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Name:

Exercise 1 (10 points).

Let A := C?*2 denote the vector space of 2 x 2 matrices. Let Y C A denote the subset of rank 1
matrices. For y € A let ¢;(y) € C? denote the first column of y and let ca(y) € C? denote the
second column of y. If y € Y, then ¢1(y) = ayca(y) for some ay, € C or cz(y) = 0.

Let X C Y denote the subset for which ca(y) # 0. We define the function f : X — C via
f(y) = a for every y € X.

Show that X C A is locally closed and that f is a regular function on X.

Exercise 2 (10 points).
Let &3 denote the symmetric group on 3 symbols. Determine the number of isomorphism types
of irreducible &3-representations.

Hint: You can use the algebraic Peter-Weyl theorem.

Exercise 3 (20 points).
The 1-dimensional vector space C with the following action is an irreducible representation of
the symmetric group Sy:

mv = sgn(m).v

for all v € C, m € 6. We call this the alternating representation and its isomorphism type is
called the alternating type.

Let V := C". The group &; x GL,, acts on the tensor power V®F via

(M) (11 ® - @ k) = (gUr—1(1)) @ -+ @ (gUr—1(x))
and linear continuation.
The alternating space /\]C V C V@ is defined as the & -isotypic component of alternating type.

Show that /\k V is a GL,-subrepresentation of V®* and determine the multiplicities of irre-
ducible GL,,-representations in /\l’C V.



