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Let TSLn denote the group of diagonal matrices with determinant 1. Consider the group
G := TSLn × TSLn , which acts on Symn(Cn ⊗ Cn) and preserves both the determinant and
the permanent. The group Sn⊗Sn acts on the space of G-invariants V := (Symn(Cn⊗Cn))G

and we saw in the lecture that pern is the unique polynomial (up to scale) of type ((n), (n))
in V , whereas detn is the unique polynomial (up to scale) of type ((1n), (1n)) in V . In the
following exercises, consider W := (Sym2n(Cn⊗Cn))G . Analogously to V , there is a canonical
action of Sn ⊗Sn on W .

By a result in the lecture we know that if |λ| = |µ| then

dim
(

([λ]⊗ [µ])S|λ|
)

=

{
1 if λ = µ

0 otherwise
(0.1)

By Schur-Weyl duality we know that

Sym2n(Cn ⊗ Cn) ∼=
⊕

λ,µ`n2n

{λ} ⊗ {µ} ⊗ ([λ]⊗ [µ])S2n

Thus by using (0.1) we get that

Sym2n(Cn ⊗ Cn) ∼=
⊕
λ`n2n

{λ} ⊗ {λ}

Hence

W =
(
Sym2n(Cn ⊗ Cn)

)TSLn×TSLn ∼= ⊕
λ`n2n

{λ}TSLn ⊗ {λ}TSLn

If λ `n 2n then {λ}TSLn has a basis of semi-standard tableaux of shape λ in which each number
k ∈ {1, 2, . . . , n} appears same number of times, i.e, exactly 2 times.
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Thus we have the following lemma.

Lemma 1. If λ `n 2n and

Vλ :=Vector space spanned by semi-standard tableaux of shape λ

in which each number from {1, 2, . . . , n} appears exactly twice.

Then
W ∼=

⊕
λ`n2n

Vλ ⊗ Vλ

Exercise 1 (4 Points). Prove that in W there are nonzero polynomials of type ((n), (n)).

Solution 1. By lemma 1, we know that 1 1 2 2 . . .. . . n n ⊗ 1 1 2 2 . . .. . . n n is an
element of W and is of type ((n), (n)) because because both the components are invariant under
the action of Sn ⊗Sn.

Exercise 2 (4 Points). Let n > 1 and prove that in W the polynomials of type ((n), (n)) are
not unique up to scale.

Solution 2. By lemma 1, we know that

1 1
2 2
. . .. . .
. . .. . .
n n

⊗

1 1
2 2
. . .. . .
. . .. . .
n n

is an element of W and is of type

((n), (n)) because both the components are invariant under the action of Sn ⊗Sn.

Exercise 3 (4 Points). Prove that in W there are nonzero polynomials of type ((1n), (1n)).

Solution 3. By lemma 1, we know that

1 1 2 3 . . . n
2
3
. . .
. . .
n

⊗

1 1 2 3 . . . n
2
3
. . .
. . .
n

is an element of

W . Also, it is of type ((1n), (1n)) because we have the following equation for action of any
(σ, π) ∈ Sn ⊗Sn.

(σ, π) ·

1 1 2 3 . . . n
2
3
. . .
. . .
n

⊗

1 1 2 3 . . . n
2
3
. . .
. . .
n

= sgn(σ) ·

1 1 2 3 . . . n
2
3
. . .
. . .
n

⊗ sgn(π) ·

1 1 2 3 . . . n
2
3
. . .
. . .
n

Exercise 4 (12 Points). Let n = 3 and prove that in W the polynomials of type ((13), (13))
are not unique up to scale.

Solution 4. It is easy to verify that
1 1 2 3
2
3

⊗
1 1 2 3
2
3

and 1 1 2
2 3 3

⊗ 1 1 2
2 3 3

are of

type ((13), (13)).



Exercise 5 (16 Points). Prove that for n = 6 the space W contains a nonzero polynomial of
type ((6), (16)).

You can use that the GL6 -representation Sym6(Sym2C6) decomposes as {(12)} ⊕ {(10, 2)} ⊕
{(8, 4)} ⊕ {(8, 22)} ⊕ {(62)} ⊕ {(6, 4, 2)} ⊕ {(6, 23)} ⊕ {(43)} ⊕ {(42, 22)} ⊕ {(4, 24)} ⊕ {(26)}

and that the GL6 -representation
∧6(Sym2C6) decomposes as {(7, 15)} ⊕ {(6, 3, 13)} ⊕

{(5, 4, 2, 1)} ⊕ {(43)}.

Solution 5. We use the following fact which easily follows from Schur-Weyl duality :
HWV(43)(⊗6(Sym2C6) ∼= [43]S

6
2 has a basis consisting of semi-standard tableaux of shape (43)

in which each entry appears twice ( see Corollary 18.3.11 in http://people.mpi-inf.mpg.de/

~cikenmey/teaching/summer17/introtogct/gct.pdf).

By Proposition 18.3.2 in http://people.mpi-inf.mpg.de/~cikenmey/teaching/summer17/

introtogct/gct.pdf, we know that

a(43)(6, 2) = dim[43]S2oS6 = dim(HWV(43)(Sym6(Sym2C6))

Since we have

Sym6(Sym2C6) ∼= {(12)} ⊕ {(10, 2)} ⊕ {(8, 4)} ⊕ {(8, 22)} ⊕ {(62)}⊕
{(6, 4, 2)} ⊕ {(6, 23)} ⊕ {(43)} ⊕ {(42, 22)} ⊕ {(4, 24)} ⊕ {(26)}

We get that a(43)(6, 2) 6= 0. On the other hand, we know that elements of [43]S2oS6 are linear
combinations of semi-standard tableaux of shape (43) and of content 6× 2, which are invariant
under the action of S6. Thus elements of [43]S2oS6 are of type (6).

We know that [43]S
6
2 is spanned by semi-standard tableaux of shape (43) and of content 6× 2.

Let us define
U := {T ∈ [43]S

6
2 | ∀σ ∈ S6 : σT = sgn(σ)T}

Note that the elements of U are of the type (16).

We have that dim(HWV(43)(
∧6(Sym2C6)) = dim(U). Since we have

6∧
(Sym2C6) ∼= {(7, 15)} ⊕ {(6, 3, 13)} ⊕ {(5, 4, 2, 1)} ⊕ {(43)}

We get that dim(U) 6= 0.

Let w1 ∈ [43]S2oS6 and w2 ∈ U be any non-zero elements. Then w1⊗w2 is a nonzero polynomial

of type ((6), (16)) in W =
(
Sym12(C6 ⊗ C6)

)TSL6×TSL6 .
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