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Exercise 1 (5+5 points).
Prove the following:

1. Λ2V = 〈v ⊗ w − w ⊗ v | v, w ∈ V 〉.

2. For all t ∈ V ⊗2, (1, 2)t = −t.

Exercise 2 (5 + 5 points).
Prove that there are no nontrivial linear subspaces of S2V and Λ2V , respectively, that are
invariant under the GL(V )-action.

Exercise 3 (5 + 10 points).
Let V be an n-dimensional vector space. Define the projection operators p 1

2
by

v1 ⊗ v2 ⊗ v3 →
1

2
(v1 ⊗ v2 ⊗ v3 − v2 ⊗ v1 ⊗ v3)

and p1 3 by

v1 ⊗ v2 ⊗ v3 →
1

2
(v1 ⊗ v2 ⊗ v3 + v3 ⊗ v2 ⊗ v1)

Let U := p13(p 1
2
(V )). In the same way, let U ′ = p12(p 1

3
(V )).

1. Prove that U and U ′ are GL(V )-invariant.

2. Prove that V ⊗3 = S3V ⊕ U ⊕ U ′ ⊕ Λ3V .


