − 1} such that • d̃(π̄(0), 0^{l−k}) = 0, d̃(π̄(l − k − 1), 1^{l−k}) = k − 1, • d̃ is monotonic nondecreasing in the lexicographic ordering of the arguments [i.e., d̃(i, β) ≤ d̃(i′, β′), if (i, β) ≤ (i′, β′) according to the lexicographical order on {0, 1, . . . , l − 1} × {0, 1}^{l−k}], • ⌈ l − k k · 2^{l−k} ⌉ − 1 ≤ |d̃^{−1}(j)| ≤ ⌈ l − k k · 2^{l−k} ⌉ for all j = 0, 1, . . . , k − 1.

[At this point, we are not concerned with the obtained dilation. We will see later on that the allocation d̃ can be changed into an allocation d : {π̄(0), π̄(1), . . . , π̄(l − k − 1)} × {0, 1}^{l−k} → {0, 1, . . . , k − 1} which guarantees dilation 1, while maintaining the balancedness of the allocation.]

Let r(i) := h(i) − 2i − 1 for all 0 ≤ i ≤ l − k − 1 2 − 1. Then, according to Claim B2 below,

a) d̃(h(i) − 1, β) = r(i) for all 0 ≤ i ≤ l − k − 1 2 − 1, β ∈ {0, 1}^{l−k}, b) d̃(h(i) + 2, β) = r(i) + 1 for all 0 ≤ i ≤ l − k − 1 2 − 1, β ∈ {0, 1}^{l−k}, c) d̃(π̄(l − k − 1) − 1, β) = k − 2 for all β ∈ {0, 1}^{l−k}, d) d̃(π̄(l − k − 1) + 1, β) = k − 1 for all β ∈ {0, 1}^{l−k}.

Also, according to Claim B3 below, a) r(i) − 1 ≤ d̃(h(i), β) ≤ d̃(h(i) + 1, β) ≤ r(i) + 2 for all 0 ≤ i ≤ l − k − 1 2 − 1, β ∈ {0, 1}^{l−k}, b) |d̃^{−1}(r(i) − 1) ∩ {(h(i), β), (h(i) + 1, β) | β ∈ {0, 1}^{l−k}}| ≤ ⌈ l − k k · 2^{l−k} ⌉ − 1 for all 0 ≤ i ≤ l − k − 1 2 − 1, c) |d̃^{−1}(r(i) + 2) ∩ {(h(i), β), (h(i) + 1, β) | β ∈ {0, 1}^{l−k}}| ≤ ⌈ l − k k · 2^{l−k} ⌉ − 1 for all 0 ≤ i ≤ l − k − 1 2 − 1, d) k − 2 ≤ d̃(π̄(l − k − 1), β) ≤ k − 1 for all β ∈ {0, 1}^{l−k}. [As h(i) − 1, h(i) + 2, π̄(l − k − 1) − 1, π̄(l − k − 1) + 1 ∈ {π(0), π(1), . . . , π(k − 1)}, h(i), h(i) + 1, π̄(l − k − 1) ∈ {π̄(0), π̄(1), . . . , π̄(l − k − 1)}, the dilation of the embedding f (using the allocation d̃ for d(i, β), i ∈ {π̄(0), π̄(1), . . . , π̄(l − k − 1)}) would be 2.] Then, according to Claim B4 below, d̃ can be changed to an allocation d such that:

1.) Let 0 ≤ i ≤ l − k − 1 2 − 1. For 1 ≤ j ≤ 4 , let n_j := |d^{−1}(r(i) − 2 + j) ∩ {(h(i), β), (h(i) + 1, β) | β ∈ {0, 1}^{l−k}}| , ñ_j := |d̃^{−1}(r(i) − 2 + j) ∩ {(h(i), β), (h(i) + 1, β) | β ∈ {0, 1}^{l−k}}| . Then,

n_1 = ñ_1 , n_2 ≤ max{ñ_2, ñ_1 + 1} if ñ_1 > 0 , n_2 = ñ_2 if ñ_1 = 0 , n_3 ≤ max{ñ_3, ñ_4 + 1} if ñ_4 > 0 , n_3 = ñ_3 if ñ_4 = 0 , n_4 = ñ_4 .

2.) For 0 ≤ i ≤ l − k − 1 2 − 1, β = b_{π̄(0)}b_{π̄(1)} . . . b_{π̄(l−k−1)} ∈ {0, 1}^{l−k} : r(i) − 1 ≤ d(h(i), β) ≤ r(i) + 1, r(i) ≤ d(h(i) + 1, β) ≤ r(i) + 2, |d(h(i) + 1, β) − d(h(i), β)| ≤ 1, |d(h(i), b_{π̄(0)} . . . b_{π̄(l−k−1)}) −d(h(i), b_{π̄(0)} . . . b_{π̄(2i−1)}b̄_{π̄(2i)}b_{π̄(2i+1)} . . . b_{π̄(l−k−1)})| ≤ 1, |d(h(i) + 1, b_{π̄(0)} . . . b_{π̄(l−k−1)}) −d(h(i) + 1, b_{π̄(0)} . . . b_{π̄(2i)}b̄_{π̄(2i+1)}b_{π̄(2i+2)} . . . b_{π̄(l−k−1)})| ≤ 1.

3.) For k − 2 ≤ j ≤ k − 1 : |d^{−1}(j) ∩ {(π̄(l − k − 1), β) | β ∈ {0, 1}^{l−k}}| = |d̃^{−1}(j) ∩ {(π̄(l − k − 1), β) | β ∈ {0, 1}^{l−k}}| . For β ∈ {0, 1}^{l−k} : k − 2 ≤ d(π̄(l − k − 1), β) ≤ k − 1. It follows that the final embedding f (using the allocation d) has dilation 1 and load ⌈ l k · 2^{l−k} ⌉ . 2 Claim B1 :

The cross-edge (i, α) ↔ (i, α(i)), i = π(m), 0 ≤ m ≤ k − 1, of CCC(l) is mapped by f onto a cross-edge in CCC(k).

Proof of Claim B1 :

Exactly like the proof of Claim A1.

Claim B2 :

a) d̃(h(i) − 1, β) = r(i) for all 0 ≤ i ≤ l − k − 1 2 − 1, β ∈ {0, 1}^{l−k}, b) d̃(h(i) + 2, β) = r(i) + 1 for all 0 ≤ i ≤ l − k − 1 2 − 1, β ∈ {0, 1}^{l−k}, c) d̃(π̄(l − k − 1) − 1, β) = k − 2 for all β ∈ {0, 1}^{l−k}, d) d̃(π̄(l − k − 1) + 1, β) = k − 1 for all β ∈ {0, 1}^{l−k}.

Proof of Claim B2 :

The proof of a) and b) is exactly like the proof of Claim A2. c) and d) follow directly from the fact that π̄(l − k − 1) − 1 = π(k − 2), π̄(l − k − 1) + 1 = π(k − 1) and from (*) .

Claim B3 : a) r(i) − 1 ≤ d̃(h(i), β) for all 0 ≤ i ≤ l − k − 1 2 − 1, β ∈ {0, 1}^{l−k}, |d̃^{−1}(r(i) − 1) ∩ {(h(i), β), (h(i) + 1, β) | β ∈ {0, 1}^{l−k}}| ≤ ⌈ l − k k · 2^{l−k} ⌉ − 1 for all 0 ≤ i ≤ l − k − 1 2 − 1, b) d̃(h(i) + 1, β) ≤ r(i) + 2 for all 0 ≤ i ≤ l − k − 1 2 − 1, β ∈ {0, 1}^{l−k}, |d̃^{−1}(r(i) + 2) ∩ {(h(i), β), (h(i) + 1, β) | β ∈ {0, 1}^{l−k}}| ≤ ⌈ l − k k · 2^{l−k} ⌉ − 1 for all 0 ≤ i ≤ l − k − 1 2 − 1, c) k − 2 ≤ d̃(π̄(l − k − 1), β) ≤ k − 1 for all β ∈ {0, 1}^{l−k}.

Proof of Claim B3 :

The proof of a) and b) is exactly like the proof of Claim A3. c) follows directly from the definition of d̃ (and from the fact that l k ≥ 5 3 ) .

Claim B4 :

1.) Let 0 ≤ i ≤ l − k − 1 2 − 1. For 1 ≤ j ≤ 4 , let n_j := |d^{−1}(r(i) − 2 + j) ∩ {(h(i), β), (h(i) + 1, β) | β ∈ {0, 1}^{l−k}}| , ñ_j := |d̃^{−1}(r(i) − 2 + j) ∩ {(h(i), β), (h(i) + 1, β) | β ∈ {0, 1}^{l−k}}| . Then,

n_1 = ñ_1 , n_2 ≤ max{ñ_2, ñ_1 + 1} if ñ_1 > 0 , n_2 = ñ_2 if ñ_1 = 0 , n_3 ≤ max{ñ_3, ñ_4 + 1} if ñ_4 > 0 , n_3 = ñ_3 if ñ_4 = 0 , n_4 = ñ_4 .

2.) For 0 ≤ i ≤ l − k − 1 2 − 1, β = b_{π̄(0)}b_{π̄(1)} . . . b_{π̄(l−k−1)} ∈ {0, 1}^{l−k} : r(i) − 1 ≤ d(h(i), β) ≤ r(i) + 1, r(i) ≤ d(h(i) + 1, β) ≤ r(i) + 2, |d(h(i) + 1, β) − d(h(i), β)| ≤ 1, |d(h(i), b_{π̄(0)} . . . b_{π̄(l−k−1)}) −d(h(i), b_{π̄(0)} . . . b_{π̄(2i−1)}b̄_{π̄(2i)}b_{π̄(2i+1)} . . . b_{π̄(l−k−1)})| ≤ 1, |d(h(i) + 1, b_{π̄(0)} . . . b_{π̄(l−k−1)}) −d(h(i) + 1, b_{π̄(0)} . . . b_{π̄(2i)}b̄_{π̄(2i+1)}b_{π̄(2i+2)} . . . b_{π̄(l−k−1)})| ≤ 1.

3.) For k − 2 ≤ j ≤ k − 1 : |d^{−1}(j) ∩ {(π̄(l − k − 1), β) | β ∈ {0, 1}^{l−k}}| = |d̃^{−1}(j) ∩ {(π̄(l − k − 1), β) | β ∈ {0, 1}^{l−k}}| .

For β ∈ {0, 1}^{l−k} : k − 2 ≤ d(π̄(l − k − 1), β) ≤ k − 1. Proof of Claim B4 :

The proof of 1.) and 2.) is exactly like the proof of Claim A4. For 3.), define d(π̄(l − k − 1), β) = d̃(π̄(l − k − 1), β) for all β ∈ {0, 1}^{l−k}. Then, the claimed properties in 3.) follow immediately from the corresponding properties of d̃. 2

5 Conclusion

In this paper, we have presented a new technique for the embedding of large cubeconnected cycles networks into smaller ones. Using the new embedding strategy, we showed:

Let k, l ∈ IN, k ≥ 8, such that 5 3 + c_k < l k ≤ 2, c_k =

4k + 3 3 · 2^{2/3k}

. Then, there is

a dilation 1 embedding of CCC(l) into CCC(k) with load ⌈ l k · 2^{l−k} ⌉ . This is optimal, and improves the results from [16]. In the case that l k · 2^{l−k} ∈ IN, the embedding technique can be adapted to yield an even stronger result:

Let k, l ∈ IN such that 5 3 < l k ≤ 2, l k · 2^{l−k} ∈ IN. Then, there is a dilation 1

embedding of CCC(l) into CCC(k) with load ⌈ l k · 2^{l−k} ⌉ .

The embedding technique can also be applied in the case 3 2 < l k ≤ 5 3 + c_k yielding:

1. Let k, l ∈ IN, k ≥ 8, such that 5 3 < l k ≤ 5 3 + c_k, c_k =

4k + 3 3 · 2^{2/3k}

. Then, there is a

dilation 1 embedding of CCC(l) into CCC(k) with load ⌈( 5 3 + c_k ) · 2^{l−k} ⌉ . 2. Let k, l ∈ IN such that 3 2 < l k < 5 3 . Let p ∈ {1, 2, . . .} such that 5p − 4 3p − 2 < l k ≤ 5p + 1 3p + 1

. Then, there is a dilation 1 embedding of CCC(l) into CCC(k) with load ⌈ 5p + 1 3p + 1 · 2^{l−k} ⌉ . This also improves results from [16].

Unfortunately, the new embedding technique does not lead to any improvement in the case 1 < l k ≤ 3 2 . Hence, it is still of interest to improve the load of the non-optimal

dilation 1 embeddings when 1 < l k ≤ 5 3 + c_k (or to prove their optimality). Finally, a further study should also consider the congestion of the embeddings.

References

[1] F. Annexstein, M. Baumslag, A.L. Rosenberg: Group action graphs and parallel architectures. SIAM Journal on Computing 19 (1990), 544–569.

[2] F. Berman, L. Snyder: On mapping parallel algorithms into parallel architectures.

Journal of Parallel and Distributed Computing 4 (1987), 439–458.

[3] S.N. Bhatt, J.-Y. Cai: Taking random walks to grow trees in hypercubes. Journal of the ACM 40 (1993), 741–764.

[4] S.N. Bhatt, F.R.K. Chung, F.T. Leighton, A.L. Rosenberg: Efficient embeddings of trees in hypercubes. SIAM Journal on Computing 21(1) (1992), 151–162.

[5] S.N. Bhatt, F.R.K. Chung, J.-W. Hong, F.T. Leighton, B. Obrenić, A.L. Rosenberg, E.J. Schwabe: Optimal Emulations by Butterfly-Like Networks. Journal of the ACM 43 (1996), 293–330.

[6] H.L. Bodlaender: The classification of coverings of processor networks. Journal of Parallel and Distributed Computing 6 (1989), 166–182.

[7] H.L. Bodlaender, J. van Leeuwen: Simulation of large networks on smaller networks.

Information and Control 71 (1986), 143–180.

[8] S.H. Bokhari: On the mapping problem. IEEE Transactions on Computers C-30 (1981), 207–214.

[9] M.-Y. Fang and W.-T. Chen: Embedding large binary trees to hypercube multiprocessors. Proc. International Conference on Parallel Processing, 1991, I:714–715.

[10] R. Feldmann, W. Unger: The Cube-Connected-Cycle is a subgraph of the Butterfly network. Parallel Processing Letters 2 (1992), 13–19.

[11] M.R. Fellows: Encoding graphs in graphs. Ph.D. Dissertation, University of California at San Diego, 1985.

[12] J.P. Fishburn, R.A. Finkel: Quotient networks. IEEE Transactions on Computers C- 31 (1982), 288–295.

[13] A.K. Gupta, S.E. Hambrusch: Embedding large tree machines into small ones.

Proc. 5th MIT Conference on Advanced Research in VLSI, 1988, 179–198.

[14] A. Heirich: A scalable diffusion algorithm for dynamic mapping and load balancing on networks of arbitrary topology. International Journal on Foundations of Computer Science 8 (1997), 329–346.

[15] S.J. Kim, J.C. Browne: A general approach to mapping of parallel computations upon multiprocessor architectures. Proc. International Conference on Parallel Processing, 1988, III:1–8.

[16] R. Klasing, R. Lüling, B. Monien: Compressing cube-connected cycles and butterfly networks. Proc. 2nd IEEE Symposium on Parallel and Distributed Processing (SPDP’90), 1990, 858–865. Networks, to appear.

[17] R.R. Koch, F.T. Leighton, B.M. Maggs, S.B. Rao, A.L. Rosenberg, E.J. Schwabe:

Work-preserving emulations of fixed-connection networks. Journal of the ACM, 44(1) (1997), 104–147.

[18] S.R. Kosaraju, M.J. Atallah: Optimal simulations between mesh-connected arrays of processors. Journal of the ACM 35 (1988), 635–650.

[19] F.T. Leighton: Introduction to Parallel Algorithms and Architectures: Arrays, Trees, Hypercubes. Morgan Kaufmann Publishers, San Mateo, California, 1992.

[20] F.T. Leighton, B.M. Maggs, S.B. Rao: Packet routing and job-shop scheduling in O(congestion + dilation) steps. Combinatorica 14 (1994), 167–186.

[21] F.T. Leighton, M.J. Newman, A.G. Ranade, E.J. Schwabe: Dynamic tree embeddings in butterflies and hypercubes. SIAM Journal on Computing 21 (1992), 639–654.

[22] Z. Miller, I.H. Sudborough: Compressing Grids into Small Hypercubes. Networks 24 (1994), 327–358.

[23] D.I. Moldovan, J.A.B. Fortes: Partitioning and mapping algorithms into fixed size systolic arrays. IEEE Transactions on Computers C-35 (1986), 1–12.

[24] B. Monien: Simulating binary trees on X-trees. Proc. 3rd ACM Symposium on Parallel Algorithms and Architectures (SPAA’91), 1991, 147–158.

[25] B. Monien, I.H. Sudborough: Embedding one Interconnection Network in Another.

Computing Supplementum 7 (1990), 257–282.

[26] P.A. Nelson, L. Snyder: Programming solutions to the algorithm contraction problem. Proc. International Conference on Parallel Processing, 1986, 258–261.

[27] R. Peine: Cayley-Graphen und Netzwerke. Master Thesis, Universität-GH Paderborn, Fachbereich 17 – Mathematik/Informatik, Germany, 1990.

[28] F.P. Preparata, J.E. Vuillemin: The cube-connected cycles: a versatile network for parallel computation. Communications of the ACM 24 (1981), 300–309.

[29] A.L. Rosenberg: Graph embeddings 1988: Recent breakthroughs, new directions.

Proc. 3rd Aegean Workshop on Computing (AWOC): VLSI Algorithms and Architectures, Lecture Notes in Computer Science 319, Springer-Verlag 1988, 160–169.

[30] V. Sarkar: Partitioning and Scheduling Parallel Programs for Multiprocessors. MIT Press, Cambridge, Massachusetts, 1989.