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Abstract—Multiplexing gain has been studied extensively in respectively A, do not necessarily occur during the same
the context of statistical characterizations of traffic streams with  time slot. We show analytically that deterministic multiplexing
guality-of-service criteria such as packet loss probability, mean gain can be achieved and propose a heuristic to maximize
delay, and delay variance. In this paper, we demonstrate that . . -
multiplexing gain can also arise in the context of deterministic the achlevable gain among a Set_ of Connectlons_. We present
traffic constraint functions, service curve scheduling, and quality- numerical examples of MPEG video traces which demon-
of-service requirements based on deterministic delay constraints. strate that substantial gains can be achieved. Unlike statistical
We show how to evaluate this multiplexing gain via the use of multiplexing gain, the deterministic multiplexing gain applies

deterministic network calculus for both worst-case and time- directly to the end-to-end case via the end-to-end convolved
averaged delay constraints. We show that significant multiplexing . It f h twork calculus th
gain can be achieved in a deterministic setting using numerical service curve result irom thé network calculus theory.

examples drawn from a number of well-known MPEG video The paper continues as follows: Section Il provides basic
traces. Our results have application to provisioning services with background in network calculus. Section 11l demonstrates how

tight, real-time constraints on end-to-end delay performance.  tg gbtain tight traffic constraint functions for multiplexed traf-
fic. Sections IV and V discuss multiplexing gain with respect
to worst case delay and time-averaged delay, respectively.

Current proposals for supporting network-level determinisection VI shows the results of our numerical experiments
tic quality-of-service (QoS) guarantees can be distinguishading different MPEG-4 trace files, and Section VIl offers
by scheduling policies, traffic regulation schemes, and tBeme conclusions and observations.
degree of multiplexing of individual connections or flows.

Some policies, such as IntServ [1], support traffic on a flow by Il. TRAFFIC ENVELOPES AND SERVICE CURVES

flow basis, while other policies, including DiffServ [2], require
that traffic from multiple flows be multiplexed together. De-
terministic QoS performance can be analyzed using netw
calculus theory (see [3][4]).

An important result of the network calculus theory und
F?Hn Ip;lu;na:?]re)lazasfrc;r;ﬁxs igm:g z;;e?jnctihgﬁzmmr:settl\i/o%im denoted byB and the output capacity df is assumed to be
elements, then the maximum delays incurred at each netwbrk 0'_ . ) )
element are not necessarily specific to a particular packet. Thig€finition 1: A function f : N — N with the property that
fact is referred to as the “pay bursts only once” phenomenon
[4]. In this theory, deterministic end-to-end delay results are AN - Al < flt-9) (V) 0ss<t, @
obtained by convolving service curves associated with nodgsa traffic constraint function or aanvelopeof A4 [5]. The
on the end-to-end path. relation betweemd and f will be denoted byA < f.

In the present paper, we develop a new concepti®f The expression (1) may be also written 4s< A * f, where

terministic multiplexing gainwhereby a greater number of 4 « f represents the convolution betwednand f, and (A *
connections can be admitted under a given deterministic delay ;) — inf (A(s) + f(t — s)) (V) ¢ > 0.
0<s<t -

constraint if they are_m_ultlplexe_d together_m one aggrega_lte_l_he tightest envelope afl is given by the so-callegm-
stream. Although statistical multiplexing gain with stochastic. . - .
traffic models has been well-studied, it is not obvious thﬁf”?al envelope{6] or minimal envelope process [.3] and is
multiplexing gains can be achieved with respect to determi efined ase4(t) = 22‘8(’4(3 +1) — A(s)). In practice, all
istic QoS constraints. Deterministic multiplexing gain magraffic constraint models try to approximate, through an
be explained intuitively as follows. The maximum delayenvelopef > ¢4. We will measure the accuracy of such
encountered by two packets from two input streams an approximation through the following metrid:(f,c4) =

I. INTRODUCTION

Consider a network elemerit, for example a switch or
Itiplexer, and an input arrival process specified by a non-
negative, non-decreasing functiot(-), where A(t) denotes
etlhe cumulative arrivals from tim® to time t. The process
A is usually called the arrival process. The output process is



ST 1f(t) —ea(t)| dt. Note thatA(f,e4) has the properties [1l. AGGREGATE ENVELOPE CONSTRUCTION

of a metric in an appropriate metric space. This section demonstrates how to construct an envelope for
In the following, we briefly review two well-known traffic 3 multiplexed stream, and derives some of its properties, which

envelope functions that have been discussed in the literatuigll be useful later in the paper. As the primary concern of

The affine model(c, p) is the simplest among the trafficthis section is represented by traffic envelopes, our analysis is

constraint functions [5]. It is defined a4t) = o + pt, where based on projections under min-plus algebra (for more details,

o > 0 represents the maximal allowable burst of the arrivgee [3]).

processA, while p > 0 represents the long term average rate of Consider a network element that consists of two arrival

A. The (@', p'),, model [6] has an envelope function define¢hannelsC;, C, and a schedule§. EachC; consists of an

by f(t) = min (0; + pit) Where0 < oy < ... < 0, and input arrival processd;, a traffic regulatorR;, and a regulated

i=1,n

0< pn < . < p1. arr?val process denoted by;. The empirical enve!opefi of
Besides the concept of traffic envelope, the concept bf 1S 9iven byer, (i) = 2&%(1(5 +1) —I(s)) and is usually
service curve[7] is necessary to derive performance resuligetermined experimentally. Lastly, the traffic regulafy is
in the deterministic network calculus. We will adopt here thgpecified through an approximationof , that is the envelope
definition from [3] SpecificaIIyS denotes a service curve fOffunctionfi of A;. Since the actual input& may not conform
an input arrival process! if B(t) > (A x S)(t) (V) t > 0. to ¢, they will have to go throughR; in order to yield a
In terms of implementation, the SCED (Service Curve-baseggulated outputd;.
Earliest Deadline first) [7] scheduling algorithm is designed to An important property of the envelope functions is ex-
guarantee service curves for the corresponding traffic flowssressed as follows:
Let us assume now that we have a setafonnections4;, Proposition 1: If A; < f; and A; < fs, then A, + Ay <
each with the envelopg; and the service curv8;. The next f; + fo.
theorem gives a sufficient condition that must be held by a Proof: Since theinf(-) functional is superadditive, the
number of traffic flows in order to be accepted by the CA@®llowing holds:oggt(Al(t—s)+f1(s)+A2(t—s)+f2(s)) >

(cc;_r;‘necrtlcr); fdrgsssu?r:fcontrol) component. oi<r§f<t(A1(t — )+ fils) + ogifq(’%(t —8) + fals)). -
eore ([&1r3]): “In view of the definition of a traffic envelope (1), we will
n show how to construct a better traffic envelope for + As
Z(fi *S;)(t) <ct (V) >0, (2) rather thanf; + f,. We now give some useful definitions
i=1 pertinent to our study.
then the SCED policy guarantees connectibnthe service A. Projections under the min-plus algebra
curve S; for any i = l,n.. . _ We denote byF the set of envelope functiods | f > 0}.
Also, a stronger condition than (2), that is Two operations are introduced of: f © g = min(f, g) and
. (f *9)(t) = min (f(t —s) +g(s)). DefineR" = {z € R
D Si(t) <et (V) t =0, (3) | 2> 0}U{oc}. On this set, two operations are introduced:
=1

a® B = min(a, f) anda® 8 = a+ (. The elements of are
is given in [8]. If condition (3) holds, we say that the set 0i;llso called vectors while the elementsﬁﬁ are called scalars.
connections satisfies the conditiddiP.X . We relate these sets with the operationsuch thato ® f =

=+
Suppose that the condition (2) holds and &t ¢ @+ (Y)a € R, f e F. The setF can be treated now
{1,2,...,n}. One may notice that it is not generally true tha®S @ mo.d.ulog£a vector space without inverse elements) over
the SCED policy can guarantee the service cuyyes; for the the semiring(R *, ®, ®). For two vectorsf, g € F, the scalar
_ _ _ i€T ~ projection off ontog is defined by( f, g) = sup(f(t)—g(t))™,
multiplexed connectior), A;. Motivated by this observation, t>0
. i€T where (z)* = sup{x,0}. The vector projection of onto g
we need the following definition for the rest of the paper: ;
ed the ! is denoted by(f,g) ® g.
Definition 2: Suppose that the condition (2)_ holdg. For a consider a generic input arrival proceds having the
subsetl’ C {1,2,...,n}, we say that the connection, i € T empjrical envelope:;. As it is usually hard to implement
may be multiplexed under conditiall P X, if the following directly a regulator for:;, we will give an upper(?,?)n

condition h0|d33((ZT fi) = (_ZT Si))(t) + %(fi *5i)(t) < ¢t gpproximation of it. Consider a subsfi, ..., g, } C F with
1€ € % — —

(V) ¢ > 0. Note that the other connections;, i ¢ T are 9i(t) = pit andpi > py > ... > py, = 0. The (o', p),
treated individually. envelope ofl is given by f = & ((¢1,9:) ® g;) .We call
In other words, if the conditions (2) antf P X+ hold for ‘
T C{1,2,..,n} thenthe .SCED p°"?y guarantees the Servic Recalling the metric\, we introduce arf —pseudo-nornon
curvesS; for the connectionsd; (V) i ¢ T, and the service : i _ -
. . the moduloidF, wheref € F: |le;|l, = A((er, ) ® f,er) =

curve > S;(-) for the multiplexed connectior} A;. 0 f

i€T ieT fo er, )@ f —eqldt,er € F

i=1
1,.-,gn} @ base characterizatioset of I.



B. (o, p)-envelopes as function of time. Since théo, p) model cannot capture

Let us suppose that the base characterization set§1fortr1§ property, we will generalize the previous results to the
I, are {g; = pit} and {g» = pst}, respectively. Letf; = (o, ), model. _
(er,,9)) @ g;i (V)i =1,2, and f = fi + f». Let C be the Consider two arrival channe(s; andC, with the base char-
aggregated arrival channél + C, and let] = I, + I,. One acterization sets{g,,...,gn} and {hs, ..., h,}, respectively,
may notice that the simplest way to constrdiris through With » > 1. The envelopeg and i corresponding taC;
f, while an alternative way to do it would be through= and Cs, respectively, are constructed as before. The envelope

(e1, + 1,091 + 92) ® (g1 + g2) (see Fig. 1). f%r the aggregated channél = C; + C, is given by f =
D ((er, +er,,9i +hi) @ (gi + ha)) .

x10’ . .
f 2

=1
o ! We now extend the definition of the norr| in the follow-

. ame, 45, ing way. For anygi, ...,gn € F, we definele||,, .=
n
. f 15 16D ({e1, 9:) ® gi) — 1| dt. The generalization of Propo-

=1
. sition 2 is the following:

’ Proposition 3:
\ - n
‘ e Slewed f2® (en +en,9i + hi) @ (g: + hi)) <
2 7,=1
0 1 2 3 4 5 6 7 8 n
° @(<€I1vgl>®g7+<6127h1>®h7) éf

i=1
Fig. 1. Two trace files
The proof is based on the following lemma:

Lemma 1:Let ¢1,...,9, € F and hq,....,h, € F two
The following two results reflect the properties of aggregaggquences OIL non-d%creasmg real functions suchgthath;

envelopef. ) (V) i. Then, @g; < Dhi.

_ Proposition 2: For f and f defined above, we have that Proof: ZL:elt " ;612. — sup{j | g;(t) < qi(t) (V) | =

Fsr T} andin — sup{j | hy(t) < m(t) (%) 1 = W
Proof: Since thesup{-}* functional is subadditive, we np and i, hup{g | hi(t) < u®) (V) ©

1,n}.
h~ave tha‘t<5h +Een,0 +92> < <€I1agl> + <612792>' Then, have the fOHOWInge_algl(t) = Yig (t) < gih(t) < hih(t) =
f=(n+ena+9)®@+g) < engn) @+ "

(€1,92) ®g2=fr+ fa=[. 5 | l@lhi(t)- ]
The intuition behind the fact that < f is that it is possible = Theorem 2 can be generalized as follows:
that the burst times of;, differ from the burst times of;,. Theorem 3:If |7, + 512Hgn+hn < e, o+ H%th 7

Hence, by aggregating; and Cs, the bursts of;, ande;, then

for the worst case delay of the aggregated flow That is,
the worst case delay fof' may be less than the minimumThe proof is omitted here. Note that the theorem’s condition

between the worst case delays@f and C,. ler, +enlly,on, < lenll,, + lenl,, gives a sufficient
Theorem 2:(le;, +enlly, 4y, < llenlly, + llenll,- condition in order to consider the envelope multiplexing of
Proof: We have that: C; andC, for the general case.
o0
/ ({er, +€1501 +92) @ (91 + g2) — (61, +€1,)) dt < [V. MULTIPLEXING GAIN UNDER WORSTCASE DELAY
0

I~ I~ Consider two regulated arrival processes As with A; <
/ (ler,, 91) @ g1 —ep, ) dt +/ ((e15,92) ® 92 —€1,)dt  f; and worst case delay; for any i = 1,2. Without loss of
0 0 generality, suppose thd{ < ds and assume that the condition

JF
= sup {en(®) —g1(t) +en(t) — g2()} " < (2) holds. The minimum service curve correspondingAto
- such that the server guarantees the defays S;(t) = f;((t—
sup {er, (1) - g} + sup {1, () — 92t} di)T) (V) i =1,2. [3] Z

S N i i . Let us suppose that the condition/ PX( 5, holds,

which is true because theip{-}* functional is subadditive. ¢ is S, + S, is a service curve ford — A +
B 4,. Also, let f, constructed as in the previous section,
C. Generalization be the envelope ofd. The worst case delay correspond-

A key feature of @, 1), envelopes is the ability to captureing to the multiplexed connectiod is simply: d =
the property that the arrival rate of a traffic stream decreas}@f;{d > 0] f@t) < Si(t+d)+S2(t+d) (V) t = 0} :



Proposition 4: In the current context, we have that< do.  S1(t) = 2t, S2(t) = 2t and the base characterization sets for
Proof: From Propositions 2 and 3 we have thdt) < A, and A, be {g:(t) = 2t}, respectively{g.(t) = 2t}. We
F1() + fa(t) < S1(t+da) + So(t+da) (V) t > 0. The result simply obtain the expressions for the corresponding envelopes

then follows immediately. B of A; andA; asfi(t) = 2¢+4 10, respectivelyfa(t) = 2t+10.

Informally, the above result states the following: Suppod#/e obtain that the worst case delays and d, that can
that we have a server that guarantees the worst case dddayguaranteed for the connectiods, respectivelyA,, are
dy for an inputA;. Although it may be impossible to acceptd; = 5 and d; = 5, respectively. Observe now that the
a new inputAs; requiring a worst case delags, it may be conditionM PX holds. Hence, the multiplexed inpyt; + A,
possible to acceptlz, but at the expense of a possibly higheis guaranteed the service curgét) = 4¢ (V) t > 0. On the
worst case delay fod,, if the inputs A; and A, are treated other hand, the envelope for the multiplexed input+ A,
as the multiplexed inputl := A; + A,. Also, note the fact is f(t) = 4t + 16. Now, sincef(t) < S(t+4) (V) t > 0, a
that the delayl for the multiplexed connectiod may be less worst case delay ot for packets from both4, and A, can
thand;! be guaranteed!

Definition 3 (Deterministic Multiplexing Gain)Assume

that we have a server and input connectionsA4;, each ) )
requiring a worst case delay. L&t be the maximum number ~FOr various network traffic, such as data transfer, one may

of connections accepted by a given CAC (see for exampfauest the required QoS parameter to be.the time-av_eraged
Equation (2)) when no multiplexing is done. L& be the delay, instead of the worst case delay. Motivated by this, we
maximum number of connections accepted by the CAC whéxtend the results from the previous section to time-averaged
multiplexing is done according to a partitidfl, } on a subset deéterministic multiplexing gain.

T of the connections as follows. The connectiotis € 7, L€t us denote the average arrival rate of thefprocéss
are multiplexed together and treated by the CAC as a singlé A = Jlim ;A(t).and the average delay by;,, =
aggregate connection with a worst case delay requiremﬁmtﬁm%fg ds(s)ds. One can show that

V. MULTIPLEXING GAIN UNDER TIME-AVERAGED DELAY

less than or equal to the minimum of the worst case delays ‘

for the connectionsd; € Tj. Multiplexing according to the df < lim 1 (f(s) = (A« S)(s))ds (5)
i ; p i o W9 = oo t

partition {7} } is called “good multiplexing” since the worst 0

case delay requirements of all connectiongirare satisfied.

- T 1 rt
Then, thedeterministic multiplexing gaiis defined as: Let us definef (f, 4, 5) = lim Jo (f ()= (Ax8)(s))ds.

M A simple analysis of(5) shows that if [7°(f(t) — (A x
G=—. (4)  S)(t))dt < oo, then Ad],, = 0; this is the intuitive case
The previous definition is similgrto the definition for statisticalvhen the arrival envelope and the output curve tend to each

multiplexing gain given in [9]. other asymptotically. If this is not the case, then we obtain
In general, the problem of finding a partition of the set dhat Ad{;vg < tlirgo (f(t) — (A% S)(t)).

connections to maximize the deterministic multiplexing gdin  Let us consider now two input connectiods and A, with

belongs to the class of NP-complete problems. We now gig@erage arrival rates of; and \,, respectively. Also, assume

a heuristic, calledd™¢, for this problem: that A, < f; and that the service curv§; are given for; =
Algorithm 1 (H¢): Loop among the connection$;, i = 1, 2. As in the previous section, the conditidf P X {; 5, must
1,---,n. Assume that before each stgpthere is a partition hold, while A represents the multiplexed connectidn+ As.

{T}} of the set{A,,...,A;_1}. At stepi, the connectiodd; Let f be the envelope oft constructed as in Section Ill and
is multiplexed sequentially with each sgf in the partition, let S := S; + S» be the service curve fod. Assume thatf;
and it is checked if this multiplexing is “good”. If yes, addbelongs to thea, p)-envelope model.
A; to the current sef}, and proceed to the algorithm’s next Proposition 5:In  the current context, we have that
step. If A; cannot be multiplexed in a “good” way with any #(/;4.5) - ( H(/1.41,51) H(f2,42,52) )
.. . . A1+ — A1 ’ A2

of the setsl},, create a new set consisting just4f, add this  "The' proof is omitted. Note that a similar result may be
set to the partition 7}, and then proc_eed to the next step. gptained if f; belong to the(o’, ), -envelope model. The

One may deduce that the computational complexity for thig,nsequence of the last result is exactly that of Proposition 4.
algorithm isO(n?). The main intuition behind this. algorith_m That is, by aggregating two connections, one likely obtains
can be expressed as follows: 4f; cannot be multiplexed in 5 gmaller time-averaged delay than the smallest between the

a “good” way with eitherTj, or T}, it is less likely that & {jme-averaged delays of the two flows, if those were obtained
“good multiplexing” can be realized with the s&t, UTy,.  ithout aggregation.

The following example shows a case when the worst case
delay for A is less than the minimum between the worst case VI. EXPERIMENTAL RESULTS
delay for the independent connectiods and A,. In other In this section, we consider several trace files for MPEG-4
words, a multiplexed gain off > 1 can be obtained. encoded videos with a duration of 1 hour and a rate of 25
Example 1l:Let ¢ = 4, ¢4, = {0,12,12,12} (e4,(0) = frames/sec (see [10]). The time unit in our analysis is-
0,...,e4,(3) = 12), and e4, = {0,8,12,16}. Also, let 40ms, and the data unit is 1 byte.




We conducted the experiments as follows. First, we took | Tre=file Avg. | #leaky | () | Worstease | Time-averaged

~. rate | buckets delay delay

tracesA; and computed the empirical envelopes. Second, Silence of the Lambs 876 |15 1500t | 4632 6924
for a givenn, we built a(a;, p;),, envelope for4;, denoted Medium quality (SLM)

b d d . S t ||| Th d . d . Mister Bean 920 (15 2000*t 5133 2647
y fi, as discussed in Section Ill. Third, we assigned various | yeium ity em)

service curvesS;(t) = ¢;t for the connections4; and set DieHard 11 3487 | 15 5000t | 10486 2362
the server capacity to be = > ¢;. Then, we computed the High quality (DHH)

delaysd; that could be guaranteed by the server for each |wunmaanovn || | [*° 2
A;. Finally, we aggregated all the connectiods into one SLM+MBM+DHH+VVM | 7021 | 15 11500t | 2853 2658
connectionA and computed th¢o’, '), envelopef of A.
Note that the condition\/ PX holds. We then computed the Fig. 3. Four trace files
guaranteed delay for A and compared it with the guaranteed
delaysd;.

Recall Fig. 1 which shows the corresponding empirical VIl. CONCLUSIONS

envelopes and ther, p) envelopes for two video traces. Fig. 2 We have shown that multiplexing gain can be achieved

r n n experiment involving the resul ined for thr L .
presents an experiment involving the results obtained for t |%ea deterministic network framework which involves traffic

trace files. . . :
envelope functions, service curves, and the SCED scheduling
algorithm. Our analysis is based on min-plus algebra. In partic-
Tracefile s | b [ 30 |t | e evereoed ular, multiplexing gain arises when projections are done after
Silenceof theLambs | 876 | 10 1500t | 4672 7720 multiplexing. In addition to worst-case delay as a deterministic
Medium quality (SLM) QoS parameter, we showed analytically that multiplexing gain
Jurassic Park | 1339 10 2500*t 2425 1352 . . -
Medium quality (JPM) can also be achieved with respect to' tl.m.e—avere.lged'delay.'We
Soccer 5533 | 10 7000t | 3890 1139 point out that the results for deterministic multiplexing gain
High Quality (SOH) obtained in this paper apply directly to the end-to-end case via
Shepweson TR | (e me [ the end-to-end service curve convolution results from network

calculus theory.

Using MPEG video traces, we presented numerical results
demonstrating that multiplexing gains could be achieved under
the worst-case delay criteria. We found that the (averaged)

Observe that the last row represents the actual multiplexg€lay bounds obtained for the multiplexed streams were signif-
stream. The most notable fact is that the bound for theantly smaller than those obtained for the individual streams
worst case delay under the multiplexed analysis dramaticalihen no multiplexing was done.
improves upon the bound for the worst case delay for the
independent connections. The same is true for the bound for REFERENCES
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