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Abstract

Symmetry of Information (SoI) [ZL70] is a fundamental theorem of classical Kolmogorov complex-
ity whose status for time-bounded computation is closely related to central open problems in complexity
theory and cryptography. In a recent development, [HMO26] showed that SoI fails for rKt complexity,
namely in the setting of randomized computation. By contrast, many basic properties of Kolmogorov
complexity are known to remain valid in the presence of nondeterminism [HLO26], suggesting that SoI
may provide a fruitful structural principle for exploring the relative power of randomness and nondeter-
minism in computation.

Our results reveal that the validity of SoI for nondeterministic computation, namely for nKt com-
plexity, is a subtle question connected to several frontiers. We show that symmetry of information holds
on average for randomized extensions of nKt, while its worst case validity would imply breakthrough
complexity separations. Although the standard cryptographic argument for asymmetry does not extend
to the nondeterministic setting, we provide evidence that information remains asymmetric in nondeter-
ministic computations. Among other results, we show that SoI would imply a collapse of exponential
time classes to low levels of the polynomial hierarchy.

Then, building on the work of [Hir22b, GK22, KK26, HMO26], we develop a general framework
connecting symmetry of information, meta-complexity, and explicit constructions in the nondeterminis-
tic setting. More precisely, we prove that suitable formulations of these three notions are quantitatively
equivalent. We apply different aspects of this correspondence to make progress on complexity lower
bounds and on the failure of SoI for nondeterministic computation. These consequences are uncondi-
tional and provide some of the strongest known lower bounds in meta-complexity.
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1 Introduction

1.1 Overview

1.1.1 Context and Motivation

An overarching goal in theoretical computer science is to understand the relative power of deterministic,
randomized, and nondeterministic computation. In addition to comparing the problems that these resources
can solve, one can seek structural principles that hold in one computational setting but fail in another. Such
principles offer a different lens on the separation and collapse questions at the heart of complexity theory.

The structural principle at the center of this work is Symmetry of Information (SoI), a fundamental
theorem of algorithmic information theory [ZL70]. This result states that for all n-bit strings x and y,

K(x, y) = K(x) + K(y | x)±O(log n) = K(y) + K(x | y)±O(log n),

where K(z) denotes the Kolmogorov complexity of z. Equivalently, an optimal description of (x, y) can be
decomposed into an optimal description of one string and an optimal description of the other conditioned
on the first. In this sense, SoI is a powerful structural principle: describing two objects separately, while
allowing one to serve as side information for the other, is essentially as efficient as describing them jointly.
Another fundamental consequence of these equations is that the information that x contains about y, namely
K(y)− K(y | x), is roughly the same as the information that y contains about x, namely K(x)− K(x | y).1
In this sense, information is symmetric when considering time-unbounded computations.

The classical proof of SoI relies on exhaustive search and does not extend to time-bounded computa-
tions. Indeed, the status of SoI for time-bounded Kolmogorov complexity is intertwined with fundamental
questions about the power of efficient computation. Its validity for polynomial-time measures is connected
to the P versus NP problem [LW95, Hir22b], the existence of one-way functions [HIL+23, HLN24], and
the feasibility of learning [HN23, HN25]. Collectively, these connections provide strong evidence that SoI
fails for polynomial-time measures such as Kt, rKt, and pKt, although proving this unconditionally would
resolve longstanding open problems.

The situation is better understood for Levin-style measures, which charge only logarithmically for de-
coding time and therefore permit exponentially long computations.2 Ronneburger [Ron04] proved uncon-
ditionally that SoI fails for Levin’s Kt complexity, and more recently [HMO26] established the same con-
clusion for its randomized analogue rKt. Thus, in both the deterministic and randomized settings, efficient
descriptions violate a central structural principle of classical Kolmogorov complexity. We refer the reader
to [HMO26] for applications of this phenomenon to complexity lower bounds and cryptography.

In this work, we investigate what happens when descriptions are allowed to use nondeterminism. Our
main focus in on the nondeterministic measure nKt [AKRR03] and its probabilistic extensions rnKt and
pnKt.3 Informally, nKt is the nondeterministic analogue of Levin’s Kt. A short nondeterministic program
for x must uniquely specify x: every computation path outputs either x or a failure symbol, and at least one
path outputs x. Nondeterminism may therefore yield more succinct descriptions, even though deterministi-
cally recovering the encoded string can require searching over the program’s choices.

1This is analogous to the corresponding phenomenon in Shannon’s information theory, where the mutual information between
two random variables X and Y satisfies I(X;Y ) = H(X)−H(X | Y ) = H(Y )−H(Y | X).

2Levin’s Kt complexity of a string x is defined as Kt(x) = minΠ,t |Π|+ ⌈log t⌉ : Π outputs x within t steps,with respect to a
fixed universal machine. Thus, Kt accounts for both description length and decoding time.

3Under plausible derandomization assumptions, it is not hard to show that pnKt ≈ rnKt ≈ nKt, just as pKt ≈ rKt ≈ Kt. We
refer to the Appendix of [GKLO22] for similar results.
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We say that SoI holds for nKt with error e(n) if, for all x, y ∈ {0, 1}n,

nKt(x, y) ≥ nKt(x) + nKt(y | x)− e(n).

If this inequality holds with e(n) = O(logn), we simply say that SoI holds for nKt.4 We use the analogous
terminology for rnKt and pnKt.

There is a basic reason why this question is particularly subtle for nondeterministic computation. For
deterministic and randomized time-bounded measures, the standard evidence against SoI comes from the
asymmetry created by cryptographic hardness. If f is a one-way function, then y = f(x) is easy to compute
from x, whereas recovering x from f(x) is hard on average. A joint description can exploit the easy for-
ward computation, while a decomposition in the opposite order encounters the hard inverse problem. This
intuition does not transfer directly to nondeterministic descriptions: even if nKt(x | f(x)) = O(logn),
such a short description gives no evident way to find a successful computation path and hence no efficient
procedure for inverting f .5

At the same time, nondeterministic Kolmogorov complexity retains several features of the classical,
time-unbounded theory that are conjectured to fail for deterministic and randomized time-bounded mea-
sures, including forms of language compression and conditional coding [HLO26]. This suggests that non-
deterministic Kolmogorov complexity may be structurally closer to its time-unbounded counterpart. If SoI
were also preserved, it would provide an intrinsic distinction between randomized and nondeterministic
computation and could point toward a new route for separating these resources. If it fails, then its failure
must be explained by a source of asymmetry beyond the standard cryptographic argument.

These considerations lead to the following basic question:

Does Symmetry of Information hold for nondeterministic computation?

Despite substantial progress on nondeterministic Kolmogorov complexity and its applications [AKRR03,
BLvM05, All10, AKRR11, HLO26], this question has remained elusive. More broadly, studying SoI in the
nondeterministic setting offers a possible route to new complexity lower bounds against nondeterminis-
tic computation, continuing a line of work that uses information symmetry as a lens on complexity lower
bounds [Hir22b, HMO26].

1.1.2 Summary of Contributions

We develop a general theory for symmetry of information for nondeterministic computation, connecting
this problem to questions in complexity lower bounds and explicit constructions. We then explore different
aspects of this theory to obtain new unconditional results concerning meta-complexity and asymmetry of
information. Our main contributions can be summarized as follows:6

1. First, we highlight a significant distinction between nondeterministic and randomized computations:
while the existence of cryptographic one-way functions implies that SoI fails on average for rKt, we
observe that SoI holds on average for rnKt. In particular, it follows that the standard cryptographic
argument does not yield failure of SoI for nondeterministic computation.

4The reverse inequality holds for all the complexity measures considered here under natural assumptions on the computational
model.

5We mention that it is also unclear whether the super-bit conjecture of [Rud97] implies the failure of SoI for nKt.
6A preliminary version of a subset of these results appeared as part of the unpublished ECCC preprint [GHL+25].
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2. Formalizing the intuition that SoI might be useful for separating complexity classes, we prove that
if SoI holds for rnKt in the worst case then coNP ⊈ AMTIME[npoly(logn)] (and in particular NP ⊈
BPP). We complement this result by establishing that any proof of worst-case SoI for nondeterminis-
tic computation must use a non-relativizing technique.

3. Bypassing the cryptographic approach, we provide evidence that nondeterministic computation is
asymmetric. We show that the validity of SoI for either nKt or rnKt would imply the unlikely inclusion
of nondeterministic exponential-time classes in BPPNP and NP/poly ∩ coNP/poly. In particular, if
PH does not collapse then SoI fails for both nKt and rnKt.

4. Building on recent work in the simpler setting of randomized computation, we develop a framework
connecting symmetry of information, meta-complexity, and explicit constructions in the nondetermin-
istic setting. We show that suitable formulations of these notions are quantitatively equivalent. Thus
progress on explicit constructions is formally necessary to show the failure of SoI.

5. We apply different facets of this correspondence to derive new unconditional results. We consider
the task of estimating nKt and rnKt, and derive lower bounds against quasi-polynomial size Boolean
circuits and exponential-time Arthur-Merlin classes. Finally, we combine one of these complexity
lower bounds with additional ideas to establish that SoI fails for nondeterministic computation in the
presence of side information.

Our techniques build on the early literature on nondeterministic Kolmogorov complexity [AKRR03,
BLvM05, All10, AKRR11] and on recent advances in the study of meta-complexity [Hir22b, GK22, HLO26],
explicit constructions [CLL25], and time-bounded Kolmogorov complexity [HLO24, KK26, HMO26],
among other results from the theory of computational pseudorandomness.

Broader Perspective. Over the last decade, several fundamental problems from algorithms and com-
plexity theory have been investigated through the lens of Kolmogorov complexity and meta-complexity.
Influential advances have occurred in areas such as learning theory [CIKK16], cryptography [LP20], and
average-case complexity [Hir21]. In some cases, such as [Hir21], although the result itself is not about
Kolmogorov complexity, the only known proof technique uses Kolmogorov complexity in an essential way.
We refer to the surveys [LO22, Hir22a, MP25] for more context and background.

These and other developments have led to a renewed interest in time-bounded Kolmogorov complexity,
meta-complexity, and their applications in theoretical computer science (see, e.g., [Sim23]). An important
perspective explored in many results, specially in the last few years, has been the use of extensions of the
classical theory of time-bounded Kolmogorov complexity to more powerful computational settings, such as
probabilistic Kolmogorov complexity [GKLO22, LO22]. Indeed, many if not most results in the area from
the last few years employ probabilistic variants of Kolmogorov complexity (see, e.g., [Ila23, San23, HIL+23,
HN23, LP23, Hir23, GK23, HLO24, HLN24, LS24, HKLO24, GK24, LORS24, HN25, LP25, KK26]).

In this work, we advance this program by further developing the theory of nondeterministic Kolmogorov
complexity. We connect this theory to some questions at the frontier of algorithms and complexity theory
and use these connections to establish new lower bounds in meta-complexity.

We discuss our results in detail in Section 1.2 below. In Section 2, we present an overview of some of
the underlying proofs and techniques.
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1.2 Results

First, we need to define the main time-bounded Kolmogorov complexity measures appearing in our
results. As alluded to above, we consider a natural extension of Levin’s Kt complexity [Lev84] to the
setting of nondeterministic computation [AKRR11]. As usual, in order to define time-bounded notions of
Kolmogorov complexity, we fix a time-efficient universal machine U , and consider programs Π encoded
with respect to U (see Section 3).

Notions from Time-Bounded Kolmogorov Complexity. For a string x ∈ {0, 1}∗, the nondeterministic
time-bounded Kolmogorov complexity of x is defined as

nKt(x) ≜ min
Π∈{0,1}∗, t∈N

{
|Π|+ ⌈log t⌉

∣∣∣∣∣ ∀w ∈ {0, 1}t,Π(w) outputs x or ⊥ in t steps;

∃w ∈ {0, 1}t,Π(w) outputs x in t steps

}
.

In other words, by viewing w as a nondeterministic string, in at least one computational path, the program
Π outputs x, while in every computational path, Π outputs either x or the failure symbol ⊥. For this
reason, the program Π uniquely specifies x. In addition, x can be recovered from Π in time at most t using
nondeterminism.

We will also consider probabilistic extensions of nKt complexity in the sense of [Oli19] and [GKLO22].
For a string x ∈ {0, 1}∗, the randomized nondeterministic time-bounded Kolmogorov complexity of x is
defined as

rnKt(x) ≜ min
Π∈{0,1}∗, t∈N

{
|Π|+ ⌈log t⌉

∣∣∣∣ Pr
r∼{0,1}t

[
∀w ∈ {0, 1}t,Π(w; r) outputs x or ⊥ in t steps;

∃w ∈ {0, 1}t,Π(w; r) outputs x in t steps

]
≥ 2

3

}
.

Equivalently, there exists a nondeterministic program Π(r) such that, with probability at least 2/3 over r,
Π(r) uniquely specifies x and enables its recovery in nondeterministic time at most t.

Recall that pKt is simply Kt in the presence of public randomness, i.e., x has “small” pKt complexity
if with probability at least 2/3 over the randomness r, x has “small” Kt complexity given access to r.
Formally, for x ∈ {0, 1}∗, its probabilistic time-bounded Kolmogorov complexity [HLO24] is given by

pKt(x) ≜ min

{
k ∈ N

∣∣∣∣ Pr
r∼{0,1}2k

[
Kt(x | r) ≤ k

]
≥ 2

3

}
,

where Kt(x | r) denotes the conditional Kt complexity of x given r, i.e., the minimum value |Π| + ⌈log t⌉
over all pairs (Π, t) such that Π is a program that outputs x when given r and runs in at most t steps.

Analogously, for a string x ∈ {0, 1}∗, its probabilistic nondeterministic time-bounded Kolmogorov
complexity (see also [HLO26]) is defined as

pnKt(x) ≜ min

{
k ∈ N

∣∣∣∣ Pr
r∼{0,1}2k

[
nKt(x | r) ≤ k

]
≥ 2

3

}
.

In other words, bounded pnKt complexity means that in the presence of a typical random string r, x has
bounded nKt complexity.
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1.2.1 The Intricate Setting of Nondeterministic Computation

As explained in Section 1.1.1, it is unclear how to rule out SoI for nondeterminsitic measures assuming
the existence of one-way functions. Note that, in the randomized setting, this cryptographic assumption
provides an even stronger guarantee: [HLO24] showed that one-way functions exist if and only if SoI fails
on average for pKt, i.e., there is a polynomial-time samplable distribution family {Dn}, where each Dn is
supported over {0, 1}n × {0, 1}n, and a polynomial q such that for every constant c > 0 and for every large
enough n,

Pr
(x,y)∼Dn

[ pKt(x, y) < pKt(x) + pKt(y | x)− c · log n ] ≥ 1

q(n)
.

This means that, under the widely-believed assumption that one-way functions exist, SoI fails on average
for pKt (and for related notions such as Kt and rKt).

In contrast, we show (unconditionally) that SoI holds on average for the probabilistic extensions of nKt.

Theorem 1 (Average-Case Symmetry of Information for Nondeterministic Kolmogorov Complexity). For
every polynomial-time samplable distribution family {Dn}n∈N, where each Dn is supported over {0, 1}n ×
{0, 1}n, there exists a constant c > 0 such that for all large enough n, k ∈ N,

Pr
(x,y)∼Dn

[ pnKt(x, y) ≥ pnKt(x) + pnKt(y | x)− c · log n− log k ] ≥ 1− 1

k
.

Similarly,

Pr
(x,y)∼Dn

[
rnKt(x, y) ≥ rnKt(x) + rnKt(y | x)− c · log3 n− log k

]
≥ 1− 1

k
.

It is unclear how to extend the proof of Theorem 1 to the worst case, i.e., to prove that the relevant
inequality holds for all strings x, y ∈ {0, 1}n. Interestingly, we are able to show that this would separate
coNP from NP in a strong sense, as stated below. Let TAUT ⊆ {0, 1}∗ denote the set of tautologies, i.e.,
Boolean formulas F that always evaluate to 1.

Theorem 2 (Complexity Lower Bounds from Worst-Case SoI). Item 1 implies Item 2 in the following.

1. (Worst-Case Symmetry of Information for Nondeterministic Kolmogorov Complexity). There exists
a constant c > 0 such that for all large enough n ∈ N and x, y ∈ {0, 1}n,

pnKt(x, y) ≥ pnKt(x) + pnKt(y | x)− e,

where e = logc n.

2. (Hardness of Proving Tautologies). TAUT /∈ AMTIME[t(n)], where t(n) = 2log
d n, for any d ≥ 1.

The above implication remains valid if pnKt is replaced with rnKt in the first item.

Note that the consequence TAUT /∈ AM implies that NP ⊈ BPP. In particular, Theorem 2 formalizes
the intuition discussed in Section 1.1.1 that the validity of SoI in a nondeterminsitic setting could point
toward a new route for separating the computational power of randomness and nondeterminism.

While several results establish that lower bounds follow from the failure of SoI (see, e.g., [LW95, Hir22b,
HIL+23, HLO24, HLN24]), an interesting aspect of Theorem 2 is that here a lower bound follows from
the validity of SoI in a time-bounded setting. In a sense, Theorem 2 reduces the lower bound problem of
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separating coNP from AM to an upper bound task: showing that for every large enough n and x, y ∈ {0, 1}n,
we have

pnKt(y | x) ≤ pnKt(x, y)− pnKt(x) + poly(logn). (∗)

It is worth mentioning that SoI has been successfully employed as an approach to obtain unconditional
complexity lower bounds [Hir22b].

Next, we show a general result implying that any proof of Equation (∗) must employ non-relativizing
techniques.

Theorem 3 (Strong Failure of SoI in Some Oracle World). There exist an oracle O and a constant ε > 0
such that, for every complexity measure µ ∈ {rKt, pKt, nKt, rnKt, pnKt}, the following holds. For all
sufficiently large n ∈ N, there exist strings x, y ∈ {0, 1}n such that

µO(x, y) < µO(x) + µO(y | x)− ε · n.

The relativized failure of SoI was known for deterministic and non-deterministic polynomial-time (dis-
tinguishing) complexity (see [BF95, LR05, Lee06]). In contrast, Theorem 3 considers Levin-style measures
and their randomized extensions, providing an oracle world where SoI fails in a strong sense for all these
measures.

We observe that, in order to show the weaker separation NP ⊈ BPP, it is enough to establish Equa-
tion (∗) under the assumption that NP ⊆ BPP (since as observed above TAUT /∈ AM implies in particular
that NP ⊈ BPP). By a similar argument, to show NEXP ⊈ BPP, it suffices to prove that NEXP ⊆
BPP =⇒ Equation (∗). Consequently, as an approach to lower bounds, symmetry of information might be
useful even if Equation (∗) turns out to be false.7

1.2.2 Nondeterministic Computation is Likely Asymmetric

As discussed in Section 1.1.1 and explained in the preceding section, any failure of SoI for nKt and its
extensions must arise from a source of asymmetry not captured by the standard cryptographic argument. We
pursue a different approach and obtain strong evidence that SoI indeed fails in the nondeterministic setting.

Recall that FewEXP is the set of languages in NEXP where each positive instance admits at most 2poly(n)

witnesses. Note that EXP ⊆ FewEXP ⊆ NEXP. We use ||NP to denote parallel access to an NP-oracle.

Theorem 4 (Strong Complexity Collapses from SoI). The following results hold:

(i) [Uniform Collapses]
– If SoI holds for nKt or rnKt with error e(n) = O(log n), then FewEXP ⊆ BPPNP.
– If SoI holds for nKt or rnKt with error e(n) = poly(log n), then FewEXP ⊆ BPTIMENP[npoly(logn)].

(ii) [Nonuniform Collapses]
– If SoI holds for rnKt with error e(n) = O(log n), then BPEXP||NP ⊆ NP/poly ∩ coNP/poly.
– If SoI holds for nKt with error e(n) = O(log n), then EXP||NP ⊆ NP/poly ∩ coNP/poly.

In particular, it follows from Theorem 4 Part (ii) and a standard result [Yap83] that if SoI holds for
either rnKt or nKt, the polynomial-time hierarchy collapses to the third level. Thus, under a widely believed
computational assumption, SoI does not hold for nondeterministic computation.8

7Interestingly, it is known that NP ⊆ BPP implies that symmetry of information holds for other time-bounded Kolmogorov
complexity measures [Hir22b].

8In a concurrent and independent work [KB26], Viacheslav Khrushchev also established that the validity of SoI for nKt implies
the collapse of the polynomial hierarchy. We thank Bruno Bauwens for bringing this to our attention.
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Before stating our next result, we need the following definitions. For a complexity measure κ (such as
Kt, nKt, or rnKt), we consider the standard formulation of the corresponding meta-computational problem,
where given a string x ∈ {0, 1}n and a threshold parameter s, the goal is to decide if κ(x) ≤ s. We will
also consider the gap version of this problem, where for fixed functions s1(n) and s2(n), we are given
the promise that either κ(x) ≤ s1(n), or κ(x) ≥ s2(n), and the goal is to distinguish the two cases. As
usual, these computational problems will be denoted by MκP and Gap-MκP[s1, s2], respectively. When
s1(n) = nε for a fixed but arbitrarily small ε > 0 and s2(n) = n − 1, we simply write Gap-MκP. For a
promise problem Π = (YES,NO) and a complexity class C, we say that Π ∈ C if there is a language L ∈ C
such that YES ⊆ L and NO ⊆ {0, 1}∗ \ L.

Recall that showing that MKtP /∈ P is a longstanding open problem in meta-complexity that dates back
at least to [ABK+06]. In the next result, we show that the validity of SoI in the nondeterministic setting
implies both upper bounds and lower bounds for meta-computational problems.

Theorem 5 (Refined Meta-Complexity Landscape Under SoI). The following results hold:

(i) [Nonuniform Upper Bound] If SoI with error e(n) = O(log n) holds for rnKt, then

Gap-MrnKtP[n−O(log n), n− 1] ∈ NP/poly ∩ coNP/poly.

(ii) [Uniform Lower Bound] If SoI with error e(n) = poly(log n) holds for either nKt or rnKt, then

MKtP /∈ NTIME[npoly(logn)] ∩ coNTIME[npoly(logn)].

It seems unlikely that an approximation to Kt(x) can be certified in NP/poly ∩ coNP/poly, let alone
for the more expressive measure rnKt, as in the conclusion of Theorem 5 Item (i). Therefore, we interpret
Theorem 5 as further evidence that information is likely asymmetric in nondeterministic computation.

1.2.3 A Correspondence Between Asymmetry, Hardness, and Explicit Constructions

Next, we establish a connection among symmetry of information for rnKt, the meta complexity of
estimating rnKt, and pr-BPTIME[·]||NP-explicit constructions. This correspondence extends recent work
[Hir22b, GK22, KK26, HMO26] relating SoI to meta-complexity in the simpler setting of randomized com-
putation. We prove a more general result for nondeterministic computation, where the analysis is more
subtle, as explained below and in Section 2.

Theorem 6 (Correspondence Between Asymmetry of Information, Hardness, and Explicit Constructions).
The following statements are equivalent:

(i) (SoI holds for rnKt) Symmetry of information holds for rnKt with error e(n) = poly(logn).

(ii) (Upper bound for Gap-MrnKtP) Gap-MrnKtP[n−poly(log n), n−1] ∈ pr-BPTIME[npoly(logn)]||NP.

(iii) (Natural property against rnKt) There is P = (YES,NO) ∈ pr-BPTIME[npoly(logn)]||NP such that

• |YES ∩ {0, 1}n| ≥ 2n−1, and

• For every x ∈ {0, 1}n where rnKt(x) < n− poly(logn), x ∈ NO.

(iv) (Hardness of explicit constructions for dense pr-BPTIME[·]||NP properties) The following is false:
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For any promise problem P = (YES,NO) ∈ pr-BPTIME[npoly(logn)]||NP such that
|YES ∩ {0, 1}n| ≥ 2n−1, there exists t(·), ℓ(·) : N → N where ℓ(n) + log t(n) <
n − poly(log(n)) for each n, and an algorithm A(1n, ·) such that, for infinitely many
n, there exists advice αn ∈ {0, 1}ℓ(n) and a string xn ∈ {0, 1}n \ NO, such that

Pr
r∼{0,1}t(n)

[
∀w ∈ {0, 1}t(n), A(1n, αn, w, r) outputs x or ⊥ in t(n) steps;

∃w ∈ {0, 1}t(n), A(1n, αn, w, r) outputs x in t(n) steps

]
≥ 2

3
.

General explicit construction results are known for dense properties in pr-BPP [OS17] and in coAM
[CLL25]. In contrast, Theorem 6 shows that SoI fails for rnKt if a suitable positive result can be established
for dense properties in pr-BPP||NP. Moreover, the design of such an algorithm is formally necessary to
establish the asymmetry of nondeterministic computation.

Interestingly, the nonadaptive access to the NP oracle and the precise formulation of the nondetermin-
istic complexity of the explicit construction algorithm A are essential for the equivalence result to hold.
In fact, the construction from [OS17] relativizes to an NP-oracle, but the access to the NP-oracle by the
corresponding algorithm A is adaptive, which is insufficient to rule out SoI. This is another subtle aspect of
the nondeterministic setting, and we discuss it in more detail in Section B.

More on Adaptive vs Nonadaptive Queries. For every string x, nKt(x) = Θ(Kt||SAT(x)) (see Corol-
lary 42 and Corollary 44). In other words, in settings where a constant multiplicative overhead is inessential,
we can think of nKt as Kt in the presence of nonadaptive queries to a SAT oracle. (Note that this is not
necessarily the case for SoI, where a large overhead when relating different measures can impact SoI.) In-
terestingly, since Ronneburger’s proof [Ron04] of the failure of SoI for Kt relativizes (see Section A for a
related discussion), we know that SoI fails for both Kt and KtSAT. However, similarly to the situation for
nKt and related measures, we currently do not know if SoI fails for Kt||SAT. Thus the validity of SoI in
the nondeterministic setting is closely related to the role of adaptive queries in computation. For another
example of the relevance of (non)adaptive queries for SoI, see Section B.

In the next section, we apply Theorem 6 and its underlying correspondences to derive new unconditional
lower bounds in meta-complexity and to establish the failure of SoI in the presence of side information.

1.2.4 Unconditional Consequences: Complexity Lower Bounds and Asymmetry of Information

As highlighted in Section 1.2.2, showing that Kt cannot be computed in polynomial time, i.e., that
MKtP /∈ P, is a longstanding open problem in meta-complexity [ABK+06]. By considering whether SoI
holds for rnKt with error poly(log n), Theorem 5 (Item 2) and Theorem 6 imply the following unconditional
lower bound result.

Theorem 7 (A Quick Lower Bound Consequence). The following result holds:

MKtP /∈ NTIME[npoly(logn)]∩coNTIME[npoly(logn)] or Gap-MrnKtP[s1, s2] /∈ pr-BPTIME[npoly(logn)]||NP,

where s1(n) = n− poly(logn) and s2(n) = n− 1.

This result provides a quick example of how SoI can offer a fruitful viewpoint for establishing complex-
ity lower bounds. In our next results, we apply the correspondences behind Theorem 6 in a more sophis-
ticated, non-black-box way to establish new results on the asymmetry and complexity of nondeterministic
computations.
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Lower Bounds for nKt via Symmetry of Information. Let MnKtP be the following problem: Given
(x, 1s), where x ∈ {0, 1}∗ and s ∈ N, decide whether nKt(x) ≤ s (“yes” case) or nKt(x) > s (“no” case).
Moreover, for s : N → N, we let RnKt[s] = {x ∈ {0, 1}∗ | nKt(x) ≥ s(|x|)}. We say that a language L is
dense if there is a positive constant b such that, for every large enough n, we have |L ∩ {0, 1}n| ≥ 2n/nb.

Theorem 8 (Complexity Lower Bounds for Estimating nKt). There is a constant ε > 0 such that

MnKtP ̸∈ NTIME[2εn] ∩ coNTIME[2εn].

Moreover, given a constant 1/2 < γ < 1, there exists ε = ε(γ) > 0 such that, for every dense language
L ⊆ RnKt[γ·n], we have L ̸∈ NTIME[2εn] ∩ coNTIME[2εn].

It was previously known that MnKtP /∈ NP∩coNP [All10, AKRR11].9 In contrast, Theorem 8 provides
an exponential lower bound on the complexity of MnKtP. More generally, it shows that distinguishing
strings of bounded complexity (“structure”) from random strings (“randomness”) is hard.

We observe that, in order to obtain a lower bound of the form 2Ω(n) forRnKt[γ·n], our techniques require
assuming γ > 1/2; see Section 12.5 for details. Establishing lower bounds of magnitude 2Ω(n) forRnKt[γ·n]
when 0 < γ ≤ 1/2 remains an open problem.

Since MnKtP ∈ PNEXP ⊆ NEXP/poly and every language in NEXP non-uniformly reduces to MnKtP
[AKRR11], it follows that MnKtP ̸∈ SIZE[poly] if and only if NEXP ⊈ SIZE[poly]. In particular, a
breakthrough complexity separation would follow if we could show that MnKtP ̸∈ SIZE[poly]. While we
currently don’t know how to prove the required lower bound for MnKtP, we are able to establish such a
lower bound for the related problem of estimating rnKt, the randomized extension of nKt.

Lower Bounds for rnKt via Explicit Constructions. Fix two functions s1, s2 : N → N. We let Gap-
MrnKtP[s1, s2] be the following promise problem: Given x ∈ {0, 1}∗, decide whether rnKt(x) ≤ s1(|x|)
(“yes” case) or rnKt(x) > s2(|x|) (“no” case). Recall that for a promise problem Π = (YES,NO) and
a complexity class C, we say that Π /∈ C if there is no language L ∈ C such that YES ⊆ L and NO ⊆
{0, 1}∗ \ L. For a language O and a function s : N → N, we let SIZEO[s] denote the set of languages
computed by Boolean circuits with oracle access toO and of size at most s(n). Similarly toRnKt[s], we can
also consider the setRrnKt[s], which is defined in the natural way using rnKt instead of nKt.

Theorem 9 (Complexity Lower Bounds for Estimating rnKt). The following statements hold:

1. For every constant 1/2 < γ < 1, there exists a constant ε > 0 such that

Gap-MrnKtP[γ · n, n− 1] ̸∈ AMTIME[2εn] ∩ coAMTIME[2εn].

Moreover, given a constant 1/2 < γ < 1, there exists ε(γ) > 0 such that, for every dense language
L ⊆ RrnKt[γ·n], we have L ̸∈ AMTIME[2εn] ∩ coAMTIME[2εn].

2. For every constant γ > 0,

Gap-MrnKtP
[
2log

γ n, n− 1
]
̸∈ AMTIME

[
npolylog(n)

]
.

Moreover, for every dense language L ⊆ RrnKt[2log
γ n], we have L ̸∈ coAMTIME

[
npolylog(n)

]
.

9We remark that the proof of [AKRR11] can be extended to a larger time bound, but the approach fundamentally faces a half-
exponential barrier. In particular, within the framework of [All10, AKRR11], the strongest lower bound one can hope to prove is
MnKtP ̸∈ NTIME[T (n)] ∩ coNTIME[T (n)] for a time bound T (n) satisfying T (T (n)) = o(2n).
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3. For every constant γ > 0 and O ∈ AM ∩ coAM,

Gap-MrnKtP
[
2log

γ n, n− 1
]
̸∈ SIZEO

[
npolylog(n)

]
.

Moreover, for every dense language L ⊆ RrnKt[2log
γ n], we have L ̸∈ SIZEO[npolylog(n)

]
.

While we were able to establish that MrnKtP /∈ AM, it remains an interesting open problem to show
that MnKtP /∈ NP.

To the best of our knowledge, no previous lower bounds against AM, SIZE[poly], and exponential time
nondeterministic classes were known for natural meta-computational problems. These results thus provide
the strongest unconditional lower bounds in meta-complexity to date.

An Unconditional Failure of SoI via Computational Hardness. While we are currently unable to de-
termine, unconditionally, if symmetry of information fails in a nondeterministic setting, we obtain an un-
conditional result in the presence of a conditional string, which one can think of as an advice string or side
information. In more detail, we say that conditional SoI holds for nKt with error e(n) if for any strings
x, y, w ∈ {0, 1}∗, we have that

nKt(x, y | w) ≥ nKt(x | y, w) + nKt(y | w)− e(|x|+ |y|).

We note that we do not assume random-access to the conditional string in the setting of conditional symmetry
of information. Then, unconditionally, it is possible to show that conditional SoI for nKt does not hold with
error e(n) = poly(log n).

Theorem 10 (Failure of Conditional SoI for nKt). For any e(n) ≤ polylog(n), conditional SoI for nKt does
not hold with error e(n).

Our setting is related to the failure of SoI (without a conditional string) in some oracle world (Theo-
rem 3). There are however a couple of differences. While the oracle can be interpreted as a conditional
string, in the oracle setting one assumes query access to the oracle, while here we do not need to assume
query access to the conditional string. In addition, the oracle construction requires techniques from compu-
tational pseudorandomness, while the proof given here relies on a reduction to a computational lower bound,
in the spirit of Theorem 6.

Use of AI Tools. All ideas, arguments, and proofs presented in this paper were developed by the authors.
The proofs were checked for correctness using GPT 5.6 and GPT 6.0.
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Guarantee Grant EP/Y007999/1 and the Centre for Discrete Mathematics and its Applications (DIMAP) at
the University of Warwick. The authors would also like to thank the Isaac Newton Institute for Mathematical
Sciences, Cambridge, for support and hospitality during the programme Logical Foundations of Complexity
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2 Techniques

We now describe the key ideas and techniques employed in the proof of our main results.

Theorem 1 states that, unconditionally, SoI holds for pnKt with high probability over random strings
sampled efficiently. The theorem may proved by an argument closely resembling one from [HLO26], so we
will not give a further sketch here. We now move on to describe the proof of Theorem 2.

Complexity separations from symmetry of information (Theorem 2). The argument builds on tech-
niques from [Ron04, CLL25, HLO24]. We would like to argue in the contrapositive: namely, assuming
NP ⊆ coAMTIME[npolylog(n)] and demonstrating asymmetry of information for pnKt.

Our starting point is the approach of [Ron04] for excluding SoI for Kt. Unfortunately, the same argument
does not yield asymmetry in the case of nKt, let alone pnKt. The problem in the case of nKt is that,
during the exhaustive search over programs of length n, one must determine whether a given program has
a unique nondeterministic output. This requires searching over witnesses of length up to 2n, meaning that
exhaustive search would take time doubly-exponential in n. The problem in cases of randomized variants of
Kt complexity is that known exponential-time procedures for determining complexity are probabilistic, and
they cannot be relied upon to produce canonical high-complexity strings. In our case, of course, we must
overcome both of these issues.

To that end, a first observation is that there exists a randomized SAT-oracle algorithm (denoted ASAT

here) for approximating pnKt complexity. More specifically, given a pair of strings u ∈ {0, 1}n and v ∈
{0, 1}≤2n , ASAT runs in time 2O(n), accepts with high probability if pnKt(u | v) ≥ 2n/3, and rejects
with high probability if pnKt(u | v) < n/2.10 At a high level, our approach entails derandomizing ASAT

appropriately, yielding an efficient enough procedure to produce a canonical string x with pnKt(x) ≥ n/2
(and, likewise, a canonical string y with pnKt(y | x) ≥ n/2).

We now describe how to derandomize ASAT. Here, we apply a recent explicit construction result due
to Chen et al. [CLL25] (discussed further below), which we adapt to obtain a family of multisets {Ts}s∈N
pseudorandom infinitely often against (AM ∩ coAM)-oracle circuits of size s. For any desired constant
δ > 0, each Ts has a representation of rnKt complexity at most 2(log s)

δ
, and each Ts contains at most

poly(s) elements. Making use of our assumption that NP ⊆ coAMTIME[npolylog(n)], on input (u, v), ASAT

can be simulated by an (AM ∩ coAM)-oracle circuit C(u,v) of size at most 2poly(n) that treats its input as
internal randomness for ASAT. Thus, for infinitely many choices of s = 2poly(n), the pseudorandom set Ts

fools such circuits C.
Combining the above ideas, for infinitely many input lengths n ∈ N and any desired constant δ′ > 0, we

may obtain a pair of strings x, y ∈ {0, 1}n with pnKt(x) ≥ n/2 and pnKt(y | x) ≥ n/2, but pnKt(x, y) ≤
rnKt(x, y) ≤ 2n

δ′
. In particular, let x be the lexicographically first string of length n such that C(x,ϵ) accepts

with probability greater than 1/2 over Ts, where ϵ denotes the empty string. On one hand, the lower bound
pnKt(x) ≥ n/2 follows from the definition of C(x,ϵ) and the pseudorandom property of Ts. (One may
define y such that pnKt(y | x) ≥ n/2 similarly.) On the other hand, given Ts, an exhaustive procedure
to construct x and y runs in time 2poly(n) provided an (AM ∩ coAM)-oracle. This, together with the upper
bound on rnKt(Ts), implies rnKtAM∩coAM(x, y) ≤ 2n

δ′/2
. The desired bound rnKt(x, y) ≤ 2n

δ′
follows by

“collapsing” the (AM ∩ coAM)-oracle into the nondeterminism in the definition of rnKt.

10An algorithm with these parameters can be obtained from Lemma 60 combined with success amplification for pnKt following
[GKLO22].
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Of course, the pair x, y obtained above does not yet witness asymmetry, since n/2 + n/2 ≪ 2n
δ′

. To
obtain a suitable pair of strings, we apply the above approach iteratively, as in [HLO24]; in particular, we
obtain a sequence of ℓ := 2n

δ′
strings x1, ..., xℓ ∈ {0, 1}n such that∑

i∈[ℓ]

pnKt(xi | x1, ..., xi−1) ≥ ℓ · n/2

but
pnKt(x1, ..., xℓ) ≤ ℓ.

The above can then be used to show a violation of the standard formulation of SoI for pnKt; see Section 6.1
for further details.

The proof of Theorem 3 is basically a relativizing version of the argument used in Theorem 2, adapted
so that it works for all measures µ ∈ {rKt, pKt, nKt, rnKt, pnKt} and gives a linear gap ε · n instead of just
polylogarithmic.11

Complexity collapses from symmetry of information (Theorem 4). Theorem 4 shows that surprising
uniform and non-uniform complexity collapses would follow from SoI for nKt or rnKt. We start by dis-
cussing the proof of the item stating that FewEXP ⊆ BPPNP if SoI holds for nKt with error e(n) =
O(logn). The proof employs the PRG construction of [IW01, TV07] as well as a version of the “easy
witness method” due to [Kab00].

Later in this section, we outline the proof of a correspondence theorem (Theorem 6), which shows, in
part, that SoI for rnKt implies the easiness of Gap-MrnKtP for randomized algorithms with non-adaptive
access to an NP oracle. We may rely on very similar techniques here to show that SoI for nKt with error
O(logn) implies Gap-MnKtP ∈ pr-P∥NP. See below for more detail on this piece of the argument. The rest
of the proof of our stated uniform collapse consists in contradicting this easiness of Gap-MnKtP, assuming
FewEXP ⊈ BPPNP.

We follow a win-win approach to obtain a PRG computable single-valued non-deterministically with
small advice and secure against NP-oracle circuits. On one hand, if EXP ⊈ BPPNP, then the desired PRG
follows from [IW01, TV07]; this step employs an intermediate win-win argument (see Corollary 30). On
the other hand, if EXP ⊆ BPPNP, then FewEXP ̸= EXP by the assumption that FewEXP ⊈ BPPNP. In this
case, for any fixed FewEXP\EXP language L, there are infinitely many strings x ∈ L that do not have any
witnesses of NP-oracle circuit complexity poly(|x|). The idea is then to instantiate the PRG of [BFNW93]
with the lexicographically first witness for x ∈ L. The advice required is (x, |Wx|) ∈ {0, 1}poly(|x|), where
Wx is the witness set of x. Using this advice, one may non-deterministically guess all of the 2poly(|x|)-many
witnesses for x and output the lexicographically first as a canonical high-complexity truth-table, taking time
at most 2poly(|x|).

The resulting PRG is secure against polynomial-size NP-oracle circuits. Moreover, the outputs of this
PRG can be shown to have bounded nKt complexity, so any algorithm for an appropriate gap version of
MnKtP could be used to distinguish PRG outputs from random. Therefore, Gap-MnKtP /∈ pr-PNP, yielding
the desired contradiction.

We omit proof sketches for the remaining uniform collapses, since all the proofs are quite similar to
the one described above. Next, we briefly describe the proof of the result stating that, if SoI holds for nKt

11To the best of our knowledge, our approach to show failure of SoI in some relativized world is completely different than the
one in [LR05, Lee06].
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with error e(n) = O(log n), then EXP∥NP ⊆ NP/poly ∩ coNP/poly. Again, we will make use of the fact
that SoI for nKt implies Gap-MnKtP ∈ pr-P∥NP. Using techniques similar to those of [ABK+06], one
may show that any fixed language L ∈ E∥NP has a non-uniform non-adaptive poly-time Turing reduction to
Gap-MnKtP. Namely, using L to instantiate the PRG of [BFNW93], outputs of the PRG have bounded nKt
complexity (by hard-wiring the number of YES queries of the NP oracle), while uniformly random strings
almost always have near-maximum nKt complexity. The reconstruction property of the PRG then yields a
reduction from L to Gap-MnKtP, and therefore we have E∥NP ⊆ P∥Gap-MnKtP/poly ⊆ P∥NP/poly. The
stated inclusion EXP∥NP ⊆ NP/poly ∩ coNP/poly follows from a downward collapse result of [SU05],
given that E∥NP allows low-degree extension, together with a padding argument.

The result stating that SoI for rnKt implies BPEXP∥NP ⊆ NP/poly ∩ coNP/poly follows a similar
approach together with the unconditional inclusion BPE∥NP ⊆ AME/O(n).

Theorem 5 gives a non-uniform upper-bound and a uniform lower-bound for meta-complexity that hold
under SoI for nKt or rnKt. The proofs rely on the complexity collapse results described above, the corre-
spondence theorem described next, a result from [ABK+06], and a straightforward diagonalization argu-
ment. We refer to Section 9 for more detail.

Correspondence Theorem (Theorem 6). We now describe the techniques used to prove Theorem 6,
which exhibits a broad equivalence between asymmetry of information for rnKt, hardness of approximating
rnKt, natural properties against rnKt, and explicit constructions in the context of pr-BPTIME[·]∥NP. The
equivalence between Item (iii) and Item (iv) is straightforward, and likewise the implication Item (ii) =⇒
Item (iii), so we will not discuss the proofs further. In order to prove the Item (iii) =⇒ Item (ii), obtaining
a worst-case algorithm for Gap-MrnKtP from a natural property against rnKt, we rely on the worst-case to
average-case reduction framework of [Hir18]. A couple of differences in our setting compared to [Hir18]
are as follows. We make use of a PRG based on a construction of Raz et al. [RRV02] as in [Hir20] to obtain
rKpoly(n,tD),∥D upper bounds in the case that D is a tD-time distinguisher. Moreover, the distinguisher
algorithm runs in time quasi-poly(n) and makes non-adaptive NP-oracle queries, resulting in an upper
bound on rKquasi-poly(n),∥NP and thus rnKquasi-poly(n) (see Lemma 50).

The proof of Item (ii) =⇒ Item (i), stating that easiness of Gap-MrnKtP for pr-BPTIME[npoly(logn)]||NP

implies SoI for rnKt with error e(n) = poly log n, follows along the framework of [Hir22b, GK22] for prov-
ing SoI via hybrid argument, assuming easiness of meta-complexity. This framework is applied in a setting
similar to that described above: the PRG of [RRV02, Hir20], distinguishers in BPTIME[npoly(logn)]∥NP, and
bounds on rKquasi-poly(n),∥NP collapsing to bounds on rnKquasi-poly(n).

To prove that Symmetry of Information for rnKt implies a worst-case pr-BPTIME[npoly(logn)]||NP algo-
rithm for Gap-MrnKtP[n− poly(log n), n− 1] (Item (i) =⇒ Item (ii)), our starting point is a recent paper
from [HMO26], which proved a similar statement for the case of rKt. Though we make use of some key
ideas from that work, the setting of rnKt introduces additional challenges.

One concept from [HMO26] that we are able to borrow quite directly yields that, assuming SoI for
rnKt with error e(n), for some t ≤ 2O(e(n)), for any x ∈ {0, 1}n, rnKt(x) ≤ rnKt(x) + O(e(n)).12

Moreover, arguing again along the same lines as [HMO26], we can show that if m is a witness for rnKt(x) ≤
rnKt(x)+O(e(n)) (namely, |m| ≤ rnKt(x)+O(e(n)) and m is an rnK-style description of x with running
time t), then rnKt(m | x) ≤ O(e(n)). At this point, with this statement for the setting of rKt, the task
of [HMO26] is nearly complete: omitting some technical details concerning randomness in the complexity

12Actually, [HMO26] obtained the statement with O(e(n) · logn) as the leftmost term; we use an alternative proof that slightly
improves this parameter. See Lemma 87.
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measure, one may essentially brute-force over programs of length O(e(n)) to obtain a list containing m, run
each program on the list to see if it outputs x, and output the length of the shortest one that does.

In our setting, of course, the same idea does not work directly. Even with a candidate program m in
hand, we cannot simply run it to see if it outputs x. The same is true in the first part of the process, where
we would brute-force over all O(e(n))-length strings and collect a list of their outputs. We are also not
guaranteed that any such string represents a valid single-valued nondeterministic procedure. Luckily, these
issues may be handled quite easily by the availability of an NP oracle. Roughly, with a string v in hand, we
can ask queries of the following form, where r is chosen randomly and U denotes a universal TM:

• Does there exist a witness w such that U(v, w, r) = z with z ̸= ⊥ in time t?

• Do there exist two witnesses w and w′ such that U(v, w, r) = z and U(v, w′, r) = z′ in time t, with
z ̸= z′?

• Does there exist a witness w such that U(v, w, r) = z ̸= ⊥ in time t, and zi = 1?

Clearly, if the first query is true and the second is false, then non-adaptive queries of the third type can be
used to determine the unique nondeterministic output of v on randomness r.

However, a more serious obstacle remains: if we use non-adaptive NP queries to produce a list of strings
containing m, and then we ask another round of queries to determine the outputs of the strings on this list,
then we have introduced a layer of adaptivity. At a high level, we overcome this with a careful restructuring
of the procedure so that the second layer of queries does not depend on the strings collected in the first. For
every string v ∈ O(e(n)), we really only need to know the length of the smallest m such that (v, x) outputs
m and m outputs x. The key observation is that this kind of question can be collapsed into a single NP
query, which does not require m as input. Several auxiliary queries will be still be required: checking that
(v, x) and m are single-valued nondeterministic, for example, and determining the value of their outputs on
several independent choices of randomness to pinpoint the majority output in the sense of rnK. Fortunately,
this can all be handled non-adaptively. See Lemma 88 for more detail.

As mentioned above, the proof of Theorem 7 follows from Theorem 5 (Item 2) and Theorem 6 via a
win-win argument. We refer to Section 11.

Lower bounds for computing nKt via symmetry of information (Theorem 8). We now discuss the
ingredients in the proof that MnKtP /∈ NTIME[2εn] ∩ coNTIME[2εn]: i.e., the first part of Theorem 8.
We will build on an approach to lower bounds due to [Hir22b], which was originally used to prove that
MrKtP ̸∈ BPTIME[2εn] for some constant ε > 0. The proof consists of two steps. In the first step, the
author shows that MrKtP ∈ BPTIME[2εn] implies SoI for rKt, employing the “meta-complexity =⇒ SoI”
hybrid argument approach discussed above. The second step of the proof follows the technique of [Ron04]
(along with the assumption that MrKtP ∈ BPTIME[2εn]) for showing that SoI does not hold. Combining
these steps, [Hir22b] reaches a contradiction and thus may conclude that MrKtP is hard.

A limitation of this argument, which blocks its direct translation to MnKtP, is the randomness required
in the reconstruction procedure of the PRG of [RRV02, Hir20], which is employed in the first step. Ran-
domized complexity measures such as rKt naturally incorporate the presence of randomness by definition,
but randomness is not allowed in the definition of nKt. Thus, it is not straightforward to give an upper bound
on nKt via reconstruction. (For the same reason, the argument does not generalize to prove MKtP lower
bounds, and in fact it remains open whether MKtP /∈ P unconditionally.)
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We get around this limitation in the case of nKt by making use of nondeterminism to derandomize
reconstruction. As a first attempt, we notice that if MnKtP ∈ NTIME[2εn] ∩ coNTIME[2εn] for a small
constant ε > 0, then for any m ∈ N, any string s such that nKt(s) ≥ m will have MnKtP-oracle circuit
complexity at least m/polylog(m). In particular, arguing in the contrapositive, assume that s is the truth-
table of an MnKtP-oracle circuit C of size less than m/(logm)2. Then, we may encode the circuit C with
fewer than m/ logm bits into an nKt-description for s, and moreover, we may collapse the non-determinism
required to simulate the assumed NTIME[2εn]∩coNTIME[2εn] oracle gates into the non-determinism in the
definition of nKt. Overall, this implies

nKt(s) <
m

logm
+ log(m · 2εm)

< m.

To obtain such s efficiently, again applying the assumption that MnKtP is easy, we can non-deterministically
guess s and refute when nKt(s) is not large enough. Then, we can plug s into the (relativized) pseudo-
random generator from [IW97] to derandomize the reconstruction procedure of [RRV02, Hir20], resulting
in an nKtMnKtP upper bound rather than an rKtMnKtP upper bound. Next, we may again use the assumed
easiness of MnKtP to collapse the oracle into the non-determinism in the definition of nKt, resulting in an
nKt upper bound without any oracle.

The technique in the previous paragraph can be used to obtain the lower bound MnKtP /∈ NTIME[T (n)]∩
coNTIME[T (n)] for T (n) = 2n

ε
, but it does not suffice for T (n) = 2εn. This is because, in order to de-

randomize the reconstruction procedure of [RRV02, Hir20] via [IW97], we would need a string of MnKtP-
oracle complexity some large polynomial in n, so we would need to query the MnKtP-oracle at length nc

for some constant c ∈ N. Hence, the derandomized reconstruction would take time at least T (nc), and when
T (n) > 2n

1/c
, it holds that T (nc) > 2n, yielding a trivial upper bound on the relevant nKt complexity. To

obtain a lower bound with T (n) = 2εn, a key observation is that the reconstruction procedure in question
only requires O(n) bits of randomness. Then, instead of [IW97], we apply the PRG of [RRV02, Hir20] for
a second time, instantiated with a different set of parameters, to derandomize the reconstruction procedure.
The upshot is that a truth-table with nKt complexity O(n) suffices to generate the O(n) pseudo-random bits
to fool reconstruction. We note that the analysis here is quite delicate. For example, one must keep careful
track of the randomness length in the definition of rK as well as the input lengths of oracle queries. See
Section Section 12.3 for more details.

One problem still remains: the reconstruction procedure of the PRG only recovers x with 1/poly(n)
probability, so we need some additional advice to identify x after derandomization. But the advice depends
on our non-deterministic choice of hard truth table s, so we cannot store it in the description. Nevertheless,
using ideas from pair-wise independent sampling (see e.g. [Gol97]), we can amplify the success probability
of reconstruction from 1/poly(n) to 2/3, but still only using O(n) bits of randomness (see Section 12.1).
This eliminates the need for additional advice, as we can just output the string that appears the most often.

We have given a brief overview of the proof of the main part of Theorem 8. Next, we discuss the
“moreover” part. We observe that the first step of the proof essentially extends to any dense language L ⊆
RnKt[n]. On the other hand, for the second step of the proof, letting y ∈ {0, 1}n be such that nKt(y) ≥ n
and x ∈ {0, 1}n such that nKt(x | y) ≥ n, SoI guarantees that nKt(x, y) ≳ 2n, but it does not guarantee
that (x, y) ∈ L, so it is possible that we cannot find x by brute-force with access to L. Fortunately, the first
step of the proof actually gives us something stronger than SoI: for any x, y ∈ {0, 1}∗, letting G1 and G2 be
PRGs with appropriate output lengths approximately nKt(x | y) ≥ n and nKt(y), there exist z, z′ such that
G1(x, z) ◦ G2(y, z

′) ∈ L. (See Lemma 107 for more detail.) Then, given y ∈ L, we enumerate not only
over x, but also over z, z′ to find G1(x, z) ◦G2(y, z

′) ∈ L.
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This works for any dense language L ∈ RnKt[(1−o(1))·n], but not for L ∈ RnKt[γ·n] for γ ∈ (0, 1) in
general. In particular, assuming easiness of L, we can only find y ∈ L such that nKt(y) ≥ γ · n, and then
we can find x ∈ {0, 1}n and y′ = G1(x, z) ◦G2(y1, z

′) ∈ L such that

nKt(y′) ≳ γ · (n+ nKt(y)) ≥ (γ + γ2) · n.

We can see the problem here: when γ ≤ (
√
5 − 1)/2 ≈ 0.618, we are not guaranteed that nKt(y′) ≥

(1+Ω(1)) ·n, so we cannot derive a contradiction. To get around this obstacle, the key idea is to iterate the
construction k times for a large enough constant k, applying our extended SoI statement again to y′, and so
on. The detailed proof can be found in Section 12.4. On the other hand, Section 12.5 discusses the limits of
our techniques for γ ≤ 1/2.

Lower bounds for computing rnKt via explicit constructions (Theorem 9). We now move on to discuss
the techniques behind Theorem 9. The proof of Item 1 naturally extends the lower bound proof for rKt in
[Hir22b]. Conceptually, this setting is simpler than the proof of Theorem 8 since derandomization is not
required. Still, the combination of randomness and nondeterminism makes some parts of the argument
slightly more involved, and we include a complete proof in Section 13.1 to keep the presentation self-
contained.

The proofs of Item 2 and Item 3 exploit new results from [CLL25]: namely, an explicit construction
algorithm for dense coAM properties in the form of Arthur-Merlin protocols with non-binary output. At the
start of the protocol, prover P (which is computationally unbounded) and verifier V both receive an advice
string α. After k = O(1) rounds of interaction, V outputs a string x based on α, the public randomness
{rj}j∈[k], and the prover’s responses {wj}j∈[k]. Such a protocol is said to be single-valued if it satisfies
certain conformity and resiliency properties; in particular, these properties imply that (P, V )(α) always
outputs a canonical string x, and that, for any prover P ′, (P ′, V )(α) belongs to {x,⊥}with high probability.
See Section 13.2 for detail.

The main technical result of [CLL25] proves that for every dense enough L ∈ coAM, there exists a
sequence of strings {xn} and a non-binary public-coin protocol (P, V ) satisfying

• (P, V ) is single-valued Arthur-Merlin protocol computing {xn};

• the advice complexity of (P, V ) is small, and V can be computed efficiently;

• for infinitely many n, xn ∈ L ∩ {0, 1}n.

A sketch of the proof of Item 2 is as follows. We first observe that, after applying round reduction
to the protocol above, the sequence {xn} admits small rnK complexity: say, rnKt(xn) ≤ θ(n) for some
θ(n) < n − 1. Then, we consider any dense language L ⊆ RrnKt[θ(n)+1] and assume L ∈ coAM. By the
existence of an Arthur-Merlin protocol as above, we know that for infinitely many n, L ∩ {0, 1}n contains
a string with rnKt complexity smaller than θ(n) + 1, contradicting the definition of L. In our formal proof
of Item 2, we extend this idea to quasi-polynomial time regime by a simple padding argument.

One important corollary of the explicit construction protocol in [CLL25] states that (AMEXP∩coAMEXP)/2n
ε ⊈

SIZEO[2n/n] for any oracle O ∈ AM ∩ coAM (see [CLL25, Theorem 1.2]). This follows from the close
connection between explicit constructions and circuit lower bounds: roughly speaking, if Πhard is defined as
the set of strings in {0, 1}2n that are not truth-tables of O-oracle circuits of size at most 2n/n, then Πhard is
dense and Πhard ∈ coAM. By the explicit construction protocol from above, one obtains a sequence of truth-
tables defining a language Lhard such that Lhard ∈ (AMEXP ∩ coAMEXP)/2n

ε
but Lhard /∈ SIZEO[2n/n].
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Our idea for proving Theorem 9, Item 3 is to instantiate the PRG of [IW97] with the truth-table of Lhard,
obtaining a family of multi-sets {Ts}s∈N which are pseudorandom against (AM ∩ coAM)-oracle circuits of
size s on infinitely many input lengths s.

Note that, because Lhard is computable in (AMEXP ∩ coAMEXP)/2n
ε

and the [IW97] generator is
polynomial-time computable, every element inside Ts has rnKt complexity bounded by 2O(logε s). There-
fore, any dense language L consisting only of strings with large rnKt complexity distinguishes Ts from
uniformly random strings, for every sufficiently large s. The pseudorandom condition then gives L /∈
SIZEAM∩coAM[poly(n)]. Similarly to Item 2, the lower bound is later amplified to quasi-polynomial by
padding argument.

Unconditional failure of conditional SoI (Theorem 10) Lastly, we describe the proof of Theorem 10,
which states that conditional SoI does not hold: for any error term e(n) = poly log n, there exist strings
x, y, and w such that

nKt(x, y | w) < nKt(x | y, w) + nKt(y | w)− e(|x|+ |y|).

The proof of this statement builds on the unconditional lower bound for computing Gap-MnKtP as in Theo-
rem 8. That is, assuming conditional SoI, we exhibit an algorithm for Gap-MnKtP contradicting this lower
bound.

As a first attempt, assume conditional SoI, and consider the following deterministic algorithm for
Gap-MnKtP[0.6n, 0.9n].

On input x ∈ {0, 1}n, partition x into k = n/(100e(n)) blocks (x1, ..., xk), with each xi being
of length roughly 100e(n). For each i ∈ [k], compute vi := nKt(xi | x1, ..., xi−1) by brute
force, and accept iff

∑
i∈[k] vi ≤ 0.75n.

On one hand, it holds trivially that

nKt(x) ≤
∑
i∈[k]

nKt(xi | x1, ..., xi−1) +O(log n) =
∑

vi.

On the other hand, by our assumption of conditional SoI applied k times,13 we have that

nKt(x) ≥
∑

nKt(xi | x1, ..., xi−1)− k · e(n) =
∑

vi −
n

100
.

Since
∑

vi closely approximates nKt(x), the algorithm above clearly solves Gap-MnKtP[0.6n, 0.9n].
The problem with this approach is that our algorithm is highly inefficient. Specifically, to determine

nKt(xi | x1, ..., xi−1) by brute force, one must consider non-deterministic programs running in time up
to 2100e(n) = 2poly logn and therefore must exhaustively search over witnesses of that length, taking time
22

poly logn
. The lower bound of Theorem 8 does not rule out an algorithm with this time complexity.

To improve the running time of the algorithm, we argue again as in [HMO26] and the proof of Theo-
rem 6; namely, we argue that rnKt approximately upper-bounds rnKt. Crucially, by assuming conditional
SoI, we get a stronger version of the statement that allows us to condition on an auxiliary string w. In
particular, for any strings x,w,

nKO(2e(|x|))(x | w) ≤ nKt(x | w) +O(e(|x|)).
13In fact, standard (non-conditional) SoI would suffice for this step.

20



Returning to our algorithm for Gap-MnKtP[0.6n, 0.9n], instead of computing nKt(xi | x1, ..., xi−1)
by brute force, we may instead compute nKt(xi | x1, ..., xi−1) by brute force, where t = O(2e(|xi|)) =
O(2e(100e(n))). This only incurs an additional additive error term of n/(poly logn). Moreover, the algorithm
now takes time only 2100e(n) · 2O(2e(100e(n))) ≤ 22

poly(log logn)
= 2o(n), contradicting the lower bound of

Theorem 8.

3 Preliminaries

3.1 Notation

We denote the empty string by ϵ, and the length of a string x by |x|. For strings x ∈ {0, 1}n and
y ∈ {0, 1}m, their concatenation is written as x ◦ y ∈ {0, 1}n+m.

If x ∼ D, then x is sampled from the distribution D. For any a in the support of D, D(a) denotes its
probability. We write Uℓ for the uniform distribution over {0, 1}ℓ.

3.2 Computational Model

We consider multi-tape Turing machines over the alphabet Σ = {0, 1,⊥}. In addition to the usual input
tape and work tapes, in some contexts we allow a machine to access three additional tapes: one holding an
auxiliary string, one holding a non-deterministic guess, and one holding the randomness. We assume that
the machine has sequential access (i.e., no random access) to the randomness tape and the non-deterministic
tape.14

For a machine M , time bound t, and string x, we let Kt
M (x) be the minimum length of a string p ∈

{0, 1}∗ such that M outputs x on input string p when running for at most t steps. We say that a (universal)
machine U is time-efficient if for every machine U ′ there is a constant C such that, for every string x and
time bound t, we have KC·t log t

U (x) ≤ Kt
U ′(x) + C. It is known that time-efficient machines exist (see,

e.g., [LV19]). We fix such a machine U when specifying Kolmogorov complexity.
We also assume an encoding function ⟨·⟩ for machines (which we omit for notational simplicity) such

that U , when given (the encoding of) a machine M , an input α, an auxiliary string x, a non-deterministic
guess w, and a random string r, runs in time Õ(|M |, t) and outputs the string produced by M(α;x;w; r),
where |M | denotes the encoding length of M and t is the number of steps M runs on (α;x;w; r).

A program Π is defined as a pair Π := (M,α), where M is a Turing machine and α ∈ {0, 1}∗ is an
“advice” string. The output of Π on (x;w; r) (which corresponds to the auxiliary input, the non-deterministic
guess, and the randomness), denoted Π(x;w; r), is given by M(α;x;w; r).

The running time of the program Π = (M,α) on input (x,w, r) is defined to be the number of steps U
runs on input (⟨M⟩;α;x;w; r), where ⟨M⟩ is an encoding of the machine M .15

We also define the size of the program Π = (M,α). To encode a machine-advice pair (M,α), we use
the following format:

sα 01 ⟨M⟩α,

where sα is the binary representation of the integer specifying the length of α, with each bit duplicated. The
size of Π, denoted |Π|, is the total length of this description.

We say that a program Π non-deterministically outputs y on input (x; r) in time t if:

14To avoid confusion, sequential access means that the tape head can remain at a given tape cell or move left or right at each step
of the computation. In particular, we do not require read-only or one-way access to the tape.

15As noted above, we assume a fixed standard encoding for Turing machines.
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• ∀w ∈ {0, 1}t, Π(x;w; r) outputs either y or ⊥ in time t, and

• ∃w ∈ {0, 1}t, Π(x;w; r) outputs y in time t.

3.3 Time-Bounded Kolmogorov Complexity

We fix a time-efficient universal machine U , and define time-bounded Kolmogorov complexity with
respect to U (see [LV19] for the required background in Kolmogorov complexity). In other words, whenever
we say that a program Π outputs x in t steps, formally, this means that U(Π) = x when U runs for at most
t steps on input Π. Our results are robust with respect to encoding choices.

Next, we provide formal definitions for various notions of time-bounded Kolmogorov complexity. We
begin with deterministic versions of time-bounded Kolmogorov complexity.

Definition 11 (Kt). For x, y, r ∈ {0, 1}∗, t ∈ N, and a oracleO, the t-time-bounded Kolmogorov complexity
of x conditioning on (y; r) and given oracle O is defined as

Kt,O(x | y; r) ≜ min
Π∈{0,1}∗

{
|Π|

∣∣ ΠO(y; ϵ; r) outputs x within t steps
}
.

We define Kt,O(x | y) as Kt,O(x | y; ϵ), and Kt,O(x) as Kt,O(x | ϵ).

Definition 12 (Kt). For x, y, r ∈ {0, 1}∗ and a oracle O, the time-bounded Levin–Kolmogorov complexity
of x conditioning on (y; r) and given oracle O is defined as

KtO(x | y; r) ≜ min
Π∈{0,1}∗

t∈N

{
|Π|+ ⌈log t⌉

∣∣ ΠO(y; ϵ; r) outputs x within t steps
}
.

We define KtO(x | y) as KtO(x | y; ϵ), and KtO(x) as KO(x | ϵ).

We can consider the case where the oracle calls are non-adaptive. In this case, we will write Kt,∥O(x)
or Kt∥O(x).

Next, we will define other variants of the time-bounded Kolmogorov complexity measure. For simplic-
ity, we will define only the basic versions without oracles. These can easily be generalized to settings where
an oracle is present.

Time-Bounded Kolmogorov Complexity with Randomness. We now define probabilistic variants of
time-bounded Kolmogorov complexity. These definitions include a parameter λ in the subscript to denote
the “success probability”. We will often omit the subscript when λ = 2/3.

Definition 13 (rKt). For x, y ∈ {0, 1}∗, λ ∈ [0, 1], t ∈ N, the randomized t-time-bounded Kolmogorov
complexity of x conditioning on y is defined as

rKt,O
λ (x | y) = min

Π∈{0,1}∗

{
|Π|

∣∣∣∣∣ Pr
r∼{0,1}t

[Π(y; ϵ; r) outputs x within t steps] ≥ λ

}
.

Definition 14 (rKt). For x, y ∈ {0, 1}∗, λ ∈ [0, 1], the randomized time-bounded Levin–Kolmogorov com-
plexity of x conditioning on y is defined as

rKtOλ (x | y) = min
Π∈{0,1}∗

t∈N

{
|Π|+ ⌈log t⌉

∣∣∣∣∣ Pr
r∼{0,1}t

[Π(y; ϵ; r) outputs x within t steps] ≥ λ

}
.
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Definition 15 (pKt). For x, y ∈ {0, 1}∗, λ ∈ [0, 1], t ∈ N, the probabilistic t-time-bounded Kolmogorov
complexity of x conditioning on y is defined as

pKt
λ(x | y) ≜ min

{
s ∈ N

∣∣∣∣∣ Pr
r∼{0,1}t

[∃Π ∈ {0, 1}s s.t. Π(y; ϵ; r) outputs x within t steps] ≥ λ

}
.

Equivalently,

pKt
λ(x | y) ≜ min

{
s ∈ N

∣∣∣∣ Pr
r∼{0,1}t

[
Kt(x | y; r) ≤ s

]
≥ λ

}
.

Definition 16 (pKt). For x, y ∈ {0, 1}∗, λ ∈ [0, 1], t ∈ N, the probabilistic time-bounded Levin–Kolmogorov
complexity of x conditioning on y is defined as

pKtλ(x | y) ≜ min

{
s ∈ N

∣∣∣∣ Pr
r∼{0,1}2s

[Kt(x | y; r) ≤ s] ≥ λ

}
.

Time-Bounded Kolmogorov Complexity with Nondeterminism. Next, we define nondeterministic vari-
ants of time-bounded Kolmogorov complexity.

Definition 17 (nKt). For x, y, r ∈ {0, 1}∗ and t ∈ N, the nondeterministic t-time-bounded Kolmogorov
complexity of x conditioning on (y; r) is defined as

nKt(x | y; r) ≜ min
Π∈{0,1}∗

{
|Π|

∣∣∣∣∣ ∀w ∈ {0, 1}t,Π(y;w; r) outputs x or ⊥ in t steps;

∃w ∈ {0, 1}t,Π(y;w; r) outputs x in t steps

}
.

We define nKt(x | y) as nKt(x | y; ϵ), and nKt(x) as nKt(x | ϵ).

Definition 18 (nKt). For x, y, r ∈ {0, 1}∗, the nondeterministic time-bounded Levin–Kolmogorov complex-
ity of x conditioning on (y; r) is defined as

nKt(x | y; r) ≜ min
Π∈{0,1}∗

t∈N

{
|Π|+ ⌈log t⌉

∣∣∣∣∣ ∀w ∈ {0, 1}t,Π(y;w; r) outputs x or ⊥ in t steps;

∃w ∈ {0, 1}t,Π(y;w; r) outputs x in t steps

}
.

We define nKt(x | y) as nKt(x | y; ϵ), and nKt(x) as nKt(x | ϵ).

Time-Bounded Kolmogorov Complexity with Randomness and Nondeterminism. Finally, we define
time-bounded Kolmogorov complexity notions that incorporate both randomness and nondeterminism.

Definition 19 (rnKt). For x, y ∈ {0, 1}∗, λ ∈ [0, 1] and t ∈ N, the randomized nondeterministic t-time-
bounded time-bounded Kolmogorov complexity of x conditioning on y is defined as

rnKt
λ(x | y) ≜ min

Π∈{0,1}∗

{
|Π|

∣∣∣∣∣ Pr
r∼{0,1}t

[
∀w ∈ {0, 1}t,Π(y;w; r) outputs x or ⊥ in t steps;

∃w ∈ {0, 1}t,Π(y;w; r) outputs x in t steps

]
≥ λ

}
.

Definition 20 (rnKt). For x, y ∈ {0, 1}∗, λ ∈ [0, 1], the randomized nondeterministic time-bounded Levin–
Kolmogorov complexity of x conditioning on y is defined as

rnKtλ(x | y) ≜ min
Π∈{0,1}∗

t∈N

{
|Π|+ ⌈log t⌉

∣∣∣∣∣ Pr
r∼{0,1}t

[
∀w ∈ {0, 1}t,Π(y;w; r) outputs x or ⊥ in t steps;

∃w ∈ {0, 1}t,Π(y;w; r) outputs x in t steps

]
≥ λ

}
.
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Definition 21 (pnKt). For x, y ∈ {0, 1}∗, λ ∈ [0, 1] and t ∈ N, the probabilistic nondeterministic t-time-
bounded time-bounded Kolmogorov complexity of x conditioning on y is defined as

pnKt
λ(x | y) ≜ min

s ∈ N

∣∣∣∣∣∣∣ Pr
r∼{0,1}t

∃Π ∈ {0, 1}
≤s such that the following conditions hold:

∀w ∈ {0, 1}t,Π(y;w; r) outputs x or ⊥ in t steps;

∃w ∈ {0, 1}t,Π(y;w; r) outputs x in t steps

 ≥ λ

.

Equivalently,

pnKt
λ(x | y) ≜ min

{
s ∈ N

∣∣∣∣ Pr
r∼{0,1}t

[
nKt(x | y; r) ≤ s

]
≥ λ

}
.

Definition 22 (pnKt). For x, y ∈ {0, 1}∗, λ ∈ [0, 1], t ∈ N, the probabilistic nondeterministic time-bounded
Levin–Kolmogorov complexity of x conditioning on y is defined as

pnKtλ(x | y) ≜ min

{
s ∈ N

∣∣∣∣ Pr
r∼{0,1}2s

[nKt(x | y; r) ≤ s] ≥ λ

}
.

3.4 Meta-Computational Problems

We let MKtP denote the set of input pairs (x, 1s) such that x ∈ {0, 1}∗ and Kt(x) ≤ s.
We also consider the promise problem GapMnKtP[α, β] on inputs x ∈ {0, 1}∗ defined by

YES ≜ {x : nKt(x) ≤ α(|x|)}, NO ≜ {x : nKt(x) ≥ β(|x|)}.

Similarly, we can consider meta-computational problems associated with other Kolmogorov complexity
measures, e.g., GapMKtP[α, β] captures the problem of estimating Kt complexity.

3.5 Basic Tools in Meta-Complexity

Here, we state some useful tools about Kolmogorov complexity.

Lemma 23 (Standard Counting Argument). For any λ ∈ (1/2, 1), t ∈ N, and κ ∈ {K,Kt, rKt
λ, nK

t, rnKt
λ},

and for all n, γ ∈ N, we have

Pr
x∼{0,1}n

[κ(x) < n− γ] <
1

2γ
.

Also, for any λ ∈ (0, 1) and κ ∈ {pKt
λ, pnK

t
λ}, and for all n, γ ∈ N, we have

Pr
x∼{0,1}n

[κ(x) < n− γ] <
1

λ · 2γ
.

Moreover, the inequalities above continue to hold in the presence of an oracle O and when conditioning on
a fixed string y.

Proof. For simplicity, we consider the oracle-free case and y = ϵ. (The general case is analogous.) The
case of K directly follows from counting. Indeed, the number of programs with length at most n− γ is less
than 2n−γ , therefore

Pr
x∼{0,1}n

[K(x) < n− γ] <
2n−γ

2n
=

1

2γ
.
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The remaining cases (except κ = rKt
λ and κ = rnKt

λ) follows similarly, since each randomized programs
can correspond to at most one string under the setting that λ > 1/2.

For κ = pKt
λ, pnK

t
λ, consider a bipartite graph where the left vertices represent randomness-program

pairs {0, 1}t × {0, 1}<n−γ , and the right vertices represent strings in {0, 1}n. There is an edge between a
left vertex (r,M) and a right vertex y if M(x) outputs x. For a right vertex x to have pKt

λ-complexity at
most n− γ, it must have degree at least 2t · λ.

However, there are less than 2t · 2n−γ total edges in the graph. Therefore, the number of right vertices
with degree at least 2t · λ is less than 2n−γ/λ.

Lemma 24 (See [HIL+23, Lemma 9]). There exists a universal constant b > 0 such that for any distribution
family {Dn}n∈N, where each Dn is over {0, 1}n, and γ ∈ N,

Pr
x∼Dn

[
K(x) < log

1

Dn(x)
− γ

]
<

nb

2γ
.

Theorem 25 (Efficient Coding Theorem [LOZ22]). For every polynomial-time samplable distribution fam-
ily {Dn}n∈N, where each Dn is supported over {0, 1}n, there exists a polynomial p such that for every
x ∈ Support(Dn),

pKp(n)(x) ≤ log
1

Dn(x)
+ log p(n).

Lemma 26 (Following [GKLO22, Lemma 18]). For every computable language L, there exists a constant
c > 0 such that for any x ∈ {0, 1}∗ and time bound t ∈ N, K(x | t) ≤ pKt,L(x) + c · log |x|.

3.6 Pseudorandomness

For a finite set A, we write x ∼ A to denote that x is uniformly distributed over A.
Let Dn be a distribution supported over {0, 1}n. Let ε ∈ [0, 1]. Finally, let f : {0, 1}n → {0, 1}. We

say that Dn ε-fools f if ∣∣∣ Pr
x∼Dn

[f(x) = 1]− Pr
x∼{0,1}n

[f(x) = 1]
∣∣∣ ≤ ε.

Theorem 27 ([BFNW93, KvM02]; see also Theorem 17 of [ABK+06]). For every ε > 0 and b ∈ N, there
exist δ < ε, a constant a ∈ N, and a function

F : {0, 1}2n
δ

× {0, 1}nε → {0, 1}nb
,

computable in time poly(2n
δ
) and satisfying the following for all sufficiently large n ∈ N.

For any function f : {0, 1}n
δ

→ {0, 1}, let Gf (-) denote F (tt(f), -). Then for any such f and D :

{0, 1}n
b

→ {0, 1} such that∣∣∣∣ Pr
z∼Unε

[D(Gf (z)) = 1]− Pr
w∼U

nb

[D(w) = 1]

∣∣∣∣ ≥ 1

nb
,

there exists a non-adaptive oracle circuit R(-) of size na such that RD(x) = f(x) for all x ∈ {0, 1}n
δ

.
As a consequence, there exists a constant c ∈ N (chosen so that ncδ exceeds na · nb) such that for any

oracle O, if f : {0, 1}n
δ

→ {0, 1} is a function with O-oracle Boolean circuit complexity at least ncδ, then
Gf : {0, 1}n

ε

→ {0, 1}n
b

is a pseudorandom generator that (n−b)-fools every O-oracle Boolean circuit
D : {0, 1}nb → {0, 1} of size at most nb.
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Theorem 28 ([IW97]). For every ε > 0, there exist a polynomial-time computable function F and c, d ∈ N
such that such that the following holds for any oracle O.

F : {0, 1}nc × {0, 1}d logn → {0, 1}n,

and if f : {0, 1}c logn → {0, 1} is a function with O-oracle Boolean circuit complexity at least nεc, then
the function Gf (-) := F (tt(f), -) is a pseudorandom generator mapping {0, 1}d logn to {0, 1}n that (1/n)-
fooles every O-oracle Boolean circuit D : {0, 1}n → {0, 1} of size at most n.

Theorem 29 ([IW01, TV07]). Let O be any oracle. Assume PSPACE ̸⊆ BPPO. Then for every ε > 0 and
b ∈ N, there is a sequence {Gn}n∈N, where Gn : {0, 1}n

ε

→ {0, 1}n
b

is computable in time 2O(nε), such
that the following holds. For every distribution family {Cn}n∈N of Boolean O-oracle circuits samplable in
time nb, there are infinitely many n ∈ N such that with probability at least 1 − n−b over C sampled from
Cn, Gn (n−b)-fools C.

Corollary 30. Let O ∈ PSPACE. Assume EXP ̸⊆ BPPO. Then for every ε > 0 and b ∈ N, there is a
sequence {Gn}n∈N, where Gn : {0, 1}n

ε

→ {0, 1}n
b

is computable in time 2O(nε), such that the following
holds. For every distribution family {Cn}n∈N of Boolean O-oracle circuits samplable in time nb, there are
infinitely many n ∈ N such that with probability at least 1− n−b over C sampled from Cn, Gn (n−b)-fools
C.

Proof Sketch. Assume EXP ̸= BPPO. We consider two cases.
If PSPACE ̸⊆ BPPO, then the desired PRG follows directly from Theorem 29.
Otherwise, suppose PSPACE ⊆ BPPO. Combined with the assumption that EXP ̸⊆ BPPO, this implies

that EXP ̸= PSPACE. We claim that EXP ⊈ SIZEO[poly]. Indeed, if EXP ⊆ SIZEO[poly], then

EXP ⊆ MAO (by [BFNW93])

⊆ PSPACE,

where the last inclusion follows from the fact that O ∈ PSPACE, so both the MA computation and the oracle
queries can be simulated within PSPACE. This yields EXP ⊆ PSPACE, a contradiction.

Therefore, EXP ⊈ SIZEO[poly]. Applying Theorem 27, we obtain an infinitely-often secure PRG with
sub-polynomial seed length based on the hard truth table of a language in EXP.

We will also need the following black-box pseudorandom generator. We closely follow the construction
in [Hir20, Section 4.2], which uses the weak design from [RRV02] and the list-decodable error-correcting
code from [Sud97]. But our construction is different in two ways. First, in [Hir20], ECC list-decodable
for distance 1/2 − 1/2m2 is used. Here we have an additional parameter ε (which is the advantage of the
distinguisher), and we use the same family of ECC, but the list-decodable distance is set as 1/2 − ε/2m.
Second, in [Hir20], the reconstruction algorithm outputs a list of strings. Here, after we obtain the list of
strings, we just take a uniformly random sample from the list.

Lemma 31. For all sufficiently large n,m ∈ N such that m ≤ 2n and any ε > 0, there exists a triple
(G,A,R(-)) such that

G : {0, 1}n × {0, 1}d → {0, 1}m,

A : {0, 1}n × {0, 1}d → {0, 1}m,

R(-) : {0, 1}m × {0, 1}d × {0, 1}r → {0, 1}n,
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and for every x ∈ {0, 1}n and any D : {0, 1}m → {0, 1} such that

Pr
z∼Ud

[D(G(x; z)) = 1]− Pr
w∼Um

[D(w) = 1] ≥ ε,

it holds that
Pr

w∼Ur
z∼Ud

[
RD(A(x, z), z, w) = x

]
≥ 1

poly(m/ε)
.

Here, we have d = O(log3(n/ε)) and r = O(m). Moreover, G and A can be computed in time poly(n/ε),
and RD can be computed in time poly(n/ε) with non-adaptive oracle access to D.

Proof. Similar to [Hir20, Section 4.2].

Corollary 32. For any n,m ∈ N and ε > 0, let G : {0, 1}n × {0, 1}d → {0, 1}m be as in Lemma 31.
Consider any x ∈ {0, 1}n, ℓ ≤ poly(n/ε), and v ∈ {0, 1}≤ℓ, and let D : {0, 1}m × {0, 1}ℓ × {0, 1}≤ℓ →
{0, 1} be any function such that

Pr
z∼Ud
u∼Uℓ

[D(G(x; z), u, v) = 1]− Pr
w∼Um
u∼Uℓ

[D(w, u, v) = 1] ≥ 2ε.

Then, for some t = poly(n/ε), it holds that

rKt, ∥D(x | v) ≤ m+O(log3(n/ε)).

Proof Sketch. By Markov’s inequality, we have that

Pr
u∼Uℓ

[
Pr
z∼Ud

[D(G(x; z), u, v) = 1]− Pr
w∼Um

[D(w, u, v) = 1] ≥ ε

]
≥ ε.

In other words, with probability at least ε over u ∼ Uℓ, D(·, u, v) is an ε-distinguisher for G(x; ·). By
Lemma 31, for such u, the reconstruction succeeds with probability 1/poly(m/ε). Hence we have

Pr
w∼Ur
z∼Ud
u∼Uℓ

[
RD(·,u,v)(A(x, z), z, w) = x

]
≥ ε · 1

poly(m/ε)
=

1

poly(m/ε)
.

By an averaging argument, there exists some z such that

Pr
w∼Ur
u∼Uℓ

[
RD(·,u,v)(A(x, z), z, w) = x

]
≥ 1

poly(m/ε)
.

Therefore we can design a program that saves z, A(x, z), and the description of R. When given access to v,
it samples w, u uniformly, then runs for poly(n/ε) steps, queries D non-adaptively, and finally prints x with
probability at least 1/poly(n/ε). By definition of rK, this gives

rK
poly(n/ε),||D
1/poly(m/ε) (x | v) ≤ |z|+ |A(x, z)|+ |R| ≤ m+O(log3(n/ε)).

By success amplification of rKt [LO21], we have

rKpoly(n/ε),||D(x | v) ≤ rK
poly(n/ε),||D
1/poly(m/ε) (x | v) +O(log(m/ε)) ≤ m+O(log3(n/ε)).
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Direct Product Generator . For x, y ∈ {0, 1}n, we denote their inner product by x · y =
⊕n

i=1 xiyi.

Definition 33 (Direct Product Generator (DPG) [Hir21]). For n, k ∈ N, the k-wise direct product generator
is the function

DPk : {0, 1}n × {0, 1}nk → {0, 1}nk+k,

defined by
DPk(x, z1 ◦ · · · ◦ zk) = (z1 ◦ · · · ◦ zk ◦ x · z1 ◦ · · · ◦ x · zk).

Lemma 34 (pKt Reconstruction Lemma [GKLO22]). There is a polynomial p
DP

such that the following
holds. For every n,m, k ∈ N+, x ∈ {0, 1}n, let D be a function that (1/m)-distinguishes DPk(x;Unk)
from Unk+k. Then

pKp
DP

(n+m+k),∥D(x) ≤ k + log p
DP
(n+m+ k).

3.7 Technical Results

Lemma 35 ([ABK+06]). If MKtP ∈ P then PSPACE ⊆ ZPP.

Lemma 36 ([AKRR11]). For every 0 < ε < 1, we have GapMnKtP[nε, n− 1] /∈ NP ∩ coNP.16

We will use the downward collapse theorem of Shaltiel–Umans.

Definition 37 (Low-degree extension [SU06, Def. 3.1]). We say a complexity class C allows low-degree
extension if EC≤O(n) ⊆ C, where C≤O(n) means that the machine only makes linear-length queries to C.

Lemma 38 (Shaltiel–Umans downward collapse [SU06, Thm. 3.2]). For any complexity class C that allows
low-degree extension, we have

C ⊆ P||NP/poly =⇒ C ⊆ NP/poly ∩ coNP/poly.

It is not hard to verify that both E||NP and BPE||NP allows low-degree extension. Hence we get the
following corollaries:

Corollary 39. E||NP ⊆ P||NP/poly =⇒ E||NP ⊆ NP/poly ∩ coNP/poly

Corollary 40. BPE||NP ⊆ P||NP/poly =⇒ BPE||NP ⊆ NP/poly ∩ coNP/poly

4 Useful Results About Nondeterministic Kolmogorov Complexity

In this section, we present several useful facts about various nondeterministic and relativized notions of
Kolmogorov complexity. We note that all the results presented here also hold for the corresponding notions
in the presence of any oracle. For simplicity, in below, we consider only the cases without oracles. It is
straightforward to adapt all the proofs to handle the more general setting.

16In other words, there is no language L ∈ NP ∩ coNP that agrees with GapMnKtP[nε, n− 1].
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4.1 nK

Lemma 41. There exists a constant c > 0 such that for any strings x, y ∈ {0, 1}∗ and t ∈ N,

Kt′,∥SAT(x | y) ≤ nKt(x | y) + c · log t,

where t′ = (t+ |y|)c.

Proof. Let x, y ∈ {0, 1}∗ and t ∈ N. We assume without loss of generality that t ≥ |x|. Define k = nKt(x |
y), and let Π ∈ {0, 1}k be a program that nondeterministically outputs x on input y in time t.

Given Π, |x|, t, and y, we reconstruct x as follows: For each i ∈ [|x|], we use the SAT oracle to answer
the following query:

Does there exist a w ∈ {0, 1}t such that ΠO(y;w) outputs a string z ∈ {0, 1}|x| in time t and
the i-th bit of z is 1?

We then set the i-th bit of x to be 1 if and only if the answer to this query is yes.
It is easy to verify that the above procedure runs in time poly(|x| + |y| + t). Also, by the fact that Π

nondeterministically outputs x on input y in time t, it can correctly recover x. Thus, for t′ = poly(|y|+ t),
we obtain

Kt′,∥SAT(x | y) ≤ |Π|+O(log |t|)
≤ k +O(log t),

as desired.

Corollary 42. There exists a constant c > 0 such that for any strings x, y ∈ {0, 1}∗,

Kt∥SAT(x | y) ≤ c · nKt(x | y) +O(log |y|).

Proof. Let x, y ∈ {0, 1}∗ and k = nKt(x | y). Then there exists a nondeterministic program Π that outputs
x given y in time t, where |Π|+ ⌈log t⌉ ≤ k. This implies nKt(x | y) ≤ |Π|.

By Lemma 41, we have
Kt′,∥SAT(x | y) ≤ |Π|+O(log t),

where t′ = poly(|y|+t). It follows that there exists a nondeterministic program of size at most |Π|+O(log t)
that outputs x given y in time t′, which implies

nKt(x | y) ≤ |Π|+O(log t) + log t′ ≤ c · nKt(x | y) +O(log |y|),

as desired.

Lemma 43. There exists a constant c′ ∈ N as follows. For every language A ∈ NP, there exists a constant
c ∈ N such that for any strings x, y ∈ {0, 1}∗ and t ∈ N,

nKtc(x | y) ≤ Kt,∥A(x | y) + c · log t.
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Proof. Let x, y ∈ {0, 1}∗ and t ∈ N, and define k = Kt,∥A(x | y). Then there exists a program Π ∈ {0, 1}k
that on input y, makes only non-adaptive queries to A and outputs x within time t.

As in the proof of [HLO26, Lemma 31], we will eliminate the oracle access to A by guessing the answers
to the (non-adaptive) queries to A and verifying them with the help of an additional small amount of advice.
We provide the details for completeness.

Suppose A is the following oracle:

A(q) = 1 ⇐⇒ ∃w ∈ {0, 1}poly(|q|) such that V (q, w) = 1,

where V is some polynomial-time verifier. Let q1, q2, . . . , qℓ, where ℓ ≤ t, be the (non-adaptive) queries
made by d to the oracle A. Also, let p be the number of positive answers to these queries, i.e., p :=∑ℓ

i=1A(qi). We then non-deterministically guess ℓ witnesses (w1, w2, . . . , wℓ) =: w and count the number
of indices i for which V (qi, wi) = 1. Denote this number by uw. If uw is not equal to p, we output ⊥.
Otherwise, for each wi that satisfies the verifier V , we set the answer to the query qi to be 1, and we let
the rest of the answers be 0. We then run d while simulating the oracle A using the answers obtained as
described above.

Note that, given the number p, which can be specified using ⌈log ℓ⌉ ≤ ⌈log t⌉ bits, the above procedure
can be implemented to run in time poly(t). Also, it is easy to observe that there exists some guess of
w = (w1, w2, . . . , wℓ) that satisfies uw = p. Moreover, for any guess of w that satisfies uw = p, the
answers obtained are the correct answers to the queries (q1, q2, . . . , qℓ) for A. It follows that there exists a
program of size at most |Π|+O(log t) that, given y, runs in time poly(t) and outputs x non-deterministically.
Thus, for some constant c ∈ N,

nKtc(x | y) ≤ |Π|+ c · log t
≤ k + c · log t,

as desired.

As a corollary of Lemma 43, we get the following.

Corollary 44. For every language A ∈ NP, there exists a constant c ∈ N such that for any strings x, y ∈
{0, 1}∗,

nKt(x | y) ≤ c · Kt∥A(x | y).

Lemma 45. There is a constant c > 0 such that the following holds. For any time-constructible, non-
decreasing T : N → N, T (n) ≥ n and every L ∈ NTIME[T (n)] ∩ coNTIME[T (n)], x, y ∈ {0, 1}∗, and
sufficiently large t ∈ N,

nKt·T (t)·logc(T (t))(x | y) ≤ nKt,L(x | y) + c · log log t.

Specifically, restricting query length to at most ℓ ∈ N, for every x, y ∈ {0, 1}∗ and sufficiently large t ∈ N,

nKt·T (ℓ)·logc(T (ℓ)·t)(x | y) ≤ nKt,L≤ℓ(x | y) + c · log log t.

Proof. Let L ∈ NTIME[T (n)] ∩ coNTIME[T (n)], x, y ∈ {0, 1}∗, and t ∈ N. Without loss of generality,
assume t is a power of 2; if not, replace t with 2⌈log t⌉ in the argument below at the cost of at most a factor
of 2 in the resulting running time. Define k = nKt,L≤ℓ(x | y), and let Π ∈ {0, 1}k be a program that
non-deterministically outputs x in time t given y and oracle access to L≤ℓ.
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We now simulate the program Π without oracle access to L. To do this, whenever Π makes a query
q ∈ {0, 1}≤ℓ to L, we non-deterministically guess an answer (“yes” or “no”) along with a witness wq ∈
{0, 1}≤T (ℓ) certifying that answer. Since L ∈ NTIME[T (n)] ∩ coNTIME[T (n)], each such guess can be
verified in time Õ(T (ℓ)). Whenever the verification fails, halt with ⊥ being the output. Observe that the
resulting program is single-valued, by definition of Π and since all oracle queries are verified.

This yields a nondeterministic program of size at most |Π|+O(log log t) that outputs x in time t ·T (ℓ) ·
poly log(T (ℓ) · t) given y (without oracle access to L). Therefore,

nKt·T (ℓ)·logc(T (ℓ)·t)(x | y) ≤ nKt,L≤ℓ(x | y) + c · log log t

for some constant c > 0.17

The first bound is the case ℓ = t. This concludes the proof.

Again, as a corollary of Lemma 45, we get the following.

Corollary 46. For every L ∈ NP ∩ coNP, there exists a constant c > 0 such that for every x, y ∈ {0, 1}∗,

nKt(x | y) ≤ c · nKtL(x | y).

4.2 rnK

We prove that the success probability of rnKt
δ can be amplified, a task that is non-trivial if we start with

a probability of success δ that is not noticeably larger than 1/2. For randomized notions of Kolmogorov
complexity such as rKt, success amplification in this regime can be achieved using standard hashing-based
techniques. However, in rnKt we have both randomness and nondeterminism, and must ensure that a good
choice of the randomness leads to a nondeterministic encoding that never outputs the wrong string. This
creates an additional difficulty and requires a modified construction.

To achieve success amplification for rnKt, we use an idea from [BLvM05]. Roughly speaking, on top
of the hashing-based framework for success amplification, we also consider the average number of positive
NP queries. Then, using a frequency analysis and concentration bounds, one can prove that when we take
enough samples, with high probability the number of wrong NP-oracle answers is small. The technique
essentially allows one to reduce the argument to that of randomized time-bounded Kolmogorov complexity,
i.e., when nondeterminism is not present.

Lemma 47 (Success Amplification for rnKt). For any oracle O, any n ∈ N, any time bound t ∈ N, any
ε, δ ∈ (0, 1) and any strings x, y ∈ {0, 1}∗ such that |x| = n and |x| ≤ t, we have

rnK
t·p(n log(t/ε)/δ),O
1−ε (x | y) ≤ rnKt,O

δ (x | y) + log p(n log(t/ε)/δ).

Proof. Let M be the program for rnKt,O
δ (x | y). For simplicity, assume t is a power of 2; if not, the

argument can be adapted by replacing t with 2⌈log t⌉ ≤ 2t. By definition, we have

Pr
r∼Ut

[
∃w ∈ {0, 1}t,MO(y, r, w) outputs x in t steps,

∀w ∈ {0, 1}t,MO(y, r, w) outputs x or ⊥ in t steps.

]
≥ δ.

17Note that the L-verifier descriptions and their constant-factor simulation overhead depend on L but not on t, and are therefore
absorbed into the stated bounds once t is sufficiently large; the exponent c comes only from the universal machine’s simulation
overhead and is independent of L.
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For any string r ∈ {0, 1}t, define a string sr ∈ {0, 1}n, such that the i’th bit of sr is 1 iff there exists some
w ∈ {0, 1}t such that the i’th bit of MO(y, r, w) is 1. In other words, sr is the bit-wise OR of outputs on all
computation paths when the random string is r. We also define dr ∈ [0, 1] as

dr :=
w(sr)

n
,

where w(·) is the Hamming weight of a string. We define d as the average dr over r ∼ Ut, i.e.

d = E
r∼Ut

[dr].

For any λ ∈ (0, 1), define Aλ as

Aλ :=

{
s ∈ {0, 1}n

∣∣∣∣ Pr
r∼Ut

[sr = s] ≥ λ

}
.

By definition, x ∈ Aδ. We take k independent samples r1, . . . , rk ∼ Ut. The following claim is crucial to
our proof:

Claim 48. For k =
⌈
1024n2 log(6/ε)

δ2

⌉
, with probability at least 1 − ε over r1, . . . , rk ∼ Ut, the following

three conditions hold:

(i) |{i ∈ [k] | sri = x}| ≥ δk
2 .

(ii) For any string x′ /∈ Aδ/8, |{i ∈ [k] | sri = x′}| ≤ δk
4 .

(iii) |dr1+···+drk
k − d| ≤ δ

32n .

Proof of Claim 48. Since Prr∼Ut [sr = x] ≥ δ, by Chernoff bound, the probability of Item (i) being violated
is at most

Pr
r1,...,rk∼Ut

[
|{i ∈ [k] | sri = x}| ≤ δ

2
· k

]
≤ exp

(
−2k · δ

2

4

)
≤ ε

3
.

Similarly, the probability of Item (iii) being violated is at most

Pr
r1,...,rk∼Ut

[∣∣∣∣dr1 + · · ·+ drk
k

− d

∣∣∣∣ ≥ δ

32n

]
≤ 2 exp

(
−2k · δ2

1024n2

)
≤ ε

3
.

For Item (ii), let x′ be any string in {0, 1}n\Aδ/8. Then we have Prr∼Ut [sr = x′] ≤ δ/8. Then by Chernoff
bound, we get

Pr
r1,...,rk∼Ut

[
|{i ∈ [k] | sri = x′}| ≥ δ

4
· k

]
≤ exp

(
−2k · δ

2

64

)
≤ ε

3
· 2−n.

Applying union bound over all x′ ∈ {0, 1}n \Aδ/8, the probability of Item (ii) being violated is at most ε/3.
Applying union bound over Items (i) to (iii), these three conditions hold together with probability at least
1− ε. ⋄

Notice that |Aδ/8| ≤ 8/δ. Applying Lemma 101 to Aδ/8, there exists a string u ∈ {0, 1}O(log(n/δ)),
such that the algorithm B(1n, u) runs in poly(n) time and outputs a circuit that computes a function H :
{0, 1}n → {0, 1}O(log(1/δ)), satisfying H(x) ̸= H(x′) for every distinct pair x, x′ ∈ Aδ/8. Then our
algorithm for recovering x works as follows:

32



(a) Set k =
⌈
1024n2 log(6/ε)

δ2

⌉
, and take k independent samples r1, . . . , rk ∼ Ut.

(b) For each i ∈ [k], non-deterministically guess n strings wi,1, . . . wi,n ∈ {0, 1}t. By simulating M for at
most t steps nk times (and treating non-halting runs as outputting⊥), we then compute ŝri ∈ {0, 1}n,
where the j’th bit of ŝri is 1 iff the j’th bit of MO(y, ri, wi,j) is 1. We also compute d̂ri := w(ŝri)/n,
where w(·) is the Hamming weight of a string.

(c) Set the threshold a = (1/n) · ⌈nk(d− δ
32n)⌉. If d̂r1 + · · ·+ d̂rk < a, then outputs ⊥ and halts.

(d) Let Â be the set of strings appearing at least ⌊3δ8 · k⌋ times in ŝr1 , . . . , ŝrk . If there exists a unique
string x̂ ∈ Â such that H(x̂) matches the stored hash value H(x), outputs x̂; otherwise outputs ⊥.

Notice that we only need to store (M,n, log t, k, δ, a, u,H(x)), which takes |M | + O(log n log(t/ε)
δ ) bits.

(Here, a is stored as the integer ⌈nk(d − δ
32n)⌉.) The running time of the above algorithm is also bounded

by t · poly(n log(t/ε)
δ ). It remains to estimate the success probability.

Claim 49. If the random strings r1, . . . , rk sampled by our algorithm satisfy Items (i) to (iii) of Claim 48,
then

1. For all nondeterministic guesses {wi,j}i∈[k],j∈[n], our algorithm either outputs x or ⊥; and

2. There exists some nondeterministic guess {wi,j}i∈[k],j∈[n] such that our algorithm outputs x.

Proof of Claim 49. We first prove Item 1. If the algorithm reaches step (d) of the algorithm, then we have

d̂r1 + · · ·+ d̂rk ≥ k

(
d− δ

32n

)
.

But since r1, . . . , rk also satisfies Item (iii) of Claim 48, we have

dr1 + · · ·+ drk ≤ k

(
d+

δ

32n

)
.

Subtracting the two inequalities, we get

(dr1 − d̂r1) + · · ·+ (drk − d̂rk) ≤
δk

16n
.

By averaging argument, we get ∣∣∣∣{i ∈ [k]

∣∣∣∣ dri − d̂ri ≥
1

n

}∣∣∣∣ ≤ δk

16
.

Since dri counts the number of 1 in the bitwise OR of all computation paths, dri ≥ d̂ri ; and if dri = d̂ri ,
then sri = ŝri must hold. Also because dri , d̂ri are both multiples of 1/n, dri ̸= d̂ri implies dri−d̂ri ≥ 1/n.
Therefore sri ̸= ŝri implies dri − d̂ri ≥ 1/n, and we get

|{i ∈ [k] | sri ̸= ŝri}| ≤
δk

16
. (1)

By Item (i) of Claim 48, we get

|{i ∈ [k] | sri = x}| ≥ δk

2
. (2)
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Combining Equations (1) and (2), we get

|{i ∈ [k] | ŝri = x}| ≥ δk

2
− δk

16
=

7δk

16
>

3δk

8
.

Therefore, by step (d) of the algorithm, x ∈ Â holds. Also, by Item (ii) of Claim 48, for any x′ ̸∈ Aδ/8, we
have

|{i ∈ [k] | sri = x′}| ≤ δk

4
. (3)

Combining Equations (1) and (3), we get

|{i ∈ [k] | ŝri = x′}| ≤ δk

4
+

δk

16
=

5δk

16
<

3δk

8
.

Therefore, by step (d) of the algorithm, x′ /∈ Â holds. Thus we get Â ⊆ Aδ/8. By Lemma 101, we can
always find the correct x in step (d).

We have shown that whenever the algorithm reaches step (d), it always outputs x. Therefore to prove
Item 2 of the claim, it suffices to show that there exists some {wi,j}i∈[k],j∈[n] such that the algorithm reaches
step (d). In fact, since sri is the bitwise OR of all computation paths, there exists some {wi,j}i∈[k],j∈[n], such
that for all i ∈ [k] we have sri = ŝri , which implies dri = d̂ri . In this case, Item (iii) gives d̂r1 + · · ·+ d̂rk =
dr1 + · · ·+ drk ≥ k

(
d− δ

32n

)
. Since n · (d̂r1 + · · ·+ d̂rk) is an integer, it follows that d̂r1 + · · ·+ d̂rk ≥ a,

so our algorithm reaches step (d). ⋄

Therefore the success probability is at least 1− ε by Claim 48, which finishes our proof.

Lemma 50. For every L ∈ NP, there is a a constant c > 0 such that for every t ∈ N, λ ∈ (0, 1), and
x, y ∈ {0, 1}∗,

rnKtc

λ/t(x | y) ≤ rK
t,∥L
λ (x | y) + c · log t.

Proof. Let x, y ∈ {0, 1}∗ and t ∈ N, and define k = rKt,∥A(x | y). Then there exists a program Π ∈ {0, 1}k
such that for a λ fraction of r ∈ {0, 1}t, Π, when run on (y; r) with non-adaptive oracle access to L, can
non-deterministically output x in time t.

Fix any good r such that the above holds. Then, as in the proof of Lemma 43, one can eliminate the
oracle access to L by hard-coding the number p of positive answers to the oracle queries made by Π, and
non-deterministically guessing witnesses (of length at most poly(t)) for each query. Simulate Π, attempting
to answer the queries using these witnesses: if a witness verifies, answer ”yes”; otherwise, answer ”no.” At
the end, verify that exactly p witnesses were accepted.

Note that in the above, the additional advice p depends on the randomness r, and therefore we cannot
have a single advice string that works for all good choices of r. However, such advice can be encoded using
at most log t bits. Then for any good r, if we uniformly pick an advice string from {0, 1}log t, the program
can successfully output x in a nondeterministic manner as described above. It follows that there exists a
program, which includes the description of Π and has size at most |Π|+O(log t), such that with probability
at least

λ · 1

2log t
= λ/t,

over r ∼ {0, 1}t and p ∼ {0, 1}log t, it outputs x non-deterministically in time poly(t). This concludes the
proof.
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Lemma 51. There exists a constant c′ such that the following holds. For any time-constructible, non-
decreasing T : N→ N, T (n) ≥ n, for every L ∈ AMTIME[T (n)] ∩ coAMTIME[T (n)], all x, y ∈ {0, 1}∗,
and sufficiently large t ∈ N with t > |x|,

rnKT (t)c
′
(x | y) ≤ rnKt,L(x | y) +O(log t).

Moreover, restricting query length to at most ℓ for an integer ℓ ≥ 1,

rnKt·(T (ℓ)·|x|·log t)c′ (x | y) ≤ rnKt,L≤ℓ(x | y) +O(log(ℓ · |x| · log t)).

Proof Sketch. The proof is similar to that of Lemma 45. It relies on the idea that, given a nondeterministic
program with oracle access to a language L ∈ AMTIME[T (n)] ∩ coAMTIME[T (n)], one can eliminate the
oracle by guessing an answer to a query along with a witness certifying that answer, and then verifying the
answer efficiently in time poly(T (ℓ)).

The main difference here is that L lies in AMTIME[T (n)] ∩ coAMTIME[T (n)], so the verifiers are
randomized. However, using standard error reduction techniques, we can ensure that the verifications have
perfect completeness and soundness error at most O(2−2ℓ), within time overhead of O(ℓ). We use the
same choice of randomness on every query on every nondeterministic branch. Then, by union bound over
possible inputs to L of length at most ℓ, the overall success probability of the simulated program is at least
2/3−O(2−ℓ), which can be amplified back to 2/3 using Lemma 47 at the expense of t·poly(T (ℓ)·|x|·log t)
time overhead and O(log(ℓ · |x| · log t)) description overhead.

Corollary 52. For every L ∈ AM ∩ coAM, there is a constant c > 0 such that for every x, y ∈ {0, 1}∗,

rnKt(x | y) ≤ c · rnKtL(x | y).

4.3 pnK

Lemma 53. For every oracleO and every language L that is hard for NPO under deterministic polynomial-
time reductions, there exists a constant c > 0 such that, for all x, y ∈ {0, 1}∗ and t ∈ N,

pKtc,L(x | y) ≤ pnKt,O(x | y) + c · log t.

Proof. The proof follows the same idea as Lemma 41. Let k = pnKt,O(x | y), and suppose that with
probability at least 2/3 over r ∼ {0, 1}t, there exist Π ∈ {0, 1}k such that, on input (y; r) and with oracle
access to O, Π non-deterministically outputs x within time t.

Let L0 ∈ NPO be the following language:

L0 =

{
(Π, y, r, i, 1t, 1n)

∣∣∣∣∣ ∃w ∈ {0, 1}t such that ΠO(y;w; r) outputs a string

x ∈ {0, 1}n within time t and the i-th bit of x is 1.

}
.

Then, with probability at least 2/3 over r ∼ {0, 1}t, given (Π, y, r, t, n) as above hard-coded, one can
recover the string x within time poly(t) given oracle access to L0. In particular, one can simply query
(Π, y, r, i, 1t, 1n) to L0 for every i ∈ [n] and return the concatenation of the answers from the oracle. By
definition of Π and t, this process is guaranteed to output x.

Lastly, for any NPO-complete language L, we may replace the L0-oracle with an L-oracle by simulating
the reduction from L0 to L. This increases the time to produce x by at most a factor of poly(t).

35



Overall, we have

pKpoly(t),L(x | y) ≤ |(Π, t, n)|+O(log t)

≤ |Π|+O(log t)

= pnKt,O(x | y)) +O(log t),

as desired.

Corollary 54. For every oracle O and every language L that is hard for NPO under deterministic c
polynomial-time reductions, there exists a constant c > 0 such that, for all x, y ∈ {0, 1}∗,

pKtL(x | y) ≤ c · pnKtO(x | y).

5 Average-Case SoI for Nondeterministic Computation: Proof of Theorem 1

5.1 Average-Case SoI for pnKt

In this subsection, we show that Symmetry of Information holds for pnKt on average over efficiently
samplable distributions. Toward proving this result, we observe that Symmetry of Information holds for
pKpoly if one replaces the term pKpoly(y | x) with its nondeterministic counterpart pnKpoly(y | x).

5.1.1 A Semi-Symmetry of Information Theorem for pnKt

We obtain a version of semi-SoI for pnKt via the worst-case conditional coding theorem of [HLO26].
The proof is similar to an argument from [HIL+23] used to conditionally show average-case SoI for pKt.
The statement slightly improves on the worst-case semi-SoI theorem of [HLO26], which would include a
term for pnKpoly(t)(y) rather than pKpoly(t)(y).

Theorem 55. There exists a polynomial p such that, for all sufficiently large n, t ∈ N with t ≥ 4n, the
following holds. For all x, y ∈ {0, 1}n,

pKt(x, y) ≥ pKp(t)(x) + pnKp(t)(y | x)− log p(t).

Proof. Let D ∈ PSAMP be a distribution family as in Lemma 36 of [LOZ22] that dominates the universal
distribution for pKt; that is, for some constant c ∈ N, for any n, t ∈ N and z ∈ {0, 1}2n,

Dn,t(z) ≥
1

2pK
t(z) · nc

. (4)

For n, t ∈ N, let D(2)
n,t denote the marginal distribution over the second half of the output of Dn,t, and note

that D(2) = {D(2)
n,t}n,t∈N ∈ PSAMP.

Now fix n, t ∈ N such that t ≥ 4n along with strings x, y ∈ {0, 1}n. By the worst-case conditional
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coding theorem for pnKt with respect to D ([HLO26, Theorem 6]), for some polynomial q,

pnKq(t)(y | x) ≤ log
1

Dn,t(y | x)
+ log q(t)

= log
D(2)

n,t(x)

Dn,t(x, y)
+ log q(t)

= log
1

Dn,t(x, y)
− log

1

D(2)
n,t(x)

+ log q(t)

≤ pKt(x, y)− log
1

D(2)
n,t(x)

+ log q(t) + c logn. (by Equation (4))

Moreover, by the worst-case coding theorem for pKt complexity [LOZ22], for some polynomial q′,

pKq′(t)(x) ≤ log
1

D(2)
n,t(x)

+ log q′(t).

Combining this with the above,

pnKq(t)(y | x) + pKq′(t)(x) ≤ pKt(x, y) + log q(t) + c log n+ log q′(t).

Let the polynomial p be such that p(m) ≥ 4 ·max{q(m),mc, q′(m)} for all m ∈ N. It follows that

pnKp(t)(y | x) + pKp(t)(x) ≤ pKt(x, y) + log p(t).

This completes the proof.

5.1.2 From Semi-SoI for pnKt to Average-Case SoI for pnKt

Making use of the statement from the previous subsection, we prove that average-case Symmetry of
Information holds for pnKt. The proof is a simple adaptation of an argument from [HLO26]; we include the
details for completeness.

Below, we state Theorem 1 in a seemingly stronger form, with a term for pKt(x) on the right-hand side
rather than pnKt(x). However, we remark that this statement is actually essentially equivalent to Theorem 1,
since pKt(x) ≤ pnKt(x) +O(logn) with high probability over strings x sampled efficiently.

Theorem 56. For every polynomial-time samplable distribution family {Dn}n∈N supported over {0, 1}n ×
{0, 1}n, there exists a constant c > 0 such that for all large enough n, k ∈ N,

Pr
(x,y)∼Dn

[ pnKt(x, y) ≥ pKt(x) + pnKt(y | x)− c · log n− log k ] ≥ 1− 1

k
.

Proof. The proof is following [HLO26, Theorem 8]. Let {Dn}n∈N be as in the statement of this theorem,
and let the polynomial p be as in Theorem 55. Fix any n ∈ N, and for a sufficiently large polynomial
q, let t = q(tD(n)), where tD(n) upper-bounds the time required to sample Dn. Observe that, for any
x, y ∈ {0, 1}n,

pnKt(y | x) ≤ pnKp(t)(y | x) +O(log p(t))

and
pKt(x) ≤ pKp(t)(x) +O(log p(t)).
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By the coding theorem for pKt (Theorem 25) and Lemma 24, the following holds: for any k ∈ N, with
probability at least 1− k−1 over (x, y) ∼ Dn,

pKt(x, y) ≤ log
1

Dn(x, y)
+O(logn)

≤ K(x, y) +O(log n) + log k

≤ pnKt(x, y) +O(log n) + log k.

Combining the above with Theorem 55 and letting c ∈ N be a sufficiently large constant, we have that with
probability at least 1− k−1 over (x, y) ∼ Dn,

pnKt(x, y) ≥ pKt(x) + pnKt(y | x)− c logn− log k,

as desired.

5.2 Average-Case SoI for rnKt

We first show a version of semi-symmetry of information for rnKt, which is analogous to Theorem 55.

Theorem 57. There exists a polynomial p such that, for all sufficiently large n, t ∈ N with t ≥ 4n, the
following holds. For all x, y ∈ {0, 1}n,

pKt(x, y) ≥ rnKp(t)(x) + rnKp(t)(y | x)− log p(t)− log3 p(n).

Proof Sketch. The proof follows a similar approach to that used in [GK22, Hir22b] to establish time-
bounded versions of SoI under the assumption that MINKT is easy (see also [HKLO24, Appendix A]).
This approach employs the pseudorandom generator construction stated in Lemma 31 and its reconstruction
property, while using MINKT (which is in NP) as a distinguisher. In fact, by adapting this approach and
using the fact that the reconstruction procedure makes only non-adaptive queries, one can show that for any
x, y ∈ {0, 1}n and sufficiently large t that is polynomial in n,

pKt(x, y) ≥ rK
poly(t),∥MINKT
1/poly(n) (x) + rK

poly(t),∥MINKT
1/poly(n) (y | x)−O(log3 n)−O(log t). (5)

We now upper-bound the right-hand side of the above. We have

rK
poly(t),∥MINKT
1/poly(n) (x) ≥ rnK

poly(t)
1/poly(n·t)(x)−O(log t) (by Lemma 50)

≥ rnKpoly(t)(x)−O(log t) (by Lemma 47)

By a similar argument, we have

rK
poly(t),∥MINKT
1/poly(n) (y | x) ≥ rnKpoly(t)(y | x)−O(log t).

Substituting the above two inequalities into Equation (5) yields the desired semi-symmetry of information
for rnKt.

The following corresponds to Theorem 1 for the case of rnKt.

Theorem 58. For every polynomial-time samplable distribution family {Dn}n∈N supported over {0, 1}n ×
{0, 1}n, there exists a constant c > 0 such that for all large enough n, k ∈ N,

Pr
(x,y)∼Dn

[
rnKt(x, y) ≥ rnKt(x) + rnKt(y | x)− c · log3 n− log k

]
≥ 1− 1

k
.

Proof Sketch. The proof can be easily adapted from that of Theorem 56, with Theorem 55 replaced by
Theorem 57. We omit the details.
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6 Complexity Separations from SoI: Proof of Theorem 2

6.1 Consequence of Worst-Case SoI for pnKt

Theorem 59, stated and proved in Section 6.1, shows that if worst-case symmetry of information holds
for pnKt, then coNP ̸⊆ AM. Theorem 65 establishes an analogous result for rnKt and is proved in Sec-
tion 6.2.

Theorem 59. Item 1 implies Item 2 in the following.

1. (Worst-Case Symmetry of Information for pnKt). There exists a constant c > 0 such that for all
large enough n ∈ N and x, y ∈ {0, 1}n,

pnKt(x, y) ≥ pnKt(x) + pnKt(y | x)− logc n.

2. UNSAT /∈ AMTIME
[
2log

d n
]

for any d ≥ 1.

We will need the following lemmas.

Lemma 60. There exists a probabilistic oracle algorithm B(−) such that, given inputs x ∈ {0, 1}m and
y ∈ {0, 1}≤2m·m, the algorithm BSAT(x, y) runs in time 2O(m) with access to a SAT-oracle, and

• if pnKt2/3(x | y) ≤ m/2, then BSAT(x, y) rejects with probability at least 2/3, and

• if pnKt1/3(x | y) > m/2, then BSAT(x, y) accepts with probability at least 2/3.

Proof. Consider the following algorithm: on input (x, y), where x ∈ {0, 1}m and y ∈ {0, 1}≤2m·m,

1. Sample r ∼ {0, 1}2
m/2

.

2. For all programs Π ∈ {0, 1}∗ and running times t ∈ N such that |Π| + ⌈log t⌉ ≤ m/2, use the SAT
oracle to answer the following two queries:

(a) Does there exist a w ∈ {0, 1}t such that Π(y;w; r) outputs x in t steps?

(b) Does there exist a w ∈ {0, 1}t such that Π(y;w; r) either fails to terminate within t steps or
outputs some x′ ̸∈ {x,⊥} within t steps?

3. Reject if and only if there exists a pair (Π, t) such that the answer to the first query is yes and the
answer to the second query is no.

It is clear that the running time of the above algorithm is 2O(m), and correctness follows directly from
the definition of pnKt. Indeed, if pnKt2/3(x | y) ≤ m/2, then the algorithm rejects with probability at least
2/3 (over the randomness r), and if pnKt1/3(x | y) > m/2, the algorithm rejects with probability at most
1/3.

Lemma 61. Suppose SAT ∈ coAMTIME[npolylog(n)]. Then for every constant d > 0, there are infinitely
many integers m such that for every ℓ ≤ 2m, there exist strings x1, . . . , xℓ ∈ {0, 1}m satisfying∑

i∈[ℓ]

pnKt(xi | x1, . . . , xi−1) ≥ ℓ · m
2

and
rnKt(x1, . . . , xℓ) ≤ 2m

1/d
.
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Proof. Let B be the (probabilistic) algorithm from Lemma 60. We first observe the following.

Claim 62. There exists a constant c > 0 and a language L ∈ AM ∩ coAM such that the following holds.
Given any x ∈ {0, 1}m and y ∈ {0, 1}≤2m·m, one can construct, in deterministic time poly

(
2m

c)
, an L-

oracle circuit C(x,y) of size 2m
c

that treats its input as internal randomness used by the algorithm B and
computes BSAT(x, y); that is, C(x,y)(r) = BSAT(x, y; r) for every r.

Proof of Claim 62. By Lemma 60, for every x ∈ {0, 1}m and y ∈ {0, 1}≤2m·m, we can construct a SAT-
oracle circuit C0 of size s = 2O(m) that treats its input as internal randomness and computes BSAT(x, y).
Note that C0 makes queries to SAT of length at most s.

By assumption, SAT ∈ coAMTIME[t(n)], where t(n) = npolylog(n). Applying a standard padding
argument, we can define a language L ∈ AM ∩ coAM that is an appropriately padded version of SAT, such
that C0 can be simulated by an L-oracle circuit of size at most poly(t(s)) ≤ 2m

c
for a constant c chosen

large enough.
⋄

Let c > 0 be the constant, and let L ∈ AM∩coAM be the language from Claim 62. Consider Lemma 117
with ε := 1/(4cd), and let S ⊆ N be the infinite set of lengths s at which the multiset Ts is pseudorandom
against L-oracle circuits of size s. For s ∈ S, let

m(s) := max{m ∈ N : 2m
c ≤ s },

so that 2m(s)c ≤ s < 2(m(s)+1)c . We say that an integer m is good if m = m(s) for some s ∈ S. Note that
there are infinitely many good values of m.

Fix any (sufficiently large) good m. Let s be the integer that witnesses the goodness of m, and let Ts be
the corresponding pseudorandom set.

Consider the following deterministic procedure A, with oracle access to L, which takes as input m, Ts,
and a string y ∈ {0, 1}≤2m·m, and proceeds as follows:

For each x ∈ {0, 1}m, compute

µx := Pr
z∼Ts

[
C(x,y)(z) = 1

]
,

where C(x,y) is the L-oracle circuit obtained using Claim 62. Output the first x such that
µx > 1

3 + 1
10 .

Claim 63. The procedure A, on input (m,Ts, y) with y ∈ {0, 1}≤2m·m, runs in deterministic time at most
2poly(m) when given oracle access to L and outputs an m-bit string x satisfying pnKt(x | y) ≥ m/2.

Proof of Claim 63. We first analyze the running time. Since |Ts| ≤ poly(s) and s ≤ 2(m+1)c , it follows that
the algorithm runs in time at most 2poly(m).

We now show correctness. Because Ts (1/10)-fools C(x,y) for every x ∈ {0, 1}m and y ∈ {0, 1}≤2m·m,
the value µx approximates PrB[B

SAT(x, y) = 1] within additive error 1/10. Thus, any output x cannot
satisfy pnKt2/3(x | y) ≤ m/2, as that would imply PrB[B

SAT(x, y) = 1] < 1/3 and hence µx <
1/3 + 1/10, contradicting the condition for output. Furthermore, since we enumerate all x ∈ {0, 1}m, at
least one of them satisfies pnKt1/3(x | y) > m/2. It follows that BSAT(−, y) accepts at least one such x.
Therefore, we are guaranteed to find one with µx ≥ 2/3− 1/10 ≥ 1/3 + 1/10. ⋄

Define x1, x2, . . . , xℓ ∈ {0, 1}m as follows:
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• x1 is the output of A(m,Ts, ϵ).

• For i = 2, 3, . . . , ℓ, let xi be the output of A(m,Ts, x1, . . . , xi−1).

By correctness of A, for each i ∈ [ℓ], we have

pnKt(xi | x1, . . . , xi−1) ≥
m

2

It follows that ∑
i∈[ℓ]

pnKt(xi | x1, . . . , xi−1) ≥ ℓ ·m/2,

as desired.
To upper bound the rnKt-complexity, observe that we can first compute Ts and then run procedure A

repeatedly to obtain the sequence x1, . . . , xℓ.
From the efficiency guarantee in Lemma 117, we have:

rnKt(Ts) ≤ 2log
ε s ≤ 2m

1/3d
,

Given m and Ts, the sequence x1, . . . , xℓ can be computed via ℓ invocations of A, each running in time
2poly(m) given oracle access to L. This yields:

rnKtL(x1, . . . , xℓ) ≤ O
(
2m

1/3d
)
+ log

(
ℓ · 2poly(m)

)
≤ 2m

1/(2d)
. (6)

In the above we use the fact that m is sufficiently large.
Finally, since L ∈ AM ∩ coAM, we get

rnKt(x1, . . . , xℓ) ≤ O
(
rnKtL(x1, . . . , xℓ)

)
(by Corollary 52)

≤ O
(
2m

1/(2d)
)

(by Equation (6))

≤ 2m
1/d

.

This completes the proof.

We now proceed to prove Theorem 59.

Proof of Theorem 59. We show the contrapositive. Assume that UNSAT ∈ AMTIME[npolylog(n)]. Note
that this implies SAT ∈ coAMTIME[npolylog(n)]. Below, we show the failure of worst-case symmetry of
information for pnKt. That is, for every constant c > 0, there exist infinitely many n ∈ N and x, y ∈ {0, 1}n
such that

pnKt(x, y) < pnKt(x) + pnKt(y | x)− logc n.

Let c > 1 be any constant. We first establish the following claim.

Claim 64. The following holds for infinitely many values of m. There exist v ∈ {0, 1}m and u ∈ {0, 1}n,
where m ≤ n ≤ 2m

1/(2c)
, such that

pnKt(u, v) < pnKt(u) + pnKt(v | u)− m

4
,
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Proof of Claim 64. Suppose, for the sake of contradiction, that for all but finitely many m, the following
holds: for all v ∈ {0, 1}m and u ∈ {0, 1}n satisfying m ≤ n ≤ 2m

1/(2c)
, we have

pnKt(u, v) ≥ pnKt(u) + pnKt(v | u)− m

4
.

Consider Lemma 61 with d := 3c. Let m be a sufficiently large “good” integer such that the statement
of Lemma 61 holds for ℓ := 2m

1/d
, and let x1, . . . , xℓ be the associated sequence of strings.

Observe that ℓ·m ≤ 2m
1/(2c)

. Therefore, we can apply the assumption to v = xℓ and u = (x1, . . . , xℓ−1),
which yields:

pnKt(x1, . . . , xℓ) ≥ pnKt(x1, . . . , xℓ−1) + pnKt(xℓ | x1, . . . , xℓ−1)−
m

4

Repeating this argument inductively gives:

pnKt(x1, . . . , xℓ) ≥
∑
i∈[ℓ]

pnKt(xi | x1, . . . , xi−1)− ℓ · m
4

≥ ℓ · m
2
− ℓ · m

4
(by Lemma 61)

= 2m
1/d · m

4
.

However, this contradicts the fact that

pnKt(x1, . . . , xℓ) ≤ 2m
1/d

.

This completes the proof of the claim. ⋄

By Claim 64, for infinitely many values of m, there exist v ∈ {0, 1}m and u ∈ {0, 1}n such that

m ≤ n ≤ 2m
1/(2c)

, (7)

and
pnKt(u, v) < pnKt(u) + pnKt(v | u)− m

4
. (8)

Define
x := u and y := v0n−m. (9)

Then we have:

pnKt(x, y) ≤ pnKt(u, v) +O(logn) (by Equation (9))

≤ pnKt(u) + pnKt(v | u)− m

4
+O(log n) (by Equation (8))

≤ pnKt(x) + pnKt(y | x) +O(logn)− m

4
+O(logn) (by Equation (9))

≤ pnKt(x) + pnKt(y | x) +O(logn)− log2c n

4
(by Equation (7))

< pnKt(x) + pnKt(y | x)− logc n,

as desired.
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6.2 Consequence of Worst-Case SoI for rnKt

The following corresponds to Theorem 2 for the case of rnKt.

Theorem 65. Item 1 implies Item 2 in the following.

1. (Worst-Case Symmetry of Information for rnKt). There exists a constant c > 0 such that for all
large enough n ∈ N and x, y ∈ {0, 1}n,

rnKt(x, y) ≥ rnKt(x) + rnKt(y | x)− logc n.

2. UNSAT /∈ AMTIME
[
2log

d n
]

for any d ≥ 1.

Proof Sketch. The proof is a easy adaption of that of Theorem 59, which employs Lemma 61. It suffices
to note that in Lemma 61, we can replace pnKt with rnKt, since for every x, y ∈ {0, 1}n, it holds that
pnKt(x | y) ≤ rnKt(x | y).

7 Relativization Barrier for SoI: Proof of Theorem 3

We will prove Theorem 3, restated here for convenience.

Theorem 66. There exist an oracle O and a constant ε > 0 such that, for every complexity measure
µ ∈ {rKt, pKt, nKt, rnKt, pnKt}, the following holds. For all sufficiently large n ∈ N, there exist strings
x, y ∈ {0, 1}n such that

µO(x, y) < µO(x) + µO(y | x)− ε · n.

The proof is basically a relativizing version of the argument used in Theorem 59, adapted so that it works
for all measures µ ∈ {rKt, pKt, nKt, rnKt, pnKt} and gives a linear gap ε ·n instead of just polylogarithmic.

We will make use of the following lemmas.

Lemma 67 ([BGS75]). There exists an oracle O such that PHO ⊆ PO.

Lemma 68. There is a deterministic polynomial-time oracle machine M
(−)
0 as follows. Let O be any

oracle. There exists an oracle X ∈ ΣP,O
3 such that for any n ∈ N, MX

0 (1n) outputs a string x ∈ {0, 1}n
with NPO-oracle circuit complexity at least n1/2.

Proof. For a given oracle O, let X ∈ ΣP,O
3 be as follows.

X = {(1n, y) | y ∈ {0, 1}<n ; ∃x ∈ {0, 1}n and w ∈ {0, 1}n−|y|−1 such that x = y0w and

∀ oracle circuit C(−) of size at most n1/2, x is not the truth-table of CNPO
},

The machine M
(−)
0 is defined as follows.

On input 1n, start with y being the empty string. Repeat the following n times. Query (1n, y) to
the oracle X ; if X accepts, let y := y0, and if X rejects, let y := y1. After this is done, return
the string x := y ∈ {0, 1}n.

By a standard counting argument, there exists a string x ∈ {0, 1}n with NPO-oracle circuit complexity
greater than n1/2. (In fact, most strings have this property.) Therefore, it is clear that MX

0 will find such a
string in polynomial time, as desired.
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Lemma 69. There exist an oracle O and a deterministic polynomial-time oracle machine M
(−)
1 as follows.

For any n ∈ N, MO
1 (1n) outputs a string x ∈ {0, 1}n with NPO-oracle circuit complexity at least n1/2.

Moreover, PHO ⊆ PO.

Proof. LetO be the oracle of Lemma 67. Let M (−)
0 be the machine and X ∈ ΣP,O

3 the oracle of Lemma 68
applied to A. Since PHO ⊆ PO, there exists a deterministic polynomial-time oracle machine N (−) such
that NO decides X . Let MO

1 be the machine that simulates M (−)
0 and answers its oracle queries with the

machine NO. By Lemma 68, for any n ∈ N, MO
1 (1n) produces a string x ∈ {0, 1}n with NPO-oracle

circuit complexity at least n1/2. The lemma follows.

We will require the following lemma, which is similar to Lemma 60, but pertains to pKtO complexity
for arbitrary oracles O rather than pnKt complexity.

Lemma 70. There exists a probabilistic oracle algorithm B(−) such that, for any oracle O, given inputs
x ∈ {0, 1}m and y ∈ {0, 1}≤m2

, BO(x, y) runs in time 2O(m) with oracle access to O, and

• if pKtO2/3(x | y) ≤ m/2, then BO(x, y) rejects with probability at least 2/3, and

• if pKtO1/3(x | y) > m/2, then BO(x, y) accepts with probability at least 2/3.

Proof. The algorithm BO is as follows. Given (x, y),

1. Sample r ∼ {0, 1}2
m/2

.

2. For all programs Π and running times t ∈ N with |Π| + ⌈log t⌉ ≤ m/2, check if ΠO(y; r) outputs x
within t steps. Reject if so.

3. Accept if Step 2 did not reject.

It is easy to see that BO runs in time 2O(m) given oracle access to O. Correctness follows easily from
the definition of pKtO.

Lemma 71. There exist an oracle O and a constant a ∈ N such that, for every ℓ, n ∈ N with ℓ ≤ n, there
exist strings x1, ..., xℓ ∈ {0, 1}n satisfying∑

i∈[ℓ]

pnKtO(xi | x1, ..., xi−1) > ℓ · n
a

and
KtO(x1, ..., xℓ) < a · n.

Proof. We follow the proof technique of Lemma 61. Let B(−) be the randomized oracle algorithm of
Lemma 70. Recall that, on inputs x ∈ {0, 1}n and y ∈ {0, 1}≤n2

, B(−) runs in time at most 2O(n). For a
constant b ∈ N, x ∈ {0, 1}n, and y ∈ {0, 1}≤n2

, let C(−)
(x,y) : {0, 1}

2bn → {0, 1} be the oracle circuit of size

at most 2bn that treats its input as internal randomness and simulates B(−)(x, y).
Let O be the oracle and M1 the machine of Lemma 69. Let c, d ∈ N be as in Theorem 28 applied with

ε = 1/2, and let z ∈ {0, 1}2
bc·n

be the output of MO
1 (12

bc·n
). That is, z has NPO-oracle circuit complexity

greater than 2bc·n/2. Let Gz : {0, 1}bd·n → {0, 1}2
bn

be the PRG of Theorem 28. In particular, Gz is
computable in time at most poly(2bc·n, bd · n) = 2O(n) and (1/2bn)-fools CNPO

(x,y) .
Consider the following procedure A.
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On input n ∈ N, y ∈ {0, 1}≤n2

, and z ∈ {0, 1}2
bc·n

, for each x ∈ {0, 1}n, compute

ρx = Pr
σ∼{0,1}bd·n

[CNPO

(x,y)(Gz(σ)) = 1].

Output the first x such that ρx > 1
3 + 1

10 .

It is easy to see that, with z as above, A(n, y, z) runs in time at most 2O(n), using an NPO oracle to simulate
CNPO

. Moreover, by the guarantee of Lemma 70, if pKtNP
O
(x | y) ≤ n/2, then BNPO

accepts with
probability at most 1/3. Therefore, A must output a string x ∈ {0, 1}n such that pKtNP

O
(x | y) > n/2.

Now, define

• x1 = A(n, ϵ, z), where ε is the empty string;

• xi = A(n, (x1, ..., xi−1), z) for i ∈ {2, ..., ℓ}.

We claim that the strings x1, ..., xℓ ∈ {0, 1}n have the properties stated in the lemma. Firstly, by the
correctness of A and Corollary 54, for some constant k ∈ N, for each i ∈ [ℓ], we have

pnKtO(xi | x1, ..., xi−1) ≥
1

k
· pKtNP

O
(xi | x1, ..., xi−1) ≥

n

2k
.

Thus, ∑
i∈[ℓ]

pnKtO(xi | x1, ..., xi−1) ≥ ℓ · n
2k

.

Secondly, we observe that x1, ..., xℓ can be produced uniformly by running MO
1 to produce a hard truth-

table z followed by ℓ ≤ n invocations of A. This takes deterministic time at most 2O(n) given an NPO

oracle. Thus,
KtNP

O
(x1, ..., xℓ) ≤ O(n).

Since PHO ⊆ PO, for any language L ∈ NPO, there exists a deterministic polynomial-time oracle machine
NO that decides L. Therefore, replacing oracle calls to L ∈ NPO by simulating NO, we obtain

KtO(x1, ..., xℓ) < 2a′ · (KtNP
O
(x1, ..., xℓ))

≤ O(n),

where a′ ∈ N is such that ta
′

upper-bounds the running time of N (−) on inputs of length t.
This completes the proof.

The following is immediate from the definitions of the complexity measures in question.

Corollary 72. There exist an oracleO and a constant d ∈ N as follows. For every ℓ, n ∈ N with ℓ ≤ n, there
exist strings x1, ..., xℓ ∈ {0, 1}n such that, for every complexity measure µ ∈ {rKt, pKt, nKt, rnKt, pnKt},∑

i∈[ℓ]

µO(xi | x1, ..., xi−1) > ℓ · n
d

and
µO(x1, ..., xℓ) < d · n.
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Given the above, we are ready to prove Theorem 3 as stated at the beginning of this section. The
argument is quite similar to that of Theorem 59. We include a proof for completeness.

Proof of Theorem 3. Fix µ ∈ {rKt, pKt, nKt, rnKt, pnKt}. We start with the following claim.

Claim 73. Let O be the oracle of Corollary 72. For some constant c ∈ N, for all sufficiently large m ∈ N,
there exist j ∈ N with m ≤ j ≤ c2 ·m and strings u ∈ {0, 1}j and v ∈ {0, 1}m such that

µO(u, v) < µO(u) + µO(v | u)− m

c
.

Proof of Claim 73. Toward a contradiction, suppose that for any constant c ∈ N, there exist infinitely many
m ∈ N such that for all j ∈ N with m ≤ j ≤ c2 ·m and all u ∈ {0, 1}j and v ∈ {0, 1}m, it holds that

µO(u, v) ≥ µO(u) + µO(v | u)− m

c
. (10)

Let d be the constant from Corollary 72, let c = 2d, and let m be as in Equation (10). Let ℓ := c2, and let
x1, ..., xℓ ∈ {0, 1}m be the strings guaranteed by Corollary 72. That is,∑

i∈[ℓ]

µO(xi | x1, ..., xi−1) > ℓ · m
d

=
(2d)2 ·m

d
= 4d ·m

and

µO(x1, ..., xℓ) < d ·m. (11)

Consider u = (x1, ..., xℓ−1) ∈ {0, 1}(ℓ−1)·m and v = xℓ ∈ {0, 1}m. By Equation (10), we have

µO(x1, ..., xℓ) ≥ µO(x1, ..., xℓ−1) + µO(xℓ | x1, ..., xℓ−1)−
m

c
.

Repeating inductively, we obtain

µO(x1, ..., xℓ) ≥
∑
i∈[ℓ]

µO(xi | x1, ..., xi−1)− ℓ · m
c

≥ 4d ·m− 2d ·m
= 2d ·m,

contradicting Equation (11).

Now, let the constant c be as in Claim 73. For any sufficiently large n ∈ N, let m = ⌊n/c4⌋. By
Claim 73, there exists j ∈ N with m ≤ j ≤ c2 ·m < n and strings u ∈ {0, 1}j and v ∈ {0, 1}m violating
SoI. Then, define n-length strings

x = u1n−j and y = v1n−m.

Observe that
µO(x, y) ≤ µO(u, v) +O(logn)
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and similarly
µO(u) ≤ µO(x) +O(log n)

and
µO(v | u) ≤ µO(y | x) +O(logn).

It follows that

µO(x, y) ≤ µO(u, v) +O(logn)

< µO(u) + µO(v | u)− m

c
+O(logn)

≤ µO(x) + µO(y | x)− m

c
+O(logn)

≤ µO(x) + µO(y | x)− ε · n. (choosing ε := 1/c6)

This completes the proof of the theorem.

8 Complexity Collapses from SoI: Proof of Theorem 4

8.1 Uniform Collapses

In this subsection, we prove the first item of Theorem 4. We present the proof for the case where the SoI
error is O(logn); it can be easily adapted to the case of poly(logn) error.

Theorem 74 (SoI for rnKt⇒ FewEXP ⊆ BPPNP). If either rnKt or nKt satisfies symmetry of information
with logarithmic error, then FewEXP ⊆ BPPNP.

To prove Theorem 74, the key ingredient is the following lemma, which states that if FewEXP ̸⊆ BPPO

for some O ∈ PSPACE, then there exists a pseudorandom generator with certain efficiency guarantees that
fools randomized algorithms with oracle access to O.

Lemma 75 (Hardness-to-PRG). Let O ∈ PSPACE. If FewEXP ̸⊆ BPPO, then for every constant η > 0
and every constant b ∈ N, there exists a sequence of functions G = {Gn}n∈N with

Gn : {0, 1}nη/2 → {0, 1}n

such that:

1. Each Gn is computable in single-valued nondeterministic time 2O(nη/2) with O(nη/2) bits of advice.

2. For every distribution family {Cn} of O-oracle Boolean circuits samplable in time nb, there are
infinitely many n such that, with probability at least 1− n−b over C ∼ Cn, Gn n−b-fools C.

Proof. Fix O ∈ PSPACE, and assume FewEXP ̸⊆ BPPO. We consider two cases.

Case 1: EXP ̸⊆ BPPO. The desired PRG follows directly from Corollary 30.
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Case 2: EXP ⊆ BPPO. Under the assumption that FewEXP ̸⊆ BPPO, it follows that FewEXP ̸= EXP.
We show the following claim.

Claim 76. If FewEXP ̸= EXP, then there exist a verifier V and constants α, k > 0 such that for infinitely
many ℓ, there exist xℓ ∈ {0, 1}ℓ and a set Wℓ ⊆ {0, 1}2

ℓα

satisfying:

• V (xℓ, w) = 1 for every w ∈Wℓ, where V runs in time 2O(ℓα);

• 1 ≤ |Wℓ| ≤ 2ℓ
k
;

• for every w ∈ Wℓ, when w is interpreted as the truth table of a Boolean function, it cannot be
computed by any O-oracle circuit of size poly(ℓ).

Proof of Claim 76. Let L ∈ FewEXP \ EXP, and let V be a verifier for L. For each x ∈ {0, 1}ℓ, let Wx

denote the set of witnesses for x with respect to V (possibly empty). Without loss of generality, assume each
witness has length exactly 2ℓ

α
for some constant α > 0. Also, by the definition of FewEXP, there exists a

constant k > 0 such that |Wx| ≤ 2ℓ
k
.

Suppose, for the sake of contradiction, that for all but finitely many x ∈ L, some witness w ∈ Wx,
when viewed as the truth table of a Boolean function on ℓα input bits, has polynomial-size O-oracle circuit
complexity.

We claim that this assumption implies L ∈ EXP. On input x ∈ {0, 1}ℓ, enumerate all O-oracle circuits
of size at most poly(ℓα) = poly(ℓ). For each such circuit, evaluate it on all inputs to obtain a truth table
y ∈ {0, 1}2ℓ

α

, and check whether V (x, y) = 1. Accept if and only if such a y exists.
Since O ∈ PSPACE, each oracle query can be simulated in time 2poly(ℓ), and the total number of circuits

of size poly(ℓ) is at most 2poly(ℓ). Therefore, evaluating each circuit on all inputs and verifying V (x, y) = 1
can be done in time 2poly(ℓ), giving an exponential-time algorithm for L.

This contradicts the assumption that L /∈ EXP. Hence, for infinitely many yes-instances x, every witness
in Wx (which is nonempty) must have super-polynomial O-oracle circuit complexity. ⋄

Next, we show that Claim 76 allows us to efficiently obtain, in nondeterministic time with small advice,
hard truth tables that have super-polynomial-size O-oracle circuit complexity.

Claim 77. If FewEXP ̸= EXP, there exist a constant β > 0 and a sequence {ym ∈ {0, 1}2
m}m such that

the following holds for infinitely many m:

• ym, viewed as a truth table, is not computable by any O-oracle circuit of size poly(m).

• ym can be computed in single-valued nondeterministic time 2m
β

with mβ bits of advice.

Proof of Claim 77. Let V , α, and k be as in Claim 76. By that claim, for infinitely many lengths ℓ, there
exist an input xℓ ∈ {0, 1}ℓ and a (nonempty) set of witnesses Wℓ ⊆ {0, 1}2

ℓα

that satisfies the conditions
specified in Claim 76. Fix such a good ℓ. We describe how to efficiently obtain one of these “hard” witnesses
in single-valued nondeterministic time with small advice.

Take the advice string to be (xℓ, |Wℓ|). We can now perform the following nondeterministic procedure
to obtain the lexicographically first witness in Wℓ:

1. Nondeterministically guess |Wℓ| distinct strings y1, . . . , y|Wℓ| ∈ {0, 1}
2ℓ

α

.

2. Verify for each yi that V (xℓ, yi) = 1.
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3. Output the lexicographically first yi that passes verification.

This procedure is single-valued because, on any nondeterministic branch, the output is uniquely deter-
mined as the lex-first valid witness. The running time is at most O(|Wℓ| · 2ℓ

α
) = 2poly(ℓ).

Let m = ℓα. Then:

• The output of the above procedure is a witness in Wℓ and has length 2m.

• The advice length is O(ℓ+ ℓk), which is at most mβ for some constant β > 0.

• The nondeterministic running time is 2poly(ℓ) = 2m
β

for some β > 0.

Finally, by Claim 76, this lex-first witness is hard against any poly(m) O-oracle circuits. ⋄

Now, we can plug the hard truth tables obtained from Claim 77 into the hardness-to-randomness frame-
work to obtain a PRG.

Fix constants 0 < η < 1 and b ∈ N. Let ε := η/2, and let δ ≤ ε and constant c ∈ N be as guaranteed by
Theorem 27.

Let {ym ∈ {0, 1}2
m}m be the sequence from Claim 77. For infinitely many m, the function ym, viewed

as a Boolean function on m variables, does not admit O-oracle circuits of size poly(m), and is computable
in single-valued nondeterministic time 2m

β
with mβ bits of advice, where β > 0 is a constant.

Set
n := mβ/δ.

Note that we have m ≤ nδ. By padding, we can extend ym to a function

znδ : {0, 1}nδ → {0, 1}

by ignoring the first nδ −m input bits. Note that znδ inherits hardness: if it had an O-oracle circuit of size
ncδ, then by fixing the extra inputs we would obtain an O-oracle circuit of size poly(m) computing ym,
contradicting the hardness of ym.

Now define the generator
Gn(s) := F (znδ , s),

where s ∈ {0, 1}nε
. By the guarantee of Theorem 27 and the hardness of znδ , it follows that for infinitely

many n, the generator Gn n−b-fools all O-oracle circuits of size at most nb.
It remains to verify efficiency. By Claim 77, the truth table ym (and hence znδ ) can be computed in

single-valued nondeterministic time 2m
β

= 2O(nε) and with mβ = O(nε) bits of advice. Since F is
computable in polynomial time, it follows that each Gn can be computed in single-valued nondeterministic
time 2O(nε) with O(nε) bits of advice.

Next, we use our PRG in Lemma 75 to show that if FewEXP ̸⊆ BPPO, where O ∈ PSPACE, then the
following meta-complexity problem must be hard.

Definition 78. Let s1, s2 : N → N. Define the promise problem Gap-(nKt v.s. K)[s1, s2] as the promise
problem (YES,NO), where

YES ≜ {x | nKt(x) ≤ s1(|x|)} ,
NO ≜ {x | K(x) > s2(|x|)} .
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Lemma 79. Let O ∈ PSPACE. If FewEXP ̸⊆ BPPO, then for every ζ > 0, Gap-(nKt v.s. K)[nζ , n− 1] ̸∈
BPPO.

Proof. Fix O ∈ PSPACE, and assume FewEXP ̸⊆ BPPO.
Toward a contradiction, suppose Gap-(nKt v.s. K)[nζ , n − 1] ∈ BPPO for some ζ > 0. Let D be

a probabilistic polynomial-time O-oracle algorithm such that, except with exponentially small probability
over its internal randomness, D rejects every string with nKt-complexity ≤ nζ , and accepts every string
with nKt-complexity > n. Such a distinguisher can be obtained via standard error reduction followed by a
union bound. Equivalently, we may view D as a distribution over O-oracle circuits obtained by fixing its
internal randomness.

Let G be the PRG from Lemma 75. Note that since G is computable in single-valued nondeterministic
time 2O(nη/2) with O(nη/2) bits of advice, we have for all sufficiently large n and every r ∈ {0, 1}n

ζ/2

,

nKt(Gn(r)) ≤ O(nζ/2) ≤ nζ .

By the correctness of the algorithm D, except with exponentially small probability over the choice of
D, it holds that for all but finitely many n,

D(G(r)) = 0

for every r ∈ {0, 1}n
η/2

.
On the other hand, with probability at least 1/2 over x ∼ {0, 1}n, we have K(x) > n − 1. It follows

that
Pr

x∼{0,1}n
[D(x) = 1] ≥ 1

2 .

Hence, D distinguishes the output distribution of the PRG from the uniform distribution, contradicting
Lemma 75.

We can now complete the proof of Theorem 74

Proof of Theorem 74. We prove the contrapositive. Suppose that FewEXP ̸⊆ BPPNP. Then, by Lemma 79,
for every ζ > 0,

Gap-(nKt v.s. K)[nζ , n− 1] /∈ BPPNP.

Observe that if either Gap-MrnKtP[n−O(logn), n− 1] or Gap-MnKtP[n−O(logn), n− 1] were in
pr-BPP||NP, then Gap-(nKt v.s. K)[nζ , n− 1] would also be in BPPNP for some ζ > 0. Indeed, every YES
(resp. NO) instance of the latter problem is also a YES (NO) instance of the former.18 This contradicts the
previous paragraph. Hence, both Gap-MrnKtP[n−O(log n), n− 1] and Gap-MnKtP[n−O(logn), n− 1]
are not in pr-BPP||NP. It follows from Lemma 88 and Lemma 94 that SoI does not hold for either rnKt or
nKt.

8.2 Nonuniform Inclusions

In this subsection, we prove the second item of Theorem 4. Again, we present the proof for the case
where the SoI error is O(logn), and it can be easily adapted to the case of poly(logn) error.

18Recall in particular that, for all strings x, K(x) ≤ rnKt(x) ≤ nKt(x).
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8.2.1 The Case of nKt

Theorem 80 (SoI for nKt⇒ EXP∥NP ⊆ NP/poly ∩ coNP/poly). Assume that nKt satisfies symmetry of
information with logarithmic error, i.e., there exists a constant c > 0 such that for all strings x, y,

nKt(x, y) ≥ nKt(x) + nKt(y | x) − c log(|x|+ |y|). (12)

Then
EXP∥NP ⊆ NP/poly ∩ coNP/poly.

Proof. Assume (12). We combine the consequences already established in Section 8.1 with two ingredients
from the meta-complexity/pseudorandomness literature. This is implemented in four steps, as explained
next.

Step 1: A large-gap MnKtP promise problem is in pr-P∥NP. Since we assume SoI holds for nKt with
logarithmic error, by Lemma 94, we get that Gap-MnKtP[n − O(logn), n − 1] ∈ pr-P∥NP. This implies
that for some constant δ ∈ (0, 1),

Gap-MnKtP[nδ, n− 1] ∈ pr-P∥NP. (13)

Step 2: E∥NP reduces to a large-gap MnKtP. We now invoke a PRG/reconstruction completeness phe-
nomenon for MnKtP.

Lemma 81 (Nonuniform truth-table reduction for nKt). For any constant δ ∈ (0, 1) and language L ∈
E∥NP, L has a nonuniform polynomial-time truth-table reduction to Gap-MnKtP[nδ, n− 1]. Equivalently,

E∥NP ⊆ PGap-MnKtP[nδ,n−1]/poly,

where all oracle queries to MnKtP[nδ, n− 1] are nonadaptive.

Proof Sketch. Fix a language L ∈ E∥NP. We sketch a standard Nisan–Wigderson (NW) generator and
reconstruction argument showing that, for a constant d ≥ 1 as specified below, the language L has a nonuni-
form polynomial-time truth-table reduction to the promise problem MnKtP[mδ,m− 1] on inputs of length
m = nd.

Define an NW/BFNW-style generator from the truth table. Fix a constant ε ∈ (0, 1) and let b ∈ N be large
enough that bδ > ε, where δ is as in the statement of this lemma. Let δ′ < ε, a, and F be as guaranteed by
Theorem 27 applied to ε and b. Set N ≜ ⌈n1/δ′⌉ so that N δ′ ≥ n, and let f : {0, 1}Nδ′ → {0, 1} be the
function Ln, padded to ignore all but its last n input bits. Set m ≜ N b (so that m = nd with d ≜ b/δ′) and
define the generator

Gf (z) ≜ F (tt(f), z) ∈ {0, 1}m, z ∈ {0, 1}Nε
.

Generator outputs are nKt-easy. Fix any seed z. We describe a single-valued nondeterministic program that
outputs Gf (z). The program hardwires z together with the number p of positive answers among all of the
NP queries made by the E∥NP machine for L across all 2n inputs of length n. It first simulates that machine
on every input of length n, collecting the (non-adaptive) list of queries; this takes time 2O(n), and there are
at most 2O(n) queries. It then nondeterministically guesses witnesses for exactly p of these queries, verifies
them, and outputs ⊥ unless the count matches. Observe that this yields a single-valued nondeterministic
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construction of tt(f). The program then computes F (tt(f), z), taking time poly(2N
δ′
) = poly(2n) by

Theorem 27.
The total running time is t ≤ 2O(n), and the description length is |z|+ |p|+O(1) ≤ N ε+O(n). Hence,

nKt(Gf (z)) ≤ N ε +O(n) +O(log t) = N ε +O(N δ′) = O(N ε).

By the choice of b, we get nKt(Gf (z)) ≤ mδ for all sufficiently large n, so Gf (z) is a yes-instance of
MnKtP[mδ,m− 1] for every z.

Uniform strings are nKt-hard with constant probability. By a counting argument, a uniformly random
y ∼ Um satisfies nKt(y) ≥ m− 1 with probability at least 1/2. Therefore any language D consistent with
the promise problem MnKtP[mδ,m− 1] accepts every Gf (z) and rejects all but a 1/2 fraction of Um, and
in particular ∣∣∣∣ Pr

z∼UNε
[D(Gf (z)) = 1]− Pr

w∼Um

[D(w) = 1]

∣∣∣∣ ≥ 1

2
≥ 1

N b
.

Reconstruction yields a nonuniform reduction. By Theorem 27, there is an oracle circuit R(-) of size Na =

poly(n), making nonadaptive queries to D, such that RD(x) = f(x) for every x ∈ {0, 1}Nδ′
. Hardwiring R

as nonuniform advice yields a nonuniform polynomial-time truth-table reduction from L to MnKtP[mδ,m−
1], with queries of length m = poly(n) depending only on the input and the advice. Note that this holds for
any language D consistent with the promise.

Combining Lemma 81 with (13) and substituting the pr-P∥NP-procedure for the parallel queries to the
oracle yields

E∥NP ⊆ P∥NP/poly. (14)

Step 3: Downward collapse to NP/poly ∩ coNP/poly.
Applying Corollary 39 to (14) gives

E∥NP ⊆ NP/poly ∩ coNP/poly. (15)

Step 4: Standard padding from E∥NP to EXP∥NP. Let L ∈ EXP∥NP. Then there exists k ≥ 1 such that
L ∈ DTIME(2n

k
)∥NP. Define the padded language L′ by

L′(x0|x|
k−|x|) ≜ L(x).

Then L′ ∈ E∥NP, and hence by (15) we have L′ ∈ NP/poly ∩ coNP/poly. Using the advice for length |x|k
and running the corresponding verifier on the padded input y = x0|x|

k−|x| yields NP/poly and coNP/poly
verifiers for L itself (with advice size still polynomial in |x|). Therefore,

EXP∥NP ⊆ NP/poly ∩ coNP/poly,

as claimed.
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8.2.2 The Case of rnKt

Theorem 82 (SoI for rnKt⇒ BPEXP∥NP ⊆ NP/poly ∩ coNP/poly). Assume that rnKt satisfies symmetry
of information with logarithmic error, i.e., there exists a constant c > 0 such that for all strings x, y,

rnKt(x, y) ≥ rnKt(x) + rnKt(y | x) − c log(|x|+ |y|). (16)

Then
BPEXP∥NP ⊆ NP/poly ∩ coNP/poly.

The proof of Theorem 82 is similar to that of Theorem 80.
We will make use of the following inclusion, which follows from standard techniques. We include a

proof for completeness.

Lemma 83. BPE∥NP ⊆ AME/O(n).

Proof. Consider L ∈ BPE∥NP, witnessed by a randomized machine M∥SAT running in time t = 2O(n)

on inputs of length n. Without loss of generality, assume M∥SAT has failure probability o(1). On input
x ∈ {0, 1}n with randomness r ∼ Ut, M generates queries q1(x, r), . . . , qk(x, r) with k ≤ t, receives
oracle answers, and accepts or rejects after some t-time computation. For each (x, r), the correct oracle
answers are fixed values b1(x, r), . . . , bk(x, r) ∈ {0, 1}.

For each r ∈ {0, 1}t, define

Sr := {(x, j) ∈ {0, 1}n × [k] | bj(x, r) = 1} .

Let k′ := k · 2n and
µn := E

r∼Ut

[
|Sr|

]
∈ [0, k′],

the expected number of “yes” queries on the whole truth-table over r ∈ {0, 1}t. Setting ℓ := (k′)2 · n, we
take the advice string to be the integer

αn := ⌊ℓ · µn⌋ ∈ [0, ℓ · k′],

so that ℓµn − 1 < αn ≤ ℓµn. Since ℓ · k′ ≤ 2O(n), the advice αn can be represented with O(n) bits.
We now describe an Arthur-Merlin protocol with advice αn to decide L on inputs of length n.

On input x∗, Arthur samples ℓ = 2O(n) independent strings r1, . . . , rℓ ∼ Ut and sends them to
Merlin.

For each i ∈ [ℓ], Merlin sends:

• a set Ŝi ⊆ {0, 1}n × [k], claimed to be the set of “yes” queries of M∥SAT on randomness
ri (i.e., Sri as defined above);

• for each (x, j) ∈ Ŝi, a witness wx,i,j ∈ {0, 1}≤t for the SAT instance qj(x, ri).

Arthur verifies Merlin’s message in the following steps:

• for each i ∈ [ℓ], and (x, j) ∈ Ŝi, verify that wx,i,j is a valid witness for qj(x, ri), and
reject if any is not;
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• compute the total number of “yes” queries over all ri,

X :=

ℓ∑
i=1

|Ŝi|,

and reject unless
αn −X ≤ ℓ/6;

• accept iff
1

ℓ
·
∣∣{i ∈ [ℓ]

∣∣ M Ŝx∗,i(x∗, ri) accepts
}∣∣ ≥ 1

2
,

where Ŝx∗,i := {(x, j) ∈ Ŝi | x = x∗} and M Ŝx∗,i denotes the computation of M (−) with
oracle queries answered according to Ŝx∗,i.

Note that the size of Merlin’s message is at most 2O(n) · ℓ · k · t = 2O(n). Also note that Arthur runs in time
at most 2O(n).

Now we argue for the correctness of the protocol.

Completeness. Suppose x∗ ∈ L and Merlin is honest, i.e., Ŝi = Sri and all witnesses sent by Merlin are
correct. Clearly, the first step of Arthur’s verification passes. Further, since αn ≤ ℓµn, we have αn −X ≤
ℓµn −X , and hence by Hoeffding’s Inequality,

Pr
r1,...,rℓ∼Ut

[ αn −X > ℓ/6 ] ≤ Pr
r1,...,rℓ∼Ut

[ ℓµn −X > ℓ/6 ]

≤ exp

(
−2 · (ℓ/6)2

ℓ · (k′)2

)
≤ exp(−n/18).

So, with probability 1− o(1), the second step of Arthur’s verification passes.
Since x∗ ∈ L, the honest computation accepts x∗ on all but a o(1)-fraction of random r. Then, by a

Chernoff bound, letting Ai be an indicator random variable for the event that M∥SAT(x∗, ri) accepts, we
have

Pr

[
1

ℓ

ℓ∑
i=1

Ai ≤
9

10

]
≤ exp(−Ω(n)). (17)

In the case that 1
ℓ

∑ℓ
i=1Ai > 9

10 , with all queries answered honestly, the third verification step passes.
Overall, the protocol accepts with probability 1− o(1).

Soundness. Suppose x∗ /∈ L. We show that for any Merlin strategy, Arthur rejects with probability
1− o(1).

Since Merlin must provide a valid witness for every (x, j) ∈ Ŝi, the first verification step enforces
Ŝi ⊆ Sri for all i, so Merlin can only answer such that

X ≤
ℓ∑

i=1

|Sri | =: Y.
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By Hoeffding’s inequality, with probability 1− exp(−Ω(n)) we have Y ≤ ℓµn + ℓ/6 < αn + 1 + ℓ/6. In
this event, if Merlin omits more than ℓ/3 + 1 yes-queries (i.e. Y −X > ℓ/3 + 1), then αn −X > ℓ/6, and
Arthur rejects in the second step.

Therefore, supposing Merlin passes the second step, he must omit at most ℓ/3 + 1 total “yes” queries,
meaning in particular that Ŝx∗,i ̸= Sx∗,ri for at most ℓ/3+1 indices i. On the remaining indices, M Ŝx∗,i(x∗, ri)
agrees with the honest computation of M∥SAT(x∗, ri). With x∗ /∈ L, arguing as in Equation (17), we have

Pr

[
1

ℓ

ℓ∑
i=1

Ai ≥
1

10

]
≤ exp(−Ω(n)).

Hence, with probability 1 − exp(−Ω(n)), the number of accepting indices in the third step is at most
ℓ/3 + 1 + ℓ/10 < ℓ/2, in which case Arthur rejects.

This concludes the proof.

We will need the following randomized analogue of Lemma 81.

Lemma 84 (Nonuniform truth-table reduction for rnKt). For every constant δ ∈ (0, 1) and language
L ∈ BPE∥NP, L has a nonuniform polynomial-time truth-table reduction to Gap-MrnKtP[nδ, n−1]. Equiv-
alently,

BPE∥NP ⊆ PGap-MrnKtP[nδ,n−1]/poly,

where all oracle queries to Gap-MrnKtP[nδ, n− 1] are nonadaptive. If in addition we have

Gap-MrnKtP[nδ, n− 1] ∈ pr-BPTIME[T ]∥NP,

then
BPE∥NP ⊆ DTIME[poly(T (poly))]∥NP/poly(T (poly)).

Proof of Lemma 84. We first argue that AME/O(n) ⊆ PGap-MrnKtP[nδ,n−1]/poly, following along the same
lines as the proof of Lemma 81. Fix a language L ∈ AME/O(n).

Define a generator from the truth table. Fix a constant ε ∈ (0, 1) and let b ∈ N be large enough that bδ > ε,
where δ is the constant of the statement. Let δ′ < ε, a, and F be as guaranteed by Theorem 27 applied to
ε and b. Set N ≜ ⌈n1/δ′⌉, so that N δ′ ≥ n, and let f : {0, 1}Nδ′ → {0, 1} be the function Ln, padded to
ignore all but its last n input bits. Set m ≜ N b, so that m = nd with d ≜ b/δ′, and define the generator

Gf (z) ≜ F (tt(f), z) ∈ {0, 1}m, z ∈ {0, 1}Nε
.

Generator outputs are rnKt-easy. Fix any seed z. Without loss of generality, we may assume that there is
a non-uniform verifier VL for L with failure probability at most 2−2n. By a union bound, this implies that
with probability greater than 2/3 over r ∼ U2O(n) , for all x ∈ {0, 1}n,

x ∈ L ⇐⇒ ∃w ∈ {0, 1}2
O(n)

, VL(x, r, w) = 1.

We describe a randomized nondeterministic program that outputs Gf (z). The program hardwires z (of
length N ε), the non-uniformity of VL, and the number k ∈ [2n] of inputs x ∈ {0, 1}n with L(x) = 1
(both of length O(n)). Given randomness r as above, it nondeterministically guesses a set Y ⊆ {0, 1}n
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of size k together with witnesses wx ∈ {0, 1}2
O(n)

for each x ∈ Y , and verifies that VL(x, r, wx) = 1
for every x ∈ Y ; if any verification fails, it outputs ⊥. Observe that, since |Y | = k = |Ln|, every
nondeterministic path not resulting in ⊥ correctly classifies all yes- and no-instances of Ln; this yields a
single-valued nondeterministic construction of tt(f). The program then computes F (tt(f), z), taking time
poly(2N

δ′
) = poly(2n) by Theorem 27.

The total running time is t ≤ 2O(n), and the description length is |z| + O(n) + O(1) ≤ N ε + O(n).
Hence,

rnKt(Gf (z)) ≤ N ε +O(n) +O(log t) = N ε +O(N δ′) = O(N ε).

By the choice of b, we get rnKt(Gf (z)) ≤ mδ for all sufficiently large n, so Gf (z) is a yes-instance of
Gap-MrnKtP[mδ,m− 1] for every z.

Uniform strings are rnKt-hard with constant probability. By a counting argument as in Lemma 23, a uni-
formly random y ∼ Um satisfies rnKt(y) ≥ m − 1 with probability at least 1/2. Therefore, any lan-
guage D consistent with the promise problem Gap-MrnKtP[mδ,m − 1] breaks Gf with advantage at least
1/2 ≥ N−b, meeting the hypothesis of Theorem 27.

Reconstruction yields a non-uniform reduction. By Theorem 27, there is an oracle circuit R(-) of size
Na = poly(n), making nonadaptive queries to D, such that RD(x) = f(x) for every x ∈ {0, 1}Nδ′

.
Hardwiring R as nonuniform advice and restricting f to Ln yields a nonuniform polynomial-time truth-table
reduction from L to Gap-MrnKtP[mδ,m − 1], with queries of length m = poly(n) depending only on the
input and the advice. In particular, this holds for any language D consistent with Gap-MrnKtP[mδ,m− 1];
applying Lemma 83, we obtain

BPE∥NP ⊆ AME/O(n) ⊆ P∥D/poly

for any such D.
For the “in addition” part of the lemma, suppose Gap-MrnKtP[mδ,m − 1] ∈ pr-BPTIME[T ]∥NP, wit-

nessed by a randomised oracle algorithm A∥NP running in time T . Without loss of generality, we may as-
sume that A∥NP has failure probability at most 2−2m on inputs of length m. This implies that with probability
1−2−Ω(n) over the internal randomness r of A∥NP, A∥NP(−; r) is consistent with Gap-MrnKtP[mδ,m−1]

on every input of length m = poly(n). Fix some good choice of randomness, r∗ ∈ {0, 1}poly(T (m)), and
apply the reduction above to D(−) ≜ A∥NP(−; r∗).

We may then simulate any TIME[poly(n)]∥Gap-MrnKtP[mδ,m−1]/poly(n) procedure by answering all
queries via A∥NP(−; r∗). Since all oracle queries are non-adaptive, we obtain

BPE∥NP ⊆ DTIME[poly(T (poly))]||NP/poly(T (poly))

as desired.

We are now ready to describe the proof of Theorem 82.

Proof Sketch of Theorem 82. The proof closely follows that of Theorem 80.
Assuming SoI holds for rnKt with logarithmic error, by Lemma 88 we obtain that Gap-MrnKtP[n −

O(logn), n− 1] ∈ pr-BPP∥NP, which further implies that for some constant δ > 0,

Gap-MrnKtP[nδ, n− 1] ∈ pr-BPP∥NP.
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Next, by Lemma 84, every language in BPE∥NP admits a nonuniform polynomial-time truth-table reduction
to Gap-MrnKtP[nδ, n− 1]. Therefore, we obtain

BPE∥NP ⊆ P∥NP/poly.

Applying Corollary 40, we conclude that

BPE∥NP ⊆ NP/poly ∩ coNP/poly.

Finally, by a standard padding argument, the above yields

BPEXP∥NP ⊆ NP/poly ∩ coNP/poly,

as desired.

9 Refined Meta-Complexity Landscape Under SoI: Proof of Theorem 5

9.1 Nonuniform Upper Bound

The proof of Theorem 5 Item (i) follows from a combination of results, as explained next.

Proof of Theorem 5 Item (i). Suppose that SoI with error e(n) = O(logn) holds for rnKt. Then, by Theo-
rem 6, it follows that

Gap-MrnKtP[n−O(log n), n− 1] ∈ pr-BPP||NP.

Let M(x) be a pr-BPP||NP-machine that agrees with Gap-MrnKtP[n− O(logn), n− 1]. Since M runs in
polynomial time, every oracle query made by M is of length poly(n), and the random string employed by
M is also of length poly(n). Consequently, we can deterministically compute the acceptance probability of
M on any given input in exponential time. In particular, this implies the existence of a language L ∈ EXP
that agrees with the promise problem Gap-MrnKtP[n−O(logn), n− 1].

Under the initial SoI assumption, we can apply Theorem 82 to L, which gives the upper bound L ∈
NP/poly ∩ coNP/poly. In other words,

Gap-MrnKtP[n−O(log n), n− 1] ∈ NP/poly ∩ coNP/poly.

This completes the proof.

9.2 Uniform Lower Bound

We will use the following result about MKtP by [ABK+06]:

Lemma 85 ([ABK+06]). EXP ⊆ NPMKtP.

Additionally, we will use the following simple separation.

Lemma 86. EE ⊈ DTIME[npoly(logn)]∥NP/npoly(logn).
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Proof. For n ∈ N, let B := 2⌈n
2/3⌉. For every machine M of description length at most log n and every

advice string α ∈ {0, 1}≤B , let τM,α ∈ {0, 1}2
n

be the table whose entry at x ∈ {0, 1}n is the output of
MSAT(x, α) after B steps (taken to be 0 if M has not halted with output 1). Let Λn be the list of all such
tables. Note that

|Λn| ≤ 2n · 2B+1 < 22
n
.

Let τn be the lexicographically first string of {0, 1}2
n

not in Λn, and set Ldiag(x) := τ|x|(x).
To compute τn, first tabulate the answers to all SAT queries of length at most B by exhaustive search,

in time 2O(B). Using this table, simulate each of the at most 2n · 2B+1 pairs (M,α) on all 2n inputs
for B steps, and then check the first |Λn| + 1 strings of {0, 1}2

n

against Λn. The total time is 2O(B), so
Ldiag ∈ DTIME[2O(2n)] ⊆ EE.

Now let L ∈ DTIME[n(logn)c ]∥O/n(logn)c for some constant c and some O ∈ NP, witnessed by a
machine M and advice (αn)n∈N. Let M ′ simulate M , replacing each query to O by its image under a fixed
polynomial-time reduction to SAT. On inputs of length n, M ′ runs in time poly(n(logn)c) ≤ B. Moreover,
|M ′| ≤ log n and |αn| ≤ B. For such n, τM ′,αn is the truth table of L at length n, so it lies in Λn and differs
from τn. Hence L and Ldiag differ at every sufficiently large input length.

We are now ready to prove Theorem 5 Item (ii).

Proof of Theorem 5 Item (ii). We consider first the case of rnKt. Assume that SoI holds for rnKt with error
e(n) = poly(log n). Then by Theorem 6, we have

Gap-MrnKtP[n− poly(logn), n− 1] ∈ pr-BPTIME[npoly(logn)]||NP.

Then by Lemma 84 and a standard padding argument,

BPEXP||NP ⊆ DTIME[npoly(logn)]||NP/npoly(logn). (18)

Now assume that MKtP ∈ NTIME[npoly(logn)] ∩ coNTIME[npoly(logn)]. Then by Lemma 85, we get

EXP ⊆ NPMKtP ⊆ NPNTIME[npoly(logn)]∩coNTIME[npoly(logn)] ⊆ NTIME[npoly(logn)],

where the final inclusion follows from guessing the witnesses for both the NP and coNP machine for the
oracle queries. Now by a padding argument, we get

EE = DTIME[22
O(n)

] ⊆ NTIME[2poly(n)] = NEXP.

By Equation (18), this gives

EE ⊆ NEXP ⊆ BPEXP||NP ⊆ DTIME[npoly(logn)]||NP/npoly(logn).

However, this is in contradiction to Lemma 86.
Similarly, assume that SoI holds for nKt with error e(n) = poly(logn). Then analogously to the

previous proof, but applying Lemma 81 instead of Lemma 84, it follows that

EXP||NP ⊆ DTIME[npoly(logn)]||NP/poly(n).

Since NEXP ⊆ EXP||NP, it is enough to note that this is sufficient to obtain a contradiction, by continuing
as in the proof for rnKt described above.
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10 Asymmetry, Hardness, and Explicit Constructions: Proof of Theorem 6

10.1 SoI to Meta-Complexity

In this subsection, we show that if SoI holds for rnKt (resp. nKt), then approximating rnKt-complexity
(resp. nKt-complexity) becomes easy with parallel access to an NP oracle.

10.1.1 The Case of rnKt

We first establish the following using ideas from [HMO26].

Lemma 87 (Efficient Simulation Under SoI). Assume SoI holds for rnKt with error e(n) ≥ logn. Then,
there exists a time bound t ≤ 2O(e(n)) such that for every string x ∈ {0, 1}n, it holds that rnKt(x) ≤
rnKt(x) +O(e(n)).

Proof. We adapt the proof of a similar result from [HMO26] stated in the context of rKt complexity.19

Let n = |x|. Let the n bits of x be x1x2 · · ·xn. For any integers 1 ≤ i ≤ j ≤ n, we define x[i,j] =
xi · · ·xj . For each i ≤ j, we define s[i,j] and t[i,j] to be the program size and running time of an optimal
rnKt program for x[i,j] conditioning on x[1,i−1]. If there are multiple programs achieving the optimal bound
rnKt(x[i,j]), we take one with the smallest running time.

We let 1 ≤ i ≤ n be the smallest integer such that t[1,i] ≥ 2C·logn+1 · 2e(n), where C ≥ 1 is a suitable
universal constant defined below. If no such i exists, then the optimal rnKt program for x already runs in
time 2O(e(n)), and the proof is finished.

Note that we can assume without loss of generality that 1 < i < n. Indeed, if C is large enough, using
that e(n) ≥ log n it is easy to see that i > 1. The case i = n can be handled by an easy modification of the
argument above.

Now, by symmetry of information, we have

rnKt(x) ≥ rnKt(x[1,i]) + rnKt(x[i+1,n] | x[1,i])− e(n)

= s[1,i] + log(t[1,i]) + s[i+1,n] + log(ti+1,n)− e(n). (19)

But on the other hand, since we can print x by simply running the programs in sequence, we get20

rnKt(2/3)2(x) ≤ s[1,i] + s[i+1,n] +O(1) + log(O(t[1,i] + t[i+1,n] + n))

≤ s[1,i] + s[i+1,n] + log(t[1,i] + t[i+1,n] + n) + C, (20)

for some universal constant C ≥ 1 that can depend on the computational model. Furthermore, by applying
success amplification (Lemma 47) to Equation (20), we get

rnKt(x) ≤ s[1,i] + s[i+1,n] + log(t[1,i] + t[i+1,n] + n) + C · logn. (21)

Combining Equations (19) and (21), we get

log(t[1,i] + t[i+1,n] + n) ≥ log(t[1,i]) + log(t[i+1,n])− e(n)− C · logn.
19The proof given here admits slightly better parameters, and relies on an alternative argument suggested to us by Hanlin Ren.
20Here we use the aforementioned properties of the encoding of programs in the definition of Kolmogorov complexity.
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By taking the exponential of both sides, and using that e(n) ≥ log n and t[1,i] ≥ 2C logn+1 · 2e(n), we get

t[i+1,n] ≤
1 + n

t[1,i]
1

2e(n)+C logn − 1
t[1,i]

≤ 2
1

2e(n)+C logn − 1
t[1,i]

≤ 2C logn+2 · 2e(n).

Hence by combining the programs for x[1,i−1] and x[i+1,n], and by storing the bit xi and the position i, we
can print x in (nondeterministic) time 2O(e(n)). Therefore, it follows that

rnK2O(e(n))
(x) ≤ s[1,i−1] + s[i+1,n] +O(logn)

≤ rnKt(x[1,i−1]) + rnKt(x[i+1,n] | x[1,i]) +O(log n)

≤ rnKt(x[1,i]) + rnKt(x[i+1,n] | x[1,i]) +O(log n)

≤ rnKt(x) +O(e(n)), (By SoI for rnKt)

as desired.

As a consequence of the above, we obtain the following lemma, which completes the proof of Item (i)
=⇒ Item (ii) in Theorem 6.

Lemma 88. Assume SoI holds for rnKt with error e(n) ≥ logn. Then, Gap-MrnKtP[s1, s2] is contained in
pr-BPTIME[2O(e(n))]||NP, where s1(n) = n−O(e(n)) and s2(n) = n− 1.

Proof. For t ∈ N, we say that a string y is an rnKt-description of a string x if

Pr
r∼{0,1}t

[
∀w ∈ {0, 1}t,Π(y;w; r) outputs x or ⊥ in t steps;

∃w ∈ {0, 1}t,Π(y;w; r) outputs x in t steps

]
≥ 2/3.

(Note that we do not require y to be of minimum length among rnKt-descriptions here.)
By Lemma 87, for some constant b ∈ N and t′ = 2b·e(n), for every string x ∈ {0, 1}n, it holds that

rnKt′(x) ≤ rnKt(x) + b · e(n). In particular, for every x ∈ {0, 1}n, there exists a string m of length at most
rnKt(x) + b · e(n) such that m is an rnKt′-description for x and rnKt′(x) = |m|.

By our assumption of SoI for rnKt,

rnKt(m | x) ≤ rnKt(m,x)− rnKt(x) + e(n)

≤ |m|+ log t′ +O(logn)− rnKt(x) + e(n)

≤ rnKt′(x)− rnKt(x) +O(e(n))

≤ c · e(n), (22)

for some constant c ∈ N. This implies that, for t = 2c·e(n),

rnKt(m | x) ≤ c · e(n).

As a first step, we will define a randomised algorithm B equipped with non-adaptive access to a SAT or-
acle. Ultimately, this algorithm will be used as a sub-procedure in our algorithm to estimate rnKt. Roughly,
B∥SAT will decide, for a given pair (v, x), whether v is an rnKt description of a string m ∈ {0, 1}s that is
an rnKt′ description of x; if so, it will output s.

For n, t, t′, s, i ∈ N and strings y, r, r′, define the following SAT queries.
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• Q1(y, r, t, s) ∈ SAT ⇐⇒ ∃w ∈ {0, 1}≤t s.t. U(y;w; r) outputs some string z ∈ {0, 1}s\{⊥} in
time at most t;

• Q2(y, r, t) ∈ SAT ⇐⇒ ∃w,w′ ∈ {0, 1}≤t such that either U(y;w; r) fails to halt within t steps, or
U(y;w; r) = z and U(y;w′; r) = z′ in time at most t, where z ̸= z′ and z, z′ ̸= ⊥.

• Q3(y, r, t, i) ∈ SAT ⇐⇒ ∃w ∈ {0, 1}≤t s.t. U(y;w; r) outputs some string z ̸= ⊥ in time at most
t, and zi = 1.

• Q4(y, r, r
′, t, t′, n) ∈ SAT ⇐⇒ ∃w ∈ {0, 1}≤t s.t. U(y;w; r) outputs some string z ̸= ⊥ in time at

most t, and Q1(z, r
′, t′, n) ∈ SAT.

• Q5(y, r, r
′, t, t′) ∈ SAT ⇐⇒ ∃w ∈ {0, 1}≤t s.t. U(y;w; r) outputs some string z ̸= ⊥ in time at

most t, and Q2(z, r
′, t′) ∈ SAT.

• Q6(y, r, r
′, t, t′, i) ∈ SAT ⇐⇒ ∃w ∈ {0, 1}≤t s.t. U(y;w; r) outputs some string z ̸= ⊥ in time at

most t, and Q3(z, r
′, t′, i) ∈ SAT.

The algorithm B∥SAT is as follows.

1. On input (v, x), sample randomness r1, ..., rn2 ∼ Ut and r′1, ..., r
′
n2 ∼ Ut′ , where n = |x|, and t and

t′ are as defined above.

2. For each j ∈ [n2], s ∈ [2n], and i ∈ [s], query Q1((v, x), rj , t, s), Q2((v, x), rj , t), and Q3((v, x), rj , t, i)
to the SAT oracle, and let z(j) be the concatenation of the values of SAT(Q3((v, x), rj , t, i)) for
i = 1, ..., s.

3. For each i, j, k ∈ [n2], query Q4((v, x), rj , r
′
k, t, t

′, n), Q5((v, x), rj , r
′
k, t, t

′), and Q6((v, x), rj , r
′
k, t, t

′, i)
to the SAT oracle, and let z(j,k) be the concatenation of the values of SAT(Q6((v, x), rj , r

′
k, t, t

′, i))
for i = 1, ..., n.

4. Let S ⊆ [n2] be the set of rounds j in which Q1((v, x), rj , t, s) was accepted for some choice of s
and Q2((v, x), rj , t) was rejected. Let m′ be the majority value of (z(j))j∈S , and let s′ = |m′|. Let
S′ = {j ∈ S | z(j) = m′}. If |S′|/n2 ≤ (1/2) + (1/10), halt and output ⊥.

5. Fix the lexicographically first j ∈ S′. Let T ⊆ [n2] be the set of rounds k in which Q4((v, x), rj , r
′
k, t, t

′, n)
was accepted and Q5((v, x), rj , r

′
k, t, t

′) was rejected. Let x′ be the majority value of z(j,k) over all
k ∈ T . Let T ′ = {k ∈ T | z(j,k) = x′}. If |T ′|/n2 > (1/2) + (1/10) and x′ = x, halt and output s′.
Otherwise, output ⊥.

Observe that B∥SAT queries its oracle non-adaptively and that it runs in time 2O(e(n)).

Claim 89. If (v, x) is an rnKt-description for some string m ∈ {0, 1}s, where m is an rnKt′-description for
x, then B∥SAT(v, x) outputs s with probability 1− 2−Ω(n2).

Proof. Since (v, x) is an rnKt-description for m, with probability at least 2/3 over a random r, it holds
that Q1((v, x), r, t, s) ∈ SAT, Q2((v, x), r, t) /∈ SAT, and the concatenation of SAT(Q3((v, x), rj , t, i)) for
i = 1, ..., s equals m. By a concentration bound, with probability 1 − 2−Ω(n2), the fraction of rj on which
the above items hold is greater than (1/2)+ (1/10), in which case m is the majority value of (z(j))j∈S , and
|S′|/n2 ≥ (1/2) + (1/10).
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When the above holds, for any j ∈ S′ (including the lexicographically first), m is the unique string not
equal to ⊥ such that there exists w ∈ {0, 1}≤t with U((x, v), w, rj) = m in time at most t. Thus, the first
condition of Queries 4-6 with inputs (v, x), rj , and t is always true, with z = m.

Since m is an rnKt′-description for x, with probability at least 2/3 over a random choice of r′, it holds
that Q4((v, x), rj , r

′, t, t′, n) ∈ SAT, Q5((v, x), rj , r
′
k, t, t

′) /∈ SAT, and moreover the concatenation of
SAT(Q6((v, x), rj , r

′
k, t, t

′, i)) for i = 1, ..., n equals x. By a concentration bound, with probability 1 −
2−Ω(n2), the fraction of r′k on which the above items hold is greater than (1/2) + (1/10), in which case x
is the majority value of (z(j,k))k∈T , and |T ′|/n2 ≥ (1/2) + (1/10). In this case, B∥SAT halts and outputs
s.

Claim 90. If rnKt′

1/2(x) > s, then for any v ∈ {0, 1}∗, with probability at least 1 − 2−Ω(n2), B∥SAT(v, x)
does not output s.

Proof. Suppose rnKt′

1/2(x) > s. Suppose that B∥SAT(v, x) does not output ⊥ in Step (4); otherwise, we are
done. Let m′ ∈ {0, 1}s be the majority value of (z(j))j∈S , and fix j as in Step (5). In particular, m′ is the
unique string not equal to ⊥ such that there exists w ∈ {0, 1}≤t with U((x, v), w, rj) = m′ in time at most
t. Note that |m′| must be equal to s; otherwise, B∥SAT would not output s, and we are done. Further, note
that the first condition of Queries 4-6 with inputs (v, x), rj , and t is always true, with z = m′.

By definition of rnKt′

1/2, with probability at least 1/2 over a random choice of r′, either Q4((v, x), rj , r
′
k, t, t

′, n) /∈
SAT, Q5((v, x), rj , r

′
k, t, t

′) ∈ SAT, or the concatenation of SAT(Q6((v, x), rj , r
′
k, t, t

′, i)) for i = 1, ..., n

is not equal to x. By a concentration bound, with probability at least 1−2−Ω(n2) over the choice of r′1, ..., r
′
n2 ,

the fraction of r′k with this property is at least (1/2)− (1/100).
Recall that, if x is not the majority value x′ of (zj,k)k∈T , then B∥SAT outputs ⊥. On the other hand,

if x is x′, then by the above, the fraction of k ∈ [n2] such that that Q5((v, x), rj , r
′
k, t, t

′) /∈ SAT and
the concatenation of SAT(Q6((v, x), rj , r

′
k, t, t

′, i)) equals x′ is at most (1/2) + (1/100). It follows that
|T ′|/n2 < (1/2) + (1/10), and B∥SAT outputs ⊥.

Define an algorithm A∥SAT as follows.

On input x ∈ {0, 1}n, enumerate all v ∈ {0, 1}c·e(n), and let sv = B∥SAT(v, x). Return the
minimum sv. If sv = ⊥ for all v, return 2n.

Observe that, by definition of B∥SAT, A∥SAT queries its oracle non-adaptively and runs in time 2O(e(n)).

Claim 91. If rnKt′(x) ≤ s, then A∥SAT(x) ≤ s with probability 1− 2−Ω(n).

Proof. If rnKt′(x) ≤ s, then by Equation (22), rnKt(m | x) ≤ c · e(n), where m ∈ {0, 1}≤s is an
rnKt′-description for x such that rnKt′(x) = |m|. In particular, for some v ∈ {0, 1}c·e(n), (v, x) is an rnKt-
description for m. By Claim 89, with probability at least 1 − 2−Ω(n2) ≥ 1 − 2Ω(n), B∥SAT(v, x) outputs
sv = |m|. In this case, A∥SAT(x) = minv{sv} ≤ s.

Claim 92. If rnKt′

1/2(x) > s, then A∥SAT(x) > s with probability 1− 2−Ω(n).

Proof. By Claim 90, for any v ∈ {0, 1}c·e(n), for any s′ ≤ s, the probability that B∥SAT(v, x) outputs s′ is
at most 2−Ω(n2). The claim follows by a union bound.
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Finally, we explain how to use A∥SAT to decide Gap-MrnKtP[s1, s2]. Specifically, we will set s1(n) =
n− 2d · e(n) and s2(n) = n− 1, for a constant d > b to be specified below. Let θ = n− d · e(n). To decide
Gap-MrnKtP[s1, s2] on input x, simulate A∥SAT(x), and accept iff the output is at most θ.

We now argue for the correctness of this approach. First suppose rnKt(x) ≤ s1(n) = n − 2d · e(n).
Then, by Lemma 87,

rnKt′(x) ≤ n− 2d · e(n) + b · e(n) < θ.

By Claim 91, A∥SAT(x) ≤ θ with high probability, in which case x is accepted.
Now suppose rnKt(x) ≥ s2(n) = n − 1. Applying success amplification for rnKt (Lemma 47), there

exists a polynomial p such that

rnKp(t′)(x) ≤ rnKt′

1/2(x) + log p(t′). (23)

Also observe that rnKt(x) ≤ rnKp(t′)(x) + log p(t′). Thus, with high probability,

A∥SAT(x) ≥ rnKt′

1/2(x) (Claim 92)

≥ rnKp(t′)(x)− log p(t′) (Equation (23))

≥ rnKt(x)− 2 log p(t′)

≥ n− 2 log p(t′)− 1

≥ n− 3k · e(n)
> n− d · e(n) = θ,

where we let k ∈ N be such that p(m)b ≤ mk for all m ∈ N, and we set d := 4k. In this case, x is rejected.
This completes the proof of the lemma.

10.1.2 The Case of nKt

Here, we extend the above results to nKt, which will be needed in the proof of Theorem 4.

Lemma 93. Assume SoI holds for nKt with error e(n) ≥ logn. Then, there exists a time bound t ≤ 2O(e(n))

such that for every string x ∈ {0, 1}n, it holds that nKt(x) ≤ nKt(x) +O(e(n)).

Proof Sketch. The proof follows essentially the same argument as in Lemma 87; see also the proof of
Lemma 122.

Lemma 94. Assume SoI holds for nKt with error e(n) ≥ logn. Then, Gap-MnKtP[s1, s2] is contained in
pr-DTIME[2O(e(n))]||NP, where s1(n) = n−O(e(n)) and s2(n) = n− 1.

Proof Sketch. The proof is a straightforward adaptation of that of Lemma 88, using Lemma 93 in place of
Lemma 87. We omit the details.

10.2 Meta-Complexity to SoI

The following lemma completes the proof of Item (ii) =⇒ Item (i) in Theorem 6.

Lemma 95. If Gap-MrnKtP[s1, s2] ∈ pr-BPTIME[npoly(logn)]||NP, where s1(n) = n − poly(logn) and
s2(n) = n− 1, then SoI holds for rnKt with error e(n) = poly(log n).
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Proof. Let D∥NP be a randomized quasi-polynomial time algorithm solving Gap-MrnKtP[s1, s2], making
non-adaptive queries to some oracle in NP. Without loss of generality, we may assume that D∥NP has failure
probability o(1).

The proof of SoI will proceed by a hybrid argument. Fix n ∈ N. For m ≤ 2n, let Gm : {0, 1}n ×
{0, 1}d → {0, 1}m be the generator of Lemma 31, where d = O(log3 n). Consider any strings x, y ∈
{0, 1}n, and let k, k′ ∈ N be parameters to be specified later satisfying k, k′ = ω(1) and k, k′ ≤ 2n. By
Lemma 23, for uniformly random strings w ∼ Uk and w ∼ Uk′ , with probability at least 1/2,

rnKt(w,w′) ≥ k + k′ − 1.

Therefore,
Pr

w∼Uk; w′∼Uk′

[
D∥NP(w,w′) = 0

]
≥ 1/2− o(1),

Toward a contradiction, suppose that

Pr
z∼Ud; w′∼Uk′ ; D

[
D∥NP(Gk(x; z), w

′) = 1
]
>

2

3
.

Then, D∥NP(−,Uk′) is a distinguisher for Gk(x;−), in which case, by Corollary 32,

rKpoly(n), ∥D∥NP
(x) ≤ k +O(log3 n).

We can include a description of D in the bound on rnK, allowing non-adaptive queries to an NP oracle as
needed. Since D∥NP runs in time npoly(logn) on inputs of length poly(n), we have

rKnpoly(logn), ∥NP(x) ≤ k +O(log3 n).

By Lemma 50, using the definition of rnK to remove the non-adaptive NP-oracle queries,

rnKnpoly(logn)

n−poly(logn)(x) ≤ k + poly(log n).

Applying success amplification (Lemma 47),

rnKn(logn)c

(x) < k + logc n,

for some constant c ∈ N.
Then, setting k := rnKn(logn)c

(x)− logc n yields a contradiction.21 It follows that

Pr
z∼Ud; w′∼Uk′ ; D

[
D∥NP(Gk(x; z), w

′) = 1
]
≤ 2

3
.

By a very similar argument, assuming that the constant c ∈ N is sufficiently large, setting k′ :=

rnKn(logn)c

(y | x)− logc n implies that

Pr
z,z′∼Ud; D

[
D∥NP(Gk(x; z), Gk′(y; z

′)) = 1
]
≤ 3

4
.

21We may assume without loss of generality that k = rnKn(log n)c

(x) − logc n ≥ logn; otherwise, rnKt(x) ≤
rnKnpoly(log n)

(x) + poly(logn) ≤ poly(logn), and the lemma follows from the fact that rnKt(x, y) ≥ rnKt(y | x).
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It follows that

Pr
z,z′∼Ud

[
rnKt(Gk(x; z), Gk′(y; z

′)) ≤ k + k′ − poly(logn)
]
≤ 3

4
+ o(1).

So, there exist z, z′ ∈ {0, 1}d such that

rnKt(Gk(x; z), Gk′(y; z
′) > k + k′ − poly(logn)

≥ rnKn(logn)c

(x) + rnKn(logn)c

(y | x)− poly(log n)

≥ rnKt(x) + rnKt(y | x)− poly(logn),

where the last inequality follows from the fact that rnKt(u | v) ≤ rnKt(u | v)+O(log t) for any time-bound
t ∈ N and u, v ∈ {0, 1}∗.

Lastly, observe that

rnKt(Gk(x; z), Gk′(y; z
′)) ≤ rnKt(x, y) +O(d) +O(log n).

Combined with the above, this yields

rnKt(x, y) ≥ rnKt(x) + rnKt(y | x)− poly(logn),

as desired.

10.3 Natural Properties and Explicit Constructions

In this section we show that Items (ii) to (iv) of Theorem 6 are equivalent. In fact, the equivalence
between Items (iii) and (iv) is straightforward: one can verify that they are in fact exactly the same statement.
Item (ii) =⇒ Item (iii) is also trivial, by defining YES = {x | rnKt(x) ≥ |x| − 1}, and NO = {x |
rnKt(x) ≤ |x| − poly(log |x|)}. So the only non-trivial implication we need to prove is Item (iii) =⇒
Item (ii), which we restate as a lemma below:

Lemma 96 (Worst-case to Average-case Reduction for Gap-MrnKtP). Assume that there exist a constant
C and a promise problem P = (YES,NO) ∈ pr-BPTIME[nlogC n]||NP such that

• |YES ∩ {0, 1}n| ≥ 2n−1, and

• For every x ∈ {0, 1}n where rnKt(x) < n− logC n, x ∈ NO.

Then there exists a constant C’, such that

Gap-MrnKtP[n− logC
′
n, n− 1] ∈ pr-BPTIME[nlogC

′
n]||NP.

Using ideas similar to the worst-case to average-case reduction in [Hir18], we are able to prove this
lemma.

Proof. Let C ′ = C + 10. Let A be the algorithm in pr-BPTIME[nlogC n]||NP which accepts any string
in YES with probability at least 9/10, and rejects any string in NO with probability at least 9/10. Let

G be the pseudo-random generator of Lemma 31, with ε = 1/n and m = n − logC
′
n

2 . This would give
d = O(log3 n). Our algorithm B for deciding Gap-MrnKtP[n− logC

′
n, n− 1] works as follows:
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On input x, B uniformly samples a string z ∼ Ud, and accepts iff A(G(x, z)) rejects.

It is easy to see that B makes non-adaptive queries to NP and runs in time poly(n) ·nlogC n , which is smaller

than nlogC
′
(n) for all large enough n. It remains to argue for the correctness of B.

Claim 97. For any x such that rnKt(x) ≤ n− logC
′
n, B accepts x with probability at least 9/10.

Proof. For any z ∈ {0, 1}d, by storing z in the description of the program and noticing that G is poly-time
computable, for large enough n we have that

rnKt(G(x, z)) ≤ rnKt(x) + |z|+O(logn) ≤ n− logC
′
(n) +O(log3 n) ≤ n− logC(n).

Hence G(x, z) is in NO, and A rejects with probability at least 9/10. In other words, B(x) accepts with
probability at least 9/10.

Claim 98. For any x such that rnKt(x) ≥ n− 1, B accepts x with probability at most 7/10.

Proof. For the sake of contradiction, assume there exists x such that rnKt(x) ≥ n− 1, but B accepts x with
probability larger than 7/10. By definition of B, we get

Pr
z∼Ud,A

[
A||NP(G(x, z)) = 1

]
≤ 3

10
.

Notice that for s uniformly sampled from {0, 1}m, with probability at least 1/2 s is in YES, so we get

Pr
s∼Um,A

[
A||NP(s) = 1

]
≥ 9

20
.

Hence we have that

Pr
s∼Um,A

[
A||NP(s) = 1

]
− Pr

z∼Ud,A

[
A||NP(G(x, z)) = 1

]
≥ 3

20
≥ 2

n
.

In other words, A||NP(·) is a 2/n-distinguisher for G(x, ·). Then by Corollary 32, we would get

rKpoly(n),||A||NP
(x) ≤ m+O(log3 n).

Since A runs in time nlogC n, we can store A in the description, and let the program simulate A when
constructing x. Then the program runs in time poly(n) · nlogC n ≤ nlogC+1 n for all large enough n. This
would give

rKnlogC+1 n,||NP(x) ≤ m+O(log3 n).

By Lemmas 47 and 50, for all large enough n we have

rnKnlogC+2 n
(x) ≤ rKnlogC+1 n,||NP(x) +O(logC+2 n) ≤ m+O(logC+2 n).

Hence for all large enough n we get

rnKt(x) ≤ rnKnlogC+2 n
(x) + logC+3 n ≤ m+O(logC+3 n) < n− 1.

But this contradicts the assumption that rnKt(x) ≥ n− 1.

Combining Claim 97 and Claim 98, there is a constant gap between the accepting probability of two
cases for B. By a standard success amplification argument, we obtain an algorithm B′ that decides Gap-MrnKtP[n−
logC

′
n, n − 1] with error at most 1/3, while running in time nlogC

′
n and making non-adaptive queries to

NP.
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11 A Quick Lower Bound Result via the Correspondence Theorem: Proof
of Theorem 7

In this section, for completeness, we provide a proof of Theorem 7, which follows from Theorem 5 and
Theorem 6.

Proof of Theorem 7. First consider the case that, for some constant c ∈ N, SoI holds for rnKt with error
e(n) = (logn)c. Then, by Item (ii) of Theorem 5,

MKtP /∈ NTIME[npoly(logn)] ∩ coNTIME[npoly(logn)].

Otherwise, for every constant c ∈ N, SoI does not hold for rnKt with error e(n) = (logn)c. In this case, by
the implication from Item (ii) to Item (i) in Theorem 6 (as shown in Lemma 95),

Gap-MrnKtP[n− poly(logn), n− 1] /∈ pr-BPTIME[npoly(logn)]||NP.

Since one of the conditions above must hold, at least one of the consequences must hold. This completes
the proof.

12 Unconditional Hardness of MnKtP: Proof of Theorem 8

In this section we prove the moreover part of Theorem 8, from which the main part follows directly. We
first define our technical tool: rK, but with restricted length of random bits.

Definition 99. For any oracle O, any time bound t ∈ N, any length r ∈ N, any real number δ ∈ [0, 1], and
any strings x, y ∈ {0, 1}∗, we define rK

(t;r),O
δ (x | y) as

rK
(t;r),O
δ (x | y) = min

M

{
|M |

∣∣∣∣ Pr
w∼{0,1}r

[
MO(y, w) = x in t steps

]
≥ δ

}
.

We use rK
(t;r),O≤l

δ (x | y) when M only make queries to O on strings of length at most l. We may omit the
conditional string y when it is empty, simplify (t; r) to t when r ≥ t, and omit δ when δ = 2/3.

12.1 Randomness Efficient Success Amplification for rK

In this section, we show how to amplify the success probability of rK with only 2 times randomness
used.

Lemma 100. For any oracleO, any time bound t ∈ N, any length n,m, r, l ∈ N, any real number δ ∈ (0, 1],
and any strings x ∈ {0, 1}n, y ∈ {0, 1}m satisfying n < t, we have

rK
(poly(t/δ);2r),O≤l

2/3 (x | y) ≤ rK
(t;r),O≤l

δ (x | y) +O(logn/δ).

Our proof is similar to [LO21], but to save randomness, we use the pairwise independent sampling trick.
We then use the following string isolation lemma ([LO21, Lemma 15]), and save the correct hash value of
x.
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Lemma 101 (String Isolation Lemma [LO21]). There is a deterministic algorithm A for which the following
holds. For any set W ⊆ {0, 1}n of size l, there exists a string u ∈ {0, 1}O(log(n·l)) such that A(1n, u) runs
in poly(n) time and outputs a Boolean circuit that computes a function H : {0, 1}n → {0, 1}O(log l) with
the following property:

H(w) ̸= H(w′) for every distinct pair w,w′ ∈W.

Moreover, the same guarantee is achieved by a random string u of the same length with probability at least
0.99.

Proof of Lemma 100. Let s = rK
(t;r),O≤l

δ (x | y), and let M be the corresponding program. Let A be the
algorithm of Lemma 101. For any set T ⊆ {0, 1}n, we define pT as

pT = Pr
w∼Ur

[
MO≤l(y, w) outputs some z ∈ T in t steps

]
.

And for any γ ∈ (0, 1), we define Sγ as

Sγ =
{
z ∈ {0, 1}n

∣∣ p{z} ≥ γ
}
.

One can easily see that |Sp| ≤ 1/p. Now applying Lemma 101 to Sδ/8, there exists a string u ∈ {0, 1}O(logn/δ)

such that A(1n, u) runs in time poly(n) and outputs a Boolean circuit computing a function H : {0, 1}n →
{0, 1}O(log 1/δ), such that

H(z) ̸= H(z′) for every distinct pair z, z′ ∈ Sδ/8.

Our description is (M,A, u,H(x)). For now, assume 2r ≥ 256/δ2. Our algorithm B that recovers x from
the description runs as follows:

1. Set k = 256/δ2. Sample a, b ∼ Ur, and compute wi = a · i + b for i ∈ [k], where the addition and
multiplication are done in GF(2r).

2. For each i ∈ [k], we run MO≤l(y, wi) for t steps, and let xi be its output. (If it does not halt within t
steps or the output is not of length n, we set xi = ⊥.)

3. Let S′ be the set of strings appearing at least δ
2 · k times (ignoring ⊥) in {xi}i∈[k].

4. Run A(1n, u) to obtain the circuit C. Compute C(x′) for every string x′ ∈ S′. Output the first string
x′ such that C(x′) is equal to the stored H(x). (If no such string exists, output ⊥.)

Clearly the above algorithm runs in time poly(t/δ), and only uses 2r random bits when sampling a, b. It
remains to argue about the probability of outputting x. We will use the following claim.

Claim 102. With probability at least 2/3 over a, b ∼ Ur, we have

1. x ∈ S′, and

2. S′ ⊆ Sδ/8.

Proof of Claim 102. For every set of strings T ⊆ {0, 1}n and every i ∈ [k], we define a random variable
Vi,T ∈ {0, 1} such that Vi,T = 1 iff xi ∈ T . By properties of finite fields, {wi}i∈[k] (and hence {xi}i∈[k])
are identically distributed and pairwise independent. Therefore, for any fixed T , the random variables
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{Vi,T }i∈[k] are also identically distributed and pairwise independent. From our assumptions on x, we have
p{x} ≥ δ, so the expected value of Vi,{x} is at least δ for every i ∈ [k]. By Chebyshev’s inequality, we get

Pr

[
k∑

i=1

Vi,{x} ≤
δ

2
· k

]
≤

Var[
∑k

i=1 Vi,{x}]

(kp{x} − δk/2)2
≤

kp{x}

k2p2{x}/4
≤ 4

kδ
≤ δ

64
. (24)

That is, the probability of x /∈ S′ is at most δ/64. Next, we need to argue that with constant probability,
S′ is contained in Sδ/8, i.e. S′ does not contain any string of Sδ/8. First, we divide Sδ/8 into d disjoint
buckets B1, . . . , Bd, such that pBi ∈ [δ/8, δ/4] holds for every i ∈ [d − 1]. This can be done by putting
the strings of Sδ/8 into buckets one by one, and whenever the total probability of the current bucket exceeds
δ/8, we add a new empty bucket. Since p{x′} ≤ δ/8 for any x′ ∈ Sδ/8, the total probability of each bucket
is in [δ/8, δ/4] except for the last one, which might be smaller than δ/8. Now for each bucket Bj , by
Chebyshev’s inequality, we have

Pr

[
k∑

i=1

Vi,Bj ≥
δ

2
· k

]
≤

Var[
∑k

i=1 Vi,Bj ]

(kpBj − δk/2)2
≤

kpBj

k2δ2/16
≤ 4

kδ
≤ δ

64
. (25)

Since for each i ∈ [d − 1], pBi ≥ δ/8 holds, we have d ≤ 8/δ + 1 ≤ 16/δ. Applying union bound to
Equation (25), we get

Pr

[
∃j ∈ [d] s.t.

k∑
i=1

Vi,Bj ≥
δ

2
· k

]
≤ δ

64
· d ≤ 1

4
.

Since each string x′ in Sδ/8 belongs to some bucket Bj , if x′ appears more than δk/2 times, then Bj appears
more than δk/2 times. Hence we can estimate the probability of S′ ⊈ Sδ/8:

Pr
[
S′ ̸⊆ Sδ/8

]
= Pr

[
∃x′ ∈ Sδ/8 s.t.

k∑
i=1

Vi,{x′} ≥
δ

2
· k

]

≤ Pr

[
∃j ∈ [d] s.t.

k∑
i=1

Vi,Bj ≥
δ

2
· k

]

≤ 1

4
. (26)

Applying union bound to Equations (24) and (26), with probability at least 3/4−δ/64 ≥ 2/3 over a, b ∼ Ur,
both Item 1 and Item 2 are satisfied. ⋄

Now with probability at least 2/3 over a, b ∼ Ur, we have both x ∈ S′ and S′ ⊆ Sδ/8. Conditioning on
this, by Lemma 101, H(x) ̸= H(x′) for any x′ ∈ S′ \ {x}. Therefore, with probability 2/3, the algorithm
B can always find the correct x.

It remains to handle the case 2r < 256/δ2. Here, the algorithm is deterministic: it enumerates all
2r < k = O(1/δ2) strings w ∈ {0, 1}r, runs MO≤l(y, w) for t steps on each, and lets S′ be the set
of outputs occurring for at least a δ fraction of the strings w. By the definition of δ, we have x ∈ S′. By
construction, S′ ⊆ Sδ ⊆ Sδ/8, so the stored hash value H(x) identifies x uniquely within S′ by Lemma 101.
The algorithm therefore outputs x with probability 1, runs in time 2r · t ≤ poly(t/δ), and has the same
description length as above.
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12.2 Reconstruction from Oracle Access to Dense Language

Lemma 103. There exists some constant C ∈ N such that the following holds. For any b ∈ N and any
language L satisfying |L∩ {0, 1}n| ≥ 2n/nb and any strings x, y ∈ {0, 1}∗, let n1 = |x| and n2 = |y|, and
n = n1 + n2. Then for any m1,m2 ∈ N satisfying

m1 ≤ rK(nC·b;C·n),L≤3n(x | y)− C · log3(nb),

m2 ≤ rK(nC·b;C·n),L≤3n(y)− C · log3(nb),

we define G1, G2 to be the PRG of Lemma 31, with parameter ε = 1/2nb:

G1 : {0, 1}n1 × {0, 1}d1 → {0, 1}m1 ,

G2 : {0, 1}n2 × {0, 1}d2 → {0, 1}m2 .

Then there exists z1 ∈ {0, 1}d1 , z2 ∈ {0, 1}d2 such that G1(x, z1) ◦G2(y, z2) ∈ L.

To prove this lemma, we need the following corollary regarding rK upper bound, which comes from the
reconstruction procedure of Lemma 31.

Corollary 104. For sufficiently large n,m ∈ N such that m ≤ 2n, and any ε ∈ (0, 1), let G be the generator
of Lemma 31. Consider any string x ∈ {0, 1}n, oracle O, parameters l, n′, t ∈ N, string y ∈ {0, 1}n′

, and
algorithm B(-) : {0, 1}m × {0, 1}n′ × {0, 1}r′ → {0, 1} running in time t. If it holds that

Pr
z∼Ud
w′∼Ur′

[
BO≤l(G(x; z), y, w′) = 1

]
− Pr

w∼Um
w′∼Ur′

[
BO≤l(w, y, w′) = 1

]
≥ 2ε,

then we have
rK(poly(n·t/ε);O(r′+m)),O≤l(x | y) ≤ m+ |B|+O(log3(n/ε)),

where |B| is the description length of B.

Proof. By Lemma 100, it suffices to show that rK(poly(t/ε);O(r′+m)),O≤l

1/poly(n/ε) (x | y) ≤ m+ |B|+O(log3(n/ε)).
By Markov’s inequality, we have

Pr
w′∼Ur′

[
Pr
z∼Ud

[
BO≤l(G(x; z), y, w′) = 1

]
− Pr

w∼Um

[
BO≤l(w, y, w′) = 1

]
≥ ε

]
≥ ε.

That is, with probability at least ε over w′ ∼ Ur′ , Dw′(-) := BO≤l(-, y, w′) is a ε-distinguisher for G.
Therefore by Lemma 31, we have

Pr
w′∼Ur′
w∼Ur
z∼Ud

[
RDw′ (A(x, z), z, w) = x

]
≥ 1

poly(n/ε)
.

By averaging, there exists some z ∈ {0, 1}d such that

Pr
w′∼Ur′
w∼Ur

[
RDw′ (A(x, z), z, w) = x

]
≥ 1

poly(n/ε)
.
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Therefore, we can store z, A(x, z), as well as the description of R and B. Then given y and oracle access
to O≤l, by sampling w′ ∼ Ur′ and w ∼ Ur, we can simulate RDw′ (A(x, z), z, w) in time poly(t/ε) and
recover x with probability 1/poly(n · t/ε). Since r = O(m), this gives

rK
(poly(t/ε);O(r′+m)),O≤l

1/poly(n/ε) (x | y) ≤ m+ |B|+O(log3(n/ε)).

Applying Lemma 100 completes the proof.

We may now prove Lemma 103.

Proof of Lemma 103. For the sake of contradiction, assume the contrary. Then we have

Pr
z1∼Ud1
z2∼Ud2

[G1(x; z1) ◦G2(y; z2) ∈ L] = 0.

Notice that when C is a large enough constant, m1 ≤ n1 and m2 ≤ n2 holds. Hence by our assumption on
L, we have

Pr
w1∼Um1
w2∼Um2

[w1 ◦ w2 ∈ L] ≥ 1

(m1 +m2)b
≥ 1

(n1 + n2)b
=

1

nb
.

Then by a hybrid argument, we either have

Pr
w1∼Um1
z2∼Ud2

[w1 ◦G2(y; z2) ∈ L]− Pr
z1∼Ud1
zy∼Ud2

[G1(x; z1) ◦G2(y; z2) ∈ L] ≥ 1

2nb
,

or
Pr

w1∼Um1
w2∼Um2

[w1 ◦ w2 ∈ L]− Pr
w1∼Um1
z2∼Ud2

[w1 ◦G2(y; z2) ∈ L] ≥ 1

2nb
.

For the former case, given y and oracle access to L, there exists a uniform algorithm that 1/2nb-distinguishes
G1(x;Ud1) from Um1 in linear time using linear randomness: given a string s ∈ {0, 1}m1 , it samples
z2 ∼ Ud2 , and accepts iff s ◦ G2(y; z2) ∈ L, which can be checked with oracle access to L on length
m1 +m2 ≤ 3n. Hence by Corollary 104, we have

rK(poly(nb);O(n)),L≤3n(x | y) ≤ m1 +O(log3(nb)).

But by definition, m1 = rK(nC·b;C·n),L≤3n(x | y)− C · log3(nb), hence when C is a large enough constant,
we have a contradiction.

Similarly, for the latter case, given oracle access to L, there exists a uniform algorithm that 1/2nb-
distinguishes G2(y;Ud2) from Um2 in linear time using linear randomness: given a string s ∈ {0, 1}m2 , it
samples w1 ∼ Um1 , and accepts iff w1 ◦ s ∈ L, which can be checked with oracle access to L on length
m1 +m2 ≤ 3n. Hence by Corollary 104, we have

rK(poly(nb);O(n)),L≤3n(y) ≤ m2 +O(log3(nb)).

But by definition, m2 = rK(nC·b;C·n),L≤3n(y)− C · log3(nb), hence when C is a large enough constant, we
have a contradiction.
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12.3 Derandomizing rKL

Lemma 105. There exists some constant C such that the following holds. If there exists ε, γ ∈ (0, 1) such
that a language L satisfies the following three properties:

1. L ∈ NTIME[2εn] ∩ coNTIME[2εn],

2. ∀x ∈ L, nKt(x) ≥ γ · |x|,

3. ∀n ∈ N, L ∩ {0, 1}n ̸= ∅,

then for all large enough n,m ∈ N, any l, t, r ∈ N and any strings x ∈ {0, 1}n, y ∈ {0, 1}m, we have

nKt(x | y) ≤ rK(t;r),L≤l(x | y) + C · (ε · (n+m+ l + r + 1/γ)/γ + log3(nmlr/γ) + log t).

Proof of Lemma 105. Let n′ = C1(n+m+l+r+⌈log t⌉+⌈1/γ⌉), where C1 is some constant whose value
will be determined later, and let N ′ = ⌈n′/γ⌉. Let G : {0, 1}N ′ × {0, 1}d → {0, 1}r be the pseudorandom
generator of Lemma 31, with ε = 1/6. Let M (-) be the program of rK(t;r),L≤l(x | y), such that

Pr
w∼Ur

[
ML≤l(y, w) = x in t steps

]
≥ 2

3
.

Then we claim that given a string with high nKt complexity, we can derandomize rKL:

Claim 106. If C1 is some large enough constant, then for any s ∈ {0, 1}N ′
satisfying nKt(s) ≥ n′, it holds

that
Pr
z∼Ud

[
ML≤l(y,G(s, z)) = x in t steps

]
>

1

2
.

Proof of Claim 106. Suppose the contrary. Then it is not hard to see that the following algorithm B(−) with
L≤l oracle 1/6-distinguishes G(s,Ud) from Ur, and runs in time poly(t):

• B is given as input u ∈ {0, 1}r along with x and y as above.

• B runs ML≤l(y, u) for t steps, and accepts iff it halts and outputs x.

Since B only need to store the description of M (-), by Corollary 104, we have

rK(poly(t·N ′);O(r)),L≤l(s | x, y) ≤ r + |M (-)|+O(log3N ′) +O(log t)

= r + rK(t;r),L≤l(x | y) +O(log3N ′) +O(log t)

≤ O(r + n+ log3N ′ + log t).

Because we can store x ∈ {0, 1}n, y ∈ {0, 1}m, and a “good” choice of O(r)-length randomness for rK, we
get that

Kpoly(t·N ′),L≤l(s) ≤ O(r + n+m+ log3N ′ + log t). (27)

Since L ∈ NTIME[2εn] ∩ coNTIME[2εn], we get

nKt(s) ≤ nKpoly(t·N ′·2εl)(s) +O(log t+ logN ′ + εl)

≤ nKpoly(t·N ′),L≤l(s) +O(log t+ logN ′ + εl) (by Lemma 45)

≤ Kpoly(t·N ′),L≤l(s) +O(log t+ logN ′ + εl)

≤ O(n+m+ l + r + log t+ log3N ′). (by Equation (27))
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Notice that

log3N ′ ≤ O(log3C1 + log3(n+m+ l + r + log t+ 1/γ) + log3(1/γ))

≤ O(C1 + n+m+ l + r + log t+ 1/γ).

Hence we have nKt(s) ≤ O(C1 + n + m + l + r + log t + 1/γ). But by our assumption, nKt(s) ≥
n′ = C1 · (n + m + l + r + ⌈log t⌉ + ⌈1/γ⌉). Hence when C1 is some large enough constant, we get a
contradiction. ⋄

Now let C1 be a large enough constant such that Claim 106 holds. We define a non-deterministic
algorithm A(-) such that, when given the description of M (-) and y, as well as oracle access to L≤N ′ ,
recovers x. AL≤N′ works as follows:

1. AL≤N′ non-deterministically guesses a string s ∈ {0, 1}N ′
.

2. AL≤N′ checks if s ∈ L, using its oracle access to L≤N ′ . If s /∈ L, then it outputs ⊥ and halts.

3. AL≤N′ enumerates over every z ∈ {0, 1}d, and simulates ML≤l(y,G(s, z)) for t steps. (Because
l ≤ N ′, AL≤N′ can answer the oracle queries by ML≤l .) Let {xz}z∈{0,1}d be the output of the
simulations. If there exists some string x̂ appearing more than 2d−1 times in {xz}z∈{0,1}d , then
AL≤N′ outputs x̂; otherwise it outputs ⊥.

By Claim 106, whenever nKt(s) ≥ n′, the majority of {xz}z∈{0,1}d is x. Since for any s ∈ L ∩ {0, 1}N ′
,

nKt(s) ≥ γ · N ′ ≥ n′, for any non-deterministic guess of s, A always outputs either x or ⊥. Because
L ∩ {0, 1}N ′ ̸= ∅ for any N ′, there always exists some non-deterministic guess of s such that A outputs x.
Hence by the definition of nK, we have

nKpoly(2d·t·N ′),L≤N′ (x | y) ≤ rKL≤l,(t;r)(x | y) +O(log(t ·N ′)). (28)

Therefore we have

nKt(x | y) ≤ nKpoly(2εN
′ ·2d·t)(x | y) +O(εN ′ + d+ log t)

≤ nKpoly(2d·t·N ′),L≤N′ (x | y) +O(εN ′ + d+ log t) (by Lemma 45)

≤ rK(t;r),L≤l(x | y) +O(εN ′ + d+ log t) (by Equation (28))

≤ rK(t;r),L≤l(x | y) +O(εN ′ + log3N ′ + log t) (Since d = O(log3N ′))

Replacing N ′ by ⌈C1(n+m+ l + r + ⌈log t⌉+ ⌈1/γ⌉)/γ⌉ finishes the proof.

12.4 Iterative Construction of High-Complexity Strings

Combining Lemma 103 and Lemma 105, we have the following lemma, which we will use to prove
Theorem 8.

Lemma 107. There exists some constant C ∈ N such that the following holds. Suppose there exists ε, γ ∈
(0, 1) and b ∈ N such that a language L satisfies the following three properties:

1. L ∈ NTIME[2εn] ∩ coNTIME[2εn],

2. ∀x ∈ L, nKt(x) ≥ γ · |x|,
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3. ∀n ∈ N, |L ∩ {0, 1}n| ≥ 2n/nb.

For any strings x, y ∈ {0, 1}∗, let n1 = |x|, n2 = |y|, and n = n1 + n2. Consider any m1,m2 ∈ N
satisfying

m1 ≤ nKt(x | y)− C · (ε · (n+ 1/γ)/γ + log3(nb/γ))

m2 ≤ nKt(y)− C · (ε · (n+ 1/γ)/γ + log3(nb/γ)).

We define G1, G2 to be the PRG of Lemma 31, with distinguishing parameter 1/2nb:

G1 : {0, 1}n1 × {0, 1}d1 → {0, 1}m1 ,

G2 : {0, 1}n2 × {0, 1}d2 → {0, 1}m2 .

Then there exists z1 ∈ {0, 1}d1 , z2 ∈ {0, 1}d2 such that G1(x, z1) ◦G2(y, z2) ∈ L.

Proof. Follows from Lemma 103 and Lemma 105.

Proof of Theorem 8. We prove the “moreover” part of this theorem, of which the main part is an immediate
corollary. Fix some γ ∈ (1/2, 1) and b ∈ N, and let ε be a parameter to be fixed below. For the sake of
contradiction, assume that there exists some language L satisfying the following three properties:

1. L ∈ NTIME[2εn] ∩ coNTIME[2εn],

2. ∀x ∈ L, nKt(x) ≥ γ · |x|,

3. for all sufficiently large n ∈ N, |L ∩ {0, 1}n| ≥ 2n/nb.

Then we use the following algorithm to explicitly construct a long string s ∈ L in short deterministic time
with oracle access to L.
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Algorithm 1 Iterative construction of long string in L

1: procedure AL(γ, 1n)
2: s0 := ⊥, N1 := n, θ1 := γn.
3: for s′ ∈ {0, 1}n by lexicographical order do
4: if s′ ∈ L then
5: s1 ← s′.
6: break
7: γ′ := (γ + 1/2)/2.
8: for i = 2, 3, · · · do
9: mi,1 := ⌈γ′n/γ⌉,mi,2 := ⌈γ′θi−1/γ⌉.

10: Ni := mi,1 +mi,2, εi := (n+Ni−1)
−b/2.

11: θi := γNi.
12: Instantiate G1 : {0, 1}n × {0, 1}d1 → {0, 1}mi,1 in Lemma 31 with security parameter εi.
13: Instantiate G2 : {0, 1}Ni−1 × {0, 1}d2 → {0, 1}mi,2 in Lemma 31 with security parameter εi.
14: si := ⊥.
15: for x ∈ {0, 1}n, z1 ∈ {0, 1}d1 , z2 ∈ {0, 1}d2 by lexicographical order do
16: if G1(x; z1) ◦G2(si−1; z2) ∈ L then
17: si := G1(x; z1) ◦G2(si−1; z2).
18: break
19: if θi > n/(2− 2γ′) then
20: Output si.
21: return
22: Output ⊥.

Then we have the following claim for the above procedure AL:

Claim 108. For a fixed γ, if ε is small enough, then for all large enough n, there exists some integer
i0 ≤ logγ′(1− 1

2γ′ ) + 2 such that

1. For any i ≤ i0, si ∈ L, and

2. θi0 > n/(2− 2γ′).

Proof of Claim 108. We need to prove two things: first, for every i during the iteration, we can find some si
s.t. si ̸= ⊥, i.e. si ∈ L; second, our algorithm terminates at some i0, i.e. θi0 > n/(2− 2γ′).

To prove the first argument, we use induction on i. For i = 1, because L ∩ {0, 1}n ̸= ∅, we can always
find s′ ∈ L, so s1 ̸= ⊥. Then suppose si−1 ̸= ⊥ for some i ≥ 2. Since γ > 1/2, by Lemma 107, there
exists some universal constant C such that whenever mi,1 and mi,2 satisfy

mi,1 ≤ nKt(x | si−1)− C · (ε(n+Ni−1) + log3((n+Ni−1)
b))

mi,2 ≤ nKt(si−1)− C · (ε(n+Ni−1) + log3((n+Ni−1)
b)),

there exists some z1 ∈ {0, 1}d1 , z2 ∈ {0, 1}d2 such that

G1(x, z1) ◦G2(si−1, z2) ∈ L.
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By inductive hypothesis, si−1 ∈ L, hence nKt(si−1) ≥ γ|si−1| = θi−1. By a counting argument (Lemma 23),
there also exists some x ∈ {0, 1}n such that nKt(x | si−1) ≥ n. Therefore, it suffices to show that

mi,1 = ⌈γ′n/γ⌉ ≤ n− C · (ε(n+Ni−1) + log3((n+Ni−1)
b))

mi,2 = ⌈γ′θi−1/γ⌉ ≤ θi−1 − C · (ε(n+Ni−1) + log3((n+Ni−1)
b).

Since we did not terminate at i−1, we are guaranteed that θi−1 ≤ n/(2−2γ′), therefore Ni−1 ≤ n
γ·(2−2γ′) ≤

4n (By definition γ ≥ 1/2 and γ′ ≤ 3/4). Since γ′/γ < 1, if ε is small enough (i.e. ε < γ−γ′

20C ), then for
all large enough n, the above two inequalities holds, and we can find z1 ∈ {0, 1}d1 , z2 ∈ {0, 1}d2 such that
G1(x, z1) ◦G2(si−1, z2) ∈ L, in other words, si exists.

To prove the second argument, notice that |s1| = N1 = n, and Ni ≥ γ′ · (Ni−1 + n/γ). Expanding the
recursion, we get

Ni ≥
(
(γ′)1 + · · ·+ (γ′)i−1

)
· n
γ
+ (γ′)i−1 · n =

(
γ′

γ
· 1− (γ′)i−1

1− γ′
+ (γ′)i−1

)
· n.

Hence we have

θi ≥
γ′ · (1− (γ′)i−1)

1− γ′
· n

When i − 1 ≥ logγ′(1 − 1
2γ′ ), we have θi ≥ n

2−2γ′ . Hence the algorithm terminates when i ≤ logγ′(1 −
1
2γ′ ) + 2, i.e. i0 ≤ logγ′(1− 1

2γ′ ) + 2. ⋄

The running time of algorithm AL(γ, 1n) is bounded by t0 := 2n · poly(n) · 2O(log3 n) · i0, and we only
need to store n and γ. Without loss of generality, we may assume that γ = 1/2+1/2k for some k ∈ N, and
we can store k, which takes ⌈log log( 1

γ−1/2)⌉ bits. Also since Ni0−1 ≤ 4n, we have Ni0 ≤ 5n, so A only
need to query L on inputs of length at most 5n. Therefore

Kt0,L≤5n(si0) ≤ O

(
log n+ log log

(
1

γ − 1/2

))
. (29)

Let c be the constant of Lemma 45. Applying that lemma with T (m) = 2εm and query length ℓ := 5n,
and using that Kt0,L≤5n(si0) ≥ nKt0,L≤5n(si0), we obtain

nKt1(si0) ≤ Kt0,L≤5n(si0) +O(log log t0), t1 := t0 · 25εn · logc
(
25εn · t0

)
.

Since log t0 = n+O(log3 n+ log i0), we have log t1 ≤ n+ 5εn+O(log3 n+ log i0), and therefore

nKt(si0) ≤ nKt1(si0) + log t1

≤ Kt0,L≤5n(si0) + n+ 5εn+O(log3 n+ log i0)

≤ n+ 5εn+O

(
log3 n+ log i0 + log log

(
1

γ − 1/2

))
(by Equation (29))

≤ n+ 5εn+O

(
log3 n+ log log

(
1

γ − 1/2

))
, (30)

where the last inequality uses i0 ≤ O(log 1
γ−1/2), which follows from i0 ≤ logγ′(1− 1

2γ′ )+ 2 (Claim 108),
γ′ = (γ + 1/2)/2 and 1/2 < γ < 1.
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On the other hand, since si0 ∈ L,

nKt(si0) ≥ γ · |si0 | = θi0 ≥
n

2− 2γ′
. (31)

Writing ∆γ := 1
2−2γ′ − 1 > 0, which is positive because γ′ > 1/2, Equation (31) implies that nKt(si0) ≥

n+∆γ ·n; thus, the two bounds are contradictory for all sufficiently large n provided 5ε < ∆γ/2. Recalling
the constraint from Claim 108, it therefore suffices to choose

ε < min

{
γ − γ′

20C
,
∆γ

10

}
,

where C is the constant of Lemma 107. This choice depends only on γ and on the constants of Lemma 107
and Lemma 45, which completes the proof.

12.5 Limitations of the Iterative Construction for γ ≤ 1/2

We believe the statement is also true for 0 < γ ≤ 1/2. However, our technique only works for γ > 1/2.
In order to see this, recall that we iteratively construct a string s in time 2(1+o(1))·n such that nKt(s) ≥
(1 + Ω(1)) · n, resulting in a contradiction. But by the iterative construction, we are only guaranteed that
nKt(s) ≥ (γ+γ2+γ3+ · · · ) ·n− o(n), which is upper bounded by γ

1−γ ·n− o(n). Hence when γ ≤ 1/2,
γ

1−γ ≤ 1, and we don’t have nKt(s) ≥ (1 + Ω(1)) · n, so the proof does not work here.
A more intuitive explanation to this barrier arises from the SoI intuition behind this technical iterative

construction (see Section 2). In the setting of a dense language L ⊆ RnKt[γ·n], we are able to prove that

nKt(x, y) ≥ γ(nKt(x | y) + nKt(y))− Cεn

by reconstruction (Lemma 103) and derandomization (Lemma 105). This degrades to a trivial inequality
when γ ≤ 1/2, since

nKt(x, y) ≥ max{nKt(x), nKt(y)} ≥ max{nKt(x | y), nKt(y)} ≥ 1

2
(nKt(x | y) + nKt(y))

holds unconditionally. Thus the derived SoI inequality does not seem helpful. On the other hand, the
statement is non-trivial when γ > 1/2, and it is strong enough for us to derive a contradiction from it.

13 Unconditional Hardness of Gap-MrnKtP: Proof of Theorem 9

In this section, we prove the “moreover” parts in Theorem 9. These parts are strengthened versions of
the plain complexity lower bounds for Gap-MrnKtP in Theorem 9. To see this, we observe the following
simple lemma.

Lemma 109. Let θ : N → N be such that θ(n) < n − 1 and C be a complexity class. Suppose for every
dense language L ⊆ RrnKt[θ(n)], it is the case that L ̸∈ C. Then Gap-MrnKtP[θ(n), n− 1] ̸∈ co-C.

Proof. We prove the contrapositive. Suppose Gap-MrnKtP[θ(n), n − 1] ∈ co-C. Then there exists a lan-
guage L0 ∈ co-C that is consistent with Gap-MrnKtP[θ(n), n− 1], in the sense that for every x ∈ {0, 1}n:
if rnKt(x) ≤ θ(n), then x ∈ L0, and if rnKt(x) ≥ n− 1, then x /∈ L0.

Let L be the complement of L0. Note that L ∈ C. Moreover, by construction, L ⊆ RrnKt[θ(n)]. Finally,
note that L is dense, since Ln contains the set {x | rnKt(x) ≥ n − 1}, whose size is at least 2n/2 by
Lemma 23.
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13.1 Exponential AMTIME ∩ coAMTIME Lower Bound via Iterative Construction

In this subsection, we give proof to Theorem 9, Item 1. The plan is similar to the proof of Theorem 8,
where we break reconstructive black-box PRG (See Lemma 31) under easiness assumption of L, then iter-
atively construct a long string in L to derive contradiction. It shares same technical barrier γ > 1/2 with
Theorem 8, as discussed in Section 12.5.

Lemma 110. For any c > 0, 1/2 < γ < 1, there exist constants C1, C2 > 0 such that for any L ⊆ RrnKt[γ·n]
satisfying |Ln| ≥ 2n/nc, the following holds.

For all sufficiently large n1, n2 ∈ N and any string x ∈ {0, 1}n1 , y ∈ {0, 1}n2 , we fix any m1,m2 ∈ Z
such that

m1 ≤ rK(n1+n2)C1 ,L≤2n1+2n2 (x | y)− C2 log
3(n1 + n2),

m2 ≤ rK(n1+n2)C1 ,L≤2n1+2n2 (y)− C2 log
3(n1 + n2).

Let m := m1 +m2. If m1,m2 > 0, for any pseudorandom generators G1, G2 instantiated from Lemma 31
with parameters ε := m−c−1/2 and

G1 : {0, 1}n1 × {0, 1}d1 → {0, 1}m1 ,

G2 : {0, 1}n2 × {0, 1}d2 → {0, 1}m2 ,

there exist z1 ∈ {0, 1}d1 , z2 ∈ {0, 1}d2 such that

G1(x; z1) ◦G2(y; z2) ∈ L.

Proof. For the sake of contradiction, assume the contrary, i.e.,

Pr
z1∼Ud1
z2∼Ud2

[G1(x; z1) ◦G2(y; z2) ∈ L] = 0.

By density assumption on L, we have

Pr
w1∼Um1
w2∼Um2

[w1 ◦ w2 ∈ L] ≥ 1

mc
.

We consider two cases: either

Pr
w1∼Um1
z2∼Ud2

[w1 ◦G2(y; z2) ∈ L] ≤ 1

2mc
,

or
Pr

w1∼Um1
z2∼Ud2

[w1 ◦G2(y; z2) ∈ L] ≥ 1

2mc
.

For the former case, we design DL as follows: Given a string s ∈ {0, 1}m2 , it samples w1 ∼ Um1

and returns whether w1 ◦ s ∈ L. Note that m1 ≤ 2n1,m2 ≤ 2n2, we have query length here bounded by
2n1 + 2n2, as well as m ≤ poly(n1 + n2), ε

−1 ≤ poly(n1 + n2).
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We can easily see that DL ε-distinguishes G2(y;Ud2) from Um2 in O(m) time. Applying Corollary 104
on G2, we obtain

rKpoly(m/ε),L≤2n1+2n2 (y) ≤ m2 +O(log3(n2/ε)) = m2 +O(log3(n1 + n2)).

But by definition, m2 ≤ rK(n1+n2)C1 ,L≤2n1+2n2 (y)−C2 log
3(n1+n2), hence when C1, C2 are large enough

constants, we have a contradiction.
Similarly, for the latter case, we design DL which ε-distinguishes G1(x;Ud1) from Um1 in polynomial

time: On s ∈ {0, 1}m1 , it samples z2 ∼ Ud2 , returns whether s ◦ G2(y; z2) ∈ L. Hence by Corollary 104,
we have

rKpoly(m/ε),L≤2n1+2n2 (x | y) ≤ m1 +O(log3(n1 + n2)).

But by definition, m1 ≤ rK(n1+n2)C1 ,L≤2n1+2n2 (x | y) − C2 log
3(n1 + n2), we then obtain a contradiction

when C1, C2 are large enough.

We aim to derive contradiction from Lemma 110, as in the proof of Theorem 8, which finishes the proof
of Theorem 9, Item 1.

Proof of Theorem 9, Item 1. Fix c > 0, 1/2 < γ < 1 and L ⊆ RrnKt[γ·n] such that |Ln| ≥ 2n/nc. For sake
of contradiction we assume that

L ∈ AMTIME[2εn] ∩ coAMTIME[2εn],

where ε > 0 is chosen below independently of L.
Similar to Lemma 107, we use the following algorithm to explicitly construct a long string s ∈ L in

short deterministic time with oracle access to L.

Algorithm 2 Iterative construction of long string in L

1: procedure AL(γ, 1n)
2: s0 := ⊥, N1 := n, θ1 := γn.
3: for s′ ∈ {0, 1}n by lexicographical order do
4: if s′ ∈ L then
5: s1 ← s′.
6: break
7: γ′ := (γ + 1/2)/2.
8: for i = 2, 3, · · · do
9: mi,1 := ⌈γ′n/γ⌉,mi,2 := ⌈γ′θi−1/γ⌉.

10: Ni := mi,1 +mi,2, εi := N−c−1
i /2.

11: θi := γNi.
12: Instantiate G1 : {0, 1}n × {0, 1}d1 → {0, 1}mi,1 in Lemma 31 with security parameter εi.
13: Instantiate G2 : {0, 1}Ni−1 × {0, 1}d2 → {0, 1}mi,2 in Lemma 31 with security parameter εi.
14: si := ⊥.
15: for x ∈ {0, 1}n, z1 ∈ {0, 1}d1 , z2 ∈ {0, 1}d2 by lexicographical order do
16: if G1(x; z1) ◦G2(si−1; z2) ∈ L then
17: si := G1(x; z1) ◦G2(si−1; z2).
18: break
19: if θi > n/(2− 2γ′) then
20: Output si.
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21: return
22: Output ⊥.

We hereby analyse behaviour of AL.

Claim 111. For any 1/2 < γ < 1, there exists i∗ ∈ N such that for all sufficiently large n ∈ N, AL(γ, 1n)

outputs in Oγ(2
n+O(log3 n)) time the string si∗ ̸= ⊥ with rnKt(si∗) > n/(2−2γ′). Here, the constant factor

hidden in big-O notation depends on γ, but can be fixed when γ is fixed.

To prove Claim 111, we prove the following crucial statement.

Claim 112. Fix any 1/2 < γ < 1, for all sufficiently large n ∈ N, the following holds for all i ∈ N: On
input (γ, 1n), either si ̸= ⊥ is produced successfully, or the algorithm terminates with output sj for some
j < i.

Proof of Claim 112. We prove by induction. For i = 1, since L is dense, it is guaranteed that Ln ̸= ∅, and
s1 is the lexicographically smallest string in Ln.

Now assume for i ≥ 2, we have si ∈ L and θi ≤ n/(2 − 2γ′). We aim to prove that algorithm
successfully finds si+1 ∈ L.

By induction assumption, rnKt(si) ≥ γNi = θi. Let C1, C2 > 0 be the constants from Lemma 110.
Let c′ be the constant of Lemma 51, and write ti := (n+Ni)

C1 and ℓi := 2n+ 2Ni. Applying the second
part of Lemma 51 with T (m) = 2εm, and noting that |si| = Ni ≤ ℓi, we obtain

rnKt′i(si) ≤ rnKti,L≤ℓi (si) +O(log(n+Ni)), t′i := ti ·
(
2εℓi · |si| · log ti

)c′
,

so that log t′i ≤ 2c′ε(n +Ni) + O(log(n +Ni)). Since every deterministic oracle program is in particular
a randomized nondeterministic one, we have rnKti,L≤ℓi (si) ≤ rKti,L≤ℓi (si), and therefore

rnKt(si) ≤ rnKt′i(si) + log t′i

≤ rKti,L≤ℓi (si) + 2c′ε(n+Ni) +O(log(n+Ni)).

Rearranging and using rnKt(si) ≥ θi, we obtain

rKti,L≤ℓi (si) ≥ θi − 2c′ε(n+Ni)−O(log(n+Ni)).

Note that, since γ > 1/2, we have γ′/γ = 1/2+ 1/(4γ) < 1. Recall also that Ni ≤ 4n, so n+Ni ≤ 5n ≤
5θi/γ. Hence, for ε chosen small enough as a function of γ and c′ (and independently of L), we get

mi+1,2 =
γ′

γ
θi ≤ rKti,L≤ℓi (si)− C2 log

3(n+Ni). (32)

By standard counting argument of rK, there exists x ∈ {0, 1}n such that

rK(n+Ni)
C1 ,L≤2n+2Ni (x | si) ≥ n,

so there exists x ∈ {0, 1}n satisfying

mi+1,1 =
γ′

γ
n ≤ n− C2 log

3(n+Ni) ≤ rK(n+Ni)
C1 ,L≤2n+2Ni (x | si)− C2 log

3(n+Ni). (33)

Combining Equation (33) and Equation (32), we apply Lemma 110, which indicates for any sufficiently
large n, AL(γ, 1n) successfully produces si+1 ∈ L. ⋄
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Proof of Claim 111. Fix any 1/2 < γ < 1. For any i ≥ 2, observe that if AL(γ, 1n) produces si ̸= ⊥, we
will have

θi = γ′n+ γ′θi−1,

and θ1 = γn holds. Simple telescoping gives

θi =

 i−1∑
j=1

γ′j + γ′i−1γ

n.

Applying γ′ < γ < 1, we have

θi >

 i∑
j=1

γ′j

n =
γ′(1− γ′i)n

1− γ′
, θi <

 i∑
j=1

γj

n <
γn

1− γ
, (34)

holding for every i. Note that γ′ = (1+2γ)/4 > 1/2, we always have γ′/(1−γ′) > 1/(2−2γ′), indicating
that there exists Iγ such that whenever i ≥ Iγ , θi > n/(2 − 2γ′). Combining this with Claim 112 we can
derive that AL(γ, 1n) terminates with output si∗ ∈ L for all sufficiently large n where i∗ ≤ Iγ . Given
L ⊆ RrnKt[γ·n], we have

rnKt(si∗) ≥ γ|si∗ | = θi∗ > n/(2− 2γ′).

The running time is bounded by

O(2n) +
i∗∑
i=2

O(2n+O(log3 n)+O(log3 Ni−1)) = O(2n) +
i∗∑
i=2

O(2n+O(log3 n)+O(log3(θi−1/γ)))

≤ O(2n) + Iγ ·O(2n+O(log3 n)+O(log3(n/(1−γ))))

Note that Iγ is independent from n, the running time is therefore bounded by Oγ(2
n+O(log3 n)). ⋄

Fix any 1/2 < γ < 1. For all sufficiently large n, by Claim 111, we compute si∗ := AL(γ, 1n), and we
have rnKt(si∗) > n/(2− 2γ′). On the other hand, the running time bound given in Claim 111 indicates

rnKt(n),L≤max{N1,N2,··· ,Ni∗}(si∗) = O(log n),

where t(n) = O(2n+O(log3 n)). By Equation (34), we have

max{N1, N2, · · · , Ni∗} =
1

γ
max{θ1, θ2, · · · , θi∗} <

n

1− γ
.

Therefore,
rnKt(n),L≤n/(1−γ)(si∗) = O(log n).

Let ℓ := n/(1 − γ). Applying the second part of Lemma 51 with T (m) = 2εm, and letting t′ :=

t(n) ·
(
2εℓ · |si∗ | · log t(n)

)c′ be the resulting time-bound from that lemma, we obtain

rnKt′(si∗) ≤ rnKt(n),L≤ℓ(si∗) +O(log n) = O(log n).
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Substituting t(n) = O(2n+O(log3 n)) and |si∗ | ≤ ℓ = O(n) gives log t′ ≤ n + c′εn
1−γ + O(log3 n), and

therefore

rnKt(si∗) ≤ rnKt′(si∗) + log t′ ≤ n+
c′εn

1− γ
+O(log3 n).

On the other hand, rnKt(si∗) > n/(2 − 2γ′), and 1/(2 − 2γ′) > 1 since γ′ > 1/2. Writing ∆γ :=
1

2−2γ′ − 1 > 0 and choosing ε such that ε < ∆γ(1 − γ)/(2c′) and Claim 112 holds, the two bounds
contradict each other for all sufficiently large n.

13.2 AMTIME Lower Bound via Explicit Constructions

We formally state the technical result from [CLL25], which is mentioned in Section 2. We begin with a
formal definition of single-valued Arthur-Merlin protocol, which is a natural interpretation from [CLL25].

Definition 113. A non-binary public coin protocol (P, V ) is defined as follows: On any input x, V, P
interact by constantly many rounds; In the i-th round, V (the verifier) sends plain uniform randomness
ri ∈ {0, 1}ni to P ; P (the prover) then returns wi according to x, r1, w1, · · · , ri−1, wi−1, ri. After the
last round, V outputs some string y as answer, which deterministically depends on the whole interaction
transcript (all wj , rj’s) and input x.

Non-binary public coin protocol (P, V ) is a single-valued Arthur-Merlin protocol computing {xn}n∈N,
if there exists l : N→ N such that the following holds for every n ∈ N:

• Conformity: There exists αn ∈ {0, 1}l(n) and an honest prover P such that (P, V )(1n, αn) = xn
holds with probability 1 over randomness of V ;

• Resiliency: For every ζn ∈ {0, 1}l(n), there exists yn ∈ {0, 1}n such that, for every (possibly with
unbounded computational power) prover P ′, (P ′, V )(1n, ζn) ∈ {yn,⊥} with probability at least 2/3
over randomness of V .

We refer to l(n) as the advice complexity of (P, V ).

Lemma 114 (Round reduction for single-valued Arthur-Merlin protocol). For any k-round single-valued
Arthur-Merlin protocol (P, V ) computing {xn}n∈N with advice complexity l(n) where the verifier V runs in
time T (n), there exists a 2-round single-valued Arthur-Merlin protocol (P ′, V ′) computing {xn}n∈N with
advice complexity l(n) where the verifier V runs in time T (n)Ok(1).

Proof. We translate the single-valued Arthur-Merlin protocol into a decision problem, using the round re-
duction results for decision problems with Arthur-Merlin protocol, and finally translate it back into the
single-valued Arthur-Merlin protocol.

We define a promise problem P = (YES,NO), where

(1n, α, i, b) ∈ YES ⇐⇒ ∃ prover P ,Pr
V

[(P, V )(1n, α) ̸= ⊥ ∧ i’th bit of (P, V )(1n, α) is b] ≥ 3

5
,

(1n, α, i, b) ∈ NO ⇐⇒ ∀ prover P ′,Pr
V

[
(P ′, V )(1n, α) ̸= ⊥ ∧ i’th bit of (P ′, V )(1n, α) is b

]
≤ 2

5
.

By definition, P has a T (n)-time binary Arthur-Merlin protocol with k rounds. By the standard round
reduction and error reduction for binary Arthur-Merlin protocol[BM88, GS86], P has a T (n)Ok(1)-time 2-
round binary Arthur-Merlin protocol with perfect completeness and small soundness error, in other words,
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P ∈ prAMTIME[T (n)Ok(1)]. Let V̂ be the verifier in the protocol, then we have,

(1n, α, i, b) ∈ YES =⇒ Pr
r

[
∃w, V̂ (1n, α, i, b, r, w) = 1

]
= 1,

(1n, α, i, b) ∈ NO =⇒ Pr
r

[
∃w, V̂ (1n, α, i, b, r, w) = 1

]
≤ 1

3n
.

Next, we define a 2-round single-valued Arthur-Merlin protocol that computes {xn}n∈N. Given input
(1n, α), the verifier V ′ first samples 2n random strings r01, r

0
2, . . . , r

0
n, r

1
1, r

1
2, . . . , r

1
n and send them to the

prover. Then the prover sends back 2n strings w0
1, w

0
2, . . . , w

0
n, w

1
1, w

1
2, . . . , w

1
n and a proposed answer

x̂ ∈ {0, 1}n. The verifier then runs V̂ (1n, α, i, b, rbi , w
b
i ) =: vbi for each i ∈ [n] and b ∈ {0, 1}. If for some

i, v0i = v1i = 0, then V ′ prints ⊥. Otherwise, V ′ outputs a string x ∈ {0, 1}n defined as follows. For each
i ∈ [n], if v0i = v1i = 1, then set the i’th bit of x as the i’th bit of x̂. Otherwise set the i’th bit of x as the b
such that vbi = 1.

It is not hard to see that V ′ runs in time T (n)Ok(1), and has advice complexity of |α| = l(n). It remains
to argue about the correctness, i.e. the conformity and resiliency of V ′.

• Conformity: By the conformity of V , there exists αn and honest prover P such that (P, V )(1n, αn) =
xn with probability 1 over randomness of V . Let xn,i denote the i’th bit of xn. Then by definition
of P , we know that (1n, αn, i, xn,i) ∈ YES for each i ∈ [n]. The honest prover set x̂ = xn, select
w

xn,i

i such that vxn,i

i = V̂ (1n, αn, i, xn,i, r
xn,i

i , w
xn,i

i ) = 1, and set w1−xn,i

i as the all 0 string. If
v
1−xn,i

i = V̂ (1n, αn, i, 1− xn,i, r
1−xn,i

i , w
1−xn,i

i ) = 1, then V ′ would set the i’th bit of x as x̂, which
is equal to xn because the prover is honest. Otherwise, v1−xn,i

i = 0, and V ′ would set the i’th bit
of x as xn,i, which is also correct. To summarize, an honest prover would make V ′ print xn with
probability 1.

• Resiliency: By the resiliency of V , for any ζn ∈ {0, 1}l(n), there exists yn ∈ {0, 1}n such that, for
any prover P ′, (P ′, V )(1n, ζn) ∈ {yn,⊥}with probability at least 2/3 over randomness of V . Let yn,i
denote the i’th bit of yn. Then by the resiliency of V , (1n, ζn, i, 1−yn,i) ∈ NO for every i ∈ [n]. Thus
for each i ∈ [n], the probability of existing w

1−yn,i

i such that V̂ (1n, α, i, 1−yn,i, r
1−yn,i

i , w
1−yn,i

i ) = 1

is at most 1
3n . By a union bound, with probability at least 2/3, for every i ∈ [n], for every w

1−yn,i

i ,
we have v

1−yn,i

i = V̂ (1n, α, i, 1 − yn,i, r
1−yn,i

i , w
1−yn,i

i ) = 0. Conditioning on this, if for some i,
v
yn,i

i = 0, then V ′ would output ⊥. Otherwise, for every i, vyn,i

i = 1, then V ′ would output yn.
Hence with probability at least 2/3 over the randomness of V ′, regardless of prover’s strategy, V ′

either prints yn or ⊥.

Then we present below the main result from [CLL25] regarding explicit algorithms that hits any dense
language in coAM.

Lemma 115 (See [CLL25], Theorem 1.3). For every dense language L ∈ coAM and constant k ≥ 1, there
exists {xn}n∈N and single-valued Arthur-Merlin protocol (P, V ) computing {xn}n∈N such that

• Advice efficiency: The advice complexity of (P, V ) is l(n) = 2log
1/k n;

• Time efficiency: On input (1n, ζn) where |ζn| = l(n), V runs in time 2log
O(k) n;

• Hitting: For infinitely many n ∈ N, xn ∈ L.
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Note that the original result in [CLL25] works for only languages with half density, i.e., |L∩{0, 1}n| ≥
2n/2. However, it is easy to amplify the density by parallel repetition, sketched as follows: For language L
and some p : N→ N, define L′ as

L′
n = {x | x[1 : l] ∈ L, or · · · , or x[(p(n)−1)·l+1 : p(n)·l] ∈ L, where l = ⌊|x|/p(n)⌋}

we can show L ∈ coAM implies L′ ∈ coAM. Furthermore, if L only has inverse-polynomial density
(i.e., |L ∩ {0, 1}n| ≥ 2n/nc), when p(n) is some appropriately picked polynomial function, we can have
|L′ ∩ {0, 1}n| ≥ 2n−1, so the original explicit construction result can be applied to obtain single-valued
Arthur-Merlin protocol (P ′, V ′) hitting L′. Then we apply log p bits of additional advice to locate the
L-hitting subsection of an L′-hitting output from (P ′, V ′).

Then we show that this non-binary Arthur-Merlin algorithm hits coAM properties with strings of small
rnKt complexity.

Lemma 116. Let L ∈ coAM be a dense language, then for any k > 1, there exists infinitely many n ∈ N
and xn ∈ {0, 1}n, such that xn ∈ L ∩ {0, 1}n and rnKt(xn) < O(2log

1/k n).

Proof. Fix any constant k. By Lemma 115, there exists a constant-round single-valued Arthur-Merlin pro-
tocol computing {xn}n∈N, such that for infinitely many n ∈ N, xn ∈ L. Then by Lemma 114, there exists
a 2-round single-valued Arthur-Merlin protocol (P, V ) computing {xn}n∈N in time 2log

O(k) n with advice

complexity 2log
1/k n. Let αn ∈ {0, 1}2

log1/k n
be the advice for xn. Then by the conformity of V , we know

that
Pr
r
[∃w, V (1n, αn, r, w) = xn] = 1.

By the resiliency of V , we have

Pr
r
[∀w, V (1n, αn, r, w) ∈ {xn,⊥}] ≥

2

3
.

Thus for at least 2/3 of r, there exists w such that V (1n, αn, r, w) = xn, and for every w, V (1n, αn, r, w) ∈
{xn,⊥}. This exactly matches the definition of rnK, thus we get

rnK2log
O(k) n

(xn) ≤ |V |+ |αn|+O(log n) ≤ O(2log
1/k n).

By definition of rnKt, we get

rnKt(xn) ≤ rnK2log
O(k) n

(xn) + logO(k) n ≤ O(2log
1/k n).

We are then ready to prove the central result of this subsection.

Proof of Theorem 9, Item 2. Towards contradiction we assume the contrary, i.e., there exists γ ∈ (0, 1), d >

1, L ⊆ RrnKt[2log
γ n] such that some algorithm A ∈ coAM[2log

d n] decides L, and L is dense.

Applying standard padding argument, we define l(n) = 2log
d n and

L′ = {x ◦ y | x ∈ L, ⌊l−1(|x|+ |y|)⌋ = |x|}.
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To decide L′ on x ∈ {0, 1}n, we might first compute m = ⌊l−1(n)⌋, which can be done in poly(n) time
assuming that l is efficiently computable. Then L′ can be decided in coAM, just by truncating the input into
first m bits and run the coAM protocol in time 2log

d m = l(m) ≤ n.
By assumption, L is dense, which immediately gives L′ is dense. Applying Lemma 116, we can con-

clude for any constant k > 1 that there exist infinitely many n ∈ N and zn ∈ L′
n such that rnKt(zn) <

O(2log
1/k n). For such zn, we decompose it into zn = xn ◦ yn such that |xn| = ⌊l−1(n)⌋, then

• By definition of L′, given that xn ◦ yn ∈ L′
n, we have xn ∈ L. Recall that L ⊆ RrnKt[2log

γ n], we have

rnKt(xn) ≥ 2log
γ/d n;

• By definition of rnKt, trivially, we have rnKt(xn) ≤ rnKt(xn ◦ yn) +O(1) < O(2log
1/k n).

This gives
2log

γ/d n < O(2log
1/k n).

Note the arbitrariness of k > 1, we take k = 2d/γ, then

O(2log
1/k n) = O(2log

γ/2d n) < 2log
γ/d n.

which contradicts the previous inequality.

13.3 Non-Uniform Lower Bound via Near-Maximum Circuit Lower Bounds

We prove Theorem 9, Item 3, which begins with some technical tools.

Lemma 117. For any language O ∈ AM∩ coAM and any constant ε > 0, there exists a family of multisets
T = {Ts ⊆ {0, 1}s}s∈N such that each Ts satisfies |Ts| ≤ poly(s) and the following properties hold:

Efficiency: For all sufficiently large s, we have rnKt(Ts) ≤ 2log
ε s. Here, the multiset Ts with k elements

is represented as a binary string of the form e1 01 e2 01 . . . 01 ek, where each ei is a 2s-bit string encoding
an element of Ts, with each bit duplicated.

Pseudorandomness: For infinitely many s ∈ N, the following holds: for everyO-oracle circuit C : {0, 1}s →
{0, 1} of size at most s, ∣∣∣∣ Pr

x∼{0,1}s
[C(x) = 1]− Pr

x∼Ts

[C(x) = 1]

∣∣∣∣ ≤ 1

s
.

Next, we show Lemma 117. We need the following tools.

Lemma 118 ([CLL25, Theorem 1.2]). For any languageO ∈ AM∩ coAM and any 0 < ε < 1, (AMEXP∩
coAMEXP)/2n

ε ⊈ SIZEO[2n/n].

The following lemma gives upper bound on rnKt complexity of truth table decidable in AMEXP ∩
coAMEXP with short advice.

Lemma 119. For sufficiently large n ∈ N and 0 < ε < 1, if f : {0, 1}∗ → {0, 1} is computable in
(AMEXP ∩ coAMEXP)/2n

ε
, then rnKt(tt(fn)) = O(2n

ε
).

Proof. We first state a extended version of Lemma 51, which handles oracle computed by non-uniform
Arthur-Merlin protocol.
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Claim 120. For any time-constructible, non-decreasing T : N → N, T (n) ≥ n, and any α : N → N,
there exists a constant c ∈ N such that for every O ∈ (AMTIME[T (n)] ∩ coAMTIME[T (n)])/α(n), all
x, y ∈ {0, 1}∗, all integers ℓ ≥ 1, and all sufficiently large t ∈ N with t > |x|, restricting query length ℓ,

rnKt·(T (ℓ)·|x|·log t)c(x | y) ≤ rnKt,O=ℓ(x | y) +O(log(ℓ · |x| · log t)) + α(ℓ).

Proof Sketch of Claim 120. The proof is basically identical to that of Lemma 51, except that the non-
uniform advice needed to simulate the Arthur–Merlin protocols on queries of length at most ℓ is stored
in the description, contributing α(ℓ) extra bits. ⋄

The proof then is a straightforward application of Claim 120. Assume there exists k > 0 and 0 < ε < 1
such that f ∈ (AMTIME[2n

k
] ∩ coAMTIME[2n

k
])/2n

ε
. Hence there exists a uniform algorithm M (-) such

that, with access to oracle f on input length n, it outputs tt(fn) in time O(2n), so

rnK2n,f=n(tt(fn)) = O(1).

By Claim 120, we have

rnKt(tt(fn)) ≤ rnK2O(nk)
(tt(fn)) +O(nk) + 2n

ε
= O(2n

ε
),

as desired.

As an application of Lemmas 118 and 119, we get the following.

Lemma 121. For any languageO ∈ AM∩coAM and any constant γ > 0, there exists a sequence {xN}N∈N
such that the following hold:

• For every large enough N , rnKt(xN ) ≤ 2log
γ N .

• For infinitely many N that are powers of 2, the string xN , interpreted as the truth table of a function
f : {0, 1}logN → {0, 1}, has O-oracle-circuit complexity at least N/ logN .

Proof. Lemma 118 states that there exists a language in (AMEXP ∩ coAMEXP)/2n
γ

whose truth tables
have nearly maximal O-oracle circuit complexity. Lemma 119 then states that each such truth table has
rnKt-complexity at most O

(
2log

γ N
)
, where N denotes the length of the truth table.

We now present the proof of Lemma 117.

Proof of Lemma 117. The proof combines Lemma 121 and Theorem 28.
LetO ∈ AM∩coAM. We start by applying Theorem 28 with ε := 1/2, and let c, d be the corresponding

constants from the lemma.
Consider Lemma 121 with γ := ε/2 and let {xN} be the corresponding sequence of strings.
Let N ⊆ N be the infinite set of powers of 2 at which the string xN from Lemma 121 has O-oracle-

circuit complexity at least N/ logN . For each N ∈ N , let s(N) := ⌊N1/c⌋, so that s(N)c ≤ N <
(s(N) + 1)c. We call an integer s good if s = s(N) for some N ∈ N ; note that there are infinitely many
good s.

For a good s, with N ∈ N the corresponding length, the output length of F (xN ,−) is at least N1/c ≥ s,
and we define

Ts :=
{
F (xN , z)[1:s] | z ∈ {0, 1}d logN

}
.
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For every other s, define Ts = {0s}; the efficiency bound below applies to every s, while pseudorandomness
is claimed only at good s.

We first argue that Ts satisfies the pseudorandom condition for good s. This follows from the fact that if
s is good, then the corresponding xN has highO-oracle-circuit complexity (as a truth table) and the security
guarantee provided by the pseudorandom generator F in Theorem 28.

Next, we address the efficiency condition. Note that for a (sufficiently large) good s, given the integer
s and the string xN , where N is the integer witnessing the goodness of s, we can construct Ts in time
poly(N) ≤ poly(s). By the efficiency condition stated in Lemma 121, we have

rnKt(xN ) ≤ 2log
γ N .

It follows that

rnKt(Ts) ≤ 2log
γ N + log poly(s)

≤ 2O(log s)γ +O(log s)

≤ 2log
ε s,

as desired. Also note that efficiency holds trivially when s is not good.

Putting it all together, we are now ready to show Theorem 9, Item 3.

Proof of Theorem 9, Item 3. Towards contradiction, we assume the contrary. That is, there exists γ >
0,O ∈ AM ∩ coAM, c > 1, d ≥ 1, L ⊆ RrnKt[2log

γ n] satisfying

• L can be decided by O-oracle circuit family {CO
n }n∈N of size 2log

d n;

• There exists N ∈ N such that |L ∩ {0, 1}n| ≥ 2n/nc for all n > N .

We instantiate Lemma 117 with ε := γ/(2(d+ 1)), obtain the corresponding family of multi-sets T =
{Ts}s∈N. Consider the following algorithm D : {0, 1}∗ → {0, 1} trying to break the pseudo-randomness:

Algorithm 3 A non-uniform algorithm for breaking pseudo-randomness
1: procedure D(x)
2: s := |x|.
3: m := 2(2/(c−1)·log s)1/(d+1)

.
4: if m ≤ N then
5: Output 0.
6: k := m(c−1)/2.
7: if km > s then
8: Output 0.
9: for i ∈ [k] do

10: Compute ai := CO
m(x[(i−1)m+1 : im]).

11: if ai = 1 then
12: Output 1.
13: Output 0.

87



Let s0 ∈ N be large enough that rnKt(Ts) ≤ 2(log s)
ε

for every s ≥ s0. Fix any s ≥ s0, any x ∈ Ts, and
any block u := x[(i−1)m+1 : im] with i ∈ [k], where m and k are as computed by D on inputs of length s.
Since u can be recovered from Ts together with the indices of x and i, we have

rnKt(u) ≤ rnKt(Ts) +O(log s) ≤ 2(log s)
ε
+O(log s).

By the definition of m we have (log s)1/(d+1) = c−1
2 logm, and therefore (log s)ε = O

(
logγ/2m

)
. Hence,

rnKt(u) < 2log
γ m for all sufficiently large m, so u /∈ L and CO

m(u) = 0. As this holds for every block
i ∈ [k], we get D(x) = 0 for every x ∈ Ts, and consequently, for all s ≥ s0,

Pr
x∼Ts

[D(x) = 1] = 0.

Pick s1 = 2c/2·log
d+1 N , we can verify that for any s ≥ s1,

m = 2(2/(c−1)·log s)1/(d+1) ≥ 2(c/(c−1))1/(d+1)·logN > N.

In this case, |L ∩ {0, 1}m| ≥ 2m/mc by our assumption on L. Furthermore, we have km = m(c+1)/2 =

2log
1/(d+1) s·F (c) where F (c) = (2/(c − 1))1/(d+1) · (c + 1)/2 is universally constant, so we pick s2 :=

max{16, 2F (c)4}, which gives

km = 2log
1/(d+1) s·F (c) ≤ 2log

1/(d+1) s·log1/4 s ≤ 2log
3/4 s <

s

2
.

for all s ≥ s2 (the second last inequality follows from d ≥ 1, while the last follows from s ≥ 16). Now for
all s ≥ max{s1, s2} and x ∈ {0, 1}s,

D(x) =

k∨
i=1

CO
m(x[(i−1)m+1 : im]).

Therefore,

Pr
x∼{0,1}s

[D(x) = 0] = Pr
x∼{0,1}s

[x[1 : m] /∈ L, · · · , x[(k−1)m+1 : km] /∈ L]

=

(
Pr

y∼{0,1}m
[y /∈ L]

)k

≤
(
1− 1

mc

)k

< exp

(
− k

mc

)
.

Given that k = m(c−1)/2, we have

k =
mc−1

k
> mc ln

(
1 +

1

km

)
,

immediately giving

exp

(
− k

mc

)
< exp

(
−mc ln

(
1 +

1

km

)
· 1

mc

)
= 1− 1

km+ 1
≤ 1− 2

s+ 2
< 1− 1

s
.
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In conclusion, for all s ≥ max{s0, s1, s2}, we have

Pr
x∼{0,1}s

[D(x) = 1]− Pr
x∼Ts

[D(x) = 1] >
1

s
− 0 =

1

s
.

Finally, D is anO-oracle circuit of size at most s: it consists of k copies of CO
m joined by an OR gate, where

log k = c−1
2 logm and logdm are both o(log s). This contradicts the pseudo-randomness of T = {Ts}s∈N

in Lemma 117.

14 Unconditional Failure of Conditional SoI: Proof of Theorem 10

We say that conditional SoI holds for nKt with error e(n), if for any strings x, y, z ∈ {0, 1}∗, we have

nKt(x, y | w) ≥ nKt(x | y, w) + nKt(y | w)− e(|x|+ |y|).

Note that in this definition the error bound does not depend on |w|. We do not assume random access to w.
We need to impose the following mild conditions on the computational model in the definition of Kol-

mogorov complexity:22

• If a program M1(w) runs in time t1, and a program M2(w) runs in time t2, then we can run both
programs on input w in time O(t1 + t2).

• The resulting program has length at most |M1|+ |M2|+O(1).

Under these mild encoding assumptions, we establish unconditionally that SoI fails in the presence of a
conditional string (Theorem 10).

To prove Theorem 10, we will need the following lemma.

Lemma 122 (Efficient Simulation Under Conditional SoI). If conditional SoI holds for nKt with error
e(n) ≥ logn, then for any x,w ∈ {0, 1}∗, we have

nKO(2e(|x|))(x | w) ≤ nKt(x | w) +O(e(|x|)).

Proof. The proof is essentially the same as that of Lemma 93, but with the addition of an auxiliary condi-
tional string. We present the details here for completeness.

Let n = |x|. Let the n bits of x be x1x2 · · ·xn. For any integers 1 ≤ i ≤ j ≤ n, we define x[i,j] =
xi · · ·xj . For each i ≤ j, we define s[i,j] and t[i,j] to be the program size and running time of an optimal
nKt program for x[i,j] conditioning on w and x[1,i−1]. If there are multiple programs achieving the optimal
bound nKt(x[i,j] | w), we take one with the smallest running time.

We let 1 ≤ i ≤ n be the smallest integer such that t[1,i] ≥ 2C+1 · 2e(n), where C ≥ 1 is a suitable
universal constant defined below. If no such i exists, then the optimal nKt program for x conditioning on w
already runs in time O(2e(n)), and the proof is finished.

Note that we can assume without loss of generality that 1 < i < n. Indeed, if C is large enough, using
that e(n) ≥ log n it is easy to see that i > 1. The case i = n can be handled by an easy modification of the
argument above.

22These are standard assumptions in Kolmogorov complexity and meta-complexity, and often appear only implicitly in proofs.
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Now, by conditional symmetry of information, we have

nKt(x | w) ≥ nKt(x[1,i] | w) + nKt(x[i+1,n] | x[1,i], w)− e(n)

= s[1,i] + log(t[1,i]) + s[i+1,n] + log(ti+1,n)− e(n). (35)

But on the other hand, since we can print x by simply running the programs in sequence, we get23

nKt(x | w) ≤ s[1,i] + s[i+1,n] +O(1) + log(O(t[1,i] + t[i+1,n] + n))

≤ s[1,i] + s[i+1,n] + log(t[1,i] + t[i+1,n] + n) + C, (36)

for some universal constant C ≥ 1 that only depends on the computational model. Combining Equa-
tions (35) and (36), we get

log(t[1,i] + t[i+1,n] + n) ≥ log(t[1,i]) + log(t[i+1,n])− e(n)− C.

By taking the exponential of both sides, and using that e(n) ≥ log n and t[1,i] ≥ 2C+1 · 2e(n), we get

t[i+1,n] ≤
1 + n

t[1,i]
1

2e(n)+C − 1
t[1,i]

≤ 2
1

2e(n)+C − 1
t[1,i]

≤ 2C+2 · 2e(n).

Hence by combining the programs for x[1,i−1] and x[i+1,n], and by storing the bit xi and the position i, we
can print x in (nondeterministic) time O(2e(n)). Therefore, it follows that

nKO(2e(n))(x | w) ≤ s[1,i−1] + s[i+1,n] +O(log n)

≤ nKt(x[1,i−1] | w) + nKt(x[i+1,n] | x[1,i], w) +O(logn)

≤ nKt(x[1,i] | w) + nKt(x[i+1,n] | x[1,i], w) +O(logn)

≤ nKt(x | w) +O(e(n)), (By conditional SoI for nKt)

as desired.

We will use the upper bound on the running time provided by Lemma 122 to significantly speed-up
the computation of nKt, leading to a contradiction to an existing complexity lower bound. We need the
following result.

Theorem 123 (Hardness of Approximating nKt; Corollary of Theorem 8). There exists ε > 0 such that the
following result holds:

Gap-MnKtP[0.6n, 0.9n] /∈ DTIME[2ε·n].

Proof. It is enough to note that if Gap-MnKtP[0.6n, 0.9n] ∈ DTIME[2ε·n], then there would be a dense lan-
guage L containing only strings of nKt complexity at least 0.6n such that L ∈ NTIME[2ε·n]∩coNTIME[2ε·n].
This directly contradicts the “moreover” part of Theorem 8.

We are now ready to prove the main result of this section.
23Here we use the aforementioned properties of the encoding of programs in the definition of Kolmogorov complexity.
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Proof of Theorem 10. Suppose that conditional SoI holds for nKt with error e(n) ≤ polylog(n). We can
assume without loss of generality that e(n) ≥ logn. We show how to estimate nKt(x) with additive error
n/10 in deterministic time 22

poly(log log(n))
. This contradicts the complexity lower bound of Theorem 123.

We set k = ⌈ n
100e(n)⌉, and split x into k pieces x = x1 ◦x2 ◦ · · · ◦xk, where each xi is of length at most

100e(n). By Lemma 122, we have

nKO(2e(100e(n)))(xi | x1 ◦ · · · ◦ xi−1) ≤ nKt(xi | x1 ◦ · · · ◦ xi−1) +O(e(100e(n))).

Therefore, for each i, instead of computing nKt(xi | x1 ◦ · · · ◦ xi−1) using an exhaustive search over small
nondeterministic programs and assuming access to an NP oracle, we can compute nKO(2e(100e(n)))(xi |
x1 ◦ · · · ◦ xi−1) deterministically by brute-forcing over all small nondeterministic programs and over all
nondeterministic choices, which takes time 2100e(n) · 2O(2e(100e(n))). The total running time is at most

n · 2100e(n) · 2O(2e(100e(n))) ≤ 22
poly(log log(n))

.

By conditional SoI with error e(n) (applied k times) and Lemma 122, the total estimation error is at most

k · (2e(n) +O(e(100e(n)))) ≤ n

10
.

This contradicts Theorem 123, as alluded to above.
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A The Role of Adaptivity I: Ronneburger’s Technique

[Ron04] showed that Symmetry of Information (SoI) does not hold for Kt. Since the argument rela-
tivizes, it follows that SoI does not hold for KtSAT either (where the queries are allowed to be adaptive).
Recall that nKt is related, within a constant, to Kt complexity with non-adaptive queries to a SAT oracle
(see Corollary 42 and Corollary 44). Nevertheless, the proof technique of [Ron04] does not seem to extend
to show failure of SoI for nKt.

To clarify why this technique falls short and to highlight the role of adaptivity, we sketch a proof that
SoI fails in a hybrid setting: the left-hand side uses Kt with access to a SAT oracle with up to two levels
of adaptivity, while the right-hand side terms employ nKt. Whether symmetry of information fails for nKt
remains an open problem.

Theorem 124. There is a constant ε > 0 such that for every large enough n ∈ N, there exist strings
x, y,∈ {0, 1}n such that

Kt∥2SAT(x, y) < nKt(x) + nKt(y | x)− εn.

Here, for an oracle O and a constant d ∈ N, Kt∥dO refers to the complexity measure Kt wherein the
universal machine may make oracle calls to O with up to d levels of adaptivity.

We will need the following lemma.

Lemma 125. For every n ∈ N, constant d ∈ N, and language A ∈ NP, there exist strings x1, ..., xd ∈
{0, 1}n satisfying ∑

i∈[d]

Kt∥A(xi | x1, ..., xi−1) > d · n
2

and
Kt∥dA(x1, ..., xd) ≤

n

2
+O(logn).

Proof. We employ an idea from [Ron04]. Fix n, d ∈ N, and for i ∈ [d], let xi be the lexicographically first
string of length n such that

Kt∥A(xi | x1, ..., xi−i) >
n

2
.

Note that ∑
i∈[d]

Kt∥A(xi | x1, ..., xi−1) > d · n
2
.

Now, consider the following brute-force algorithm to find xi given (x1, ..., xi−1).

Let S be an empty set at first. For every j ∈ [n/2], for every w ∈ {0, 1}j , letting t = 2n/2−j ,
let zw be the output of a universal non-adaptive A-oracle TM run on input (w, x1, ..., xi−1) for
t steps. (If the input does not encode a program making all of its oracle queries in parallel, do
not output anything.) Add the output zw to S.
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Once the above is complete, sort S lexicographically, and let xi be the lexicographically small-
est string not in S.

We note that when simulating the procedure described above, we can collect the set of queries to
the SAT oracle requested by each machine and submit all queries simultaneously to the oracle.
For this reason, non-adaptive access to the SAT oracle is sufficient.

Observe that the algorithm described above runs in time at most

n

2
· 2j · 2n/2−j +O(|S| · log |S|) < n2 · 2n/2

and requires program size at most O(logn) provided non-adaptive access to an A oracle.
Moreover, repeating the above d times to produce all strings x1, ..., xd takes time at most d · n2 · 2n/2,

making queries to a A oracle with at most d levels of adaptivity. We obtain

Kt∥dA(x1, ..., xd) ≤ O(log n) + log(d · n2 · 2n/2)

≤ n

2
+O(log n).

This completes the proof of the lemma.

We are now ready to prove Theorem 124.

Proof of Theorem 124. Applying Lemma 125 with d = 2 and A = SAT, for every n ∈ N, we obtain strings
x, y ∈ {0, 1}n such that

Kt∥2SAT(x, y) ≤ Kt∥SAT(x) + Kt∥SAT(y | x)− n

2
+O(log n).

Then, by an optimized variant of Corollary 42 with c = 1,24

Kt∥2SAT(x, y) < nKt(x) + nKt(y | x)− n

4
,

as desired.

B The Role of Adaptivity II: Nonadaptive Reconstruction, Explicit Con-
structions, and Failure of SoI

In order to highlight the relevance of (non)adaptivity and the challenges that it poses, we show in this
section that if the pseudorandom generator construction of Trevisan and Vadhan [TV07] can be modified to
admit a non-adaptive reconstruction routine, then SoI fails for rnKt.

To this end, we first observe that the algorithm of Oliveira and Santhanam [OS17], which builds on [TV07]
to obtain pseudodeterministic explicit constructions for dense BPP-properties25, (a) is PSPACE-relativizing
(in the sense of [HLR23]), and (b) can be extended to work for dense pr-BPP-properties with the aid of
small advice.

24This can be obtained by reducing a nondeterministic time-t computation to a SAT instance of size t · poly(log t), where the
reduction runs in time t · poly(log t) (see [Coo88, For00]).

25[OS17] state their result for dense P-properties; however, the argument extends straightforwardly to dense BPP-properties.
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Theorem 126. For any O ∈ PSPACE, any dense pr-BPPO property P , and any γ > 0, there exists an
infinitely-often pseudodeterministic explicit construction for P that runs in time 2n

γ
, given oracle access to

O and nγ bits of advice.26

Proof Sketch. The proof follows closely the argument of [OS17]. We begin by constructing a pseudodeter-
ministic PRG.

Claim 127. Let O ∈ PSPACE. For every ε > 0 and b ∈ N, there exists a sequence {Gn}n∈N, where

Gn : {0, 1}n
ε

→ {0, 1}n
b

,

computable in pseudodeterministic time 2O(nε) with oracle access to O, such that the following holds. For
every nb-time samplable distribution family {Cn}n∈N of Boolean O-oracle circuits, there exist infinitely
many n such that, with probability at least 1− n−b over C ∼ Cn, the generator Gn (n−b)-fools C.

Proof of Claim 127. We consider two cases.

Case 1: PSPACE ⊆ BPPO. In this case, by a standard padding argument,

DSPACE
[
2O(n)

]
⊆ BPEO.

Also, by a diagonalization argument, there exists a language

L ∈ DSPACE
[
2O(n)

]
such that for all but finitely many input lengths n, the language L does not admit O-oracle circuits of size
20.9n. Indeed, using 2O(n) space, one can compute the lexicographically first truth table of length 2n that
is not computed by any O-oracle circuit of size 20.9n. This is possible since O ∈ PSPACE, allowing such
circuits to be simulated within 2O(n) space.

By the containment above, we obtain L ∈ BPEO. Such a hard language yields a pseudorandom genera-
tor with logarithmic seed length, computable in pseudodeterministic polynomial time with oracle access to
O, and secure against non-uniform polynomial-size O-oracle circuits [IW97, KvM02, OS17].

Case 2: PSPACE ̸⊆ BPPO. In this case, the desired PRG follows directly from the constructions of [IW01,
TV07] (see Theorem 29). ⋄

Now suppose, toward a contradiction, that the statement of the theorem is false. Then there exist O ∈
PSPACE, a dense pr-BPPO property P = (YES,NO), and some γ > 0 such that for every algorithm A,
for all sufficiently large n, and for every advice string an ∈ {0, 1}n

γ

, if A(an) runs in pseudodeterministic
time 2n

ε
, then its canonical output lies in NO.

Let D be a probabilistic polynomial-time O-oracle algorithm such that, except with exponentially small
probability over its internal randomness, D accepts every string in YES and rejects every string in NO.
Such a distinguisher can be obtained via standard error reduction and a union bound. We may equivalently
view D as a distribution over O-oracle circuits obtained by fixing its internal randomness. Let A(an) be the
procedure G(an) computing the PRG from Claim 127 with ε = γ/2 and seed string fixed to an.

26In other words, if P = (YESn,NOn), then there are infinitely many values of n such that we can pseudodeterministically
construct in subexponential time with a small amount of advice a string xn /∈ NOn.
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By the assumptions above, with all but exponentially small probability over the choice of D, it holds
that for all but finitely many n,

Pr
A

[
D(A(an)) = 0

]
≥ 2

3

for every an ∈ {0, 1}n
ε

.
On the other hand, since P is dense, we have

Pr
x∼{0,1}n

[D(x) = 1] ≥ 1
2 .

Thus, D distinguishes the output of the PRG from the uniform distribution, contradicting Claim 127.

As a corollary of Theorem 126, we obtain the following result.

Corollary 128. For any O ∈ NP, any dense pr-BPPO property P , and any γ > 0, there exists an infinitely-
often pseudodeterministic explicit construction for P that runs in time 2n

γ
, given oracle access to O and nγ

bits of advice.

It is not difficult to extend the proof of this result to the setting of quasi-polynomial time, and it is natural
to ask whether one can further modify the above explicit construction so that the oracle access in both the
property and the construction algorithm is non-adaptive. By Theorem 6, this would allow us to refute SoI
for rnKt, as explained below.

Proposition 129. Suppose that for any O ∈ NP, any dense pr-BPTIME[npoly(logn)]||O property P , and any
γ > 0, there exists an infinitely-often pseudodeterministic explicit construction for P that runs in time 2n

γ
,

given nonadaptive oracle access to O and nγ bits of advice. Then symmetry of information does not hold
for rnKt with error e(n) = poly(log n).

Proof Sketch. By Theorem 6, it is enough to show that the assumption of Proposition 129 implies the fol-
lowing statement:

For any promise problem P = (YES,NO) ∈ pr-BPTIME[npoly(logn)]||NP such that |YES ∩
{0, 1}n| ≥ 2n−1, there exists t(·), ℓ(·) : N → N where ℓ(n) + log t(n) < n − poly(log(n))
for each n, and an algorithm A(1n, ·) such that, for infinitely many n, there exists advice αn ∈
{0, 1}ℓ(n) and a string xn ∈ {0, 1}n \ NO, such that

Pr
r∼{0,1}t(n)

[
∀w ∈ {0, 1}t(n), A(1n, αn, w, r) outputs x or ⊥ in t(n) steps;

∃w ∈ {0, 1}t(n), A(1n, αn, w, r) outputs x in t(n) steps

]
≥ 2

3
.

To see this, let P = (YES,NO) be any such property, and consider the pseudodeterministic algorithm
B||NP(1n, βn, r) for P given by the hypothesis of Proposition 129, where βn denotes the correct advice
string on a good input length n, and r denotes its randomness. To establish the desired statement, it is
sufficient to obtain from B||NP(1n, βn, r) an algorithm A(1n, αn, w, r) as above, where A also gets a non-
deterministic string w and a bounded-length string βn extending αn, but A does not have oracle access to
||NP.

From the perspective of time-bounded Kolmogorov complexity, this is essentially equivalent to a proof
that rK||NP can be simulated by rnK (with some overhead), which is the randomized analogue of the simu-
lation of Kt||NP by nKt obtained by storing as advice the number of positive answers given by the oracle. It
is possible to implement the desired simulation in the randomized setting using the techniques described in
Section 8.2.2.
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A natural attempt is to modify the proof of Claim 127 by considering two different cases: PSPACE ⊆
BPP∥O and PSPACE ̸⊆ BPP∥O. For the first case, by inspecting the proof and the PRG constructions
of [IW97, KvM02, OS17], one can still obtain a PRG that is secure against polynomial-size O-oracle circuits
and computable in pseudodeterministic polynomial time using only non-adaptive oracle access to O. Such
a PRG would yield a pseudodeterministic explicit construction for dense pr-BPP∥O properties, with running
time 2n

γ
given non-adaptive oracle access to O and nγ bits of advice.

Therefore, it remains to handle the second case. More specifically:

Problem 130. Show a non-adaptive version of Theorem 29. That is, prove the following. Let O ∈ NP.
Assume PSPACE ̸⊆ BPP∥O. Then for every ε > 0 and b ∈ N, there exists a sequence {Gn}n∈N, where

Gn : {0, 1}n
ε

→ {0, 1}n
b

is computable in time 2O(nε), such that the following holds. For every nb-time samplable distribution family
{Cn}n∈N of Boolean O-oracle circuits with non-adaptive oracle queries, there exist infinitely many n such
that, with probability at least 1− n−b over C ∼ Cn, the generator Gn (n−b)-fools C.

Recall that the PRG in Theorem 29 is obtained via the hardness–vs.–randomness paradigm. At a high
level, one takes the truth table of a (presumably) hard PSPACE-complete language L with suitable structural
properties [TV07], and plugs it into a standard PRG construction (e.g., [NW94]) that admits a reconstruction
procedure. Roughly speaking, the reconstruction property asserts that if there exists an efficient distinguisher
(e.g., a pr-BPP∥O algorithm) that breaks the security of the PRG, then one can use this distinguisher to obtain
a circuit for computing L, thereby contradicting the assumed hardness of L.

However, to make this reconstruction uniform, the reconstruction algorithm must also be able to answer
oracle queries to the language L itself. To address this issue, one exploits the downward self-reducibility
of the special language L. Informally, this property allows one to compute L on inputs of a given length
by making oracle queries to L on strictly smaller input lengths. Using this, one can iteratively construct a
sequence of bounded-size circuits, starting from small input lengths and building up to the desired length.

Now suppose that L is hard against pr-BPP∥O. In order to contradict this assumed hardness, one must
ensure that the above reconstruction procedure uses only non-adaptive queries to O. However, the ora-
cle queries arising from this iterative construction are inherently sequential: at the i-th stage, we build a
bounded-size circuit Ci that computes L on inputs of length i, where the construction of Ci, while making
non-adaptive queries to O, requires the algorithm to query the previously constructed circuit Ci−1. Conse-
quently, the overall pattern of oracle access is necessarily adaptive. This presents a fundamental obstacle to
obtaining a non-adaptive version of the construction.

Finally, we mention that existing results strongly suggest that if a non-adaptive reconstruction procedure
exists, it must employ non-black-box techniques (unless PSPACE ⊆ AM ∩ coAM). We refer to [HW20]
and reference therein for more details and related discussions.
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