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Abstract

Geometric complexity theory is an approach initiated by Mulmuley and Sohoni (STAM J. Comp. 2001,
2008) towards unconditional algebraic complexity lower bounds by comparing two orbit closures, the
determinant orbit closure and the padded permanent orbit closure. Some of its central conjectures
have been disproved, starting in 2009 (Briand—Orellana—Rosas, comput. compl.). We attempt to set
geometric complexity theory on a more robust footing, so in this paper we propose a change of the
two orbit closures. Our proposed change is the result of a careful search for an algebraic model of
computation that incorporates desired algebro-geometric and invariant-theoretic properties, namely
a complexity-theoretically complete point that is characterized by its reductive stabilizer and whose
endomorphism orbit over the tensor algebra is Zariski-closed (this combination of properties had not
been achieved so far), while the second orbit closure should also have as many of these properties
as possible. We find that iterated matrix multiplication, interpreted as a matrix of homogeneous
polynomials, satisfies all such properties, and it is the only such model that we know of. It comes
with the additional benefit that it is definable over arbitrary commutative semirings, and not just for
polynomials, but also for the tensor algebra and the exterior algebra. This gives us the first new orbit
closure for geometric complexity theory, replacing the orbit closure of the determinant.

For the second orbit closure, we search for a hard counterpart for iterated matrix multiplication, which
should preserve as many of its desirable properties as possible. We start by observing for the first
time that the Kronecker product of tensors is the operation that converts the determinant polynomial
into Cayley’s first hyperdeterminant, and that the Kronecker product appears in the construction
of several VNP-complete polynomials that originate in algebra. The key property of the Kronecker
product is its equivariance. Using the equivariance we obtain a one-line proof for two results of Gurvits
(STOC 2003, MFCS 2005) that the mixed discriminant and Cayley’s first hyperdeterminant are as
hard as the permanent, which gives VNP-hardness in characteristic different from 2. We raise iterated
matrix multiplication (which we call the computant) to its Kronecker square, which results in the
hypercomputant, whose entries are VNP-complete and VW|[1]-complete polynomials, where we prove
the hardness in a gadget-free way via the equivariance of the Kronecker product. In contrast, in the
literature VNP-hardness is usually proved via gadget constructions. Using gadgets, we sharpen our
construction and then use the equivariance to give short proofs of the VNP-completeness of the mixed
discriminant and Cayley’s first hyperdeterminant over all commutative rings, strengthening the two
aforementioned results of Gurvits, and in the same way we obtain the VNP-completeness over all
commutative semirings for the hyperpermanent and hyperhafnian of order at least 3, and the VNP-
completeness of the hyperpfaffian of even order at least 6 over all commutative rings. For the tensor
algebra this gives a version of “noncommutative VNP”, and for polynomials over the nonnegative real
numbers this gives a version of “monotone VNP” | each with the hypercomputant as the complete object.
Inspired by Strassen’s study of the matrix multiplication exponent, we take a parameterized complexity
viewpoint, parameterized by the degree as in Bldser—Engels (IPEC 2019), and using standard techniques
we determine exactly the complexity exponents in the noncommutative setting and in the monotone
setting, and compare both settings. We prove that the exponents in the monotone setting cannot exceed
the exponents in the noncommutative setting, and notably, the exponents are not always the same.

We see these results as evidence that the hypercomputant is a good counterpart to the computant,
but the hypercomputant is not characterized by its stabilizer. Instead, it is a sum of d! many isotypic
parts, and we prove that each of them is characterized by its stabilizer. They govern the parameterized
complexity growth exponents, i.e., the complexity-theoretic decomposition matches the representation-
theoretic decomposition. These parts serve as the second orbit closures for our proposed adjustment of
geometric complexity theory.

Towards implementing a full geometric complexity theory approach, we determine the stabilizers of
the computant and the hypercomputant, we determine the representation-theoretic multiplicities in the
ambient space, and determine the representation-theoretic multiplicities of the coordinate rings of the
orbit of the computant. We also prove the polystability of the computant, the hypercomputant, and
its isotypic parts. The stabilizers of the isotypic parts seem to have an intriguing structure related to
the combinatorial structure of the monotone situation, and will be the focus of future work.



1 Introduction

Determinant versus permanent. The search for unconditional computational complexity lower
bounds is among the hardest challenges in computational complexity theory. Reasoning about Turing
machines is difficult and in order to make the search for lower bounds more feasible, researchers
proposed to focus on proving circuit lower bounds instead, see [AB09, Ch. 14]. For problems from
algebra it is reasonable to first focus on the required size of an arithmetic circuit instead of a Boolean
circuit, see for example Strassen’s breakthrough subcubic matrix multiplication algorithm [Str69].

An arithmetic circuit C is a directed acyclic graph whose indegree 0 vertices (called inputs) are
labeled with affine linear polynomials, and whose other vertices (called computation gates) have
indegree 2 and are each labeled with an addition or multiplication operation +, x. An arithmetic
circuit computes a polynomial at every vertex by induction over the circuit structure. The size of C'
is defined as the number of computation gates of C. For a matrix F' of polynomials we define cc(F')
to be the size of a smallest arithmetic circuit computing each matrix entry of F. Strassen showed
that cc(Xq(f) . X7(L2)) = O(n*8), where xF = (mz(?) 1<i<n IS an n X n matrix of variables, and there
<5<

has been a long list of papers improving the best knlodﬁnexponent.

Valiant [Val79] defined an algebraic analogue of NP (or more precisely, #P), which is now called
VNP, and he gave several equivalent definitions [Val82]. In this paper, a sequence (f) of poly-
nomials is defined to be in VNP if there exist Boolean single-output circuits B,, on poly(n) many
inputs such that f, = ZB"(b):l zP, or if (f) is a so-called p-projection of such a sequence (h), i.e.,
(f) <p (h), where we write (f) <p, (h) if there exists ¢(n) € poly(n) and affine linear polynomials ¢;
such that Vn : fy, = hg@) (41, fe,...). Clearly, the permanent polynomial per, = > ¢ [
and the Hamiltonian cycle polynomial HC,, = > €S, [Ii2; #ix() are contained in VNP.

7 cycle of length n
The definition generalizes over any commutative semiring, but we note that some equivalent defini-

tions generalize differently, for example there is a generalization for which the permanent over the
nonnegative real numbers is not contained in VNP, see [Yeh19]. A sequence of polynomials (h) is
VNP-complete if (f) <, (h) for all (f) € VNP.

Based on Hyafil’s parallelization result [Hya79], Valiant [Val79] realized that the computation of the
determinant polynomial detq = 3, s sgn(m) H;i:l T; (s is complete (under so-called quasipolyno-
mial projections) for all problems of reasonable degree with polynomially bounded arithmetic circuit
complexity. More precisely, we have the following three major algebraic complexity classes of efficient
computation.

e A sequence of polynomials (f) is defined to be in VP if deg(f,,) and the number of variables of
fn and cc(fy,) are all in poly(n) = (Jyey O(n%).

e A circuit whose graph is a tree is called an arithmetic formula, and the size of the smallest
arithmetic formula computing f is denoted by fc(f). A sequence of polynomials (f) is defined to
be in VF if the number of variables of f,, and fc(f,,) are all in poly(n). Note that fc(f,) € poly(n)
implies deg(f,) € poly(n).

e The determinantal complexity dc(f) is the smallest r such that f can be written as the de-
terminant of an r X r matrix whose entries are affine linear polynomials. This quantity is
always finite, see [Val79]. The class of sequences (f) of polynomials for which the number
of variables and dc(f,) are in poly(n) goes under many names, for example VBP. Note that
dc(fn) € poly(n) implies deg(f,) € poly(n).

We have VF C VBP C VP, and both inclusions are nontrivial, see [Val79] and see e.g. [MV97]
and references therein. If one allows quasipolynomial (i.e., npoly(log ”)) formula size, determinantal
complexity, and circuit size, then all three definitions coincide, which follows from Hyafil’s result.
Valiant used this to pointedly contrast the determinant with the permanent, for which he showed
VNP-completeness, provided the characteristic of the field is not 2, because in characteristic 2 we
have det,, = per,,. This issue with the characteristic of the field may seem irrelevant, but it crucially
prevents all field-independent lower-bound techniques to work. Modern mathematics is striving



for field-independent proofs whenever possible, see e.g. [Eis13, IAFPT19, DV22], to name a few.
Valiant also showed that HC,, is VNP-complete over arbitrary commutative semirings, which however
spawned significantly less follow-up work, maybe partly because the definition of HC,, looks more
ad-hoc combinatorial and less algebraic in nature. In fact, the question whether VBP # VNP is
widely known as the determinant versus permanent question. Over fields of characteristic different
from 2 it is equivalent to dc(per,) ¢ poly(n). Notably, the notion of a circuit does not appear in
the determinant versus permanent question, and both polynomials can be studied with tools from
classical algebra.

Geometric complexity theory. Motivated by the geometric proof of lower bounds in [Mul99],
in [MSO01l, MS08] Mulmuley and Sohoni rephrase the determinant versus permanent question as an
orbit closure question. The translation is almost literal. The determinantal orbit closure complexity
docc(f) of a polynomial f is the smallest n such that 2" f(x1/z,22/2,...) can be written as the
determinant of an n X n matrix of homogeneous linear polynomials, or a limit of such polynomials.
Setting z = 1 we see that docc(f) < dc(f). Over C the orbit closure notation is often used, i.e.,
2"f(x1/z,22/2,...) € GL,2det,, (Zariski closure and Euclidean closure coincide, see e.g. [Kra84,
AI.7.2 Folgerung]), which means the same. Mulmuley and Sohoni conjectured docc(per,,,) ¢ poly(m),
and they realized that the lower bound docc(per,,) > n is equivalent to the non-containment of the
two orbit closures GL,22""per,, € GL,2det,.

Mulmuley—Sohoni’s idea is to prove such a non-containment by using the symmetries (i.e., the sta-
bilizers) stab(det,,) of det,, and stab(per,,) of per,,. The stabilizer stab(det,) is the set of linear
transformations (i.e., sending variables to homogeneous linear combinations of variables) that fix
det,,, and analogously for per,,. The stabilizer stab(det,,) has been determined by Frobenius in 1897
[Ero97, §7, Satz 1], stab(per,,,) in [MM62] by Marcus and May. In fact, Mulmuley—Sohoni point out
that det, and per,, are characterized by their stabilizers, i.e., every polynomial that is fixed by all
linear transformations in stab(det,) must be a scalar multiple of det,, and analogously for per,,.
Numerous objects in algebraic complexity theory are characterized by their stabilizers, for example
the power sum polynomial mcf 4+ -4 x%, the squarefree monomial mong := x7 - -- x4, the matrix
multiplication tensor and the unit tensor (see [BI11]).

We explain now how the stabilizers are used in the geometric complexity theory approach, and why
it is desired to work with points that are characterized by their stabilizer, and that “padding” poly-
nomials by multiplying them by a power of a homogeneous linear polynomial should be avoided.
This paragraph is more technically involved, and we refer the reader to [BLMWII] and the
references therein. This paragraph is motivational, and we will not need the technical details
in this paper. Let C[C[x11,...,Znn]n] denote the vector space of multivariate polynomials in
the coefficients of homogeneous degree n polynomials in n? variables (as in [vdBDGT25]). Let
I(GL,2dety,) € C[C[z1,1, .- ., Znn|n] denote the ideal of those polynomials that vanish identically on
GL,2det,,. Let C[GL,2det,]| := C[C[z11,...,Znnln]/I(GL,2det,) denote the coordinate ring. Anal-
ogously for GL,,2(2"~™per,,). If for the sake of contradiction we have GL,2(2""per,,) C GL,2det,,
then this induces a surjection C[GL,,2det,,] - C[GL,,2(2" ™per,, )] that is just given by the restriction
of the domain of definition. Both sides of the surjection carry a linear action of the general linear group
GL,,2, and the surjection is equivariant. This implies by Schur’s lemma that for every degree § the
multiplicity of every irreducible GL,2-representation in C[GL,,2det,]s cannot be smaller than the mul-
tiplicity of the same irreducible GL,2-representation in C[GL,,2(z"~™per,,)]s. The ring C[GL,,2det,,]
is a localization of C[GL,2det,| at a so-called fundamental invariant [BI17]. In particular, we have
an equivariant injection C[GL,2det,| < C[GL,2det,], hence the representation-theoretic multiplic-
ities of C[GL,,2det,| are an upper bound for those of C[GL,2det,]. A deep understanding of the
specific fundamental invariant also lets one go in the other direction, as demonstrated in [IK20], see
also [DIP20]. The representation-theoretic structure of the ring C[GL,2det,] ~ C[GL,2det,,]*tP(detn)
can be determined via classical branching rules and character theory. Whether this representation-
theoretic approach is feasible is an open question, but in many situations when the points are charac-
terized by their stabilizer no information is lost when going from orbits to the representation-theoretic




multiplicities of their coordinate rings, see [LP90L [Yul6]. Mulmuley and Sohoni conjectured that al-
ready the occurrence pattern of the representations in C[GL,2det,| and C[GL,2(2"~™)per,,] would
separate VBP and VNP. A first analysis of the representation theory of C[GL,2(z" ™per,,)] was
done by Kadish and Landsberg [KL14] and the representation theory shows strange behavior due to
the fact that per,, is multiplied (“padded”) by a power of z. In [IP17, BIP19| it was finally proved
that comparing the occurrence patterns in C[GL,2(z"™per,,)] and C[GL,,2(det,,)] is not sufficient
to separate VBP and VNP. The padding is a crucial element of this no-go proof.

1.I Fixing the padding issue: Width

One can try to overcome this issue by replacing the determinant with a polynomial that is double-
indexed by a complexity parameter n and a degree d, the main objects of study in [BET9, DGIT24].
Such families are well-known in algebraic geometry, for example the symmetric border rank (also
called border Waring rank) of a homogeneous degree d polynomial f is the smallest n such

that f € GLy(x¢+---+249). Or the border Chow rank of f is the smallest n such that

fe GLnd(xgl) e mgd) 4+ -+ xg) e xv(qd)). These notions capture the computational complexity of f
well for d = 3 (see |[CHIT18]|), but there are two main ways of converting these notions into a notion
that captures the computational complexity for general d. To see these two variants of measuring
complexity, we rewrite Waring rank and Chow rank as follows. The Waring rank of a homogeneous
degree d polynomial f is the smallest n such that f can be written as

f = (£1 52 e En) . diag(ﬁl,ﬁg, e ,gn) B ~diag(€1,€2, e ,En) . (81 52 e Zn)T
= ftr (diag([l, 62, . ,En) o -diag(ﬂl,@, . ,fn))
for homogeneous linear polynomials ¢;. The Chow rank of f is the smallest n such that f can be

written as

Fo= (@) DY diag(eP 6D, 6@y diag(elTY L 0yl gD @y T

n n

= tr (diag(elV, 6. 0Dy diag(e) 4D ey)
for homogeneous linear polynomials Egk). If one allows arbitrary matrices instead of diagonal matrices,
one obtains two different notions, each with advantages and disadvantages, as follows.

e For a homogeneous degree d polynomial f, the homogeneous algebraic branching program width
or just width w(f) for short is defined as the smallest n such that there exist homogeneous linear

polynomials ¢ EIE) with

iy
2 2 3 3 d—1 d—1 n
TR w7 ST W £ RN TR v W (v
Fo= W ey : S : b2
7 7 2 ‘ 2 3 3 d.—l ‘ d'—l .
@)\ o) @)

The width is a lower bound for the border Waring rank, see [BDI21l Thm 4.2], and the width was
promoted in [Ike22 DGIT24) Tke25] and was used successfully in [BCL23] for answering Smale’s 17th
problem. A homogeneous degree d polynomial f has width at most n if and only if f is a restriction
of the so-called iterated matriz multiplication polynomial

Togi= (2 o 20y x@x® .. x@d=-1. (g

n, mn ’ ’

W

in compact notation f < T, 4, which means that f arises from I;, 4 by replacing variables by homoge-
neous linear polynomials. At a first glance, this might indicate that the orbit closure GLy,, 4 (q—2)n21n.d
should be the focus of a new geometric complexity theory approach, but I}, ; comes with the draw-
back that its stabilizer is not reductive. In fact, the Lie algebra corresponding to the connected
component of the identity in the stabilizer of I, 4 is not reductive, as a short calculation with the
computer algebra system GAP shows, see confirming a statement by Landsberg. This adds
unwanted difficulties to any attempt to realize a geometric complexity theory approach using I}, 4,
and in fact to any approach using representation theory.




e This failure can be resolved via the second notion as follows. Define Z,, 4 := Xy(}) - 'Xéd), ob-

serve that I}, ¢ = [E,, d]nn is the bottom-right entry, and define the trace tr-Z, 4 := tr(=Z,4). The
polynomial tr-Z,, 4 has been studied in |Gesl6] and its stabilizer is indeed reductive, and tr-Z,, 4 is
characterized by its stabilizer. This would indicate that the orbit closure GL,2,4tr-Z,, 4 should be
the focus of interest in a new geometric complexity theory. However, also in this case a useful prop-
erty gets lost: If we consider non-commutative polynomials (also called tensors), i.e., polynomials in
which the variables do not commute, then Nisan [Nis91] proved that the width is determined as the
maximum of d many ranks of so-called flattening matrices. In particular, for every fixed n, the set of
width at most n non-commutative polynomials is Zariski-closed (and hence also Euclidean-closed),
see [For16]. Such closed models of computation are very rare, but exist, see [TS16, BIL™21] for more
examples. In this sense, it is fair to say that we fully understand the width “up to the action of
the symmetric group &,”. However, this is not the case when the trace is taken, i.e., restrictions of
tr-E,, 4 are taken instead of restrictions of I, 4, see [BIMT20], which confirms a conjecture of Forbes.
Hence, tr-Z,, 4 is not an optimal choice for geometric complexity theory either. Prior to our work, it
was unclear how to resolve this dilemma.

2 Ouwur contributions

2.I The best of both worlds

In this paper we propose a third way that incorporates both properties, i.e., reductive stabilizer (and
characterization by the stabilizer) and closedness for tensors. To achieve this, instead of focusing
on single polynomials as in [Val79], we focus on matrices of polynomials as in [Str69] or the recent
[Ike25]. Indeed, E, 4 is a matrix of polynomials. For a matrix of polynomials F' we define the width
w(F') as the smallest n such that F' < =, ;. Here < means replacing variables by homogeneous linear
combinations of variables, and also allowing multiplications by matrices of constants from the left
and from the right, see and Definition [6.5] The definition of < for matrices of homogeneous
polynomials is chosen carefully, and the multiplications from the left and right ensure the additional
desired property that =, ; is characterized by its stabilizer, which gets lost if we do not allow these
multiplications, or if we only allow conjugation, see @ We determine the stabilizer of Z,, 4 over C
as GL,, x GLg_1 x GL,, (up to scalars), in particular the stabilizer is reductive, and we prove that Z,, 4
is characterized by its stabilizer, see Moreover, we prove that Nisan’s result on noncommutative
polynomials (i.e., tensors) can be lifted to matrices of noncommutative polynomials, see Theorem
This shows that Z,, 4 combines the desirable properties of both worlds. A first orbit closure for a new

geometric complexity theory is hence (GL,, X GL,24 X GLy)Z,, 4. As a further sanity check, we also
determine that =, 4 is polystable, see Proposition Moreover, we determine the multiplicities in
the coordinate ring C[(GL,, X GL,24 x GLy)Z, 4] of the orbit in (I1.7), which are sums of products
of multi-Littlewood—Richardson coefficients and multi-Kronecker coefficients, both well-known (but
not both well-understood) quantities in classical representation theory, see e.g. [KT99] and [Sta00,
Problem 10]. Since we are working with matrices instead of just polynomials, we determine the
representation-theoretic multiplicities in the ambient space in

—

We remark that I}, 4 is an entry of Z,, 4, and while =, ; has the better properties, we use I}, 4 to
compare our results to the existing literature on polynomials. One could alternatively use tr-Z, 4,
because I}, g < tr-Z,, ¢ < F?g.

We analyze some of these properties only over C, as it is in fact not always clear what the correct
generalization should be, but =, ; itself is defined over arbitrary commutative semirings, i.e., “rings

without subtraction”, see §5.I1 Dropping the commutativity of the semiring can be done, but it

involves several caveats concerning the multilinear algebra, see Remark Moreover, Z, 4 can be
defined over the tensor algebra, i.e., non-commutative polynomials, but even over the exterior algebra.
It is unusual to see the exterior algebra defined over commutative semirings, but this is exactly the

level of generality in mathlib [mC20], which we take as a confirmation of our choice. We aim to keep



this level of generality, which restricts the number of options that we have for the second geometric
complexity theory orbit closure, i.e., the orbit closure for the hard object. We base this second orbit
closure on Kronecker products, as we observe that several VNP-complete polynomials can be written
as Kronecker products, and Kronecker products help us to lift several VNP-completeness results over
arbitrary commutative (semi-)rings.

2.I1 Kronecker products

To set up a geometric complexity theory approach, we need a hard matrix of polynomials. We
observe for the first time that many VNP-complete polynomials that come from algebra are in fact
Kronecker products of polynomials in the following sense. For two multi-index variables z; and x;
the Kronecker product x; X x;j is defined to be the variable z; j, i.e., the variable with concatenated
multi-index. For two degree d monomials, the Kronecker product is defined as

(@iy -+ i) B (2, - wj,) = Zweed (xiﬂu) X ) (xiﬂ(d) Xxzj,).

Via bilinear extension we obtain the definition of the Kronecker product of two homogeneous degree
d polynomials. This is well-defined and symmetric (up to renaming the variables), see In charac-
teristic zero, homogeneous degree d polynomials correspond bijectively to symmetric tensors of order
d, and the Kronecker product of polynomials corresponds to the well-known Kronecker product of
symmetric tensors, see One should think of our definition as the canonical way of removing
an unnecessary factor of d!, which is important when working characteristic-freely. For example,
written in an “overly symmetric way” the permanent equals % ZW,UGGd H?Zl Tr(i),0(i)» Which either
requires the division by d!, or would result in the zero polynomial if the characteristic divides d!.
We note that this division by d! is what causes the issues when defining the symmetric asymptotic
spectrum of symmetric tensors in [CETZ21], but our definition resolves this issue when working with
homogeneous polynomials instead.

In the literature one can find several examples of VNP-complete polynomials that can be written as
a Kronecker product, see Example [7.10

1. The permanent polynomial: per, := mong X mony, see e.g., [Val79], [Min84) eq. (3.1)].

2. The hyperpermanent (also called the multidimensional permanent): mon?m, see e.g., [DGST,
Ticl5, [CP16].

3. The rectangular permanent: mongXe,, 4, which is just called the permanent in [Min84, eq. (1.1)],
see also [BE19 Exa 4.6].

4. The mixed discriminant: dety X mong, see e.g., [LC83| [Pan85, Bap89, [Gur05l, [CP16].

5. Cayley’s first hyperdeterminant: det?m, [Cay46l Bar95, [HL13, [CP16l BI17, [AY23], also called
the combinatorial hyperdeterminant, also called the Pascal determinant in [Lanlll §8.3] and
[Lan15], or the quantum permanent in [Gur04, §3].

Equivariance gives improved hardness results. The Kronecker product is equivariant, see
Propositions and (cp. [IOT25]), which means that a restriction of a factor gives a restriction
of the product, for example mon; < dety implies by equivariance that mong X mongy < mong X
dety < dety X detg, which are two results with separate proofs in the literature, see [Gur04, [Gur05],
which show that the mixed discriminant and Cayley’s first hyperdeterminant are VNP-complete over

characteristic different from 2. We define the polynomial Qo4 := Hle (ygo)zgo) + yz-(l)zi(l)

; ) and prove
that mongy X @QQ9g is VNP-complete over all commutative semirings in Note that we get this
stronger hardness result in very close “proximity” to the permanent: While pery; = I 24 X I7 24,
we have QQoq < I 99 K 1I594. Since (Q2¢ < detyq via block diagonal matrices of 2 x 2 blocks, it
follows by equivariance that mongg X Qo4 < mongy X detoy, hence the mixed discriminant is VNP-
complete over all commutative rings. Thus, also Cayley’s first hyperdeterminant is VNP-complete
over all commutative rings. This strengthens Gurvits’ results. Analogously, QQ2q < pery,, thus the

hyperpermanent mon?k is VNP-complete over all commutative semirings for any fixed k > 3. We

]

also remark that for the hyperhafnian the proof mon?2 < HypHafEl2 from [Barl6l §4.1] generalizes

to mon?r < HypHaf([;] for r > 3, and for the hyperpfaffian the proof mon?2 < Hprfafl[;L] from



IGIM™20] generalizes to mon’” < Hprfafgr], which gives VNP-completeness over all commutative
(semi-)rings for r > 3.

In fact, we also give a basis-independent definition of the Kronecker product, which reveals that it
is actually a product of a symmetric tensor h with a polynomial f, and the polynomial f can be
replaced by a tensor (for non-commutative computation) or by an element of the exterior algebra,
see which is based on [IOT25], but [IOT25] only consider polynomials. We elaborate on this
in §

The hypercomputant matrix. The Kronecker product is not only defined for polynomials, but
also for matrices of polynomials, e.g., hZ, ;j := E%,Qd is an n? x n? matrix of homogeneous degree d
elements that we call the hypercomputant. For polynomials, in terms of monomials, we have (with
0-indexed rows and columns)

= _ (m(1)) (1) (m(d)) (d)
WEndansainsy = D DL @ D) G i B )
TE€Gy 1<it,vig_1<n
1<j1,Ja—15n
i0=a, iq=b
The Boolean decision problem corresponding to any one of the entries is the following: Given a set S
of ordered pairs (e1,e2) (e1 = eg is allowed) of edges in the fully multipartite layered digraph with 1
vertex in vertex layer 0, n vertices in vertex layer 1 < ¢ < d, and 1 vertex in vertex layer d, determine
whether or not there exists a size d subset of S such that the e; form a path from vertex layer 0 to
d and the ey form a path from vertex layer 0 to d.

Let hI;, 4 be the bottom-right entry of hZ,, 4 (every entry is in fact the same up to renaming variables).
Using the equivariance of the Kronecker product, it is easy to see that hly, is a VNP-complete
polynomial, via a restriction to HC,4, see Proposition [7.33] The proof of the VNP-completeness
of HCy requires gadgets. We use the equivariance to prove the VNP-completeness of hlj 4 over
all commutative semirings and for polynomials, tensors, and elements of the exterior algebra, in a
gadget-free way in §9] We think that having such a proof for key objects of the theory is beneficial.
The proof of the VNP-completeness of Qo4 is a strengthening of this proof via gadgets, focused on
polynomials.

We prove that hZ, 4 is polystable as a matrix of polynomials over C, see Proposition The
orbit closure of hZ,, 4 is a candidate for geometric complexity theory, but we determine that hZ,, 4 is
not characterized by its stabilizer, so our analysis cannot stop here! We find that there are better
candidates, which are highlighted from two unrelated directions.

e We prove in ([11.39) that hZ, 4 is not characterized by its stabilizer. However, one can decompose
hZ,.q = ZWEGd hZ,,.4.x, and each hZ,, g4 r is characterized by its stabilizer, see §11.I1I, Here, h=,, 4 »
is the m-isotypic part of hZ, 4 with respect to the action of the torus 7 = (C\ {0})%*?, acting on

C'? via diag(aq 1, ..., ad’d):ci(k) X xjge) = oy (xfk) X I}Z)), see Remark In terms of monomials,
we have

= _ (m(1)) 1) (m(2)) (2) (m(d)) (d)
[ “"7d7”]“”+“”b"+b’ - Z (xi:(l)—17i‘lr(1)gxalajl).(xi:(Q)—l7i7T(2) g:Ujl,]'z) o (xi:(d)—hi‘/r(d) szjd—lvb/)

1<iy,.ig—1<n
1<j1,..,.Ja—1<n
i():a, id:b
see equation (7.27) and equation (8.12). We prove that each hZ, 4. is polystable, see Proposi-
tion IT.13]

e The matrices hZ, 4 » also appear when taking a parameterized complexity viewpoint. Since hZ,, 4
has two indices, it makes sense to study the situation for fixed d and growing n. It turns out
that w(hZ,, 4) grows polynomially for fixed d. In fact, each w(hZ, 4) grows polynomially, and the
growth exponent of w(hZ, 4) is exactly the maximum of the growth exponents of the w(hZ,, 4,), see
38, Hence, hZ,, 4 decomposes into the sum of the hZ,, ;. from a representation-theoretic point of
view and from a parameterized complexity point of view.



2.III Parameterized complexity

In parameterized complexity theory one studies the computational complexity not only with respect
to input length but also with respect to so-called parameters. Finding the correct parameter is
not obvious in the Boolean theory, but in the algebraic variant that was recently introduced in
IBE19], the degree parameter d is highlighted as a canonical choice. This viewpoint appeared recently
independently in [DGI™24, [CKV24, vdBDG™25]. One defines VBFPT as the set of double-indexed
polynomials f, 4 for which the set of growth exponents {inf{e; | w(fnq4) = O(n°)} | d € N} is
bounded, see [Ike25], which is a subclass of VFPT (see [BE1L9]), the algebraic analogue of the class
FPT of fixed-parameter tractable functions, see e.g. [DE13] for details. The class of hard double-
indexed polynomials that we are interested in is called VW[1], and notably the clique polynomial
is VW/[1]-complete, see [BEL9]. We prove that for any fixed m > 2 we have that hI}, 4 (and in fact
every I‘Eg‘ for fixed m > 2) is VW[1]-complete by restricting hI;, 4 to the degree d clique polynomial,
see Proposition [7.35 and Lemma [10.4

We focus on the width growth exponents of h=,, 4 for fixed d in Since our definitions are very gen-
eral, we can make any choice of commutative semiring, and choose between polynomials, tensors, and
the exterior algebra. We determine the growth exponents &; in the tensor case (i.e., noncommutative
polynomials) using our generalization of Nisan’s result, independent of the commutative semiring,
We also determine the exponents &; for polynomials over any zerosumfree (i.e., no nonzero el-
ements can sum up to 0) commutative semiring, using techniques from monotone complexity,
Both exponents have combinatorial descriptions from which we see that the noncommutative expo-
nent can never be smaller than the monotone exponent. The first exponents are listed in the table
below.
d|2 3
&q for tensors | 4 4
&4 for polynomials over zerosumfree R | 4 4 6

4 5 6 7
6 6 8 8
6 6 8

Both sequences start out identically, but the first difference appears at d = 6. We prove that
both sequences grow as ©(d). Usually, in the literature monotone complexity and noncommutative
complexity are separate topics, since it is often not clear what should be a canonical noncommutative
analog, for example for the clique polynomial, or what should be a canonical monotone analog, for
example for the determinant. Here, hZ,, 4 is used for both settings.

We prove that the exponents grow monotonically, and are always at least 2, see For the most
interesting case for geometric complexity theory, polynomials over C, we know no nontrivial lower

bound.

In we explain that over polynomials we have that “{¢; | d € N} is unbounded” is equivalent to
VBFPT # VW[1], and that

VFPT # VW[l] = VBFPT # VW]1] — VBP # VNP
sits between the Bléser-Engels VFPT # VW]1] conjecture and Valiant’s VBP # VNP conjecture.

3 Further related work

For matrices, the equivariance of the Kronecker product is widely known as the so-called mixed-
product property. Kronecker products of symmetric tensors recently appeared in [Gha26], where it
is shown that Kronecker products work favorably with taking the Hessian. Tensor variants of I}, 4
and tr-Z, 4 appear in computational mathematics, quantum physics, and quantum chemistry, see
e.g., [HMS19, SPM™15]. Work on stabilizers in geometric complexity has been advanced recently in
[ASS23]. [CKV24] proved that over fields the growth exponents of w(hI}, 4) and the growth expo-
nent of the determinantal complexity of hI}, 4 are the same, see [Ike25l, Pro. 7.5], and recently Ahmed
Shaaban (2026, personal communication) proved using ChatGPT 5.6 that this correspondence breaks



over some commutative rings. As far as we know, there has been no attempt to define a mono-
tone computational model based on determinantal complexity, but the polynomial identity testing
problem for noncommutative determinantal computations has been successfully studied [GGOW16].
[Kum19] proved that w(z{+---+2%) = [2]. The corresponding matrix version is trivial to prove:

w(diag(z4, ..., zd)) = n.

4 Proof ideas

Nisan’s property: Zariski-closedness We translate Nisan’s noncommutative lower bound result
to matrices of noncommutative polynomials (i.e., tensors) by translating it to the tensor language:
A matrix that has an order d tensor a at position (4, 7) and zeros everywhere else is interpreted as a
tensor e; ® a ® e;‘f. Using this language, we re-interpret all objects in Nisan’s proof and see that the
result still holds over matrices, see Theorem @ This gives the first property of =, 4, i.e., that the
set of width < n matrices of tensors is Zariski-closed.

Reductive stabilizer The second property concerns the stabilizer of =, 4, see We use the
fact that the stabilizer of tr-=,, 4 has been determined in [Ges16], and every element stabilizing the
matrix also stabilizes its trace. We then analyze which elements of the stabilizer of tr-Z, 4 also
stabilize Z,, 4, which is a much simpler task than having to deal with the whole group.

Kronecker product for several algebras over any commutative semiring We introduce the
Kronecker product in a didactic step-by-step way, first for symmetric tensors over characteristic 0 in
§7.1, then for polynomials over commutative semirings in §7.I1} and finally via the Kronecker action,
i.e., the product of a symmetric tensor and an algebra element, so that we can also handle tensors and
the exterior algebra in This last Kronecker action construction works as follows, cp. [IOT25].
Given a commutative semiring R, let V = R” and W = R¥. Let Sym,(V) := (®V)%¢ denote
the set of symmetric order d tensors, and let S%(V) := (®%V)/S, denote the set of homogeneous
degree d polynomials, which we interpret as so-called coinvariants, i.e., elements in a quotient by
the action of the symmetric group. Over fields of characteristic 0 there are natural isomorphisms
between both vector spaces, but we do not have those available. We start with the classical R-
bilinear map K : @V x QW — Q%(V ® W), and restrict this map to symmetric tensors ) :
Symy(V) x QW — R4V K W). We fix s € Symy(V) to obtain an Sg-equivariant R-linear map
bs : QW — QUV B W), f s (s, f). To this map we apply the coinvariant functor and obtain
Vs : SYW) — SHV R W), [f] — [¥(s, f)]. In total, this gives an R-linear map & : Symy(V) —
Hom (Sd(W), S‘%V@W)) , 8 = 1), which we interpret as an R-bilinear map X : Sym, (V) x S4(W) —

SYVRW), (s,[f]) = ¥s([f]) = [¥(s, f)]. Two polynomials are multiplied by first converting one of
them into its corresponding symmetric tensor, which is called the polarization of the polynomial, for
example the polarization of 2%y is 2(z @z Ry +r Ry @2 +y @z @ ). The construction of X looks
asymmetric, but it is symmetric up to renaming variables. If one changes the coinvariant functor in
the definition to a different functor, one gets the action on the tensor algebra and on the exterior
algebra as well. The equivariance of the Kronecker product can be shown combinatorially, but it also
follows directly from this general construction. We give full details in §7.IT1

Using equivariance to prove hardness In Proposition we prove that hI, 4 restricts to the
Hamiltonian cycle polynomial, which we write in a suggestive form here: HCy := > e, | Ta () -
Tg(1),6(2) " Tp(d—1),d- We note that
= (ORI ¢) (3) C)
Lia = Z¢:[d—1}—>[d} Lao1)Tp(1),02)Ye(2),63) " To(d—1),d"

Hence (2) (d)

_ _ (1)
hTgq =T W1l = mong WIyq = Z¢:[d—€1é%[dl Tr(1),dib(1)Fr(2),6(1).6(2) " Frr(d),p(d—1) d"
T€S,

2)
Let T be a restriction as follows: T(xgkg o) = oy if a = ¢, and T(x((lkb) ) = 0 otherwise. Now
T(mong W Iyq) = 480 Tao(1) To(),62) " Tod-1)d = HCq. (4.1)
¢(d)=d



This finishes the proof. We use a similar but slightly more complicated argument for the restriction
to the Clique polynomial in Proposition which implies VW[1]-hardness. Such reductions use
no gadgets, but the original hardness proof of HC,; uses gadgets, so we give a fully gadget-free
proof of the VNP-hardness of h[; 4 in Theorem over arbitrary commutative semirings, over all
3 algebras. Special care must be taken here, because elements in the exterior algebra vanish for
repeated factors, and over the exterior algebra we do not have a substitution homomorphism that
would let us substitute variables for semiring elements. Therefore we carefully introduce special
padding variables, hence Theorem states

ZB(b):l(%T)b’EH?:mH e® < hL,g4,

with n < (4B| + 2m)? and d < 7|B| + m + 1, where (z,7)P? is defined as (z,7)®P =
azabegh? o gbmzbm | which works well over the exterior algebra. The proof makes essential use of
the two I, 4 factors and equivariance, one factor tracing the arithmetization of the Tseytin transfor-
mation of the Boolean circuit B, while the other factor takes care of consistent variable assignments

via a variant of an elementary symmetric polynomial, and at the end we use a restriction similar to
ED).

In §9.1) we focus on polynomials and sharpen the previous proof using gadgets to show the VNP-

completeness of (Qoq X monsyy over all commutative semirings, where QQoq := Hle (ygo)zi(o) + yz(l)zgl)).
The main idea is to interpret the monomials of QQoq X mons,; as perfect matchings between the
two kinds of variables in the two polynomials, and design a restriction so that such a matching
exists precisely when the Boolean choice represented by the monomial in Qo4 describes a satisfying
assignment of a Tseytin encoding of a given Boolean circuit. We use two types of gadgets to construct
the allowed pairings: an equality gadget on the y-variables to establish global consistency; and a
rosette-like gadget on the z-variables that enforces every clause of the formula to be satisfied. This

hardness result has several immediate consequences via equivariance, as explained in

Exponents In we calculate the exponents &; for noncommutative computation (i.e., tensors)
via Nisan’s result. The upper bound is a variant of Grenet’s construction [Grell], while the lower
bound uses Nisan’s bound (Nisan’s result can serve as an upper bound only over fields, not arbitrary
commutative semirings). The exponents are d + 2 if d is even, and d + 1 if d is odd.

In we obtain the exponents {; for monotone commutative computation by a translation of the
technique of [KPR23|. The exponent is closely related to the pathwidth of a graph corresponding to a
permutation 7 that is studied in [AROS| Def 2.6]. The exponents grow as ©(d), which follows from the
fact that there are expanders among these graphs. We obtain a precise combinatorial description of
the exponent from which it is clear that the monotone exponent cannot exceed the noncommutative
exponent: compare (8.10) with (8.14]), which has an additional parameter o for choosing the order in
which the variables are computed. In both cases, the exponent is the maximum exponent of w(=,, 4 )
over all 7.

Geometric complexity theory All isotypic decompositions and multiplicities are obtained via
branching rules of the general linear group and the symmetric group. This branching also enables
us to quickly check whether an object is characterized by its stabilizer. The connected component
of the identity of the stabilizer of hZ,, ; is obtained by a tedious Lie algebra calculation, similar to,
but more complicated than, the one intentionally not spelled out in [Ges16] in Based on this
result, in we then determine the stabilizer by the method pioneered in [BGL14) [Ges16].

A point is polystable if its orbit under the special linear group is closed, but here we are dealing with
a product of groups that act in different ways, so we need a slight adjustment. The polystability of
our different matrices is obtained via the Hilbert—Mumford criterion, which has the additional benefit
that it makes clear which subgroup should be used for the definition of polystability, see
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Full paper

The full paper is not written from the discovery order perspective explained above, but starts with the
setup towards defining =, 4 and hZ,, 4 in the required generality. The style and section order of the
full paper are intended for readers unfamiliar with complexity theory, hence for example Theorem
is not phrased in terms of VNP-completeness, also because the theorem goes beyond it and works for
tensors and also for the exterior algebra, but it is clear that the theorem implies that hT'yo1y(n),poly(n)
is VNP-complete. We focus on VNP-completeness in §9.]1 The introduction was stripped from the
full paper, and some references point to §I]instead.

In §5| we introduce basic objects in the required generality. In §6| we define the width and relate it
to algebraic branching programs and prove elementary properties. In §7] we introduce the Kronecker
product and prove its properties. We then define h=,, 4 and relate it to Valiant’s conjecture, and
prove that higher-order computation of order greater than 2 gives the same conjecture. We also
give restrictions to HCy and the clique polynomial. In §8] we define the width growth exponents £
and determine them for noncommutative and for monotone computation. In §9| we prove the VNP-
completeness results that are based on the arithmetization of the Tseytin transform, starting with
the gadget-free result. In we relate the VBFPT # VW]1] conjecture to Valiant’s conjecture and
the Blaser—Engels conjecture, and other well-known conjectures in complexity theory via standard
techniques. In §11] we examine the different settings, stabilizers, polystability, and representation-
theoretic multiplicities.

Occasionally we include short proofs of classical results to make the full paper more self-contained,
but we clearly mark those results as such.

Contents
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Full paper

5 Preliminaries

Define the set of polynomially bounded sequences in n as poly(n) = Jyey O(n?). Define the set
of bivariately polynomially bounded families as poly(n,d) = {(rnd)nen | FPER[N, d]|Vn,d : 7, q <
deN

¢(n,d)}.

5.1 Variables

We work over countably infinitely many variables, where the exact names of the variables do not
matter, and neither does their order matter. Everything that we encounter will use only a finite
number of variables. Depending on the application, we use different variable names. Most variables
are of the form Tiy .. i for some j > 0 and some list (iq, ... ,ij) € N7, The tensor product operation
on variables is defined by concatenating index lists, for example 12 X x3 = x123. To improve the
readability, sometimes indices are written as superscripts in parentheses, which are to be interpreted
as additional indices, i.e., xl(? = x; k- We also use other variable names besides x, for example y, or
more exotic variable names in §9 These are distinct variables from the variables in . We use the
tensor product for y in the same way as for z, e.g., y12 M ys = y123. We also allow mixed tensor
products between variables that have different symbols, but we do not introduce any special notation
for those, i.e., 12X ys is a variable with no other name. We denote the whole set of variables by Var.
Since the number of variable symbols we use is finite, it is clear that Var contains countably infinitely
many elements.

5.I1 Semialgebras

A commutative semiring R is a tuple (R,+,-,0g,1r) with Op # 1r and where (R,+,0R) is a
commutative monoid and (R,-,1r) is a commutative monoid, and where distributivity holds, i.e.,
a-(f+y)=a-B+a-vand (B+7v) - a=pF -a+~v-a«, and it holds that -0 = 0r = 0 - @. The
main interesting examples in our context are the set of nonnegative real numbers R>g and the set of
complex numbers C.

An R-semimodule (M, +,-,05/) is a tuple such that (M, +,0y/) is a commutative monoid and the
scalar multiplication map - : Rx M — M satisfies a-(m+n) = a-m+a-n and (a+5)-m = a-m+5-m,
and (a-p)-m=a-(f-m), and 1g-m =m, and Og -m = 0y = a - Opy, for o, € R, m,n € M.
Multiplication symbols are often omitted. This is sometimes called a left R-semimodule, but in this
paper all R-semimodules are left R-semimodules.

An R-semialgebra A is an R-semimodule with an additional associative multiplication operation
A x A — A that satisfies (a + b)c = ac + bc and ¢(a + b) = ca + ¢b and (aa)b = a(ab) = a(ab), and
there exists 14 € A with 140 = a = al4 for all a € A.

For an R-semialgebra A, let A x A denote the product semialgebra with addition (a1,b1) + (az2,b2) =
(a1 + az,b1 + by) and scalar multiplication «(a,b) = («a, ab) and multiplication (a1, b1) - (ag2,be) =
(a1 - ag,by - b2). A congruence on an R-semialgebra A is defined as an R-subsemialgebra of A x A
that is reflexive ((a,a) €~), symmetric ((a,b) €~ implies (b,a) €~), and transitive ((a,b) €~ and
(b,c) e~ implies (a,c) €~). For an R-semialgebra A and a congruence ~ we can define the quotient

R-semialgebra A/., on the equivalence classes of ~ via [a] + [b] = [a + b], aa] = [aa], [a] - [b] = [a - b]
where the well-definedness can be seen as follows. If [a] = [d/] and [b] = [V/], then (a,a’) €~ and
(b,b') €~, and hence (a+b,a’ + V') €~, i.e., [a+b] = [a' +b]. Moreover, if [a] = [d], then (a,da’) e~
and hence (aa,ad’) = a(a,d’) €~, ie., [aa] = [ad']. Also, if [a] = [¢/] and [b] = [V'], then (a,d’) e~
and (b, V') €~, and hence (a-b,a’ - V') €~, ie., [a-b] = [’ -b]. The semialgebra axioms are satisfied

for A/. by inheritance from A.
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A map ¢ : M — N between two R-semimodules is called R-linear if p(0p7) = Oy and Va € R,m,n €
M : p(am+n) = ap(m) + ¢(n). Let M denote the free R-semimodule generated by Var, i.e., M is
the set of finite R-linear combinations of elements from Var. The endomorphism monoid End is the
set of those R-linear maps from M to M that send every variable to a finite linear combination of
variables.

For M the free R-semimodule generated by Var, let ®°®(M) denote the tensor algebra, i.e., the set
of finite R-linear combinations of sequences of variables, where the product of sequences is given by
the sequence concatenation. The homogeneous degree d component of ®)°(M) is defined as being
the R-linear span of the set of sequences of exactly d variables, and is denoted by ®d(M ). These
sequences of variables are written with a tensor symbol as the divider symbol, e.g., 1 ® 2. Consider
the following two quotients of ®*(M), which we define carefully, because in general R might not
have additive inverses.

e Define the congruence ~ as the R-linear span of the (f, f') with f, f’ € 7; such that 37 € &,
with f =xf’. All (f, f) are generators, and for each generator (f, f') €~ we have (f’, f) €~.
Note that f ~ f"iff f can be transformed into f’ by applying a permutation to each monomial,
not necessarily the same for each. This implies that ~ is transitive. Note also that ~ is closed
under the semialgebra product, because if f ~ " and f” ~ f, then from the permutations that
transform f into f’ and those that transform f” into f” we can readily obtain the permutations
that transform ff” into f/f"”. Let S®*(M) := ®°*(M)/~. The notation for the equivalence class
of ] ® -+ ® vy is vy -+ - vy, or alternatively [v; ® - -+ ® v4]g.

e Define the congruence « as generated by the elements (¢ ® ¢,0) and (0,£ ® ¢), £ € M, and all
(f, f), f € @°(M). Since (f, f) €~, we have that « is reflexive. We have f «~ f’ if and only
ff+h+dhi®b@bGem=f+h+3 0ol @m), hence f' ~ f. Hence, « is
symmetric. Transitivity is seen as follows. If f « f’ and f’ «~ f”, then

frh+nelelem=f+h+n' ol @0 @m

and Frh+a @l @l @m =" +h+n" 0 0 @m’,

which implies that

fHh+n @l @l @m' +h+n'@l @l @m' = f"+h+n" @' @ @m"+h+n' @l @l @m!
hence

fHh+nolltom+h+n 0 0 om = f"+h+n" 00" om" +h+n' @0 @0 @m'

and thus f « f”. Let A*(M) := @°*(M) /... The notation for the equivalence class of v1®- - -®uvy
is v1 A -+ Awg, or alternatively [v; @ --- ® vg]p. Note that £ A £ = 0 by definition. This
implies ¢ A0+ 0 N € = 0, because L AL +UNL=UANC+UNCH N+ (A =
CNUHO)+ONEHLE) =L+ )N+ L) =0. Moreover, this implies LA A" =" NOANY,
because LAL N = ENONE+ U+ LYVNECALYNE = ENCONLHENC"NE 0" NENE = 0" NENE .

We write 7 = Q*(M), .7 :== S*(M), # = N\*(M). The homogeneous degree d components are
written as .7, .y, and #;.

5.1 Remark. Arbitrary semirings instead of commutative semirings can be used for most parts
when applying the following changes.

e The semialgebra axiom is changed from «(ab) = (aa)b = a(ab) to (af)(ab) = (aa)(Bd) for
standard basis vectors a and b, see [Wei86l eq. (1.4)]. Here, a basis means that every element
can be expressed uniquely as an R-linear combination of basis vectors. The standard basis of
Wy is different over semirings compared to the standard basis over rings, because over semirings
y Az and x Ay can be R-linearly independent, while over rings we have y Ax =y Az + (x —
YA —y)—xAx—yAy=—xAy.
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e Even over non-commutative rings, the multiplication operation in . is not necessarily com-
mutative. Similarly, taking the product of two elements in #54, d > 1, is not necessarily
commutative.

e The definition of X in §7| works via R-bilinear continuation, which introduces a similar subtlety
as for semialgebras, which can be resolved in the same way by choosing standard bases. As a
consequence, ([7.7) can fail if R is not commutative.

It is unclear whether the lower bound arguments involving Lemma[5.7] would still hold. We avoid these
complications and thus work over commutative semirings. This is also the generality in which mathlib
[mC20] defines the exterior algebra in Mathlib/LinearAlgebra/ExteriorAlgebra/Basic.lean. ©

5.JIT Matrices

R™ is an R-semimodule with the standard basis {ej,...,e,}, i.e., every element in R" has a unique
expression as an R-linear combination of ey, ..., e,. The dual R-semimodule (R")* is defined as the
set of R-linear maps R" — R. Every ¢ € (R™)* is uniquely determined by its values ¢(e;), and a
basis of (R™)* is given by the e, which are defined via €] (e;) = 9;;, where 6; ; = 1 if i = j, and
0;; = 0 otherwise.

For an R-semialgebra A, define Mat,(4) := R" ® A ® (R")*. The multiplication Mat, (A) x
Mat,,(A) — Mat,,(A) is defined via

(ei®a®e))-(ey @d @el) =ei(er)ei @ (aa') @ e

extended bilinearly. We embed A, into Mat;(A,) via f — e; ® f ® e]. We embed Mat,,_; into Mat,
as the notation suggests: (¢; ® a ® €}) — (e; ® a ® €]).

For F'=3", e; ®m;; ® ej we write [F]; j = myj, i.e., we use brackets [] to extract matrix entries.
We use this notation, because our matrices will come from families of matrices, and hence possibly
already have subscripts and/or superscripts.

5.IV  Restrictions
The monoid End acts linearly on 7 via
T(zi, @+ @miy) = T(w3y) @ -+ @ T (i),
extended linearly. The action commutes with the map to the quotient .%; or #, in other words
T(xiy - xy) = T(xy) - T(x4y), T(xiy Ao ANagy) =T(xiy) N ANT(xiy).

This action lifts to Mat(Ag) entry-wise, i.e., [T(F)]qp = T([Fqp)- Since Ay is an R-semimodule, for
every Tiey € Mat(R) we define Tief, - F' via matrix multiplication, i.e., [Tt Flap := > ;[ Tiett]a,i[Fib-
Moreover, for Tiigne € Mat(R) we define F'-T}ig1 analogously. All three actions on Mat(Ag) commute.
We make this a left action of Mat(R) x End x Mat(R) on Mat(A4y) via

(T’lefty Tv Tright)F = T’left : T(F) : Tr-{ght

For F, F" € Mat(Ag) we define F' < F’ if there exists T' € End, Tier, € Mat(R), Tyight € Mat(R) such
that (Ties, T, Tright ) I/ = F. We say that F’ restricts to F'. Clearly, < is transitive.

5.V  Number of essential variables

For z; € Var, let 0;(x;) =1 if i = j, and 0 otherwise. We define the linear map 0; : I3 — J4_1 via

Oi(xj, ® - ®j,) = (0iw),) @), ® - Qxj, + 5, ®(0ir)j,)® @), ++ -+ 3, ® - @ (0izj,) (5.2)
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The linear map J : 95 — J3_1 ® 7 is defined via
Jt) = Y o) o
iz ;€ Var
The monoid End acts on 7;_1 ® 7 via
T(N®/L):=T(N)RT({)

for T € End. The map J is clearly equivariant, i.e., T(J(f)) = J(T(f)).

Analogously, we define the linear map 0; : %y — S4_1 via
Oilwjy -~ wj,) = (Oiwjy)wjy -+ xjy + 25, (0ijy) -+ xjy + -+ gy -~ (Biwgy). (5.3)

This is well-defined, because permuting the variable positions in x;, ---xj, in the left-hand side of
(5.3) just permutes the summands on the right-hand side. We define the map J : % — %51 ®
via J(f) = 2. 4.evar 9i(f) ® ;. The monoid End acts on 731 ® 7 via T(N ® £) := T(N) @ T(¢)
for T € End. The map J is clearly equivariant, i.e., T(J(f)) = J(T(f)).

For d > 3, the linear map 0; : #; — #4_1 is defined via

Oiju A= Najy) = By ) ANajy A=Ay + (L 2)2 NBij )N Ajy - (12) T g AN (O, ),

(5.4)
where (1 2)(v1 A--- Avg) =v2 Avi Avg A--- Avg. This is well-defined, which we see as follows: For
0i(€) = o we have [0;({@LR1j, @ - @xj,) |\ = WUATj A+ Axjy+(1 2)al Az jy A- - - Aj +ENLA. .. = 0.
Moreover, we have [0;({ ® zj, ® L @ xj, @ -+ @ xj, )| = axjy NATj N ANxjy + bl ANxjy Nwjy A
-+ Axj, +0=0. All other cases are analogous. The linear map J : #j — #3_1 ® #; is defined via
J(t) = 24 ¢, evar 0i(t) ® 24, and the monoid End acts on %51 @ #4 via T(N @ ¢) :=T(N) @ T({) for
T € End. The map J is clearly equivariant, i.e., T(J(f)) = J(T(f)). For d = 2, if —1 € R, then the
same construction works by replacing the action of (1 2) by the rescaling with —1. We will ignore
the case Ao = #5 in this paper.

In all three cases (with the exception of # with —1 ¢ R), we obtain an equivariant map J : A; —
Ag1 ® Ay

The rank of an element N € A;_1 ® A is defined as the smallest r such that N can be written as
T
N = Z N; @ ¢;
i=1

for some N; € Ay_1 and ¢; € A;.

We know that

if b < f, then rk(J(h)) < rk(J(f)), (5.5)
because if T € End and f € Ay, h € Ag with T(f) = h and J(f) = >, N; ® {;, then J(h) =
J(T(f)) =>1_1T(N;) @ T(¢;) due to the equivariance.
Clearly, rk(J(f)) is at most the number of variables in which f is specified. If R is a field, then

rk(J(f)) is sometimes called the number of essential variables of f.

This concept generalizes to matrices as follows. For F' € Mat(Ay) define J : Mat(Ag) — Mat(Ag—1 ®
Ay) via [J(F)|ap == J([Flap). The rank of an element M € Maty,(A4—1 ® A1) is defined as the
smallest r such that M can be written as

,
M=) coN oo j
=1
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for some Cc; € Rm, jZ S (Rm)*, N; € Ad—h and Ei S Al.

We know that
it H < F, then rk(J(H)) < rk(J(F)), (5.6)

because if (Tiest, T, Tright) € Mat(R) x End x Mat(R) and F' € Mat(Ay), H € Mat(A4y) with
(Thest, T, Thigne ) (F) = H and J(F) = 71, ¢; @ N; ® £; @ ji, then J(H) = J(Tete, T Tright) (F)) =
> et Thest (i) @ T(N;) @ T(€5) @ Ty (i)

We also have that rk(J(F')) is at most the number of variables in which F is specified. We say that
rk(J(F')) is the number of essential variables.

5.VI Rank

5.7 Lemma. Over every commutative semiring R, the n x n identity matriz has rank n. o

Proof. Clearly rk(1,,) < n, because I, = Y " ; e; ® ef. For the other direction, assume that rk(Z,) <
r < n. Then there exist N € R™*" and M € R"™*" with NM = I,,. We pad N and M with zeros to
obtain n x n matrices N’ and M’, where the last column of N’ is zero and the last row of M’ is zero.
We have N'M' = I,,. Now apply [RS84, Theorem] to see that M'N’ = I,,. This is a contradiction,
because the bottom-right entry of M’N’ is zero. O

6 Width

In this section we introduce the width w(F’) of an element F' € Mat(Ay). The pair (w(F), d) measures
the computational complexity of F'.

Let R be a commutative semiring and let A € {T,., #}. Let xF = (a:(k) denote the

i, )1§i,j§n
(k)
J

n X n matrix whose entry at position (i, j) is the variable z; ;€ Var.

6.1 Definition (The computant matrix). The computant matriz =, 4 € Mat, (Aq) is defined as

We denote the bottom-right entry with I, 4 := [E,, 4lnn. For A = .7, I}, 4 is called the iterated
matrix multiplication polynomial. o

More explicitly, we have

= _ @ .2 .3 (d—1) (d)

[umd]“’b - Z Lasiy Tiria Yigyis " Tig_oig—n Tig_1,b’ (6'2)

1<i1,.5tg—1<n

Note that

[En.dlap is the same as [Z,, g]a’ v up to renaming variables. (6.3)
It will turn out that Z,, ; has better properties than I, 4 from a geometric and representation-theoretic
perspective, see §I1.1 We use T}, 4 to connect more easily to computational complexity theory.

6.4 Claim. En,d < EnJ’,l’d and Fn,d < Fn+17d. <

Proof. For &, 4 < E,41,4, just map every variable :cgi“ and xl(kgﬂ to zero, 1 < i < n+1. The same

map proves (=, 41,1 < [Ent1,4]1,1, which by (6.3) implies I}, g < I}, 41 4. O

6.5 Definition (Width). For F' € Mat(A,), the width w(F) is defined as the smallest n such that
F < En,d- <

6.6 Example. w(Z, q4) = n. o
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Proof. By definition, w(Z,,4) < n. We claim that rk(J(Z,,4)) = n?d, which then finishes the proof
by (5.6). Since =, 4 is defined in n?d many variables, we have rk(.J(Z,,4)) < n?d. For every one of
the n?d variables z; in En,d we can reconstruct i from any monomial in 6;Z,, 4, hence J(Z,, 4) contains

n (n?d) x (n®d) permutation matrix as a submatrix, so the claim follows with Lemma [5.7] O

Recall that restriction is defined via a product of three monoids in §5.IV] The following lemma shows
that restricting =, 4 can be done by only one of those monoids.

6.7 Lemma. Let F' € Mat,(Aq). We have F' < =, 4 if and only if there exists T € End with

T(Emd):F. <
Proof.
(Tett, id,id)Epg = Ter(X Y-+~ XD)
= B X)X X0

Note that .
Tt XNig = > Thetelial XDy = Y [Teteli.a -

Define T € End via T(xl(lj)) =, [Tleft]wzr()- and T'(x; (k )) = :nflj) for & > 1, and observe that
Tt X5 = T(XV) and X = 7(x ) for all & > 1. Therefore,

(ﬂeftX,gl))Xéd) _ Xfld) = T(X(l) .. -X(d))

n n

and hence
(Bt id, 1d) 2y, g = (id, T, id)Z,, 4.

Analogously for Tiight- O

For elements of A4, the width can be defined via restrictions of I}, 4, as the following claim shows.

6.8 Claim. For f € Ay, we have that w(f) is the smallest n such that f < T, 4. o

Proof We write I, ¢ = [E,,4]1,1 and note that I, 4 < T}, 4 and I}, 4 < I'), 4 by renaming variables,
see . If f < T,4, then clearly f < &, 4. For the other direction, let f < Z, 4. According
to Lemma there exists T € End with T'(Z,,.4) = f, i.e, [T(Ena)i1 = f and [T(E,4)]ap = 0
for all (a,b) # (1,1). Since [Z,, 4]1,1 does not involve any 56'51]) for i # 1, the element [T'(Z,, 4)]1,1 is

(d)
ij)

for 5 # 1. Let Z € End map all elements w(j) to 0 for ¢ # 1, and map all elements x(]) to 0
for j # 1, and act as the identity on all other variables. Then [TZun di1 = [TE,4l11 = f and
[TZ_n,d]aJ, = [T2, dlap = 0 for all (a,b) # (1,1). But Z=,, 4 = I'}; 4, which implies 7T, 4 = f, hence
f<Ta<T,q O

independent of T'(z (1)) for i # 1. Analogously, the element [T'(Z, 4)]1,1 is independent of T'(x

6.1 Algebraic Branching Programs

Several different variants of algebraic branching programs (ABPs) exist, and we use a variant that
allows the ABP to reflect the structure of our recurrence relation. An ABP is a directed acyclic graph
in which each vertex has a layer from 0,...,d, and each edge is either going from a vertex in layer
i to another vertex in layer ¢ and is labeled by an element of R (these are called constant edges),
or the edge is going from a vertex in layer i to a vertex in layer ¢ 4+ 1 and is labeled by an element
of A;. A subset of the vertices in layer 0 are called sources si,...,S, and a subset of the vertices
in layer d is called sinks t1,...,t,. To an ABP G we assign its computation result F', which is the
matrix whose (a,b) entry is the weighted sum over all s,-tp-paths, where each summand is weighted
by the product of its edge labels. We say that G computes F. The width of an ABP is defined as
the maximum number of vertices in any layer, but in layer 0 and d we only count sources and sinks.
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1 L12 L1 L2 L12
hem ol hos N ol
(a) An ABP with a constant edge. (b) An ABP with the constant edge removed.

Figure 1: Removal of constant edges from ABPs.

6.9 Claim. For F' € Mat(Ay), the width of a smallest ABP computing F is w(F'). o

Proof. If w(F) < n, then F' < E,, 4, so there is T' € End with T'(Z,, 4) = F. We take the width n
ABP that computes =, 4 and apply T to each edge label to obtain a width n ABP that computes F'.
For the other direction, we are given a width n ABP that computes F. Figure[l] gives an illustration.
If we have edges in an ABP within a vertex layer, then these edges must be constant edges, i.e., edges
labeled by elements from R, and the set of these edges is not allowed to contain a directed cycle. We
now use the following process. If there are any constant edges, then we pick a vertex v that has no
incoming constant edges but an outgoing constant edge (v, u) with label ¢, we remove e and for each
edge (w,v) we add an edge (w,u) with label ¢ - label(w,v) (or add this to the label of an already
existing edge). The ABP still computes the same, but has fewer constant edges. We continue until
all constant edges are gone. From the resulting ABP without constant edges we can readily read off

a T with T'(Z,,4) = F. O
@Iél)*@x?m(f)* sink ¢
1 1 1 1
e @ e @ xé3)+
1 1 1 1
e @ e @ mg3>+
1 1 1 1
2P @ wgz) @ Ii?’)*
1 1 1 1
source oV 2 2P >

Figure 2: An ABP that computes f73. The vertex label at each vertex v is the weighted sum of all
s-v-paths.

6.10 Example. The elementary symmetric polynomial is defined as

€n,d = Z Ty * Ty

1<i1 <ia < <ig<n

Its layered variant is defined as

fa= S D

1<i1 <9< <ig<n
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Figure 3: An ABP that computes detz = x3.3.

(k)

Clearly e, 4 < fn,q by mapping ;" to x;. We have

fod = Foora-1- 2D+ fo14

and this recursion can be used directly to construct a width n ABP that computes f, 4, see Figure
thus w(fp.q4) < n. o

We will use the technique in Example several times in this paper to construct ABPs. Another
important example is the following.

6.11 Proposition. Let R be a commutative ring and let A = .. We have w(detq) € poly(d). o

Proof. Let X, = (zi;)1<i<n € Maty,(#1). Define
1<j<n

Xna = Y. det([Xn]s,s) € S, (6.12)

where [X,]s s is the square submatrix of X, with row indices S and column indices S. Let pow,, ; :=
[X7]n.n, and note w(pow,, ;) < n. We use [Ike25, eq. (2.8)]:

d

Xn-1d = Y _(—=1)! Xn.d—i pow,, ;. (6.13)
i=0

We use that pow,, ; = 1 to rewrite equation (6.13) in the form

d
Xnd = Xn-td+ (1) Xn.4—i pow,, ;. (6.14)
i=1
This recursion immediately gives an ABP that computes dety, see Figure |3| This shows w(dety) €
O(d*). There are many other proofs of w(detg) € poly(d). O
We have
mony < dety (6.15)
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via setting all off-diagonal variables to zero and renaming variables.

There is the following duality between the degree and the width with respect to subadditivity and
submultiplicativity.

6.16 Claim. Let R be a commutative semiring and A € {7, S, W'}. Let F,G € Ay. We have

deg(F + G) < max(deg(F), deg(G))
deg(FG) < deg(F) 4 deg(Q)
w(F +G) <w(F) +w(G)
w(FG) < max(w(F), w(G)),

where we use the conventions deg(0) =0 and w(0) = 0. o

Proof. The statements for the degree are obvious. The statements for the width are classical and can
be proved by explicit constructions that appear for example in [Val79]. The width-of-sum statement
is obtained by taking an ABP for F' and an ABP for G and obtaining an ABP for the sum F + G
by identifying the respective sources with each other and identifying the respective sinks with each
other. The width-of-product statement is obtained by taking an ABP for F' and an ABP for G and
obtaining an ABP for the product F'G by identifying the sinks in F' with the respective sources in
G, where one adds dummy sources or sinks to make the numbers match. O

It is sometimes useful to convert from multiple sources and sinks to single source and single sink by
adding a new source s in vertex layer —1 and a new sink ¢ in vertex layer d + 1 and adding edges
(s,8;) with label e; and edges (;,t) with label ej.

7 Higher-order computation

In this section we define the Kronecker product K. We start with the definition for . in characteristic
zero in , and then turn to arbitrary commutative semirings in In we then generalize
the construction to .7 and #'. We define the hypercomputant in §7.IV] which in characteristic
0is hI, g = F.Q. We phrase Valiant’s conjecture via the width w(hl}, 4) in We show that
HCy < hIgq for the Hamiltonian cycle polynomial HCg4, and Clique,, , < hI (k;l) for the Clique

polynomial in §7.V1l

7.1 Polarization and Restitution

Let R be a commutative semiring, and A = .¥. Let
Sym, := (%)Gd:{s€%|Vw€6d:7rs:s}

denote the set of symmetric tensors. The set Sym, is an R-semimodule, i.e., it is closed under
addition and closed under multiplication with elements of R. The polarization map

polar : .3 — Symy

is defined via
polar(x;, - --x;,) = Z Tiny ® 1 @ Ti g
TEGy
and R-linear extension. The restitution map resti : 93 — % is the canonical map to the quotient,
ie., resti(z;; ® - ®x;,) = x;, ---x;,. One can see that resti o polar = d! - id &,, which makes resti
difficult to use in finite characteristic. We will treat these concerns in §7.I1, The Kronecker product
X is a bilinear map

Tax Tqg— Ty

20



defined via
(xil K- xid) D (le - ® xjd) = Tigg @ @ Tiy g (7'1)

and extended R-bilinearly.

7.2 Remark. The X operation is well-known in the setting of fast matrix multiplication, see e.g.
IBIa13l, p. 23] (where the symbol ® is used instead of X). If M, = Z?J el Tij @ Tk T € T3
denotes the n x n matrix multiplication tensor, then M, X M,, = M. o

For s,s' € Symg, we have s X s’ € Sym,. Hence, for two polynomials h, f € .74, if ; € R, then we
can construct a new polynomial

hX f := Zresti(polar(h) K polar(f)). (7.3)

Several examples of polynomials of this form exist in the literature, see Example below, but
before discussing those, in §7.11) we generalize (7.3)), so that it works over arbitrary semirings.
7.I1 The Kronecker product of polynomials
Let R be a commutative semiring, and let A = .. For f,h € Ay we define f K h € A, via
(iy - @iy) W (2, - j,) o= Z Litgn)y " Pidsir(a) (7.4)
TEGy

and bilinear extension. First note that this is a well-defined map Ay x Ay — Ag, because for any
o, T € 64 we have

(xio(l) T xio(d)) X (wjf(l) e ij(d)) = Z Lig1ydrr (1)) """ Vio(d)sdr(n(d))

€Sy

= ajil’jo'71 T(m(1 T xid’-jo'*l T(m(d

(m(m(1))) (m(m(d)))
€Sy
_—1
o=0 " lrm

= Z Tirjory " Vidjoay — (@iy -+ i) B (2, - @j,).

€6y

In fact, note that the same reshuffling argument shows that (|7.4)) is the same as

Z Lieaygr """ Tipcay,da- (7-5)
TEGy

This readily shows the associativity of the Kronecker product:

((xh e wiy) B (2 "Tjd)) X (zg, - 2hy) = Z Ligysdtkey """ Vig(aysidiknr(d)
c€Gy, eSSy

- (‘ril T xid) X ((le o 'xjd) X (xkl o 'xkd))' (7'6)
The equality of ([7.4) and ((7.5) also implies that
both fXAh<hX fand hX f < fKA (7.7)

by renaming each x; ; to ;.

7.8 Proposition. If f < h and f' <}, then fR f' <hXKN. o
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Proof. For T,T" € End we define P € End as P(x;;) := Y . ' it Zaj/]xzx v, where ay; € R and

o+ € R are defined via T'(x;) = 3, oy and T'(zj) = 325 oy xj.
T(h)RT'(h) = T(Z QaTa,l - Tad) B T'(Z QpTh1 " Tp,d)
a b
= D <T(£L‘a,1 o g,q) BT (2p - xb,d))
ab
® Z Qq Qi (P((:Ua,l o gq) X (wpq - $b,d)))
ab
= (P((Z Qa1 Tad) K Z ap(@p, - l’b,d)))
a b

= PMhXPHW)
We verify (x) in the following calculation, which finishes the proof.
T(h) QT (W) = Txs, --a5,) BT (z, - 3,)
(Zazl,u ) (Zaz/ jial ) (Zahﬂ Jl)" (Zajd,jd Jd>
_ / /
= (Z i) (Z aw) (Zaj;,jl) = (Zajg,jd)xia g Mgy
i 7 Ja

/ /
E : ( § : 1,11 iyia " gl g J&Jd) RV igpdr(a)

m€6q  i,.. ,zd
]177];
— g g Ot i o s Uil s .a, "‘Oé/ AR T
= 7,1,7,1 1q5td ]17]71_,1(1) ]:i’-jwfl(d) 11,J1 tarda
€6y 11, ,zd
.717 7]d
— oLt e QU 'Oé/ "'Oé/ Lat a1 oo Lar 1
Z Z GG tgstd =51 ,de(1) Jhpdo(d) ) 101 tgrdq
c€Gq i, ,z'd
ji’y]{i
— Ot O/ Lt r | ol O[/ Tt o1
Z Z 11501 75 e 1) T 001 Z L td gl do(a) " tarda
SN 5,04
= P( E Litjoqy " '$id7jg(d))
€S,
= P((ziy -~ xiy) X (le e xjd))
= P(hK h/). O

For every commutative ring R we note that
dety < dety X dety (7.9)

as follows. We first recall mon, < dety from . Using Proposition we obtain mong X dety <
dety X dety, which is a polynomial in triple-indexed variables. We then map every z; ;i to zero
for which i # j, and we map x; ; to x;; otherwise. The result is dety, which proves . In
characteristic 0, we can alternatively prove by restricting dety to mong and further to 2% and
then observe that z¢ X dety = d! dety.

7.10 Example. There are several examples of polynomials in the literature that are of the form
f X h, for example the following (whenever the determinant appears in the subsequent examples, we
assume we are working over a ring R, not just a semiring).
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1. The permanent polynomial: per; := mong X mong, see e.g., [Val79], [Min84, eq. (3.1)].

2. The hyperpermanent (also called the multidimensional permanent): mon?m, see e.g., [DGST,

Ticls, [CP16).

3. The rectangular permanent: mongXe,, 4, which is just called the permanent in [Min84 eq. (1.1)],
see also [BE19 Exa 4.6].

4. The mixed discriminant: dety X mony, see e.g., [LC83| [Pan85l Bap89, [Gur05l [CP16].

5. Cayley’s first hyperdeterminant: det?m, [Cay46l Bar95, [HL13, [CP16l BI17, [AY23], also called
the combinatorial hyperdeterminant, also called the Pascal determinant in [Lanlll §8.3] and
[Lan15], or the quantum permanent in [Gur04, §3].

<

7.11 Remark. Recall mong < dety from . Using Proposition it follows mong X mong <
mony X dety < dety X dety. These two restrictions are separate proofs in the literature, see |Gur04)
Gur(05]. Also note that this implies w(mong X mony) < w(mony X dety) < w(dety X dety). We
strengthen both results in o

7.JI1 The Kronecker action

In this section we generalize the X construction from from .7 to 7 and #. It is unclear if
there is any reasonable Kronecker product construction for two elements in # with output in #, so
we take a different approach. The Kronecker product of two polynomials is replaced by a product
of a symmetric tensor with an algebra element, i.e., an action of the algebra of order d symmetric
tensors on . or #; or .%y. On .%; this gives the same construction as in see Claim We
partially follow the exposition from [IOT25].

7.12 Claim. Let R be a commutative semiring. Let ¢ : I3 — Jy be an R-linear Sg4-equivariant
map. Then ¢ induces an R-linear map .y : Sy — Su, o ([fle) = [o(f)]». Moreover, ¢ induces
an R-linear map Yy : Wg— Wa, Yy ([flw) = [e(f)]w. o

Proof. We verify the well-definedness of . Let f, f' € J; with [f]» = [f']» be arbitrary, i.e.,
f ~ f’. The task is to show ¢(f) ~ ¢(f’). We first assume that (f, f’) is a generator of ~, i.e.,
we have f = wf’. Applying ¢ gives p(f) = p(nf’) = mp(f’), which is a generator of ~, thus,
o(f) ~ o(f"). More generally, consider the case where f and f’ are not necessarily generators, but
f~f,(f,f) =, ai(hih}), where a; € R and (h;, h) are generators of ~. Then (o(f),¢(f")) =
> i ((hi), p(hf)) €~. In other words, ¢(f) ~ ¢(f).

—_——

€~

We now verify the well-definedness of ¢y in a similar way. Let f, f' € I with [fly = [f']» be
arbitrary, i.e., f « f’. The task is to show ¢(f) « ¢(f’). We have

frh+nel@leom=f+h+n @0 @0 @m.

Thus
o(f)+oh)+en@llem)=o(f)+eoh)+en @0 0 @m').

The tensor u :=n® £ ® ¢ ® m is fixed by the transposition 7 that swaps the two ¢-positions. Hence
o(u) = o(tu) = 7p(u), thus p(u) is T-invariant. Analogously for n’ ® ¢’ ® ¢/ ® m’. Every 7-invariant
tensor is «~ 0, because those basis tensors that are fixed by 7 have a repeated adjacent factor, and the
other basis tensors v = a®@w®w’'®b come in orbit pairs v+7v with v+7Tv+aRWRWRb+aRW W' Rb =
a® (w+w)® (w+w) @b 0. This shows p(f) «~ o(f’). O
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We have an R-bilinear map .71 x 71 — 71, (v1,v2) — v1 My, where vy, vy € Var, see This lifts
to an R-bilinear map X : .75 x J; — Z;. Note that

7(fXh) = (nf) X (7h). (7.13)

Let ¢ : Sym,; x 93 — J be the restriction of this map to Sym, x 7. Let A € {T,.7, #}. Let
s € Sym,. Then there exists a linear map ¢ : T — T, f — (s, f) that is Sg-equivariant:
Yirf) =(s,nf) = (ms, 7 f) (s, f) = ml(f). We write [f] for the image of f € F; in Ay.
We apply Claim (in the case Ay = 9 there is no need to invoke Claim [7.12]) to obtain a map
Vs 1 Ag — Aqg, [f] = [¥(s, f)]. The well-defined map

K : Symy; — Hom(Ag, Ag), s Pg

is Relinear, because (s(s + at)) ([f]) = (s + at, f) = (s, f) + aw(t, ) = (s)(f]) + an(t)([f]) =
(k(s) + ar(t))([f]). Altogether, this gives an R-bilinear map

D Symg x Ag = Aa, (s, [f]) = s ([F]) = [ (s, - (7.14)

We now interpret this over the standard basis. We treat this for variables x1, 2o, ..., as the more
general case is analogous, but notationally unpleasant. For a tensor t € 7, define the stabilizer
stab(t) := {m € &4 | it = t}. Let &4/stab(t) = {rstab(t) | 7 € &4} denote the set of cosets,
where 7stab(t) = {77 | m € stab(¢)}. Then ot := 7t is well-defined for ¢ € S,/stab(t) with coset
representative 7. Let toym = > o€y /stab(t) O which is an element in Sym,;. The R-semimodule
Sym, of symmetric tensors is freely generated by the tensors of the form

(x?)\l ® xé@)\Q ® . )syma
where Y, \; = d. For a list A with Y_, \; = d let &4(1*12*2-..) denote the orbit of the length d list

(1,1,...,1,2,2,...,2,...), (7.15)
A1 many )\g?nrany

i.e., the set of all length d lists that arise from by permuting the positions of the numbers.
For example, &,4(122%) = {(1,1,2,2),(1,2,1,2),(1,2,2,1),(2,1,1,2),(2,1,2,1),(2,2,1,1)}. Let A €
{7,,#}. For a tensor t € Jy, let [t] denote its equivalence class in A4. For a symmetric tensor
s € Sym, and an f € Ag, gives an interpretation on the standard basis as

(x(lg»\l ’ $§)>\2 o )Sym . [xil g xid] . Z [xjmj X Q $jd7id]‘ (7.16)
(J1yeesfid) EGg(171222..1)

7.17 Claim. For two polynomials h, f € %4, we have h X f = polar(h) X f, where h X f is defined
in (7.4)). o

Proof. 1t suffices to prove this for h = [z;, ® -+ ® 2;,]» and f = [z}, ® -+ ® xj,].», because the
statement then follows from bilinearity. Define A via A\; = |{ir = j}|. We have h = [P © 25 ®
-++].». We have

polar(h) = Z Ti ) R ® Tipg) = ()\1! PUIREE ) (x?)‘l ® xg@)a ® - )sym'

€Sy
(7.16) gives
polar(h) B f = (Al Ag!---) > [0, @ @ x4,
(J1yedd) €S a(1M1222-1)
which according to ([7.5)) coincides with A X f. O
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Note that there are interesting polynomials s X f for which s € Sym, is not a polarization. For
example, the polynomial (z®y®?~%) . K dety appears in [[OT25].

The following claim is the generalization of ([7.6]). It states that the semialgebra (Symg, +,X) acts
on Ad.

7.18 Claim. Let R be a commutative semiring, and let A € {T,S , W#'}. Let s',s € Symy and
f €Ay Then (§ Xs)X f =5 X (sK f). Here, s K s is defined as in (7.1)). o

Proof. Let [f] denote the coset of f € F; in A;. We prove the statement for s’ = (IL‘?/\I ® :1;58’)‘2 ®
“ Jsym, § = (x?“l ®x§®“2 ® -+ )syms f = @i, ® -+ @ x;,]. We observe

/ = o) “ e .
s Ks = Z $J17]1® ®x]é7]d‘
(G4 g ) EGg(IM 1222
(J1,-17q) EGg(1H12H2...)

According to ([7.16]) we have

/
(8 &S)&f: Z [$j£1j17i1 ®®"’U‘7:1,Jd7zd]
(G sendf) €S g (1M1 222
(J15eerJd) ES g(1H12K2... )

On the other hand,

S ‘X f = Z ['rjhh R ® xjd7idj|'
(j1,rjd) €S (1F12H2 ... )
Moreover,
8’&(8&.](.) = Z [xjiajlzil ®...®xj:i’jd’id:|.
(G5 sedf) €EGg(1M1 2221
(J15eerJd) EGg(1#12K2...)
Hence, (Sllgs)gfzslg(sle). ]

Note that for s € Symy; C 7; and T € End we have T'(s) € Symy, in other words, End acts linearly
on Sym,. We write s < ¢ if there exists 7" € End such that T'(t) = s. The next proposition is the
generalized variant of Proposition

7.19 Proposition. Let s,t € Sym, and f,h € Ag. If s <t and f <h, then sK f <tXh. o

Proof. Without loss of generality, we consider s,t,f,h in variables z1,z9,..., so that s X f
and ¢t X h are double-indexed. Given FE; € End with Ej(t) = s and given Ey € End with
Ey(h) = f, we create E3 € End via E3(z;:) = > g Birixjr v, where Ey(z;) = > 5 aj jxy
and FEa(z;) = Y Brixy. Let t = >, laTj, ® @ x5, € Sym, be arbitrary. Then
Ei(t) = 2ata(Xj @ gia®i) @ 0 ® @ gaain) = 2ata 2y g (@tgne Qe (@ ®
@), Let ho= 30, kplwiy , @ - ® @, ] be arbitrary. Then Ey(h) = >, mb[(zill Bit vy Tir) @
e @ Qi Bitiay T )l = 2op ke 2 i Bty o Bty T, ® - ® ay ] Moreover, t W h =
D ap takblTi 4y, @ - @ Tj, 4., We now calculate

Ei(t) W Ea(h) = g g 2aptakb( g g ) B iy Bitig )i @ -0 @ @y ]
)

2 b tatibl (g1 Ot e Biiny T1.4) @ ® (gt it Ot oo Biiay i) = E3(tBI ). N

Jastq

7.1V  Higher order computation

We use 0-based indexing of the rows and columns for the following discussion. Let R be a commutative
semiring, let U, V,W be R-semimodules, and let ¢ : U x V. — W be R-bilinear. Let E € Mat,(U)
and F' € Mat,,, (V). The Kronecker product E' X F' € Maty,, (W) with respect to ¢ is defined as

[E X Flimtir jmt s = ¢([Elig, [Fligr)- (7.20)
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In the following Claim [7.21] we lift Claim [7.18] to matrices.

7.21 Claim. Let R be a commutative semiring, and let A € {T,.7 ,#'}. Let S' € Mat,,(Sym),
S € Maty(Symy), F € Matg(Aq). Then (S"RS)XKF = S’ (S X F'), where the bilinear maps used
for the two Kronecker products of matrices are defined in and - o

Proof. [($'XS) K Flitivkir+i ktj+ki'+j"

[(S"X.S) B Fl(gicir)4ir k(t5+5")4+5
[S, X S]€i+i’,€j+j/ X [ ] i1,
— ([Sl]z y @ [S]’L/ ]/) IE [F]i” j//
Cla. [L18
I (51,8 ([} 3 [Flor )
,] ([S X F]kl '+ kgt +]”)

i,j
X (S X F)]kh—l—(kz’—&—z”) klj+(kj'+3')
X

[S
[S
1S’
1S’

(S X F)]kfl-i—kz I il klj+kg 45" .

Let R be a commutative semiring, A = .. We define polar : Mat(.#;) — Mat(Sym,) entrywise, i.e.,
[polar(F)]; ; := polar(F; ;). We define the matrix of symmetric tensors

H, 4 := polar(Z, 4q) € Mat, (Sym,) (7.22)

and its bottom-right entry
H, 4 = polar(L}, 4q) € Sym,. (7.23)
We keep this specific matrix of symmetric tensors also when studying Ay € { Iy, #4}.

Now, let A € {7, 7, #}. We define the hypercomputant matriz as
hEn,d = Hn,d ‘XEn,d
and its bottom-right entry hI',, 4 € Ag as

th,d = n,d X Fn,d-

7.24 Remark. We have
w(hT, ) < w(hZ, 4) < ntw(hT,q), (7.25)

which can be seen by constructing an ABP for each of the n* entries of hZ,, 4 separately, because all
entries of the matrix hE,, 4 are the same up to renaming variables. o

7.26 Remark. Note that if A = .7, then hI, g = FErQi' In #; we cannot write FE?D because there is

no such multiplication. In Ag = .7; we have hIl}, 4 # F;Lgfl = I},2 4, which is a less interesting tensor
for our purposes. o

Combining (6.2)), (7.16)), and ([7.20]), we see that

—_ g s 7(d d
hEndansainre = >, v (e Rl )@ &l @) ) )

x(1)—1>tx(1) Lr(2)—1:0n(2) ln(d)—1bn(d)  Jd—15b
m€Gy 1<it, . yig—1<n

1<j1,-Ja—15n

io=a, iq=b
(7.27)
We end this subsection with some observations.
7.28 Claim. EnQ,d < hEn,d and FnQ,d < hl“n,d. &
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Proof. We prove the claim for I'; the proof for = being completely analogous. For this proof, we let

(k) in I, 4 be indexed at zero, i.e., 0 <i <mn and 0 < j < n. Consider hI}, ; and map

]
: (k) (k") : : (k) (k) (k)
the variables z; X Ty i tO Z€ero if k # k’. Then rename the variables T, X Ty ini jngr 1O

obtain T2 4.

the variables

to x

7.29 Claim. For fized d > 2 we have w(hZ,, 4) = Q(n?) and w(hl,, 4) = Q(n?), with the exception
Of Ag = % <

Proof. This is analogous to the proof of Example We start with the observation that for =, 4,
hZ, 4, I, 4, and hI}, 4 the number of essential variables equals the number of variables used to define
them, which is seen as follows. For every one of the n*d? variables x; we can reconstruct i from any
monomial in ;hZE,, 4. Hence J(hZ,, 4) contains a (n*d?) x (n*d?) permutation matrix as a submatrix,
so the claim follows with Lemma The proofs for Z,, 4, I}, 4, and hI, 4 are analogous.

The number of essential variables of =, 4 is w?d, and the number of essential variables of h=,,.q is
ntd?. If w( End) < w, then hZ, ;4 < E,, 4, and hence by (5.6) we have ntd? < w2d, thus w > n2d'/2.

For the second part we use Claim The number of essential variables of T, 4 is 2w + (d — 2)w?,
and the number of essential variables of hI}, 4 is (2n+ (d —2)n?)2. If w(h[,,4) < w, then by Claim
we have hI}, 4 <T,, 4, hence by we have (2n + (d —2)n?)? < 2w + (d — 2)w?. Therefore, for fixed
d we have w € Q(n?). O

7.30 Example. Let A = .. We use Proposition to show that the examples in Example
are restrictions of hI',, 4 as follows.

e The permanent: mong X mong = hlj 4

e The hyperpermanent: mon?m = F{E;”

e The rectangular permanent: mony X e, 4 < hI}, 4, because e, 4 < I}, 4, see Example

e The mixed discriminant: detq XM mong < hly,(get,),d-

Cayley’s first hyperdeterminant: det?m < FE(Tgetd) P

We will see more examples in and in o

7.V Valiant’s conjecture

Valiant’s original conjecture “VBP # VNP” (over characteristic different from 2, this is also the
determinant vs permanent conjecture) is equivalent to the following conjecture.

7.31 Conjecture (Valiant’s conjecture). Let R be a field and let A = .. Valiant’s conjecture for
R is
w(hEn,d) ¢ po'Y(n7d)' u

By (7.25)), Conjecture is equivalent to w(hI;, 4) ¢ poly(n,d). Note that Conjecture depends
on R and A and the question can also be asked when R is not a field and/or when A # .. The

case R = C is discussed in The statement w(hI;, q) ¢ poly(n,d) is true for A = .7 when R is an
arbitrary commutative semiring, see §8.1L The statement w(hL}, 4) ¢ poly(n,d) is also true for A = .7
when R is a zerosumfree commutative semiring, for example R = R, see So far there are no
results involving A = # . The following proposition shows that it is sufficient to study second-order
computation only and not also higher orders.

7.32 Proposition. w(hZ,, q) € poly(n,d) if and only if for every m we have w(HEZ‘ X =,4) €
poly(n,d). o
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Proof. One direction is clear. For the other direction, fix any m and consider HEZZ XE,q. Let ke N
such that ¥d,n : w(hZ,, 4) < n¥d*, in other words hZ,, 4 < Epkar g+ We will mark with (x) when we
use H,, ¢ < H,y 4 for n’ > n, which is obtained analogously to Claim

Pro. [.19
X - Cla. I8 | \®m—1 - Rm—1 g =
Hnjg' X *:n,d = Hnjg X (Han D \:n’d) S HnZL X ‘:‘nkdk,d

Cla. TI8 | ,®m—2 = ) m—2 =
= Ho " W (Hpa W Epgr g) < HL "B (Hprgr g W Epngr g)

Pro. LI0 Xm—2 X = < Hgm—3 X= ..
n,d k2121 g = Ty g Spkdgk+1)3-1 g

IAIA

< Enkmd(k-&-l)m—ld .

Since k and m are constant, this means w(HE’ZZ X =,.4) € poly(n,d). We remark that for A = .7

. - —Rm/2 o —Km/2 . :
a better construction would split :%ZL = :n?/ :nzl’/ recursively, but this does not work for

Ae{T,V}. O

If Conjecture is false, then from Example it follows that all examples in Example
have small width. Moreover, all examples in the following then also have small width. More
examples are given in

7.VI Hamiltonian cycles and cliques

In this section we prove that the Hamiltonian cycle polynomial and the Clique polynomial are re-
strictions of hI}, 4. A general construction that gives the polynomials only up to a factor of low degree
is presented in

Hamiltonian cycles

Let R be a semiring, and let A € {.7,.7,#}. We define the Hamiltonian cycle algebra element, see
[Val79] where the variant without superscripts is discussed:

. (1) @) (d)
HCs = D, [B450)® Toye0) @ @ Tooryd € Ad

P€S 1

Note Hj 4 = polar(mong) up to renaming of variables.

7.33 Proposition. HC; < Hy4XI4 < hly,. o

Proof. The second restriction is obvious. We treat the first restriction. We start with writing
Fd,d € Ay as

_ (1) (2) 3) (d)
Lo = D [agm ® T 00 @ o) 0m @ © Tt db
¢:[d—1]—[d]
Hence,
_ & (2 (d)
polar(monag) Mlua = > [#70) 4o0) @ Tn) p100) € @ Uiy ga—1)d
¢:ld—1]—|d]
TEGy
Let T € End as follows: T(:c((lkg o) = :cl()kc) ifa=c, and T (x((lkg ) = 0 otherwise. We calculate
1 2 d
T (polar(mong) XTI} 4) = Z [x;c)b(l) ® xfb()l),¢(2) X ® xfb()dfl),d] = HC,. O
oSCP
p(d)=d

The statement “w(HCy) ¢ poly(d) over . for a commutative semiring R” is equivalent to Con-
jecture and this equivalence was proved in [Val79], where it is stated only for fields R. The
corresponding Hamiltonian cycle decision problem is problem 9 of Karp’s original 21 NP-complete
problems [Kar72].
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Cliques

Let R be a commutative semiring, and let A = .%’. One can find different variants of the so-called
Clique polynomial in the literature, for example the variant in [Sch76] is uncolored without loops,
the variant in [BE19] is uncolored with loops, the variant in [KPR23]| is colored without loops. We
use a colored variant with loops:

xClique,, = Z H T ijo; € y<k+1). (7.34)
1<0, <va < <vp<n 1<i<j<k 2

For convenience, we also use the following notation.

. e okl
Cliq,, ; = {kChquen if d= ( 5 ),

0 otherwise.
7.35 Proposition. Cliq, 4 < hT}, 4. o
Proof. Let d := (k;rl), because otherwise there is nothing to prove. For additional clarity, we use
the auxiliary variable names z, (; ) = Zau; and z( ), = @i p, and we write T, j) ij0)b =

Ta (i) X (i j) 5 The variable z, (
polynomial. We show that

kCliquen < Z H La;,(i,5) X Z H x(i’j)ﬁj < hl_‘n,d (736)

1<ay,...,ap<n 1<i<j<k 1<by <-+<bp<n 1<i<j<k

i), ()b Will later be mapped to the variable x,; ;5 in the clique

=thp,q =:fn,d = kfn

in a two-step process (note the strict inequality between the b;, whereas the a; can be in any order).

We first observe that i
hpa = H Z H Lag, (i)

i=1 a;=1 i<j<k

which immediately shows w(h,, 4) < n, see Claim Moreover,

k
kfn = (Hﬁv(i,k),n) “k=1fn—1 + kfn-1,
i=1

which shows that w(f,, 4) < n. These two width bounds together prove the right inequality of (7.36]),
see Proposition We now prove the left inequality of (7.36). Let T' € End with T'(x ¢ 5y i j)) = 0
if i " or j # 57, and T(q,(i),(1,j),b) = Ta,(i,j),(.5)- We expand

T Z H Ta; i) | Z H L(i,5),b;

1<ay,...,ap<n 1<i<j<k 1<by <---<bp<n 1<i<j<k

= > II zenene

1<ay,..,ap<n 1<i<j<k
1<b; <---<bp<n

Note that every monomial involves a variable x,, (; ) i), for each i. Therefore, if we map every
variable xy, (; ;) (i.5), t0 zero for which b # b, then for each monomial that is not mapped to zero we

have Vi : a; = b;, so that all variables are of the form zy, (; j) (i,j),5;- The resulting polynomial is

> I =i
1<by <---<bp<n 1<i<j<k

Renaming @y, (4.¢),(a,c),b’ t0 Tha,ctr gives the desired Clique,,. g
The clique polynomial was the first polynomial family that was proved VW[1]-complete, see [BE19].

The corresponding clique problem is problem 3 of Karp’s original 21 NP-complete problems [Kar72],
and its parameterized version is W[1]-complete, see e.g. [DF13, Thm 21.2.5].
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8 Exponents

In this section we analyze the growth of w(hZ, 4) and w(hl}, 4) for fixed d and growing n.

8.1 Definition. We define

&q = limsup(log, (w(hZ, 4))) = inf{r | w(hE, 4) € O(n")},

n—oo

Ya = limsup(log,, (w(hI},q))) = inf{r | w(hL, 4) € O(n")}.

n—0o0

These definitions depend on R and A. o

By ((7.25]) we have
Ya < §a <4+ (82)

For algebra elements in Ay whose variables have two superscripts, for each monomial the superscript
can be listed as a matrix of nonnegative integers called the superscript matrix, whose entry in position
(,7) is the number of times a variable with superscript (i), (j) appears in the monomial. Note that
all superscript matrices for hZ,, 4 are permutation matrices corresponding to 7 € &,4. For a fixed
7 € &4, the result of setting all monomials with superscript matrix # 7 to zero is denoted by h=,, 4 .
By construction, we have

hZpa= Y hZnan (8.3)
TESy
Since also hE,, 4 » < hE,, 4, we have
€4 = max{lim sup{log, (w(hZ,,4.))} | 7 € &4}, (8.4)
n—oo
As usual, the lower right entries are denoted by h@, 4., hl,,q = ZweGd hlhdr Y4 =

max{lim Supnﬁoo{logn(w(hljn,d,ﬂ'))} ’ e 6d}

8.5 Remark. Over R = C, the torus 7 = (C \ {0})?*¢ acts on C"'®" via diag(aq 1, . .. ,ozdjd)xi(k) X

a;J@ = Qg (xfk) X :cjge)). The irreducible polynomial representations of 1" are indexed by d x d
matrices of nonnegative integers. The linear action of T lifts to Ay and Mat,,(Ay) in the usual way:
tv @ - ®vg] = [tv1 ® -+ - ® tug] and entrywise for matrices. We have that h=, 4 . is the image of

the projection of hZ,, 4 to the m-isotypic component. o

Note that Claim [7.29] implies that
4> 2 and v4 > 2. (8.6)

8.7 Claim. w(hE, 4.) > n?. o

Proof. The number of essential variables of hZ,, 4 » is ntd, thus ifw(hZy, qx) < w, then hZ, g <y 4,
and hence by (5.6) we have nd < w?d, thus w > n?. O

Since hZ, 4ia = E,2 4 Up to renaming variables, Claim is the best lower bound we can get for
w(hZ, 4.r) if we do not take any information about 7 into account.

8.1 Tensors and flattenings

Given d,j € N, 0 < j < d, there is a canonical linear isomorphism ; — (%) ® (%_j). Since we
have a chosen basis and dual basis, we obtain a map F; : 73 — 7; ® (%_j)*, which is a map into
a space of matrices. For a matrix I € Mat,(73) we write F' =3, eq ® [Flap ® ej with standard
basis vectors e, € R™, e, € R™. Every linear map F : J; — Mat,,(Z;) lifts to a linear map
F : Mate(T4) — Mate,(J4) via F(F) =3, €0 @ F([Flap) ® €}, i.e., matrix entries are replaced by
matrices, forming a block matrix. Let rk denote the decomposition rank function, i.e., for M € UU’
we have tk(M) =min{r |3, e U, 4; € U - M =>"7_, l; ® {;}.
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8.8 Theorem ([Nis91] for matrices). Let F' € Mat(.7;). Then w(F) > max{rkF;(F) |0 < j < d}.
If R is a field, then we have equality. o

Proof. We follow the argument in [Nis91] and generalize it to matrices. For a sequence of variables
p=(p1,...,pr) We write pg :=p1 @ pa @ - - @ pg. Let G be an ABP of width w(F') that computes
F. Let V;(G) denote the set of vertices of G in vertex layer j.

For every vertex pair v,w € G we define (v~w) := Zpep(G,v’w) pe- Note that

[Flap= > (sav0) @ (vw1) .

veV; (@)

In other words,

F=> > e®(sa~0)@wwty)@eg= Y Y ea® (sa~0)® (0oty) @€f . (8.9)

a,b veV;(G) veV;(G) ab

::(wq)w)

We apply F; and analyze the rank:

Fi((wv)) = ) ea ® Fi((sa0) @ (vty)) @ € = > _(€q @ (Sa~0) @ (v-otp)* @ )
b a,b

= (D ea®(5a~0)) @ (D _(vty)* ®€f),

b

which is a rank < 1 matrix. By and the definition of rank as the decomposition rank rk(F;(F")) <
#V;(G), which implies the first part of the theorem.

For the second part of the theorem, let R = F be a field. For the sake of contradiction, assume
that w(F) > max{rkF;(F') | 0 < j < d}. Among all ABPs of width w(F") that compute F, take
one that maximizes j for which both #V;(G) = w(F) and Vi < j : #V;(G) < w(F). In particular
#V;(G) > rkF;(F). We will now see that there exists an ABP G’ of width < w(F') that computes
F with Vi < j : #Vi(G") < #Vi(G), which is a contradiction to the choice of j.

We have

F= 3 (o) = 3 (Doea®(savv) @ (D _(vt) @)

veV;(G) veV;(G) @ b

If {>°,ea® (sa~v) | v € Vj(G)} are linearly independent, and also {)_,(v~1)* ® e;} are linearly
independent, then rk(F;(F)) = #V;(G), which contradicts the assumption. W.l.o.g. for one vertex
0 € V;(G) we have a linear combination

Z eq @ (8g~0) = Z o Z €a ® (8q~0).

@ veV;(G)\{} a
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F = Z (Zea vatb ®eb

veV;(G)  a b
= (Z €q ® ($4~7)) Z Oty)* @ €f) Z (Z €4 ® (Sq~0)) ® (Z(thb)* ® e})
a b ve%(G)\{a} a b
= Z o8 Zea ® (8q~0)) @ (Z(@wtb)* ®e;) + Z Z €q @ (8q~0)) ® (Z(thb)* ®e
veV;(GI\{9} a b veV;(GI\{3} @ b
= Yo (D ea®@(s5am0) @ (an Y _(0ty) e+ Y (vty)* @ €f)
veV;(G\{3} @ b b
= Y (Do ea®(sam0) © (D (an(Bwty)* + (vty)") @ €)
veV;(G\{s} @ b
= (D ea® (50%0)) @ (Z(Ug‘,)tb)* ®ep),
eV (@\{5} @ b

where G’ arises from G by adding v, - label((0,w)) to the label of the edge (v,w), v # 0, for every
w € Vj4+1(G), and deleting the vertex 0. The argument for 0~t, is analogous. The ABP G’ computes
F, has the same number of vertices in each vertex layer but j, where it has one less vertex. This
gives the desired contradiction to the choice of j. O

For m € &4, k € {0,...,d}, let

B(m, k) = {0,x(1) —1,7m(1),n(2) — 1,7(2),...,7m(k) — 1,m(k)}
N{r(k+1)—1,n(k+1),n(k+2)—1,m(k+2),...,7(d) — 1,7(d),d}. (8.10)

Let B(m) := max{#p[(m, k) | 0 < k < d}.

8.11 Proposition. Let R be a commutative semiring, and let A = 7. We have w(hZ, q,) =
B(m)+1
n . o

Proof. To prove the lower bound, we use Theorem We have

WEnar= 3. €igo® @™ - Wl Yo @@ ®me? yee,;,  (812)

Lr(1)—1-%x(1) J0,J1 L (d)—15Yr(d) Jd—1,Jd
80,115:5td
J05J15--7d

The monomials on the left factor of Fj(h=, 4 ) are

einjo @ (@) el Y@ @) g

tr(1)—1-x(1) J0,J1 7(k)—1sYr(k) Jk—1Jk
The monomials on the right factor of Fj(hZ, 4-) are

k+1 k+1
(@) (kD)
m(k4+1)—1br(k+1) JksJk+1

)® - ® (@ i B ) © Cin

The set of o for which i, appears on the left-hand side of the tensor is {0,7(1) — 1,7 (1), 7(2) —
1,m(2),...,m(k) — 1,7(k)}. The set of o for which i, appears on the right-hand side of the tensor
is{n(k+1)—1Lnk+1),n(k+2)—1,n(k+2),...,m(d) — 1,7(d),d}. We say that o € {0,...,d}
is a boundary point if i, appears on both sides of the tensor, otherwise o is called an inner point.
We denote by S(m, k) the set of boundary points. One monomial from the left-hand side tensored
with a monomial from the right-hand side gives a monomial of hZ,, 4 if and only if they agree on
jr and on every i, for boundary points 0. Now we consider the set M of those monomials for which
i, = 1 for inner points o, and j, = 1 for all 0 # k. For each monomial in M from the left-hand side
there is exactly one monomial in M from the right-hand side so that their tensor product gives a
monomial in hZ,, 4 . This means that if we restrict the matrix Fj(hZ,, 4~) to the rows and columns
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of those monomials, we get a permutation matrix. The rank of this matrix is full, see Lemma [5.7}
The number of such monomials from the left-hand side equals the number of monomials from the
right-hand side, and it is n#? (mk)+1 which proves the lower bound. We now prove the upper bound
by adapting a construction of Grenet [Grell]. Let By denote the set of boundary points and let I

be the set of inner points of the left-hand side. For every map Cj : By — {1,...,n} and a number
ck € {1,...,n} we define the vector
— o (m(1)) (1) (m(K)) (k)
Flo,Cren = Z €io.jo @ (xim)—l,iw(l) = xjom) ®--® (mwk)—mﬂ(m kg xjk—hjk)

Vo€l i,€{1,....,n}
JouJ1sesdk—1€{1,...,n}
Vo€ Bj:16=C}(0)

Jk=Ck

which is the sum of the subset of monomials of the left-hand side of F,(hZ,, 4.~ ) that satisfy i, = C(0)
for all boundary points o, and jp = cx. The ABP we construct has one vertex for each of these
n#B(mk)+1 many tensors in degree k at which the ABP computes the vector Fy 0y .0 Edges with
appropriate labels can be chosen to make this ABP compute hZ,, 4, because when running k from
0 to d, every position o transitions at most once (exactly once for all o # d) from boundary to inner,
and never in the other direction. A transition from boundary to inner is handled by summation, for
example, if 7(k+1) = 0 and o0 — 1 transitions from boundary to inner and o is a new boundary point,
then for any Cjy1 and ciy1 we have

n
_ (m(k+1)) (k+1)
Fk+1,Ck+1,Ck+1 - Z Fk,ck+1\{0}u{071’—>i}vj ® (ﬂj‘i’ﬂ-c,k_‘_l(o) ‘X mjﬁk—o—l) ?

1,5=1

where Cy11 \ {0} U{0o— 1+ i} arises from the map Cyy; by making it undefined at o and setting
Ck+1(0 — 1) =1. ]

Let B(d) := max{3(7) | 7 € S4}. By (8.4) we have that for A; = . it holds £; = f(d) + 1. Note
that the upper bound w(hZE,, 4) < nP™+1 also holds for A, € {F4, W4}, because these are quotients
of 7.

Let p'(m, k) = B(m, k) \ {0,d} and B'(7w) = max{#/'(m, k) | 0 < k < d}, and f'(d) := max{p'(n) |
m € 64}. The same arguments as for hZ, 4. show that for Ay = .7; we have w(hl}, q,) = nb’ (m)+1
and for Ay € {.Fy, #a} we have w(hT}, 4,) < n? (ML,

d if d is odd,

d+1 if dis even.
And we have 8'(d) = d — 1. o

8.13 Lemma. We have 3(d) = {

Proof. We consider ((d) first. For any 7 with (1) = 2,7(2) = 4,7(3) = 6,...,7(|d/2]|) = 2|d/2]
we see that B(m) > 1+ 2[d/2], which is d + 1 for even d, and d for odd d. Clearly d + 1 is an
upper bound for 5(d), which finishes the case of d being even. Let d be odd. We phrase 3(d) as an
edge coloring process of the graph on d + 1 vertices v;, where v; is adjacent to v;_1 and v;41, and vg
has an additional half-edge, and v, has an additional half-edge. Initially, all edges are colored blue,
the half-edge at vy is colored red and the half-edge at vy is colored blue. We now color edges (not
half-edges) from blue to red step by step. #3(m, k) is the number of vertices that are adjacent to
a blue and a red (half-)edge after k recolorings. To choose 7 so that B(m) is maximized, it is not
beneficial to ever choose an edge that has a red neighbor edge. The same also holds for coloring the
edge (vg, v1). It is optimal to color the edges (vi,v2), (vs,v4), and so on. Since d is odd, we can only
do this dgl many times, after which the number of boundary points will go down again. Starting
with 1 boundary point vy, each such recoloring increases the number of boundary points by 2, hence

Bd)=1+2%1 =a.

For ', when counting boundary points, we do not count vy and v4, and we can ignore the half-edges.

For d odd, coloring (v, v2), (v3,v4), and so on, gives '(d) > 2d§1 = d — 1. For d even, coloring
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(v1,v2), (vs,v4), and so on, gives B'(d) > 2(4 — 1) + 1 = d — 1, since vg is not being counted. The
upper bound comes from a similar coloring consideration. Coloring (vg, v1) or (v4_1,v4) can increase
the number of boundary points for subsequent rounds by 1, but it comes at the cost of increasing the
number of boundary points only by 1 instead of 2. Hence, effectively, the number of boundary points
can only be increased by 2 each round. We make a case distinction based on the color of (vg, v1) and
(v4—1,vq) in the coloring with maximized number of boundary points that count. If (vg,v1) is red
and (v4—1,vq) is red, then we get at most 2 + 2L%J < d — 1 many boundary points that count. If
(vo,v1) is red and (vg—1,vq) is blue, then we get at most 1 + 2L%J < d — 1 many boundary points
that count. Analogously for (vg,v1) blue and (v4_1,vq) red. If (vg,v1) is blue and (vg—1,vq) is blue,

then we get at most 2[%] < d — 1 many boundary points that count. Hence, in all cases we see

B'(d) <d-1. 0

8.I1 Optimal speedups for polynomials if R is zerosumfree

A commutative semiring is called zerosumfree if for all r1,r7o € R we have ry + ro = 0 implies
ri=ry=0. Form € &y, 0 € &y, k € {0,...,d}, we define

B(m,o k) = {1} x ({0,7‘(‘(0‘(1)) —1,7(c(1)),n(c(2)) — 1,7(c(2)),...,7(c(k)) — 1,7(c(k))}

N{r(o(k+1))—1,m(c(k+1)),7(c(k+2)—1,7(c(k+2)),...,7(c(d)) — 1,7(c(d)), d})

U {2} x ({0,0(1) —1,0(1),0(2) = 1,0(2),...,0(k) — 1,0(k)}

N{o(k+1)—1,0(k+1),0(k+2)— Lok +2),...,0(d) — 1,a(d),d}>

As a remark, if one compares to (8.10), one observes that #5(w,id, k) = #6(m, k) + 1. Now, let
B(m,0) := max{#S(m,0,k) | 0 < k < d}. Let Bopt(m) := min{B(m,0) | 0 € S4}. Let Bopt(d) :=
max{Bopt(m) | ™ € Sq}.

8.15 Proposition. For a commutative semiring R and A = . we have w(hZ,, 4.) < nPopt(T) o

Proof. The upper bound uses essentially the same construction as in the proof of Proposition [8.11
The only difference is that we are free to choose o € &4 instead of having ¢ = id, and after fixing o
we can write

WEr = 3 e ® (T 2z L (glre@) "D g
—n,a,m 20,70 i 1d>Jd "

o A lr(o(1))—1tn(co(1)) Jo(1)=1:Jo(1) 7(o(d))—1tn (o (d)) Jo(d)—1:Jo(d)
?077"17"'72Ad
J0,J15-50d

(8.16)
Now B(, 0, k) is the set of all boundary points, so we have n## many vertices in the ABP in
vertex layer k. O

(m,0,k)

8.17 Remark. Proposition [B.15] also works for A = # if R is a commutative ring. If R is a
commutative semiring, then we can only allow even permutations o in the definition of B, (7), which
increases its value by at most 4, because it is easy to see that Vm, o : f(m, (1 2)0) < 4+ B(m,0). ©

Note that better constructions are possible for A = .% by not treating every 7 individually, but by
(8.4) this cannot give a better exponent.

8.18 Proposition. For a zerosumfree commutative semiring R and A = . we have nﬁo?t(”)/d <
w(hEnydvﬂ-). o

Proof. The proof technique is standard, see [KPR23| and references therein. Let G be an ABP that
computes hZ. Edges with label zero are removed. We call the pair (k, k') the edge layer pair of the

variable x(k;.) X xffc;), Let 0, := (0(1),...,0(d)) be the list of the second indices of the edge layer

i7
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pairs of variables on p read from source to sink. If p and ¢ have a common vertex v in some vertex
layer k, then

{op(1),...,0p(k)} = {og(1),...,04(k)} and {op(k+1),...,0p(d)} = {og(k+1),...,04(d)}, (8.19)

because otherwise the path that starts at a source, goes via p until v, and continues from v via ¢ to
a sink would contribute to the coefficient of a monomial that is not a monomial of h=. We define

analogously to
Blv) = {1} x ({077?(0(1)) — Lm(o(1),7(0(2)) = Liw(0(2)),...,m(o(k)) = Lw(a(k))}
N{n(o(k+1) = La(o(k+ 1), 7(o(k +2) = La(o(k +2)),...,7(0(d) = 1,7(o(d)), d}
U {2 x ({0.01) = 1,0(1),0(2) = 1,0(2), ..., o (k) = 1, o(k)}
N{o(k+1) = Lo(k+1),0(+2) = La(k+2),...,0(d) - 1,0(d),d} ),

where o can be chosen arbitrarily from {0, | v € p}, and B(v) is independent of this choice because
of (8.19). We call S(v) the set of boundary points of v. To every vertex v we assign its bag, which is
a function bag(v) : f(v) — {1,...,n} as follows. We take a direct source-sink path p that uses v and

a variable :13513) @xiﬁ;), on p such that (1,k—1) € 5(v), and we set bag(v)((1,k—1)) = i. Analogously,
for (1,k) € B(v) we set bag(v)((1,k)) = j, and for (2, — 1) € B(v) we set bag(v)((2,k' — 1)) =4/,
and for (2,k') € B(v) we set bag(v)((2,k")) = j/. This setting is consistent, because of the structure
of the monomials of the entries of hE. Moreover, this completely defines bag(v). The definition of
bag(v) does not depend on the choice of p, because for p and ¢ through v with different bags for
v (but still, holds) we see that there is also the path that starts at a source and goes via p
until it reaches v and continues via ¢ to a sink, and that path would not correspond to a monomial
in hZ, 4. The bag size of v is defined as #8(v). If v is the vertex in vertex layer k£ on a direct
source-sink path p, then #3(v) = #5(m, 0p, k). By definition of §(r, 0},) we have that at least one of
the vertices has bag size §(m, 0},). Note that Sopt(7) < (7, 0p), therefore for every direct source-sink
path p at least one of the vertices has bag size at least Sopt (7).

We assign a position in {1,2} x {0,...,d} to every subscript of a variable xz(k) X :Ug,k /4)/ by saying
that the position of ¢ is (1,k — 1), the position of j is (1, k), the position of ¢ is (2,k" — 1), and the
position of j" is (2,k"). There are 2d + 2 many positions, and the choice of a value from {1,...,n}
for each position corresponds bijectively to a monomial in h=,, ; .. By definition, in every monomial
of hZ, 4., all indices that have the same position have the same value. The bag of a vertex v fixes
#((v) many values of positions, hence there can be at most n2d+2-#B5®) many monomials whose

computation gets a contribution from direct source-sink paths that use v.

Every direct source-sink path has at least one vertex with #/5(v) > Bopt, therefore this vertex is
only involved in the computation of at most n?¢*+2~frt many monomials. Since we have n?¢*2 many
monomials, we have at least n2dt2 /n2d+2*50pt = nfort many vertices, thus G has width at least
nPovt /d, O

For zerosumfree R and A = ., combining Proposition and Proposition gives Bopt(d) = &q.
In analogy to Bopt(d) we define B'(m,0,k) := S(m,0,k) \ {(1,0),(1,d),(2,0),(2,d)}, and f'(7,0) :=
max{#3'(7,0,k) | 0 < k < d}, and B () := min{f'(7,0) | 0 € &4}, and B, (d) := max{F},(7) |
T € G4}. By construction, #8(m,0,k) <4+ #p'(m,0,k) <4+ #pB(m,0,k). We see B,(d) =74 in
the same way as [opt(d) = &4. By brute force enumeration of (7, 0, k) we obtain the following values.

d|2 3 4 5 6 7

égforA=714 4 6 6 8 8

&4 for zerosumfree Rand A= |4 4 6 6 6 8
Yofor A= 12 3 4 5 6 7

~q for zerosumfree Rand A= 12 3 4 4 5 6
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Note the difference between &g for A = .7 and &g for R zerosumfree and A = .. The next proposition
shows that such differences cannot be large.

8.20 Proposition. For zerosumfree commutative semirings R and A = . we have

Bopt (d) = Q(d). o
Proof. This follows from [AROS8, Thm 3.4] and the fact that £, (7) is the same as the pathwidth of
a permutation graph for 7, which is called C(7) in [ARO8, Def 2.6]. O

8.III Monotonicity of the exponents

In this subsection we prove that the sequences (£4)4en and (74)gen grow monotonically, where for
A =W we require that R is a commutative ring.

An affine algebraic branching program (aABP) is defined in the same way as an ABP with the only
difference that we allow affine R-linear combinations of variables as edge labels. We also do not
require all source-sink paths to have the same length. The size of an aABP is the number of its
vertices, not counting sources or sinks. We write ac(F') for the smallest size of an aABP computing
F. For F € Mat(A,), we clearly have

ac(F) < (d—1) - w(F). (8.21)

The following proposition is classical and shows the other direction.

8.22 Proposition (Homogenization). Let H be an axb matriz with entries in 7 or with entries in .
or with entries in ¥, and let F' be a homogeneous component of H. Then w(F') < max{ac(H),a,b}.
In particular, w(F') < max{ac(F'),a,b}. o

Proof. A vertex in an ABP computes a matrix, by considering only those source-sink paths that use
that vertex. Let d := deg(F). We take a minimal size aABP G that computes H and we replace
every vertex v with d+1 many vertices vy, . ..,vq. We will set the edges so that if a vertex v computes
some matrix M, then v; will compute the i-th homogeneous component of M, for 0 < i < d, and
we will not compute higher degree components. If £ 4+ « is an edge label in G from v to w with ¢
homogeneous linear and « constant, then we add edges with label £ from each v; to w41, and we add
edges with label a from each v; to w;. For the sources s, we delete all s, ; with 7 > 0, and for the
sinks t, we delete all t;,; with ¢ < d. This finishes the construction. The result is an ABP that has
at most ac(H) many vertices in each vertex layer but the first and last, in other words, the width of
the ABP is at most ac(H). Hence w(F') < ac(H). O

8.23 Corollary. For A € {7,.} the sequences (£q)gen and (7q)gen grow monotonically. o

Proof. Let m € &4 with 7(d) = d, and let k € S4_; be defined via V1 <i <d—1: k(i) = 7(i). Take
an aABP of minimal size that computes hZ,, 5 .. Set all variables x( ) X x(, ) » to 1, and set all other

(d) X x(,), to zero. The resulting aABP computes h=, 41 .. Hence ac(hund 1) < ac(hZy, q.x).

By Clalm - 7l and (| - ) and Proposition E this implies w(h=, 4-1,) < d-w(hZ, 4,). Hence,
Vi € &4_1 : limsup,,_, . {log, (w(hE,4-1x))} < &4, and therefore {41 < &; by (8.4). The proof of
Yi—1 < 74 is analogous. O

8.24 Proposition. Let R be a commutative ring, and A = # . Then the sequences ({4)den and
(Vd)den grow monotonically. o

Proof. Let m € 64 with 7(d) = d, and let K € &4_; be defined via V1 <i < d—1: k(i) = m(i). We
use the following crucial property over commutative (semi)rings that holds also for #: If in h=,, 4 »

we map each acl(’dj) X xg,d;, to y if and only if 4 = 7 and ¢ = 5/, otherwise we map it to zero, we obtain
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(hE,,4-1,5) Ay. If in hE,, 4 we additionally map all mg? X ngf;), to zero for which d # d’, we obtain
hZ,, q—1 Ay. Given an aABP that computes hZ, 41 Ay, we split every vertex into two vertices, one
for y-degree 0 and one for y-degree 1 (higher y-degrees are deleted). We now replace every y that
appears in an edge layer of the same parity as d with 1, and we replace y with —1 otherwise. The
resulting aABP computes hZ,, 4_1, hence ac(hZ,, 4_1) < 2-ac(hZ, 4), and thus ;1 < &g, see

and Proposition The proof of v4_1 < 74 is analogous. O

9 Coefficients of polynomials given by Boolean circuits

In this section we study elements of A; whose coefficients are computed by small Boolean circuits,
defined below. Let R be a commutative semiring and A € {7, ., #}. We define the negation 0 := 1
and 1 := 0. For a finite list b we define b as the negation applied on all elements. We also use the
negation symbol on variables, for example T;, but this is a new variable instead of a negation. We
define - ~ ~ -

b.,b b1=b1 .bo—ba b =bm

= 2T xS’ Ty T T, € Ay

(':L" f) m m

A Boolean circuit B is a directed acyclic graph with a single outdegree 0 vertex, whose indegree
0 vertices (called inputs) are labeled with variables, and whose other vertices (called computation
gates) are each labeled with an operation AND, OR,NOT, where the vertices labeled with AND or OR
have indegree 2, and the vertices labeled with NOT have indegree 1. We will always assume that B is
connected, i.e., there is at least one path from each input to the output, which can be achieved by
taking any gate v that connects to the output and replacing it with v AND (x ORNOT x) for an unused
input . On input b € {0,1}", B computes a Boolean value by induction over the circuit structure
in the obvious way. The size |B| is defined as the number of the computation gates of B. An input
b with B(b) =1 is called a satisfying assignment of B.

In this section we prove the following theorem in which we use the dummy variables ¢(¥) € Var.

9.1 Theorem. Given a Boolean circuit B on m inputs. Then

_d
> (@@ J] 9 < hha,

B(b)=1 i=m+1
with n < (4|B| +2m)? and d < 7|B| +m + 1. o

The proof proceeds in several steps, where the first steps are classical. We first use the Tseytin
transformation (Lemmal9.2) to convert B into a product of clauses. These clauses can then be arith-
metized in low width, which gives part of the second factor in the X construction. The construction
of the first factor h is a variant of the elementary symmetric polynomial, see Lemma

A literal is a variable or its negation. A clause is defined as the OR of at most 3 literals.

9.2 Lemma (Tseytin transformation [T'se68, Tse83]). For every Boolean circuit B in m variables
b there exists a set C of clauses in r > m variables (b, o0,b’) with the following property: for every
b € {0,1}™ there exists a unique (o,b") € {0,1}"~"™ that satisfies C(b,0,b’) = 1. Moreover, for this
(0,b) we have B(b) = o. o

Proof. Given B on m variables b, we first attach a new wire to the output gate, but this wire
has no second endpoint, and we call it the output wire. We assign a variable a, to each wire e:
If the wire e is connected to the i-th input, then a. = b;. If the wire e is the output wire, then
a. = o. Otherwise, a new variable b;- is created and assigned to the wire. This gives a variable vector
(b,0,b’). A Boolean assignment to these variables can be interpreted as a Boolean assignment
to wires. We now introduce a set of clauses that is true if and only if the Boolean values on
the wires respect the gate operations. For example, for every NOT gate with input wire e; and
output wire ez we observe that the logical expression a., = NOT(a.,) can be expressed as the AND
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of these clauses: OR(G¢,,0c,), OR(Ge,,Ge,). Moreover, for every AND gate with input wires ej,es
and output wire e3 we observe (for example via case distinction over all 23 = 8 cases) that the
logical expression a., = AND(ae,, ae,) can be expressed as the AND of these clauses: OR(Ge,, Gey, Qe ),
OR(Ge, , Tez), OR(Gey, Geg ). Analogously, ae, = OR(ae, , ae,) can be expressed as the AND of these clauses:
OR(Ge, , Qey, Tey), OR(Te,, ey), OR(Tey, ey ). Let C be the set of all these clauses. By construction, for
every b there is a unique (o,b’) such that [ . C(b,0,b’) = 1, and this (o,b’) is given by the
Boolean values on the wires for input b, defined recursively over the circuit structure. Clearly,
B(b) = o. O

We now convert the set C of clauses into a width 7 ABP in 2r many variables y; and 7;. We arrange
the clauses in any order, and each clause (I; OR [y OR l3) is converted into an ABP, and all those
programs are concatenated by identifying the sink of the left ABP with the source of the right ABP,
which results in an ABP that computes their product. Let I1 € {b;;,b;, }, la € {biy, bi, }, I3 € {bis, bis },
for some 1 < iy,iz,4i3 < r. We now convert the clause (1 ORlz ORI3). For j € {1,2,3} let £; = y;, if
lj = bi;, and let {; = Ui, otherwise. Analogously, let Zj =i if [; = b;;, and let Zj = y;; otherwise.
The clause (I1 OR I3 OR [3) is converted into the ABP

Oy by by + 0y by by + Ly by U3+ 0y - bo- by + 0y by bg+ 0y - Uy - U3 + 0y - g - U3,

The key property is that for every satisfying assignment to the clause there is exactly one s-t-path
in this program, and vice versa. Clauses with 2 variables are handled analogously with 3 summands
instead of 7, and degree 2 instead of 3. Concatenating these ABPs we obtain an ABP G’. We call an
s-t-path in G’ consistent if it does not use both y; and g, for any i. We see that there are bijections
between the following sets:

e The set of vectors b € {0,1}™
e The set of satisfying assignments (b, 0,b’) of the clause conjunction C (9.3)
e The set of consistent s-t-paths in G’

Since a satisfying assignment (b, 0, b’) to C depends on b, we write py, instead of pp , 1. And in the
other direction, we denote by (b, 0, b’), the satisfying assignment of C to a consistent path p, and we
write by, for the first m bits of (b, 0,b’),.

(mA41+4k) _(m+1+k)

We modify the ABP G’ by replacing every edge label y; or ; in layer k by y; and 7, ,

respectively. We call the resulting ABP G.

Since every computation gate in B resulted in at most 3 clauses with at most 7 literals in total,
the degree of G is at most 7|B|. We let d := deg(q) + m + 1, where G computes ¢, and observe
d <7|B|+m+ 1. We let r be the length of (b,0,b’), and we observe r < m + |B].

Let Z = {z; (1), Zi,y | 1 <k < d, 1 < <r}. Note that |Z] = n 1= 2dr <2(7|B|+m+1)(m+|B|) <
(4|B] + 2m)2. A subset S C Z is called consistent if it does not contain any two variables 2 (k) and

Ei,(k’)' Let
hpoly = Z HZ € Sy
SCZ z€eS
|S|=d
S consistent
9.4 Lemma. w(hpoly) < 2dr. o

Proof. We sort Z as follows:

Z = (21,(1)s - - 5 Z1,(d)» Z1,(1)s - - 1 Z1,(d) >
29, (1) + - 22,(d)s Z2,(1)1 - - = 1 22,(d)>
Zr, (1)« - - 7ZT,(d)7ET,(1)7 s 727",(11))’
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which also sorts the triples (¢,4,k), ¢ € {unbarred,barred}, 1 < i < r, 1 < k < d. We write
pred(c,i, k) for the predecessor of (¢, k), which is the successor when traversing z row-wise from
right to left, bottom to top. The property jump(c, i, k) is defined to be true if and only if pred(c, i, k) =
(barred,i — 1,d). This captures a jump in the row when traversing z row-wise from right to left,
bottom to top.

hika= Y, ||z hiva= Y, 1l»

SgZS(L,i,k) z€S SgZS(L,i,k}) z€S8
[S]=d |S|=d
S consistent S consistent
Viizg, () €S

We have hpoly = hvarred,r,d,d- We now observe

Buikd = hpred(bzi:k) dt Zuik - hpred(L i,k),d—1 if + = barred
L,,k, - .
hpred(L i,k),d + Zuik h/pl‘ed(L,Lk‘)’d_l if ©+ = unbarred
hpmd(L i k).d + Zuik h;md(b’i’k)’d_l if © = barred and not jump(, i, k)
% hpred(L ik),d if « = unbarred and not jump(c, i, k)
vik,d T . . ]
hpred(L i,k),d + 2, RN hpred(L,i,k),d—l if ¢+ = barred and .]ump(ba 2, k)
Pored(u,i k) d if . = unbarred and jump(¢,i, k)

This gives an ABP of the desired width. A simpler but slightly larger variant is

d

hra = hera+ Y (ean(zray - 2n@) + €akEry - Zna)) - hr—t,d—k- O
k=1

Let h = polar(hpoly). Since hpoly < I'ogrq, it follows h < polar(Iagrq) = Haar,d, see (7.23)).

We define 7 € End via mapping every variable to zero with the following exceptions:

T(Z@(k)@yi(k)) = G(k)»T(?i,(k)gg(k)) = W, T (2, () Bzy) = 2, T(?@(i)@%i) =Ti, T (21, (1) Bo) = ™),

7

where the :Zl € Var.

9.5 Lemma. Fix B and the arithmetization G. If an s-t-path p in G is inconsistent,
then T(h K (? a?cmyop)) = 0. If p in G is consistent, then T(h K (a?vl---a?cmyop)) =

B(b,)(x, a:)bp’bp H el o

=m+1

Proof. If p is inconsistent, then there is ¢ such that both yz(k) and ygk) exist in p for some k, k. Hence,
to have nonzeroness, a monomial in hpey must have both z; ;) and z, (i) 38 variables, but this is

impossible by construction. This proves the first part.

Let p be consistent with corresponding Boolean assignment (b, o0, b’) satisfying C(b,0,b’) = 1. If
B(b) = 1, then it is straightforward by pairing up variables to find a monomial Cpoly N hpely that
satisfies T (c X (:%1 T Yo p)) = (z,7)>P H?:mﬂ ¢ where ¢ = polar(cpoly)-

It remains to prove that for every monomial cpoly in Apoly, ¢ := polar(cpoly), we have that 7 (c X
(:?Bl T Yo p)) # 0 implies both B(b,) =1 and T (cX (5:1 T Yo p)) = (z,7)PP H?:m_H ). By
construction of 7, the nonvanishing 7 (¢ X (:;;1 e T Yo p)) # 0 fixes d — m — 1 many variables in
c. For the remaining variables, by the consistency of hpoly, ¢ contains z; ;) if b; =1 (because z; ;)
is unavailable due to the consistency of h), and ¢ contains Z; (i) otherwise (by the same argument).
The nonvanishing also implies that ¢ contains 2,1 (,,41) and by consistency of h another z,, 1 &)
for k > m + 1. This implies 0 = 1, which by Lemma implies B(b) = 1. Now it is readily checked

that T(¢® (21 Zmyop)) = (2, 7)PP I, | €. 0
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Proof of Theorem[9.1 Given B and the arithmetization ABP G computing g. We have

d
? ? Lem. 05 . = .
TR @ dmyeq) =B S @ar [ O
p consistent in ¢ i=m+1
B(bp)=1
53) a d
SO DR | I DL |
b,o,b’ i=m+1 B(b)=1 i=m+1
C(b,o,b’)=1 O
B(b)=1

9.1 Kronecker product close to the permanent

Recall the definitions of VNP and VNP-completeness from §I} In this section, we discuss VNP-
completeness of a polynomial that is very close to the permanent. Our goal is to reach as close as
we can to the permanent polynomial while keeping VNP-hardness over all commutative semirings.

We know that per; = mony X mong, where mong = I 4. We relax one of the factors to I, 4. We
define the degree-2d homogeneous polynomial:

d
Qea = [T =" +"2").

i=1
and remark that QQ2q < I'y24. We define the new polynomial Usg := (24 X mongg.

9.6 Theorem. The sequence of polynomials Usg is VNP-complete over every commutative semiring.
o

Proof. Containment in VNP is obvious. We prove a reduction similar to Theorem [0.1} for every
Boolean circuit B(x1, ..., %) there is d = O(|B| + m) such that

m
2d—m a; = 1—ay
€ E H 2;'Z; < Qg K mongg.
ae{0,1}™ =1
B(a)=1

We consider that a monomial of Q54 is obtained by choosing one bit ¢, € {0,1} for every v € [d]:

d
Mg = [y =)
v=1
Thus, every choice ¢ = (cy,...,cq) gives 2d factors, which we call ports:

yiq)’ Z§Cl)7 o ’yC(ICd)’ Zc(lCd)'
On the other hand, mony,; contains 2d distinct factors, which we call labels. Hence a term of
Mz X mong is obtained by assigning the 2d labels of mons, bijectively to these 2d ports. Each port-
label pair is a variable of the polynomial Usy. We define the restriction in a way such that a term of
Usq survives (it is non-zero) if and only if the induced matching of ports to labels corresponds to a
satisfying assignment of the Boolean circuit B.

From the side of the Boolean circuit B, we apply the Tseytin transformation of Lemma We
obtain a CNF formula ®p with the following property: for every input assignment a € {0,1}™,
there is a unique extension to the auxiliary Tseytin variables satisfying all gate constraints, and this
extension satisfies the output condition precisely when B(a) = 1. We may assume that every clause
has exactly three literal occurrences, repeating literals when necessary. If an original input variable
does not occur in the Tseytin formula, we may add the tautological clause z; V —z; V x;, so that every
original input occurs at least once. Let d be the total number of literal occurrences of ®p (with
repetitions). Since the Tseytin transformation has linear size, d = O(|B| + m).
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y-ports and equality variables. Suppose a Boolean variable w of ®p occurs at positions
v1,...,U.. We reserve r label-variables from the variables of monsgg:

€156,

which we call equality variables.

We define
T, forj=1

T(y)) Wej) = {

€ otherwise

and

for j =1
TP Rejpn) =4 "
(yvj j+1) { € otherwise,

where we set e, := e3.

A monomial that is not mapped to zero either only uses the first type of restriction for w or only
uses the second type for w, because in any other case there is at least either a port or a label used
twice. Thus, this fixes ¢,, = -+ = ¢,,. In particular, this factor of a surviving monomial is either
mapped to €17, (if ¢,, = 0) or to €~ txy, (if ¢,, = 1).

Overall, d variables from the polynomial mons,; are equality variables, and all values cy,...,cq are
fixed in this way.

z-ports and clause variables. We treat all d positions now. Consider a clause C of &5, C =
01V £y V I3 where the literals correspond to variables at the positions v;,, vs,, vi, that we have not yet
treated. We reserve three fresh variables from monog:

it 9igy Qis-
We set

(T(z(O)

11

VR gi,), T2 R g3, ); T2V K gi,), T2 B giy), T K gi,))

21 1 1
= (¢,0,0;0,0,¢) if ¢; is not a negation
(T ®a,) TEY Ba), TEY R ai): T Ka), T B gs,), TS B g,))
=(0,0,€;¢,0,0 if /1 is a negation

(

0 0 0 1 1 1
(T B ), T(=y) Bain), T(zty) Baig): T(z4) Wiy ), T(2t) Kai), T(2) Kai,))
= (0,¢,0;€,0,¢) if 5 is not a negation

0 0 0 1 1 1
(T ®a,), T Bas), T(=y) Bai); T K ai), T() Wai,), T B giy))
= (¢,0,€0,¢,0) if £5 is a negation

0 0 0 1 1 1
(T(zy) R i), T B ), T(zy) Rai);T(=)y) B ), T2, Kai), T(2),) B aiy))
= (¢,¢,0;¢,¢,¢) if 3 is not a negation

0 0 0 1 1 1
(T(ZZ(3) ‘Z’ Qi1)7 T(Zz(g,) ‘Z’ qi2)7 T(Zz(3) ‘Z’ QZB)’ T(Zz(3) ‘Z’ Qi1)7 T(ZZ(3) IX Qi2)7 T(Zl(s) IE QZg))
= (¢, € €,€,0) if /3 is a negation

() (,0)

In other words, if 3 is true, then the corresponding z;,~ (2;,” if £3 is a negation, and zi(;) otherwise)

can be paired with any of the three variables, and when /3 is false, then it can only be paired with
¢i, and g;,. We illustrate the situation for all the literals in a more readable format:

‘ false true

G| g} {ais}
Ol {a} {Gi1> a5}
63 {QZ1 y sz} {qu y Qig,s q23}
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Exactly one unique degree 3 monomial survives the restriction (i.e., is not mapped to zero) if and
only if the clause is satisfied, otherwise the monomial is mapped to zero, which is easy to check case
by case:

(01, 02,85) | (10,20 20
000 no possibility
001 (iy» Qin» Uis)
010 (@iy > Qs Qi)
011 (iy» Qs Uiz
100 (Qi37 Qia Qi1)
101 (s> Qins Qi)
110 (%‘37 Qiy » Qiz)
111 (Qi37qi17qi2)'

This uses the remaining d variables of mony.

Since the variables have consistent truth values through the equality variables and all monomials are
mapped to zero for which a clause is not satisfied, altogether we obtain

T(Q2g ®monyy) = € Z H T 1 & O

ae{0,1}™ i=1
B(a)=1

In the end, Theorem implies the VNP-hardness for a variety of polynomials:

9.7 Corollary. The polynomial mon?r forr > 3 is VNP-complete over every commutative semiring.
Moreover, the polynomials det?r forr > 2 and the mized discriminant detgXmong are VNP-complete
over every commutative ring. o

Proof. We have the following restrictions:

d

NORNO
de = H( ( ) (0) +yz 1 HperQ ( 21 (0)) < Pe€Tgq,

=1 i

where the last step is by taking a block diagonal matrix. Similarly,

<0 0 O M
Q24 = H(yl H deto (1) Z(o) < detay.

i=1 Zi

The corollary follows from Proposition O
We now discuss the hyperhafnian polynomial and the hyperpfaffian polynomial, which are generali-
sations of the hafnian (polynomial VIII in [Val79, p. 253]) and the pfaffian respectively.

Fix r > 2. Let II,.(d) be the set of partitions of [rd] into d unordered blocks of size . With a variable
x for every r-subset I, we define the hyperhafnian polynomial:

HypHaf [T]( Z H zy.

Pell,.(d) IeP
For the hyperpfaffian, assume r is even. For any set I = {i; < --- < 4,} of integers, we list its
elements increasingly. Given a partition P = {1y, ..., I3} of [rd], concatenate the increasing listings

and let sgn(P) be the sign of the resulting permutation of [rd] (this is well-defined, because r is even).
Define the hyperpfaffian polynomial (see e.g. [Bar95, IGIM™20)]):

Hprfafg] (X):= Z sgn(P) H xy.

Pell(d) IeP
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Both polynomials coincide over characteristic 2. For r = 2, we get the hafnian and the pfaffian
respectively. We point out that the pfaffian is in VP, whereas per; < HypHafElz] by mapping zy; ;3
to zero if i and j both lie in the lower or both lie in the upper half of [2d], and we map T{ij)

to x;_q; otherwise, where i > d, see [Barl6, §4.1]. We have mon "< HypHafg] analogously, but

for r > 3 we have that mon?r is VNP-complete over all commutatlve semirings by Corollary .

therefore HypHafg] for r > 3 is also VNP-complete over all commutative semirings. In |[GIM™20)] it
is shown that mon?2 < HprfafZl]. The proof generalizes to mon?r < Hprfaf([jzr], which shows the
VNP-completeness of Hprfafgr] for all r > 3 over all commutative rings.

10 P # NP and related conjectures

In this section we set R = C and A = .. Figure [f] shows formal implications between several
conjectures. We are very far from proving any of the conjectures in Figure 4] as any of them either

PH # 5 )(AM ;A MA [{supp gokt) unbounded] (¢4 > w(logd))

82) [AKSS95] / \ /)é

{¢$} unbounded }

2
r%

[

O |e———

NP ¢ P/poly VFPT # VWI[1], [BEI9], Cla.

\ [ (€ izﬁnded }

[Biir00] *

\ BFPT # VW/[1], [[ke25], Cla.
Y

NP {w(hEn,d) ¢ poly(n,d)}

P

\H\<:

BP # VNP, [Val79], Cla.

Figure 4: Formal implications between conjectures. The setting is R = C, A = .. *The [Biir00)
implication is only known to hold under the assumption of the Generalized Riemann Hypothesis.

implies P # NP or VBP # VNP. Known lower-bound techniques are far from proving any of these
conjectures: At the moment, our best lower bounds are just £; > 2, proved via a simple argument

For an explanation of the conjectures PH # X5 and AM # MA we refer the reader to [KL82] and
[AKSS95], respectively. We will discuss the other conjectures and their relations in the rest of this
section, as indicated by the edge labels in Figure [d Implications without edge labels follow directly
from the definitions.

An arithmetic circuit C'is a directed acyclic graph whose indegree 0 vertices (called inputs) are labeled
with affine linear polynomials, and whose other vertices (called computation gates) have indegree 2
and are each labeled with an operation +, x. An arithmetic circuit computes a polynomial at
every vertex by induction over the circuit structure. The size of C is defined as the number of the
computation gates of C. For a matrix F' of polynomials we define cc(F’) to be the size of a smallest
arithmetic circuit computing each matrix entry of F. We define

7§ = inf{k | cc(h,q) € O(nF)}, €% = inf{k | cc(hZ,q) € O(n")}.

Analogously to (8.2) we have
7§t < <P T4 (10.1)
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A weft 1 arithmetic circuit is allowed to have one so-called large gate on each path from a leaf to the
output, where a large gate is a summation or multiplication gate with arbitrary indegree.
10.I Valiant’s conjecture phrased in n and d

A sequence of multilinear homogeneous polynomials (fy)4en is called Boolean-definable if there exists
a sequence of Boolean circuits (By)gen with |By| € poly(d) such that

Vd: fq= Z zP.

Ba(b)=1

Valiant’s original conjecture (in slightly different phrasing) states that

there exists a Boolean-definable sequence (fg)aeny with ac(fq) ¢ poly(d). (10.2)
10.3 Claim. ([10.2) holds if and only if w(hL,, q) ¢ poly(n,d). o

Proof. The proof goes by contraposition.

If w(hT;, 4) € poly(n,d), then by Theorem and by replacing every € and every T; with 1, we
obtain ac(fy) € poly(d) for every Boolean-definable sequence (fg)4en, therefore (10.2)) is false.

For the other proof direction, assume that (10.2) is false. Note that hI} 4 is Boolean-definable. Hence,
ac(hl;4) € poly(d). Therefore, ac(hl},1qn+4) € poly(n,d). By setting some variables in hI}, 44,44 to
1 and 0, we get ac(hI;, 4) € poly(n,d). Using Proposition we obtain w(hl}, 4) € poly(n,d). O

10.IT Algebraic fixed-parameter tractability
We define

& .
FIXm o Fn,T if n > d’
n>d .
0 otherwise.

Note that the symbol > in FE;Z is purely syntactic, exactly as the comma in FEQ”. We set hI},>q =

X2

A doubly indexed family of (not necessarily homogeneous) polynomials f, ; is called a parameterized
p-family (see [BE19, Def 4.1]) if the number of variables is poly(n) and the degree is poly(n, k). The
number of variables of I‘Eﬁ;‘l is less than n®™, and the degree of FE;% is at most d, hence for every
fixed m, FE;’& is a parameterized p-family. The class VFPT consists of those parameterized p-families
[k for which there exists a function ¢ : N — N and p € poly(n) with Vn, k : cc(frx) < (k) - p(n).
Analogously, the class VBFPT consists of those parameterized p-families f,, , for which there exists
a function ¢ : N = N and p € poly(n) with Vn, k : ac(fn i) < ¢(k)-p(n), see [Ike25]. A parameterized
p-family f, . is called weft-1-definable if there exists a constant € N such that f, ; can be written
in the form (up to renaming variables)

fn,k = Z hn(ﬁla"'vxp(")’bl""’bQ(n))
b

b=k

for p(n) € poly(n) and g(n) € poly(n) and h, can be computed by a weft 1 depth ¢ arithmetic
circuit of size poly(n). The class VW][1] consists of the weft-1-definable parameterized p-families.
The VFPT # VWI[1] conjecture states that there exists a weft-1-definable parameterized p-family
that is not in VFPT. This conjecture is equivalent to jClique,, ¢ VFPT, which is the main result
of [BEL9] (for a slightly different variant of jClique,). The following lemma states that weft 1 is
sufficient for any m-th power FE;@.

10.4 Lemma. For every fixed m: E?ani 1s weft-1-definable. o
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Proof. We prove that hl},>, is weft-1-definable. The proof for the other values of m is completely
analogous. Let E denote the set of variables of hI};>4, and note E = () or |E| = (2n+(d—2)n?)? < n®.
We say that the pair (e;1 Me;2,e;1 Xejo) is 1-extendable if e; 1 and e;; can be extended to a direct
source-sink path by adding d — 2 more edges. Analogously, define (e;1 Me;2,e;1 Meja) to be 2-
extendable if e; 2 and ej2 can be extended to a direct source-sink path. The key property is that a
size d set S C E forms a pair of direct source-sink paths (i.e., a monomial in hI},>4) if and only if
all elements of S are pairwise both 1-extendable and 2-extendable: This is clearly necessary, and it
is also sufficient, because 1l-extendable pairs in which e;1 and e;; are adjacent determine a direct
source-sink path in level 1 so that all non-adjacent pairs are also 1-extendable, and analogously for
level 2. Note that xP = [1;ep(zibj +1 —b;), which is a product of depth 2 circuits.

thZd = E Xb H (1 — blbj) H (1 — blbj)
b i,jEE i#j 1,JEE i#]
[b|=d (4,7) not 1-extendable (4,7) not 2-extendable

This is a sum of one large product of depth 2 circuits, i.e., a weft 1 depth 4 circuit. The circuit size
of the inner circuit is O(|E|?) € poly(n). Hence, h[},>4 is weft-1-definable. O

10.5 Proposition. VEPT # VW|1] if and only if hI;,>q ¢ VFPT. Moreover, VBFPT # VW|1] if
and only if hI),>q ¢ VBFPT. o

Proof. Using Lemmal[10.4] if hT',,>4 ¢ VFPT, then hI',,>4 is weft-1-definable but not in VFPT, which
means VEPT # VW]1] by definition. Analogously, hI';,>q ¢ VBFPT implies VBFPT # VW[1]. For
the other direction, let hI';,>q € VFPT with ¢ : N — N and cc(hI'y>4) < ¢(d) - p(n), where p(n) €
poly(n). Proposition implies that for d = (kgl) we have cc(;Clique,,) < ¢( (kgl)) - p(n), which
can be written as cc(;Clique,) < ¢'(k)-p(n) for p(n) € poly(n). Therefore, ;Clique,, € VFPT, which
implies VFPT = VW[1] by [BE19]. For VBFPT the proof is analogous by noting that Lemma 4.9 in
[BE19] works also for VBFPT. Alternatively, one can prove both cases without going via cliques in
a similar way as Theorem O

10.6 Claim. VFPT # VW/[1] if and only if {5 | d € N} is unbounded. Moreover, VBFPT # VW[1]
if and only if {£4 | d € N} is unbounded. o

Proof. We use Proposition [L0.5] The proof goes by contrapositions.

Let hI,>4 € VFPT, i.e., there exists ¢ and o with Vd,n : cc(h[};>4) < ¢(d) - n®. Hence, {75} is
bounded by « and thus {5} is bounded by a + 4, see (10.1).

Let {£5} be bounded by o € N, hence {7$} is also bounded by a. Then Vd : cc(hl},>q) €
O(not0-01) < ¢(d) - n®*+0-0! for some ¢(d). Hence, hI},>4 € VFPT.

The proof for VBFPT is completely analogous. O
10.7 Lemma. Let f be a homogeneous degree d polynomial. Then cc(f) < 2d(ac(f))2. o

Proof. By Proposition we have w(f) < ac(f). The evaluation of an ABP of width n and degree
d can naively be implemented as an arithmetic circuit. Every edge that is not incident to the source
gives rise to a product gate, and every vertex besides the source and besides the vertices in vertex
layer 1 gives rise to n — 1 summation gates. This gives at most (d — 2)n? + n many product gates
and (n — 1)((d — 2)n + 1) many summation gates. In total, these are at most 2n%d many gates. [J

While an increase of 1 in ac requires several arithmetic operations to realize in a circuit, not all
algorithmic tricks in the circuit model have known equivalences in ABPs, for example an algebraic
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variant of the technique in [NP85l §2] can be applied to get better upper bounds on cc(hZ, 4), but
it is unclear how to apply it to ac.

10.8 Claim. VBFPT C VFPT. o

Proof. For f, 4 € VBFPT we have ac(f,, q4) < n“¢(d) for some ¢ : N — N and some o € N. Hence, by
Lemma cC(fn,a) < 2d(n°‘qﬁ(d))2 < n?*¢/(d) for some ¢’ : N — N. Therefore f, 4 € VFPT. [

An arithmetic circuit for which homogeneous polynomials are computed at each vertex is called a
homogeneous arithmetic circuit. A homogeneous arithmetic circuit is defined to compute f if it
computes each homogeneous component of f. Let hcc(f) denote the size of a smallest homogeneous
arithmetic circuit computing f.

10.9 Lemma. If f (not necessarily homogeneous) of degree d is computed by an arithmetic circuit
of size s, then there exists a homogeneous arithmetic circuit of size s(d + 1)? that computes f. o

Proof. We replace every vertex by d + 1 many vertices, each computing a homogeneous component
of degree 0, ...,d, discarding higher degrees. An addition gate gets replaces by d + 1 addition gates.
Since ((Z?:o h(®) . (Z?:o f(i)))(k) = Zi‘c:o R f=0) o multiplication gate that is homogenized in
this way uses Zi:o(k’ +1) = (d+ 1)(d+ 2)/2 many multiplication gates and Zi:o kE=d(d+1)/2
addition gates, hence (d + 1)? gates in total. O

10.10 Lemma. If f of degree d > 2 (not necessarily homogeneous) is computed by a homoge-
neous arithmetic circuit of size s > 2, then f is computed by an arithmetic circuit of depth at most
191og(s) log(d). o

Proof. This is a weaker result than [VSBRS&3|, but it suffices here and has a much shorter proof, as
pointed out in [Sapl5]. The degree deg(v) of a vertex v in an arithmetic circuit is the degree of the
(not necessarily homogeneous) polynomial computed at v. Given a homogeneous circuit C' of size s
computing f such that each gate computes a homogeneous polynomial of degree < d, let

D={veC|%<deg(v) <%}

We convert C into C” by replacing every subcircuit C, with v € D by a new input variable y,, and
call the computed polynomial f’. Collecting y-variables, we write

F=3 Ay + > Aviy? + > Biyi + p, (10.11)
i<j i i
with each A; j, B;,p not involving any y-variables, and each deg(A; ;),deg(B;) < 2d/3, deg(p) < g.
For a set S C N, we write fg_, for the partial evaluation in which we set y; to a if i € S, and
yi to 0 otherwise. We write fj := f;_,. Note that p = fj, B; = —%(féi}ZQ - 4!}"%}:1 + 3p),
A = %(f/i}:2 - 2]"1{1.}:1 +p), and A4;; = fii,j}zl — A;i — Ajj — B; — Bj — p. Substituting these
into gives a circuit that is a circuit for f stacked on top of polynomials of degree at most
2d/3 that have size at most s, because summation over {(i,j) | ¢ < j} has a circuit of depth
[21log(s)]. We apply the construction recursively to these polynomials. The resulting depth satisfies
Depth(d) = Depth(2d/3)+2log(s)+9, hence Depth(d) < logs (d)(21og(s)+9) < 19log(s)log(d). O

An arithmetic circuit whose graph structure is a tree is called an arithmetic formula. We define fc( f)
to be the size of a smallest arithmetic formula computing f.

10.12 Lemma. For every (not necessarily homogeneous) polynomial f, we have ac(f) < fc(f). o
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Proof. The proof is by induction. For linear polynomials f, fc(f) = 0 = ac(f). For a sum f + g of
minimal formula size, we have fc(f + g) = fc(f) + fc(g) + 1, but ac(f + g) < ac(f) + ac(g) by taking
minimal size ABPs for f and g and identifying their sources and identifying their sinks. For a product
fg of minimal formula size, we have fc(fg) = fc(f) + fc(g) + 1 and ac(fg) < ac(f) + ac(g) + 1 by
taking minimal size ABPs for f and g and identifying the sink for f with the source for g (note that
ac does not count sources or sinks, and this creates a new vertex that is not a source or sink). O

10.13 Proposition. If §; > w(logd), then VEPT # VW]1]. o

Proof. The proof goes by contraposition. Let VFPT = VW][1]. Then hI},>4 € VFPT. Hence, there
exists & € N and a function ¢ such that Vn,d : cc(hD,>q) < ¢(d) - n® Lemma [10.9) gives Vn,d :
hee(hTy>q) < ¢ (d)-n® with ¢ (d) = (d+1)%-¢(d). We apply Lemmato obtain a circuit for hI,>4
of depth 191log(d) log(¢'(d)n®). We expand this arithmetic circuit into an arithmetic formula of size
919log(d) log(¢' (d)n™) — (¢/(d)na)1910gd. Using Lemma @7 we obtain ac(hL,>q) < (qb/(d)na)lmogd.
We apply Propositionto obtain w(hl,>4) < (¢'(d)n®)1?1°84, For a fixed d, this is in O(nt9*l0sd),
Hence, 74 < O(log d), and thus also &; < O(logd). O

The following proposition is analogous to Proposition and it shows that it is sufficient to study
second-order computation only and not also higher orders.

10.14 Proposition. There exists ¢ : N = N, ¢(d) > d, with w(hZ, 4) < ¢(d)poly(n) if and only if
for every m there exists ¢ : N — N, o(d) > d, with w(H%ZZ XE,q) < @(d)poly(n). o

Proof. One direction is clear. For the other direction, fix any m. Let ¢ : N — N and k£ € N such that
Vd,n : w(hZ,4) < nk¢(d), in other words hZ,, 4 < Enk(d),d-
Hod W Ena = HIT T R (Hya®E04) < HYw ' RE, kg0
= Hfjg;*2 X (Hn,a R Epepaya) < Hom ™ B (Hongay,a X Enrkgay,a)
Km—2 g = Km—3 g =
Hn,ZL X :nk2¢(d)k+1,d < HrL,Tc)l1 X Sk
<

E -1y pm—2,... .
= nkmd)(d)km +EM a4 +1.d

G(d)F*Hi+1d

IN A

Since k and m are constant, this means w(HEZZ X Z,4) < poly(n)p(d) with ¢(d) =
¢(d)k‘m_l+k‘m_2++l D

10.IITI The connection to Boolean circuits

4d2

We define 3hI},>4 : {0,1}" % — {0,1} via 3hI},>4(b) = min{1, hI},>4(b)}. We phrase the conjectures
NP ¢ P/poly and P # NP via their negations as follows. We have NP C P/poly if and only if there
exists a sequence of Boolean circuits of size poly(d) that compute FhI;;>4. We have P = NP if and
only if there exists a sequence of Boolean circuits Cy of size poly(d) that compute 3hI;>4 with the
additional requirement that there exists an algorithm A that on input d runs in time poly(d) and
outputs the adjacency matrix and gate labels of C;. For h € .; we define

supp-cc(h) := min{cc(f) | f € .7, f(b) =0iff h(b) = 0}.
supp-y5t := inf{k | supp-cc(hT}>q) € O(nF)} = lin;sup (log,, (supp-cc(hL},>q))).
More generally, for H € Maty(.%;) we define
supp-cc(H ) := max{supp-cc([H]i;)}

supp-£5* = inf{k | supp-cc(h=,>4) € O(n*)} = limsup (log, (supp-cc(h=,q)))-
n—oo

Analogously to (8.2) and (10.1]), we have

supp-75t < supp-£5* < supp-3 + 4. (10.15)
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10.16 Claim. If supp-£S<t is unbounded, then NP ¢ P /poly. o

Proof. We use and argue about supp—’ygkt. The proof goes by contraposition. For f :
{0,1}¥ — {0,1}, let bc(f) denote the size of a smallest Boolean circuit computing f. Let
NP C P/poly. Since 3hIy>q € NP, it follows that there exists a € N with Vd : bc(3hIy>q) < d°.
Hence, Vd,n : bc(3hI5,>4) < n®. We arithmetize the Boolean circuit by replacing NOT with 1 —x, AND
with x - y, and OR with x + y — xy. Evaluated on the Boolean hypercube, this circuit has the same
support as JhI},>4. The size of the arithmetic circuit is at most 4 times larger than the size of the

Boolean circuit. Hence, supp—vgkt is bounded by a. O

11 Stabilizers and other properties

In this section we have R = C and A = . (unless stated otherwise).

11.I Different settings and their properties

Given a group G acting linearly on a finite dimensional complex vector space V', the stabilizer of
f € V is defined as stabg(f) = {g € G | gf = f}. For any subgroup H < G, the invariant space
VH is defined as {v € V | Vh € H : hv = v}. We say that f is characterized by its symmetries if
dim Vstaba(f) = 1.

Recall that I}, 4 is the bottom-right entry of =, 4. Let tr-Z,, 4 := tr(Z,, 4) be the trace. In this section
we analyze the objects tr-Z2,, 4, I}, 4, and Z,, 4 by the following properties:

1. the object’s endomorphism orbit is topologically closed for A = .7, by which we mean {T'(Z,, 4) |
T € Mat,(C) x End x Mat,(C)} is closed, and analogous statements for the other objects,

the object has a reductive stabilizer,
the object is characterized by its stabilizer,

the object has a connected stabilizer,

ook N

on plugging in identity matrices the object is invertible in every characteristic

e It is clear that tr-Z,, 4 lacks property 5, because tr-Z, 4(id) = n. Moreover, tr-Z, 4 also lacks
property 1, see [BIMT20]. The fact that tr-Z, 4 also lacks property 4 was proved in [GesI6].

e T}, 4 has property 1, which was proved in [Nis91], see also [Forl6]. Notably, I, 4 has property 5.
However, I, 4 lacks property 2, which can be seen by calculating for d = 3, n = 2, the Lie
algebra that is the kernel of the Lie algebra action of gly, | (4_2),2 on I}, 4, and then verifying
non-reductivity, for example with GAP.

e For =, ¢ we have property 1, see Theorem @ Clearly, Z, 4 has property 5. Properties
2, 3, and 4 are concerned with the stabilizer, hence they depend on the group action. Let
pa = {diag(a,...,a) | a® = 1} C GL,24, and let G, 4 = GL,24/pq, which is a connected
reductive linear algebraic Lie group with Lie algebra gl,2;. Note that G, 4 acts faithfully on
SdCn*d. We distinguish 3 different group actions:

1. The action of Gy, 4 on Mat,, (SC™*%) given by g(e; ® f © ej) =e ®g(f) ®ej,
2. The action of GL,, xG,, 4 on Matn(Sd(C”Qd) given by (gouter, ginner)(ei®f®e;f) = (Jouter €)@
ginner(f) ® (6; go_ulter)ﬂ

3. The action of GL,, x G}, 4 x GL,, on Mat,, (S?C"*?) given by (gieft, Ginner: Gright ) (€:® f®€]) =
(G1efi€i) ® Ginner (f) © (€595 41)-
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Under the first action, Z,, 4 lacks property 3, because if g(=,, 4) = £, 4, then also g(tr-Z,, q) =
tr-2, 4, but E,4 # tr-E,4. This does not contradict the fact that tr-Z, 4 has prop-

erty 3, because the ambient space under consideration there is Sd(C”2d, which is smaller than
Mat,, (S7C"*?).

Under the third action, note that the actions of the three factors of G := GL,, x G, 4 x GL,
commute. Moreover, for every giers € GLj, there exists hy,,, € G, 4 such that (gies, id,id)=, ¢ =
(id, hgy. » id) =5, 4, Which is proved in the same way as in Lemma Analogously, for every
gright € GL,, there exists hlgright € Gpq such that (id,id, gright)=n,q = (id, hgright,id)En,d. In
other words, for every g € GL, x GL, there exists hy € G, 4 with g5, 4 = h¢=,4. By
the construction in Lemma we also see that GL,, x GL, — Gpq4, g — hg, is a group
homomorphism, in particular h,-1 = (hg) '

stabg(En,q) {(g,h) | ghZn.a = Ena}
= {(g.h) | hEnq=g 'Epna}
= {(g,h) | hZna = hg1Zna}
{(g,1) | h;—llhEn,d =Znd}
= {(g,h) | hghEpa =Ena}
= {(g,h) | hgh € stabg,, ,(Ena)}
= {(g,hy-1h) | h € stabg, ,(Zna)} (11.1)

Thus, in order to determine stabg(Z, 4), it suffices to determine stabg,, ,(Zn,q)-

Every h stabilizing the matrix =, 4 also stabilizes its trace, therefore stabGn’ J(Ena) C
stabg,, ,(t1-=p,4), which has been determined in [Ges16] as the group that maps

(xW .. x@)

to
(hi'XWhy, hi ' X Phy, . bt X Dhy) (11.2)

taken in semidirect product with the dihedral group that is generated by the maps that send

(xW .. x@)

to T T
(x@° . xM0 (11.3)
and
(x® .. x@)
to

(x@ o x@ x M)y, (11.4)

While (11.2) stabilizes =, 4 if and only if hq is a nonzero multiple of the identity, none of the
2d — 1 many nontrivial elements generated by (11.3) and (11.4) stabilize =,, 4, which can be
seen by mapping everything but the top-left 2 x 2 matrices to zero, and observing that

b)) GGy -6
I G R G I O
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which are 2d many different matrices. Hence, from (11.1)) we conclude that
stabg (=, 4) consists of those g € G that send

(x® .. x@)

to (11.5)
(hg " XWOhy, AT X Phg, .o b X Dhyg),

while simultaneously multiplying the matrix with hg from the left and h;l
from the right.

Thus,
stabg(Z,,4) ~ GLITL

which is reductive and connected, hence satisfying properties 2 and 4. To see that =, 4 is

characterized by its stabilizer, we have to determine (C" ® SIC™*d @ C™*)stab=nd  but we
perform a more general analysis by determining the representation-theoretic multiplicities
in C[GZ,, 4] ~ C[G]s*aPo=nd  see [BLMWII, §4], [Hiit17, A.1.9]. Let {\}, denote the irre-
ducible GL,-representation of type A. We write {A} if n is clear from the context. Let
N = n?d. The irreducible polynomial representations of G4 are the same as for GL,24
with the only difference that d must divide A\; + -+ 4+ A,;24. Let H := stabg(Z,, 4). We write

C’l = (Vp ® V)@ - @ (Vygo1 ® V), where V; >~ C". We first restrict

GL ,u 1 d
TN GL Vv ) xx LV 0V = D Cpu),,,,,p(d){P( Ve {p?},
p(1)7“'7p(d)|7n2

where ¢! o)) is the multi-Littlewood-Richardson coefficient. We restrict further:

GLy
{“NGL Vo) X GL(V{) X GL(Vi) XX GL(V}_, )X GL(Vy_1) X GL(V})
(11.6)

= @ Cﬁ(1>,,.,,p<d)k(b(0)’ P, kM) (@D p @ @) N kMW @4 Nk},
P p(@
(0 (d-1)
k) k(@
where k(A, u,v) is the Kronecker coefficient. Rename: A = £ and v = 9 and take H-
invariants, which forces Vi : (0 = ,(®:

{0} & {u} ® {H(d)})H - EB C;L(l) p(d)k(ﬁ(0)7 p, kW) k(50D p@ @Dy C

p(l) ’~~~:P(d>
k(D (d=1)

Hence, all £ have the same number of boxes, which is also the same as all pU), which is || /d.
Writing this in multi-Kronecker notation, we have

H _
(KO ey o (50D = @ k=@ 060D ) 5Dy e (117)
P p(@

To see that =, 4 is characterized by its stabilizer, we determine
(C" @ sC o CH = ()} @ {(@} ® (L}

for which the above calculation has only 1 summand, and |u|/d = 1, the multi-Littlewood-
Richardson coefficient is 1, and the multi-Kronecker coefficient is 1, thus dim(C" ® sicn*d @
(C")H = 1. In conclusion, E, 4 with the third action has all 5 properties. We now have a
look at the second action, i.e., the conjugation action. In this case, the stabilizer H is smaller
and when taking H-invariants in , instead of getting a 1-dimensional invariant space,
we have to take GL,-invariants of C" ® (C")* ® C" ® (C™)*, which is 2-dimensional, because
CheCr=S2C"9 /\2C". Hence, for this action =,, 4 does not have property 3.
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In conclusion, only =, 4, and only with the third action has all 5 properties. In fact, properties
1, 2, and 3 are sufficient for ruling out all other settings. We will continue working in this setting
throughout

11.II The ambient space

Since we are working with matrices of polynomials, it is worth recording the representation theory
of the space S(C?® ® SYCN ® CP) with respect to the action of the group GL, x GLy x GLy,.

SCresichoch) = (@(CesicN och)™
_ (®5Ca ® ®6Sd(CN ® ®5<Cb)65
= (P N) s o (@ivhe k)™
Aad vhp8
(PN M) @ (P ity @ Kuw) @ (P lvks © 1)
AFgd ukpNdo l/Fb5
= (@B MeN) (P (W o @K D) o (Pivh e 1)
Aq0 ukNdo Ko vhpd
= P Mo {uve et g (N ko)™
el
fﬁﬁs
= D (e wye )P
Mg
pkndé
s
= B (M@ {ujn @ {v)y) = DAY
Agd
o

One can check with a computer that for § < 6 these multiplicities never exceed the multiplicities in
(11.7)).

11.III hZ=,,; versus h=, 4,

Let H = stabgL,, xG,, 4xGL,Zn,d- By construction, we have H x H C stab(hZ,, 4). However, this does
not characterize hZ,, 4, since each hZ,, 4, is also stabilized by this subgroup. Indeed,

({S‘}nz ® {ﬂ}nQd-nzd ® {D}nQ)HXH

= @ k(j‘7 A, )‘/)k(ﬂv 22 [,L/)k(ﬁ, v, I/I)({)‘}n ® {)\/}n ® {:u'}nQd ® {:U’I}nQd ® {V}TL ® {V/}N)HXH
M ! v’

= B FONNE@, 1 k(@0 ) (N © {20 © (23a)T © (N} @ {1} 2a @ {V'}0) "
DN NTRTUR VA 74

Now, for A = 7 = (1) and ji = (d), the nonzero Kronecker coefficients are all 1 and correspond to
A=XN=v=1v =(1) and pu = p'. Therefore,
({X}n2 ® {/j}nQd'nQd ® {D}nQ)HXH
= DUMYe @ {uhza ® {1)})T © (1)} ® {dnza © {(1)}a)"

uHd
c dim|[u]
(0 3" dim[y] - dim(y]
ukd
- dim C[&4] = d!
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Thus, the hZ,, 4 are a basis of the H x H-invariant space. Recall the torus 7' = (C \ {0})?*? from
Remark Define T, = {a € C?*¢ | Hi Qr(k)k = 1}. The action of H x H commutes with the
action of every T’;. Since T’; rescales monomials, it is easy to see that hZ, ;- is invariant under the
action of T and that

dim((C”2 ® San4d2 ® (Cn2)H><H><T7r — 1’

in particular hZ,, 4, is characterized by its stabilizer. We determine the stabilizer of hZ,, 4 in
and §11.VI, and we see that hZ,, 4 is not characterized by its stabilizer in ((11.39)).

11.IV  Polystability
We follow [BI17, Prop. 2.8]. Define dety, 1,(A4, B,C) := det(A)"det(B)det(C)".

11.8 Proposition. Let G = {(giefts Ymiddle> Gright) €  GLn, x GL,2g x GL, |
detp, 1,1 (Gleft s Gmiddles Gright) = 1}. The orbit G=,, 4 is closed. o

Proof. For the sake of contradiction, assume that G=,, 4 is not closed. Let Y be a G-orbit of GZ,, 4\
GE,, ¢ of minimal dimension. Then Y must be closed. Since G is reductive, the Hilbert-Mumford
criterion says that there exists a one-parameter subgroup o : C* — G with lim;_o 0 ()=, 4 € Y. For
applying [Lun75l, Cor. 1], [Kem78, Cor 4.5] we need to pick a reductive R C G Nstab(Z,, 4), which in
(k)

J

[BIL7] is always a torus. For a variable z; /' let h_wx) () € GLy24 be the identity matrix with a single
¥

« instead of a 1 at position (33513), 33513)) For a basis vector e;, 1 <i <mn, let he, () € GL,, be defined
analogously, and for a basis vector €}, 1 < j < n, let he;(a) € GL,, also be defined analogously. All
these elements of GL,, x GL,2; x GL,, commute with each other.

Let D = (V, E) be the digraph with vertex set vi(k), 1<i<n,0<k<d, where {Ul(k) |1<i<mn}is
the k-th vertex layer, and we have the complete bipartite edge set from vertex layer & — 1 to vertex

layer k, labeled with 355]3) Moreover, each vertex UEO) has a half-edge pointing at it, labeled with e;,

and each vertex vj(-d) has a half-edge pointing away from it, labeled with e;. For every vertex v € V,

let in(v) denote the set of incoming (half-)edges, and out(v) denote the set of outgoing (half-)edges.
For v e V and a € C let

hyo = H he(cv) - H he(a™!) € GNstabg(Zn.4).
) )

e€in(v ecout(v

Let R be generated by {h, . | v € V,a € C}. Since R is the image of a torus, it is a torus itself, and
hence reductive. We now determine the centralizer of R in G. Let g € GL,, x GL,,2; x GL,, commute
with h, o for all o i.e., ghy o = hyag. We think of GL,, x GL,24 X GL,, as embedded into GL,,  ,244,,
as block matrix. Let neu(v) := E\ (in(v) U out(v)). The identity Va : ghy o = hyag forces that
gere can only be nonzero if {¢/,e} C in(v) or {€/,e} C out(v) or {¢/,e} C neu(v). For every edge
e = (v, w) we have that out(v) Nin(w) contains only e, thus ¢g has at most 1 nonzero entry in row e
and at most 1 nonzero entry in column e. For a half-edge e at a source s we have in(s) = {e} and
hence g has at most 1 nonzero entry in row e and at most 1 nonzero entry in column e. Analogously
for half-edges at sinks. Hence, the centralizer of R contains only diagonal matrices. The Luna-Kempf
theorem says that we can assume that

o(t) = (diag(t",...,t*), diag(t", ... tN), diag(t"',...,t")). (11.9)

—_ 2 —_ .
Interpret =, 4 € C" ® SeCn"d @ C™ and define supp(Z,,q) to be the set of basis tensors of the form
e ®m®ej, where m is a monomial, that have nonzero coefficient in =, 4. Let expvec(e®eft @ e¥middle
(eYrieht)*) = (tlefr, middles Oright)- Since limg 0 0(t)=, 4 converges, we have

Va € expvec(supp(En.q4)) © (o, (A, i, v)) > 0. (11.10)
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Note that #expvec(supp(Z,.q4)) = n?t!. For each a € expvec(supp(Z,.q4)) let co = ngil = pn~(@=1),

We have

Z coax=(n,...,n,1,....1,n,...,n) (11.11)

a€expvec(supp(En,q))
Since dety, 1 ,(0(t)) =1, by (11.9) we have
((ny...,n,1,....L,n,....n), (A, u,v)) =0. (11.12)
We now put the pieces together as follows.

o .12 < Z Cact, (N, 1, V) = Z cala, (N, 1, 1))

acexpvec(supp(Zn,a)) acexpvec(supp(Zn,q))

Since ¢o > 0 for all o € expvec(supp(E,,4)), by (11.10] m we have (a, (A, u,v)) = 0 for all o €
expvec(supp(Zy,q)). This implies that V¢ : o(t )_n,d = =, 4. Therefore, hmt_>0 o(t)=n,d = Zp,4, which

is a contradiction. O
11.13 Proposition. Let G = {(gioft;, middles gright) € GL,2 x GLjy; x GL,2 |
det,,2 1 2 (Gleft, Gmiddles Jright) = 1} For all m € &4 the orbit GhE,, 45 is closed. o

Proof. We proceed analogously to Proposition [11.8. Fix 7 € &4. For a variable :Ug,ﬂ](fg)) X x(lz) let

h (W<k>>g (k)( ) € GL,14 be the identity matrix with a single « instead of a 1 at position (a:(/ (fc)) X

Z(’;)j Eﬂj( )) %4 x( )
bilinearly. Let D2 = D1UDy denote the digraph that consists of two disjoint copies of D from the
proof of Proposition An edge that is not a half-edge is called a full-edge. The vertex set of
the first copy is denoted by Vi, and its set of full-edges is denoted by Fjy, its set of left half-edges
by H;°, and the set of right half-edges by H{ . Analogously for Va, Ey, H5°, and H5 . The subset
of E7 of edges in edge layer k is denoted by F ol ), and analogously for Eék). For e € Er(k)) let
z = E B €2 and for e € E( et e = Z L ep(rt €1 For e € H{® let € = ZEQEH;, es, and for

e € Hy° lete—zeleH?el Fore € Hi" let € =} _ cps €2, and for e € Hy™ let € = 37, cpee1.
Forve ViUV, and a € C let

v a = H hege H hege _1 eGn stabg(hEnydm).

e€in(v) ecout(v)

x ), and analogously for he,we, (o) and her, Rex (o). For fixed a we extend h_(«)
J

Let R be generated by {hyo | v € V1 U Va,a € C}. We now determine the centralizer of R in G.
The identity Vo : ghya = hy,ag forces that geiges exe, can only be nonzero if {e},e1} C in(v) or
{e},e1} C out(v) or {€},e1} C neu(v). Analogously to the proof of Proposition [11.8] this means
that ¢ can only be nonzero at entries (e; K ), eq X eg), and analogously for half-edges. Together
with the same argument for (e}, es) this shows that g can only be nonzero at diagonal entries. We

proceed as in the proof of Proposition [11.8} but note that #expvec(supp(hZ, 4.~)) = n24+2 5o we set

nt —(2d—2)

Ca = 72g7z =N and obtain

2 2 2 2
E cox = (n%,...,n°,1,...,1,n% ... n%).
a€expvec(supp(hEy, g, ))

We have ((n?,...,n%,1,...,1,n% ... ,n?),(\, u,v)) =0, and hence

0= > cala, (N, p1,v)).

a€expvec(supp(hZy, g, ))

Since ¢o > 0 for all o € expvec(supp(hZ,q,)), we have (a,(\ p,v)) = 0 for all a €
expvec(supp(hZ;, q4.~)). This implies that V¢ : o(t)hZE,, 4~ = hZ,, 4. Therefore, lim;_,o o (t)hE, 4~ =
hZ,, 4.7, which is a contradiction. O
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11.14 Proposition. Let G = {(gieft, Gmiddle> Gright) €  GLp2 x GLpage x GL,2 |
det,24.1 n24d(Glefts middle, Gright) = 1}. The orbit GhZ,, 4 is closed. o

Proof. We proceed analogously to Proposition [11.13] For a variable x(k) X xg,k ), let h (k)g k/) (a) €

GL,142 be the identity matrix with a single « instead of a 1 at position (z; (k ) &:U(, /),, EIE) @x(k )) and

analogously for he e, (o) and hex Ret «(a). For fixed a we extend h_ () b1hnearly Let D? = DlUDg
denote the digraph that consists of two disjoint copies of D from the proof of Proposition [I1.8] An
edge that is not a half-edge is called a full-edge. The vertex set of the first copy is denoted by V7, and
its set of full-edges is denoted by Ej, its set of left half-edges by H;”, and the set of right half-edges
by Hi~. Analogously for Va, Ey, Hy°, and H5 . For e € E; let € = ZGQEEQ eo, and for e € Fy let
€= cepme Foree Hi” lete =3, e andforee Hy" lete =3, cy—-er. Foreec Hy
let € = ZezeH; ez, and for e € Hy let e = ZeleHT e1. Forve ViUV and a € C let

= [ hexe(@): J[ hexe(e™) € G nstabg(hZn.q).

e€in(v) ecout(v)

Let R be generated by {hyo | v € V1 U Va,a € C}. We now determine the centralizer of R in G.
The identity Vo : ghya = hy,ag forces that gerges exe, can only be nonzero if {e},e1} C in(v) or
{e},e1} C out(v) or {€},e1} C neu(w). Analogously to the proof of Proposition [11.8] this means
that ¢ can only be nonzero at entries (e; K e, eq X eg), and analogously for half-edges. Together
with the same argument for (e}, e2) this shows that g can only be nonzero at diagonal entries. We
proceed as in the proof of Proposition but note that #expvec(supp(hZ, q)) = d! n2d+2 5o we

ntd 1
set co = gy 507z = (=T 2 and obtam

> coa = (n%d,...,n%d,1,...,1,n2d,... ,n?d).

a€expvec(supp(hZ, q))

We have ((n%d,...,n2%d,1,...,1,n%d,...,n?d),(\ u,v)) =0, and hence

0= Z cala, (A, p,v)).

acexpvec(supp(hZy,q4))

TL
—
—
—n

Since ¢, > 0 for all a € expvec(supp(hZ,q)), we have (a, (A, pu,v)) = 0 for all o €
expvec(supp(hZ,, 4)). This implies that Vt : o(t)hZ, ¢ = hZ, 4. Therefore, lim;_,g o (t)hZ, g = hZ, 4,
which is a contradiction. O

11.V  Continuous part of the stabilizer of hZ, 4

Let
V= @ Vr,s; Vr,s:E’r®F87 Erst:Matny
r,s=1
and write vc(:f,)b,b, = (T) &xé g, We give coordinates to V. s with v( /)b yo 1 < a,a’,b,b" < n. The Lie

algebra g[(V7) acts on polynomlals on V by linear changes of Varlables We index the rows hZ, ; by
pairs (i, k) € [n] x [n] and columns by pairs (j,1) € [n] x [n]. Put

a0:i7 (Zd:j, b0:k7 bd:l

Then

[h“"d (,k),(5,6) Z Z Z H atwl,rozr, br(ry—1:br(r)” (11.15)

TESy a1,--,ad—1 by,...sbg_1 T=1
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Furthermore, since h=,, 4 is an n? x n? matrix, we have both a left and right action of gl,2 on h=, 4.

Define g = gl,,2 ® gl(V) @ gl,,2. In this subsection we calculate the Lie algebra stabilizer
Stab(hZ, 4) == {(L, X,R) € g | LhE, 4+ X - hE,, 4+ hE, R = 0}

for d > 3. For m € &g, let hy := hE,, g . Its block multidegree is

d
deg(hr) = Zer,ﬂ(r) € 7™,
r=1

For paths a = (ag,...,aq) and b = (b, ..., by), write

H Qpr— 17‘17“ w(r)flvbﬂ(r)'

11.16 Lemma (Diagonal block lemma). If (L, X, R) € Stab(hZ,, 4), then

X — Z X(r,s),(r,s)

r,s€[d]

where X (9):(1:8) ¢ Hom(W,. s, Wi.s). ’

Proof. Decompose X into block components

Y — Z X(r,s),(r’,s’)’ X (m9),(r's") < Hom(Vy 5, Vi o).
(r,8),(r",s")

The action of X (8):("s") replaces one variable from V), ; by a linear form in the variables of Vv . It
therefore changes block multidegree by e,/ ¢ — ey5. Let AV be coefficients such that

X(r,s),(r’,s’) . ,U(r,s) _ Z A@,y,z,wv(r’,s’) .

x7y7z7w j7k7l7m ‘77k7l7m
gk lm

First suppose that 7 # 1’ and s # s’. Choose a permutation 7 such that 7(r) = s. In X - hZ,, 4, the
component of multidegree deg(m) — e, s + €, ¢ is precisely given by X (r:5).(r",s") . b This is because
from the multidegree, we can uniquely recover r,s,r’, s’ and 7. Since each multidegree component
must be 0, X (rs),(r'ss") L= .

Let a1 =x,a, = y,bs_1 = z,bs = w . Then, we have the following action.

X(”vs)v(r'vs’).Mﬂ(a,b):(X(T’78)7(7"78’).v(7“78) ) I i@

Z,Y,2,w az 17“2’ (1) — 17b1r()
i€ld\{r}
_ z.y,zw, (r',8") (i, (3))
- Z )\] km Yjklm H vai—lzai)bﬂ-(i)—lzbﬂ'(i)
Jiklm i€ld\{r}
_ Z AT 2w ’UT ,s") H (ZTK‘(Z))
7.k, lm 7,k lm az 1,a4,b (i) — 17b7r('L)
ik,lm ie[d)\{r}

pm(@)
ZE[d]\{T} a;—1,a;,b m(i)—1> 7r(z)
we can determine the paths ag,...,aq and bg,...,b5 by reading off the subscripts of the resulting

monomials. Along with the fact that we know 7, we can recover M (a,b). But this means, there

cannot be any cancellations on the right hand side and hence, \? ;i ,f lznf 0. Hence

Notice the resulting monomials vj( ol 131 II From each of these monomials,

X0 =0 ifr £ and s # 5.
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It remains to treat the case where two blocks are in one row or one column. Consider (r,s) and
(r,s') with s # §’. Choose ¢ # r and a permutation 7 such that 7(r) = s and 7(q) = s’. The
multidegree deg(m) — e,s + e, ¢ has exactly two possible sources: the component X (rs),(rs) . b and
the component X (©):(¢5") . h_ where 7 = (r ¢) - 7. Hence,

X(’I‘,S),(T’,S/) . hﬂ_ + X(qu)v(qul) . h‘l‘ — 0
L Gm(@)

Just as in the previous case, the resulting monomials v] k,l,m Hze[d]\{r} 01 s5,br ey 1 by sy APPEATING 1N

X - h, cannot be cancelled by other monomials within h,. But, they could be cancelled by monomials
appearing from X - h,. We show this is not the case.

,U(T»Sl) H (Z (1)) _ U(T s’) U(q s') H ,U(iﬂr(i))
Jik,lm Ya;_1,a:,b (i) —1:0m (1) JiklimTag—1,aq,b5r _1,bg @i—1,5,b7 (i)~ 1,07 (i)

i€[d]\{r} i€ld\{r,q}
For this to be a monomial of X(@9):(@s) . h_ we must have

v(r,s') v(q,s) H (Z () (1117)

j7k7l9m aanY:(S a”L 1,a4,b (1) — 17b‘rr()
i€[d]\{r,q}

(4,9)

as a monomial of h., for some Varlable va s € Vq s. Monomials of h; come from two paths
connected by 7. Reading off , we see that the s'-th edge of the second path has vertices [ and
m. If s ¢ {1,d} (it is not a boundary edge), then at least one of s’ — 1 or s’ + 1 is not equal to s.
Assume s’ — 1 # s. Then the s’ — 1-th edge of the second path has vertices by _o and by _1. So, the
common vertex between the edges s’ —1 and s’ is by_1 = [. But, s’ —1 # s, s —1 and hence it cannot
be not a fixed variable. If instead s’ — 1 = s, then s’ + 1 # s. We have that the s’ + 1-th edge of
the second path has vertices by and by11. So, bs41 = by = m and we can conclude as before. The
only remaining casework here is that where s’ is a boundary edge. Without loss of generality, assume
s’ = 1. Then, [ has to be the start of the second path. But since s # s, the start of the second path
is not fixed. In all cases, we can conclude by choosing a free variable different from the fixed values
[, m to get a contradiction.

This finishes the proof that v]( Kl 7)71 Hie[d]\{r} vg’:(zz’bm)ihbwm cannot be a monomial in X - h,. So,
the resulting monomial cannot be cancelled. We can conclude that X (9):("5") = 0 if 5  §'. The case
for X("9)("5) where r # r’ is analogous. O

Let X (%)(1%) act on vg’yﬁl,w with the following coefficients.

(r,8),(r,8) . (TS zy.zw, (r,s)
X = D W

Jikslym

11.18 Lemma (Mixing lemma). If at least two of

jFe,  kFy, lFz o mFw

hold, then
T,Y,z2,w — 0

Hj e lm ©

Proof. Fix (r,s) and a coefficient 1 i ’]i/ lznzf for which at least two of the four displayed inequalities

hold. Choose 7 € &4 with 7(r) = s, and choose paths a, b satisfying
Gr_1 =12, ar =Y, bs—1 = z, by = w.
Let M = M, (a,b) and let
N =" T o) . (11.19)

Jik,lm @i—1,44, b (i)~ 1,07 (5)

iFEr
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If among the changed indices, at least one is a boundary index (ag, by, aq, bg), it can only be cancelled
by a contribution from L hZE,, 4 or hZ, ;R. If an internal vertex was also changed, then neither Lh=,, 4
nor hZ, ;R can cancel such a term, since LhZ,, 4 and hZ,, 4R do not have broken paths.

If all changed indices are boundary indices, without loss of generality, they are ag and bg. Choose
(1) # 1. Monomials in X -h=,, 4 cannot cancel N in this case. We will later prove that in L and R,
coefficients changing two boundary indices are zero. Hence, there is no cancellation of the monomial
in this case as well.

Now, we are left with the case where the changed indices are internal. We choose m so that the two
changed path incidences isolate the block (r,s). More explicitly, associate to a changed first-path
endpoint the adjacent row

_Jr—1, j#Fxandr>1,
e+, k #yand r < d,

and associate to a changed second-path endpoint the adjacent column

s—1, l#zand s> 1,
R =
s+1, m+#wand s <d.

When one changed endpoint lies on each path and both are internal, we also require 7(p) # k. Such
a permutation exists since d > 3. If both changed endpoints lie on the same path, no additional
condition is needed.

We claim that the only contribution to N is obtained by X (#):("$) on M. Indeed, the unchanged
factors in determine all edges of both paths except the edge in row r and the edge in column
s. Each changed index breaks the corresponding incidence with a neighbouring edge, or with a
boundary label. If the two changes occur on the same path, the two broken incidences identify the
missing edge immediately. If one change occurs on each path, the condition 7(p) # K ensures that
the two broken incidences cannot be produced by changing a single factor in any block other than
(r,s). Thus the acted-on block is (r, s). Reading the neighbouring edges, together with the matrix
entry at a boundary, then recovers the original four indices (z,y, z, w) and the replacement indices
(j, k,1,m). Consequently, the coefficient of N is exactly u;.ﬁ”g”lz’;:f . Hence, this coefficient is zero. [
11.20 Lemma (Boundary tensor separation lemma). There are matrices
Ly, Lo, Ry, Rs € g1,

such that
L=0L1®I,+1,® Lo, R=Ri®I,+1I,R® Rs. (11.21)

Proof. Suppose an off-diagonal coefficient of L changes both components of the row label,
(i, k) — (i', k), i'"#i, kK #Ek.

Choose m with m(1) # 1. In a monomial of h,, the initial first-path vertex a9 = 7 and the initial
second-path vertex by = k occur in two different factors. The corresponding term of Lh, changes
both boundary labels simultaneously. Since X acts on only one factor, no term of X - h; can produce
the same matrix-valued monomial. A right output action changes the terminal rather than the initial
label. Hence this coefficient of L is zero. The same argument applies to R at the terminal vertices.

Now consider coefficients of L which change only i. Choose 7w(1) = s # 1. Their only possible
cancelling terms are changes of the first index of the row-1 factor in V; ;. Keeping that factor fixed
and varying the initial second-path label k& shows that the coefficient of L is independent of k. Thus
these coefficients are of the form Ly ® I,,. Interchanging the two paths gives I, ® Lo. So far, we have
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only established the shape of the off diagonal entries of L. For diagonal entries, coefficient comparison
between L; k) ik)> L k), (i k) L(i k), (.57 Lir k), (i k) show that their diagonal parts split additively
between the two components. The same argument applies to R. This proves (11.21]). O

We will now prove a similar tensor separation lemma for X. For this, we have two different arguments
for the diagonal and the off-diagonal parts of X.

11.22 Lemma (Off-diagonal tensor separation lemma for X). There are off-diagonal operators
At e End(E,), BT € End(F))
such that, on every block W, s, the off-diagonal part X (ms)(rs)off o p X (r5):(rs) gatisfies

X )0l — ol @ 1 4 T BOR ¢

Proof. We treat changes in the first tensor factor; the second factor is symmetric. Fix an internal

first-path vertex p € [d—1] and u # y. Write R, s(z,y, 2, w;u) for the coefficient of vg(cg’fz)w — Ug(fffz)w,

and write Lpy1¢(u,v,2’,w';y) for the coefficient of vi’; J;l,lz), — Uz(f;} t}u? Choose distinct columns s, ¢,
a permutation 7 with 7(p) = s and m(p + 1) = ¢, and compatible labelled paths. The first change
breaks the first path at the vertex between rows p and p+ 1. The only other source of the same target
monomial is the second change, starting from the path whose common vertex is u. Hence coeflicient

comparison in X - hy = 0 gives
Rp.s(z,y, 2, wiu) + Lpt1,(u,v, 2", w'5y) = 0. (11.23)

Varying x while the second term is fixed shows that R, s is independent of z, and varying v shows
that £,41; is independent of v. If the second-path edges s and ¢ are non-adjacent, their endpoint
pairs may be varied independently, so shows that both coefficients are independent of their
second-path edge labels. For d > 3, every edge has a non-adjacent edge. For d = 3, columns 1 and 3
are non-adjacent, while the two endpoints of the middle edge are removed separately by comparing
column 2 first with column 1 and then with column 3. Thus edge-label independence holds for every
column. We have,
Rps(yiu) = —Lppr(usy) (s #1).

Given two columns si, S9, choose a third column ¢ distinct from both. Then

Rps1 (1) = —Lp10(wsy) = Rpso (y5 1),

so the coefficients are also independent of s. The same argument at the vertex between rows p — 1
and p treats changes of the first index. Consequently every coefficient changing = or y depends only
on the source and target basis vectors in E,., and not on s, z, w. These coefficients define an operator
A and B, The mixing lemma says that these are all off-diagonal coefficients of X, which proves
Lemma O

Write the diagonal part of X as
X diag . vg(ggsz)w =" (x,y, 2, w)vg(czsz)w

Let (i, k) = Lk (i,k), P4, €) = Rje), ) be the diagonal coefficient functions of the left and right
action. The boundary-separation lemma gives functions such that

)‘(iv k) = Aa(i) + Ab(k% p(],ﬁ) = pa(j) + pb(ﬁ).

Fix m € &4 and labelled paths a = (ag,...,aq),b = (bo,...,bq), and put A, = (ar_1,a,),Bs =
(bs—1,bs). Comparing the coefficient of the corresponding path monomial gives

d
> ™ (A, Brry) + Aalao) + Mo(bo) + palaa) + py(ba) = 0. (11.24)

r=1
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11.25 Lemma (Diagonal tensor-separation lemma for X). There are functions
fr: [n]2—>C, Js: [n]2_>(c
such that for every r,s and A, B € [n]?,

(A, B) = f(A) + gy(B).

Proof. Choose distinct rows r, ¢, distinct columns s, u, and a permutation 7w satisfying

Put 7 = mo(rt). Apply (11.24) to the same two labelled paths with the permutations 7 and 7.
The four boundary vertices are unchanged, so all four output terms cancel on subtraction. Every
summand other than those in rows r,t also cancels, and hence

(A, Bs) + ct’“(At, B,) =c""(A,;,B,) + ct’s(At7 Bs). (11.26)

Fix r,s. Let A,A’ be first path edges on level r, and let B,B’ be second path edges
on level s. Considering all the equations ((11.24) coming from monomials that have terms
(A,B), (A, B),(A,B), (A, B’), and taking the sum, we can get

(A, B) + (A, B') = (A", B) + "*(A, B). (11.27)
Equations ((11.26]) and (11.27) are enough to deduce the additivity of the diagonal part. ]

Combining Lemma [11.22] and Lemma [11.25] there are operators
A, € End(E,), Bs € End(F5)

such that

Xy, = A ® I, + Ip, ®B;. (11.28)
Reduction to Iterated Matrix Multiplication
Let

By (11.21)), write
L=Li1®I,+1,® Lo, R=Ri®I,+1,® Rs.
Let X = {xgrl)) | a,b € [n],r € [d|} and Y = {yl(;g | a,b € [n],r € [d]} Define the map ¥ : C[V] —
i (7)Y _ (), )
\P(szslm) = 1"]‘2 yzfn-

This extends to a map of polynomials on V. We have

\P<[hEn:d](a1702)(bl,b2)) =d! ([En,d(x)]al,lh : [En,d(y)]az,bz) )

and on matrices

U(hE,q) = d! ([En,a(2)] @ [Ena(y)])
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where the tensor symbol depicts the traditional Kronecker product on matrices. If (L, X,R) €
Stab(hZ,, 4), then by lemmas|11.20}|11.22{and|11.25] each operator descends to an action on Image(V).
We get the following equation.

0= (Llan,d(m) +A- En,d(:E) + En,d(x)Rl) ® En,d(y)
+ En,d(x) ® (LZEn,d(y) +B- En,d(y) + En,d(y)RQ)

After adding suitable identity operators to A and B that leave the decomposition ((11.28)) unchanged,
we can deduce that

LlEn,d(.T) +A- Emd(:n) + Emd(x’)Rl =0,
LyZna(y) + B Ena(y) + Ena(y)Re = 0.
So, the triples (L1, A, R1) and (L2, B, R») are stabilizers for =, 4(x) and =,, 4(y) respectively. Lineariz-

ing (11.5), i.e., going to infinitesimals, we see that there are matrices Py, P, ..., Py, Qo, Q1, ..., Q4 €
gl(n) such that (L, X, R) € Stab(hZ,, 4) is of the following form.

X - Ua(czsz)w = Z(Pr)uyvglsgw - Z(PT 1)%”1%?1:;

u

+ Z Qs uwvxy zu Z(QS 1>Z“v§9y 72“}’ (1129)

u

L:PO®In+In®QO>
R= _Pd®In_In®Qd-

11.VI The stabilizer of hZ, 4

Recall J
V=@V  Vu=Cv
rl=1

Fixn > 2, d > 3 for all statements in this subsection. Recall G := GL,, x G}, 4 x GL,,. For M € GL,442
we write [M] for its image in the quotient G, 4. In this section we write G := G for simplicity.

In this subsection we use the result from §11.V]and determine the stabilizer H of hZ,, 4, adjusting

the method from [BGLI14] [Ges16] to our 51tuat10n
We have the action of the group Z/2Z, generated by 7 on cV @ sV ® (an)* mapping x( )X :):(k/)

to x( ) , X x(k) and at the same time mapping each e; XM e; to e; Xe; and each eJ Xe: toe; X e . Note
that T(h_‘n dﬂ) = hE,, g.»-1, hence this induces an element in the stabilizer of hun d- We Wlll see in
this section that this is the only other generator in the stabilizer.

We denote by H° C H the connected component of the identity of H. The Lie algebra h of H®
has been determined in §11.V| By matrix exponentiation we get that H° = im® with © : (}LflL+1 X
CLI* — G, is the map with

@((A()a e >Ad+1)’ (A67 SRR :1+1>) - (AO I Af)v [(I)A,A’]’ A(;T X AZI_T)7

where on V,, we have <I>A7A/(X(T) X X(S)) = A:lX(T)AT X A;llX(S)AS; and h = imdO =
d9(g %Q(d—l-l)).

It is straightforward to determine

ker® = { ((AFTd,)ig, (A7'8'Tdn)iy) \ Aa,BeC, (aB)! =1 },
and from that obtain the linear infinitesimal version

kerd® = {(((s+kt)1dn)g:0, (=5 — 1E)1d,)i ) ‘ s,tec}.
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Let Z := {0,1,...,d} U {0/,1,...,d'} be the set of vertex layers of both ABPs.

We have determined h, which is not semisimple, so as a preparatory step we calculate the derived
Lie algebra [b, b].

11.30 Proposition. [h,h] = @, 7 9., where each g, is isomorphic to sl,,(C). o

Proof. Every element of ker dO is a tuple of scalar matrices. Since the only scalar matrix in sl,, is 0,
we get ker dO N 5[@2(d+1) (d+1),

[0, 5] = [dO(gl;*+D), a0 (gl > V)] = dO ([giy 1), g2 ]) = do (s[4 Y) eBgL

= 0, so dO is injective on 5[@2

Since sl,, is simple, it follows that [h, h] is semisimple. We use the semisimplicity in the following
proposition.

11.31 Proposition. Let s =51 P --- D s, be a direct sum of simple Lie algebras s;. Then every Lie
algebra automorphism of s permutes the set {s1,...,5,}. o

Proof. This is standard, but included for its importance.

First, z(s;) = 0 for each t: the center is an ideal of s; different from s; (else s, would be abelian),
hence 0 by simplicity.

Fach s; is a minimal non-zero ideal. Let a # 0 be an ideal of s with a C s;. Then [s;,a] C [s,a] C a,
so a is a non-zero ideal of the simple algebra s;, hence a = s;.

Every non-zero ideal a of s contains some s;. Pick 0 # x =), 24 € a with x; € s, and pick ¢ with
x¢ # 0. Since simple nonabelian Lie algebras have zero center, x; € s; is not central, and hence there
exists y € s; with [x4,y] # 0. By definition of the componentwise bracket, we have [z,y] = [x¢,y] # 0.
Since = € a, we have [z,y] € a, and since z; € s;, we have [z, y] € s;, which is a nonzero element in
aNs;. But ans; is an ideal of s, because for every u € aNs; and z € s, we have [z, u] € a because
a is an ideal of s, and we have [z,u]| € s; because s; is a Lie subalgebra. Hence, a N s; is a nonzero
ideal of the simple Lie algebra s; and hence a N s; = s;, or equivalently s; C a.

In particular a minimal non-zero ideal contains, hence equals, some s;, thus the set {s1,...,s,} is
the set of minimal non-zero ideals. Let ¢ be an automorphism of s. Automorphisms send ideals to
ideals, preserve nonzero subspaces, and preserve inclusion. Hence they send minimal nonzero ideals
to minimal nonzero ideals. Hence ¢ must permute {sy,...,s,}. O

11.32 Proposition (Lemma 2.1 in [Gesl6]). H° C H C Ng(H®). o

Proof. H° is a matrix Lie group, in particular a manifold and hence locally path-connected. Since
every connected locally path-connected set is path-connected, it follows that H® is path-connected.
Let ¢ € H and h € H°. Choose a continuous « : [0,1] — H with «(0) = 1y and a(l) = h,
and set B(t) = ga(t)g~!. Then 8 is continuous (conjugation by a fixed element is continuous),
B(0) = 1y, B(1) = ghg™!, and B(t) € H for all t, since B(t) - f = g-(a(t)- (g7 - f)) = f. So
is a path in H from 1z to ghg™!, thus ghg~! € H®; that is, gH°¢g~' C H°. The same applied to
g~ € H gives g"'H°g C H°, and conjugating by ¢ yields H° C gH°g~'. Hence gH°g~' = H° and
g € Ng(H®). O

Our task is now to analyze which elements of Ng(H®) are actually in H. Let h € Ng(H®) be
arbitrary. The main tool is conjugating elements in [, h] with h. Since h € N¢g(H?), conjugation by
h preserves H° and hence its Lie algebra h and hence also [h, b], thus Ad(h)[} ) is an automorphism
of [h,h]. Let ¢, be the permutation of Z that this automorphism induces via Proposition ie.,

Ad(h)|[5,6)(8.) = 8yp(0)-
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11.33 Theorem. 1)y, is either the identity, or vy, swaps each v with (. o

Proof. Let h = (hlefta hmiddleyhright) with hmig € GL(V) such that [hmid] = Nhmiddle: X =
(Xetts Xmid, Xright) € [b,b]. V is a module for [h,h] with pairwise non-isomorphic irreducibles
Vii. We write hpyiqV for the vector space V with the action of X € [h,h] given by Ad(h)(X),
i.e., (Ad(R)(X))mid(hmid(v)) = hmia Xmidhoiqghmid (V) = hmia Xmiav, which is clearly isomorphic to
V, and hpmiqVk, are the pairwise non-isomorphic irreducible submodules of hyiq(V). Since Ad(h) is
an automorphism of [h, b], as X runs through [h, h], Ad(h)(X) also runs through [h, h], and hence
the submodules of V and hp;q()) are the same. Since all submodules are pairwise non-isomorphic,
this gives a bijection 3 of [d] x [d] on the edge layer pairs with huyiqaVks = Va(,)- For edge layers
k,l € [d], let Sp; == {k—1, k, (I—1), I'} denote the set of incident vertex layers. Note that
Sk = {v € Z| g, acts nontrivially on Vj;}, and recall Ad(h)(g.) = gy, (). Hence ¢ € Sy if and only
if ¥n(e) € Sk, Therefore,
Un(Ski) = Sp(r.)-

Let C"* denote the row space module. The action of X = (Xjeft, Xmid, Xright) € g, on Cc™ is given via
X > Xyefp. Observe that g, acts nontrivially on C"” if and only if ¢ € {0,0'}. Let ¢ € {0,0'}. Since g,
acts nontrivially on (C”Z, there exists X € g, with Xjege # 0. Now, (Ad(h)(X))iert = hleftXlefthl_eflt #£0,
and thus gy, (,) acts nontrivially on C"*. Therefore 1, (1) € {0,0'}, i.e., ¥,({0,0'}) C {0,0'}. Since
1y, is bijective, we have

¥n({0,0'}) = {0,0'} (11.34)

The rest of the proof is an elementary combinatorial argument. We take the complete graph with
vertex set Z and for each pair (k,l) we remove the 6 edges in the complete graph on the vertex
set Si;. We also remove the edges {0,0'} and {d,d’}. We call the resulting graph A. The map v,
induces a graph automorphism on A. Observe that A is just the union of two complements of path
graphs A = complement(0 — 1 — -+ —d) U complement(0/ — 1’ —--- — d’). The graph automorphism
group of A has 8 elements and is generated by swapping ¢ <+ ¢/, by swapping ¢ <+ d — ¢, and by
swapping ¢/ «» (d — ). By , the only remaining nontrivial graph automorphism is the swap
Ll O

11.35 Theorem. H = H° UTH®, where T is the swap. o

Proof. Clearly H° UTH® C H. For the other direction, let h € H be arbitrary. By Theorem
we have 1y, is the identity or the swap. If ¢, is the swap, replace h by 7h, so w.l.o.g. assume 9}, = id.
It remains to prove h € H°. By Proposition below, we have h = goh’ with g9 € H° and
W € Cg(H®). Since go € H° C Hand h € H, also h' = g;'h € H. Therefore ' € C(H®)NH, which
equals C(H®) N H® by Proposition [11.37 below, in particular b’ € H° and hence h = goh/ € H°. [

It is easy to determine the centralizer Cq(H®) as Cq(H®) = (C*Id,2) x [T] x (C*Id,2), where we
recall the torus 7' = (C*)[*[4. Moreover,

Cg(H®) ={g € G| Ad(g)|p,p = id}. (11.36)
11.37 Proposition. Cq(H°) N H C H°. o
Proof. An element g = (e, 0, uight) € Cg(H®) rescales hZ, g by QefiOright Hle[a]ﬂ(k),k.
Also assume that g € H, thus g fixes each hZ, ;. independently. In particular, all products
Hg:ﬂa]w(k),k = 1 are independent of w. This implies that « is a rank 1 matrix, i.e., there
exist u,v € C? with ali; = uvj. Hence, ueftOuight H‘Z:l u; H;-lzl vj = 1. Define matrices

A = agegrur - - ugldy,, A] = vr---yld,. We have Ag K A = ceeId,2, and A;;,llAk: = wuild,, and

-1
A;:llA; = y;Id,,. Moreover, AJT X A&—T = (Oé]eft ngl U, H;-lzl vk> Id,2 = arigntld,2. Therefore,
9=0((Ao,..., Ag),(A),..., AL) € imO = H°. 0
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11.38 Proposition. For h € Ng(H®) and v, = id we have h € H°Cq(H®). o

Proof. This proof also uses the adjoint action on modules as in the proof of Theorem [11.33] Recall
that Ad(h)|j,e is an automorphism of [h,b]. Since 1, = id, conjugation with h preserves each g,,
each of which is isomorphic to sl,,. Hence, Ad(h)‘g € Aut(sly).

We claim that each of these automorphisms is an inner automorphism. By the classification of
automorphisms of sl,, (see e.g. [FH04, Prop. D.40]), every automorphism is inner or inner composed
with X +— —XT. In fact, for n = 2 every automorphism is inner and we are done, hence we have
n > 3 from now on. If an inner automorphism is composed with the action of sl,, on the standard
module C", we obtain an isomorphic module, but if the other type of automorphism is composed
with the action of sl,, on the standard module C", we obtain a module that is isomorphic to the dual
C™. Note that C* % C™ for n > 3. The g, act as follows on row-spaces and variable spaces and
column spaces:

e Row space C" = Cy ®Cg,.
e Variable space in edge layer pair k,I: C" = Cg, ®Chr  ®Cy, @ Cy

Ok—1 g 9a—1)"
2
e Column space C"* = Cg7 @ C7,

With respect to gg we have cv = Cg, ® C", where C™ is a multiplicity space. With respect to gj, we
have C"" = Cy, ®C". But on these spaces, h acts by conjugation, as in the proof of Theorem |11.33
which gives isomorphic representations. Thus the action on each factor is an inner automorphism,
and hence each Ad(h)}g is an inner automorphism.

but we will not need the column space here.

Let S, € GL,, be such that the conjugation by h on g, acts as X — S, XS, !, ie., Ad(h)(X) =
S, XS for every X € g,. Set go := O((So,...,S4),(Sor,...,Sa)), where © : GLI! x GLIT! - @
is the map with im© = H°, therefore g9 € H°. One now checks that gy and h have the same
conjugation action on each g,, which implies Ad(go)hh’b] = Ad(h)‘[m]. Now define ¢ := go_lh. Since

Ad(c)‘[hiﬂ = Ad(go)*lAd(h)‘[M] = idy,p), by (11.36)) it follows ¢ € Cq(H®). This finishes the proof,
because h = ggc. O

It follows from Theorem [11.35|that if 7 = 7!, then hZ,, 4+ has all the symmetries of h=,, 4, hence
hZ,, 4 is not characterized by its stabilizer. (11.39)

In general, hZ,, 4 + hZ,, 4 -1 has all the symmetries of h=,, 4.
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