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Exercise 1 (5 + 5 + 5 points).
(Grenet’s construction) Consider the following edge-weighted graph Gn: The nodes are all
subsets of {1, . . . , n}, but we identify ∅ with {1, . . . , n}, so Gn has 2n − 1 nodes. There is an
edge from S to T with weight Xi,j if |S| = i−1 and T = S∪{j}. The node ∅ will have outgoing
edges with weight X1,j to the node {j}, 1 ≤ j ≤ n and incoming edges with weights Xn,j from
the node {1, . . . , n} \ {j},. Furthermore, every node except ∅ gets a self loop of weight 1.

1. Prove that the cycle covers of Gn stand in one-to-one correspondence with the permuta-
tions of Sn.

2. Prove that per(Gn) = ±det(Gn).

3. Prove that dc(pern) ≤ 2n − 1.

Exercise 2 (5+5 points).

1. Prove that dc(per2) = 2.

2. Prove that the per2 6≤p det2 but per2 ≤p det3.

Alper, Bogart and Velasco prove that dc(per3) = 7. The exact value of dc(per4) is currently
unknown to my best knowledge.

Exercise 3 (15 points).
The Hamilton cycle polynomial HCn is defined like the permanent, but we do not sum over
all permutations but only over permutations that are n-cycles. Prove that dc(HCn) ≤ (n −
1)2n−2 + 1. (It might be helpful to prove that there is a bijection between permutations in Sn

and (n + 1)-cycles in Sn+1.)


